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1. Introduction

In this paper we are going to study existence and nonexistence of nonnegative solutions for the
following boundary value problem
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{ —div(M(x,u)Vu) + g(x,u)|Vul* = f in £2, (1)
u=0 on d52.

Here 2 is a bounded, open subset of RN, N > 3, M(x,s) def (mjj(x,)), i,j=1,...,N, is a matrix
whose coefficients m;;: 2 x R — R are Carathéodory functions (i.e., m;j(-, s) is measurable on §2 for
every s € R, and mjj(x, -) is continuous on R for a.e. x € £2) such that there exist constants 0 < o < 8
satisfying

alsP <M, 5)c-¢ and |M(x,5)|<p, forae xe2, ¥(s,¢)eRxRY. (1.2)

The function g:£2 x (0, +00) — R is a Carathéodory function (i.e., g(-,s) is measurable on £ for
every s € (0, +00), and g(x, -) is continuous on (0, +00) for a.e. x € £2) such that

g(x,5) >0, forae xe£2, Vs>0. (1.3)

We will be mainly interested to the case of a function g which is singular near s =0, such as, for

example, g(x,s) =1/s”, y > 0. On the datum f, we first suppose that it belongs to LN%VZ (£2) and that
it satisfies

my,(f) L essinf{ f(x): xew} >0, Voe. (1.4)

Note that (1.4) implies that f >0 in £ and that f #0 in 2.

There are several papers concerned with existence and nonexistence of solutions for (1.1). If g is
nonsingular, that is if g is a Carathéodory function on §2 x [0, c0), problem (1.1) has been exhaustively
studied by Boccardo, Murat and Puel [15], Bensoussan, Boccardo and Murat [7] and Boccardo, Gallouét
[11] with data f in suitable Lebesgue spaces.

On the contrary, as stated before, in this paper we shall focus our attention on problem (1.1)
with g(x, s) having a singularity at s = 0 (uniformly with respect to x). More precisely, we look for
a distributional solution of problem (1.1), i.e. a function u € W(;’](Q) which solves the equation in
the sense of distributions, u > 0 almost everywhere in £2, and such that g(x,u)|Vu|? in L1(£2). If
moreover u € Hé(.Q), we say that u is a finite energy solution for problem (1.1). A possible motivation
for the study of these problems arises from the Calculus of Variations. If 0 < f € L1(£2), q > g and
y € (0,1), a purely formal computation shows that the Euler-Lagrange equation associated to the
functional

1
Jo=5 [y [ v,
2

2

—div((1+ul"")Vu) + 1=y |Vul? = f.

2 |u|1+y

Observe that this is a nonlinear elliptic equation that involves a singular natural growth gradient term.
Therefore, it is natural to wonder whether we can handle general not necessarily variational prob-
lems whose simplest model is

|Vul? .
= e (15)

u=0 on 052,

—Au+

and to determine the optimal range of ¥ > 0 for which solutions exist.
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Recently, existence of solutions for (1.5) has been proved in [1-3] for 0 < y < 1. We also quote
the even more recent papers [8] and [20]. Specifically, the existence of positive solutions of (1.1) is
proved in [8] provided 0 f € L9(£2) (¢ > 2N/(N + 2)) with f > 0 and provided g(x,s) = 1/s” with
y < 1. On the other hand, a related different problem is studied in [20]. Namely, if x{u-0; denotes
the characteristic function of the set {x € 2: u(x) >0}, 0< f € L*(£2), € R and A,y > 0, the
differential equation

. |Vul?
—div(M(x, u)Vu) + Au + M=y Xu=0} = f

is considered. The given results about existence of nonnegative solutions in H(l)(.Q) depend on y.
Indeed, existence is proved for every p € R if <1, while the case y > 1 requires that u < 0. Thus,
if ¥ > 1 the term with quadratic dependence in Vu is negative (i.e., the opposite assumption with
respect to (1.3)). In this direction, result for similar equations can be also found in [21] and [34] (see
also references cited therein).

The purpose of this paper is twofold. First of all, we will extend the above results to a more
general class of nonlinearities both in the principal part of the operator and in the lower order term,
as well as to general, possibly L!(£2), data. Then, we will give a sharp range of nonlinearities g(x, s)
for which these problems admit a solution for every datum f € L9(£2), with g > N/2, satisfying (1.4).

In order to prove our results, we will have to strengthen assumption (1.3). Specifically, for the
results of existence of solutions, we will suppose that the function g(x, s) satisfies

0< g(x,s) <h(s), forae. xe$, Vs>0, (1.6)

where h: (0, +00) — [0, +00) is a continuous nonnegative function such that

1
lilg/ Vh(t)dt < +o0,
s—
S

h(s) is nonincreasing in a neighborhood of zero. (1.7)

Our result of existence of finite energy solutions (proved in Section 2) is the following.

Theorem 1.1. Let f in LN% (£2) be such that (1.4) holds, and suppose that (1.2), (1.6) and (1.7) hold. Then
there exists a finite energy solution u for problem (1.1). Furthermore, ug(x, u)|Vu|? € L1(£2).

Note that the fact u g(x, u)|Vu|?> € L1(£2) implies that the solution u itself is allowed as test func-
tion (since f € H1(£2)) in the weak formulation of (1.1) (see (2.1) in Section 2). With respect to the
proof, due to the fact that the lower order term g(x, u)|Vu|? is (possibly) singular as the solution
is near 0, we will approximate the function g(x,s) by nonsingular ones g,(x,s) in such a way that
the corresponding approximated problems have finite energy solutions u, for every n in N. The main
difficulty in the proof of Theorem 1.1 relies on a suitable local uniform estimate from below of these
solutions. To do it, it suffices by (1.6) to prove that any supersolution z > 0 for the equation

—div(M(x,2)Vz) +h(2)|Vz]* = f in £
is above some positive constant in every w € £2, i.e.

Yo €2 dFcy >0: z(x) >cy > 0. (1.8)
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This is proved in Proposition 2.3 via a suitable change of variable which turns the goal into a local L™
estimate for solutions of quasilinear problems. The local L* estimate is then obtained using a result
of [27] (see also the pioneering paper [17] and also [13,19]) on an equation whose model is

—div(M(x, v)Vv) + f®b(v) =0 in £, (1.9)

where M satisfies (1.2) and b(s) is a function with b(s)/s increasing for large s > 0 and satisfying the
Keller-Osserman condition

+00

/ dt
— < +o00.
V2 [sb(m)ydt

For the convenience of the reader, the exact result that we need is proved in Appendix A (see The-
orem A.1). For such type of L* estimates we refer to the “classical” literature on the so-called large
solutions (see, among others, [5,31,32,38]) and on local estimates (see, among others, [13,17,19,27,37]).

Section 3 of this paper will be concerned with some extensions of the existence result. First of all,
combining the above ideas with those in [35] (see also [26]), we handle the case of data f in L1(£2),
proving the existence of distributional solutions u of (1.1), with u in Wé’q(fz) for every q < %
More precisely, in Section 3.1, we shall prove the following result.

Theorem 1.2. Let f in L1(£2) be such that (1.4) holds and suppose that (1.2), (1.6) and (1.7) hold. Then there
exists a distributional solution u of (1.1), with u in Wg‘q(Q),for every q < % If, in addition, there exist
So > 0 and > 0 such that

gx,s)>u forae xe 2, Vs> sy, (110)
thenu € Hg)(.Q) (i.e., it is a finite energy solution).

On the other hand, in Section 3.2, we will also provide an analogous of Theorem 1.1 involving
more general differential operators whose principal part is not in divergence form and data in L9(£2)
with g > % Namely, we consider the following problem

Z aq(x> (x)+Zb (x>—<x>+g<x w|VuP=f in 2,
i,j=1
u=0 on 952,

(111)

where the coefficients a;j(x) satisfy the ellipticity condition

N
0<alg< ) aj®sisi<Blsl’, Vs eRN, (112)
i,j=1

for some 0 < o < B. We prove the following result.

Theorem 1.3. Suppose that Vi, j=1,...,N, ajj € W1.22(2) satisfy (1.12), and that b; € L>(§2). Assume that
f (%) satisfies (1.4) and belongs to L9(£2) withq > % Suppose moreover that g(x, s) satisfies (1.3), (1.6) (with h
such that (1.7) holds). Then there exists a solution u € H(]) (£2)NL>®(£2) for (1.11). Furthermore, g(x, u)|Vu|? €
LY().
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We are also concerned with nonexistence of positive solutions for problem (1.1) for data f in
L9(£2) for some q > % with f >0 and f #0. In contrast with the previous existence results, we will
assume in this case that the nonlinearity g(x,s) is above a function h(s) whose square root is not
integrable in (0, 1). Specifically, we assume that

0<h(s)<g(x,s), forae. xef, Vs>0, (113)

where h: (0, +00) — [0, +00) is a nonnegative continuous function such that

1
lim h(s) = +o0, lim /\/h(t) dt = +o0, (1.14)
s—0t+ s—0t
S
and
lim Jh(s)el vi®d —_p. > 0. (1.15)
s—0

Among others, we are going to prove in Section 4 that if 11 (f) denotes the first positive eigenvalue of
the Laplacian operator —A with zero Dirichlet boundary conditions and weight f € L1(£2), (q > N/2),
then the following result holds.

Theorem 14. Let f in L9(£2), with q > % be such that f > 0 and f 0, and assume that (1.2), (1.13)-(1.15)
hold. If A (f) > g then (1.1) does not have any finite energy solution.

As an easy consequence of Theorem 1.4, we will prove (see Corollary 4.5) that the model problem
(1.5) does not have any finite energy solution provided y > 2. By gathering together this nonexistence
result and Theorem 1.1 we conclude immediately that, in the case of the model problem (1.5), we
have a sharp range of values of y for which there exist solutions. In addition, if y is not in this range,
we prove also what happens if we try to approximate problem (1.5) with a sequence of problems for
which solutions exist.

Theorem 1.5. Problem (1.5) has a finite energy solution for every f € L9(£2) (q > %) satisfying (1.4) if and
only if y < 2. Moreover, let A1 be the first eigenvalue of the Laplacian in the N-dimensional unit ball (i.e. the
first positive zero of the Bessel function |, withm = N/2 — 1), assume f € L°°(82), and either

y>2 or y=2and|flliew) < (1.16)

A
diam (£2)%

Then the sequence {u,} of solutions of

Vu,|?
—Aun—i—%:f in 2,
(un + Lyr
u, =0 onoas2,
[Vuy 2

tendsto 0 in H (1)(9), and the sequence converges to f in the weak-* topology of measures.

(un+3)r

To conclude this introduction, some remarks are in order. First, we have to mention that unique-
ness of solutions for (1.5) is proved in [4] for the case 0 < y < 1. Secondly, let us explicitly state that
we have chosen to present the results and to perform the proofs in the case N > 3. However, all the

results but Theorem 1.1 hold true also in the case N =2 (with easier proofs). In addition, if N =2

2N
(which implies ,\f—’:z = 1), Theorem 1.1 is also true provided we replace the assumption f € LV+2(£2)

with f € L™(£2), and assume m > 1.

Please cite this article in press as: D. Arcoya et al., Existence and nonexistence of solutions for singular quadratic quasilinear
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The plan of the paper is the following: in Section 2 we will prove a local estimate from below
for the solutions, together with Theorem 1.1. Section 3 is devoted to provide further existence results
for L! data (Theorem 1.2) and operators in non-divergence form (Theorem 1.3). In Section 4 we prove
the nonexistence result (both Theorems 1.4 and 1.5). Finally we present in Appendix A some results
related to the local estimate (1.8). For instance, we show in detail how to get the lower bound for
solutions of (1.1), through a suitable change of variable, proving a local bound from above for solutions
of a semilinear equation whose model is (1.9) (Theorem A.1). Such topic is strictly related to the
possibility of constructing estimates for solutions of (1.9) that do not depend on the behavior at
the boundary: and indeed in Theorem A.8 we prove the existence of solutions that blow up at the
boundary (i.e., the so-called “large solutions”) for such equations.

Notation. For any k > 0 we set Ty(s) = min(k, max(s, —k)) and Gy (s) =s — T, (s). Moreover, for any
qg>1,q = q%l will be the Holder conjugate exponent of g, while for any 1 < p <N, p* = % is the
Sobolev conjugate exponent of p. As usual, S denotes the best Sobolev constant, i.e.,

S= SUP{HUHLZ*(Q): ”u”Hé(Q) = 1}-
In Section 3 we will use some ideas related to Marcinkiewicz spaces; for the convenience of the

reader we recall here their definition and some properties. For s > 1, we denote by M?*(£2) the space
of measurable functions v : £2 — R such that there exists ¢ > 0, with

meas{x € 2: [v(x)| >k} < kis vk > 0. (117)

The space M?*(£2) is a Banach space, and it can be defined the pseudo-norm
IV I35 () = inf{c > 0: (1.17) holds}.

We also recall that, since §2 is bounded, for every ¢ € (0,s — 1], there exists a positive constant C
such that

IVliaes@) < Vi), YveL¥($2),
[Wllis—e @) < ClWlams 2y, Yw e M3 (£2). (1.18)

Finally, following [15], we set @, (s) = se“z, A > 0; in what follows we will use that for every a,
b > 0 we have

(1.19)

ag},(s) — bl (s)] > g

if L > %. We will also denote by ¢(n) any quantity that tends to 0 as n diverges.

2. Finite energy solutions

In this section we will prove the existence of finite energy solutions for problem (1.1). Let us recall
its definition.

Definition 2.1. A supersolution (resp. subsolution) for problem (1.1) is a function u € Wllo‘c] (£2) such that

(1) u > 0 almost everywhere in £2,
(2) g(x,u)|Vu|? belongs to L1 (£2),

loc

Please cite this article in press as: D. Arcoya et al., Existence and nonexistence of solutions for singular quadratic quasilinear
equations, J. Differential Equations (2009), doi:10.1016/j.jde.2009.01.016
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(3) for every 0 < ¢ € C°(£2), it holds

/M(X,uWu-V¢+/g(x,u)|Vu|2¢ > /fab.
<
2 2

2

A function u € Wg’l(.Q) is a distributional solution for (1.1) if g(x, u)|Vu|? belongs to L'(£2), and u is
both a supersolution and a subsolution for such a problem.

If moreover u € Hg)(.Q), we say that u is a finite energy solution for problem (1.1). In this case, we
have

/M(x,u)Vu-V¢+/g(x, u)|Vu|21//:/f¢, Vi € HY(£2) N L™ (82). (2.1)
2 2

2

The proof of Theorem 1.1 relies on approximating the datum f € LI\%(Q) by its truncatures
fn=Tr(f) and the nonlinearity g by a suitable sequence of Carathéodory functions g, (for n € N).
Specifically, we define

g(x,s), s> 1
d—Ef 1y_s 1
&n(x,8) = nh(p) i 8®.5), 0<s<q,
0, s<0.

Since h is nonincreasing in a neighborhood of zero, we observe that there exists ng € N, such that g,
satisfies, for a.e. x € £2, Vs > 0,

lim gn(x,s) =g(x,s),
n—-+00
gn(x,5) < gx,5), Vn=>ng, (2.2)
gn(x,5) > 0.

Since for fixed n both functions f(x) (x € £2) and l+|§‘|2g\2 (¢ € RN) are bounded, classical results

allow us to deduce that problem

Vug|?
R
1+ E|Vun|2

u, =0 on 052,

—div(M (X, un) Vun) + gn(x, )

has a solution u, that belongs to Hé(.Q) (see [30]) and to L*°(£2) (see [36]).
We are going to prove now some properties of the sequence u, that we will use in the sequel.

Lemma 2.2. Assume that0 = f € L'\% (£2) satisfies f > 0 and that M(x, s) satisfies (1.2). If, for everyn € N,
the function u, € H(l)(Q) is a solution of problem (2.3), then:

1. The sequence {u,} is bounded in H(‘)(.Q) and

\v4 2
Vit 5 is bounded in L' (£2).

Ungn(X, Up) — 71— ——
R T YL

2. The functions uy are continuous in §2 and u,(x) > 0 forevery x € 2 andn € N.

Please cite this article in press as: D. Arcoya et al., Existence and nonexistence of solutions for singular quadratic quasilinear
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Proof. 1. Taking u, as test function in (2.3) and using Hdlder and Sobolev inequalities we obtain that

|Vun|?
M(x, up)Vuy - Vup + [ gn(X, un)un fn Un
2

1|Vun‘2
2

<S Vu .
< IIfIIL%(mII nlli2(2)

By the ellipticity condition (1.2) and the nonnegativeness of g,(x, s)s, we conclude that the sequences

Uy and upgn(x, un)% are bounded, respectively, in H}(£2) and in L'(£2).

2. We take u, d:Efmin(un, 0) as test function in (2.3), so that, by (1.2),

|V un|
fIVu /gn(x un)l_l_ TV U, /fnu

Using that f; >0 and gn(x, s) is zero for every s < 0, we obtain
2 _
a/}Vun| g/fnungo
2 Q2

Thus u,; =0 and so uy, > 0. Moreover, for every n € N,

[Vup|?

— T eL®(Q).
1+ 1|Vup|2

—div(M(X, un)Vin) = frn — gn(x, tn)

Hence u, belongs to the space of the Hoélder continuous functions in £2 (see for instance [25, Theo-
rem 1.1 in Chapter 4]).

We are now going to prove that u, > 0 in £2. Let C; > 0 be such that g(x,s) < Cps, for
s € [0, |lunll(s2)]. Thus the nonnegative function u, satisfies in the sense of distributions in £2

i . X, Un)|Vin|?
—le(M(X, un)vun) +nChuy > — le(M(X, Un)Vun) + w
1+ n |Vlln|2

:fn-

Observing that f, is nonnegative and not identically zero (since f = 0), by the strong maximum
principle (see [23] for instance) we deduce that u, >0 in £2. O

In the next proposition we will prove that the sequence {uy} is uniformly bounded from below,
away from zero, in every compact set in £2. This result will be crucial in order to prove the existence
of a solution for (1.1).

Proposition 2.3. Suppose that f € Li> (§2) satisfies (1.4), and that h is such that (1.7) holds. Let @ be a
compactly contained open subset of §2. Then there exists a constant c,, > 0 such that every supersolution
0 <zeH! (£2)NC(£) of the equation

loc
—div(M(x,2)Vz) +h(2)|Vz* = f in 2, (2.4)

satisfies

zZ>¢C, Inw.

Please cite this article in press as: D. Arcoya et al., Existence and nonexistence of solutions for singular quadratic quasilinear
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Remark 2.4. The above proposition will be crucial in the proofs of both Theorems 1.1 and 1.2. In fact,
we will use the following consequences:

(i) Let up be a solution of (2.3) with n > ng (ng given by (2.2)). By Lemma 2.2, u, > 0 in £ and it

is continuous. In particular h(u,)|Vu,|? € L}OC(Q). Thus, from the inequalities gn(x,s) < g(x,s) <
h(s) for every s > 0 and f, > f1 we obtain that u, is a supersolution for

—div(M(x,2)Vz) +h(2)|Vz|* = f1 in £2.

Therefore, by the above proposition (with f = f; and z=u, € H(l) (2)NC(2) (Lemma 2.2-2)) for
any w € £2 we get the existence of a positive constant c,, such that u, > ¢, in w. Taking k > 0
and mg > max{ng, %}, we deduce, by the definition of g, that for all n > mg

_ def
gn (X, un(0) = g(x, un(0) < cp(w) = ,max h(s),

for every x € w such that u,(x) <k.
(ii) f0<uy e H(l)(.Q) N C(£2) is a finite energy solution of

—div(M(x, up)Vip) + g(x, un)|Vup|* = fp in 2,

then, using again that g(x, s) <h(s), fn > f1 and h(up)|Vug|? € L}

1oc(£2), we derive that uy is also
a supersolution of

—div(M(x,2)Vz) +h(2)|Vz* = f1 in £2.

Consequently, if w € £2 and c,, has been defined above (with f = fy), then u, > ¢, in w. There-
fore,

g(% un () < (@) & max s,
s€[cy.k]

for every x € w such that uy(x) <k.

Proof of Proposition 2.3. Let z > 0 be a supersolution of (2.4). We are going to consider a suitable
change of variable. In order to make it, since in general the function h may be integrable in (0, 1), we
set h(s) =h(s) + % and define, for s > 0, the nondecreasing function

S S
H(s):fﬁ(t)dt:/h(t)dt—l—logs“, (2.5)
1 1
and the nonincreasing function
1 1
_H® 1 _j]rlz(f)dr
w(s)zfe @ dt:/t e” « dt. (2.6)
S N
Observing that
lim y(s) =400,  lim ¥(s)= Yo € [~00,0),
s—0t $—>+00

Please cite this article in press as: D. Arcoya et al., Existence and nonexistence of solutions for singular quadratic quasilinear
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we can define

vE ). (2.7)

Since z is continuous and strictly positive in £2, we get that z is bounded away from zero (with the

bound depending on z) in every open set w compactly contained in £2. Consequently, by the chain
rule, we have

_H@®» 2
Vv=—e @ Vzel‘(w), YwES2, (2.8)

and thus v € H(w) for every w € £2, ie., v € HIOC(Q).

Let 0 < ¢ € C°(£2), and take (as in [8]) e” n d) as test function in (2.4) to deduce from the
inequality h(s) < h(s) that

h(z) ()] _H@
/M(x Z)Vz. Vz—e ¢+/M(x,z)Vz~V¢e o

/h(z)|Vz|2 — /fe o

Q
Using (1.2) together with (2.8) we get,
_H® _H@
—/M(x,Z)W/(Z) V¢ >/fe o« Pz /
Q Q Q
If we define M(x, s) = M(x, ¥~ 1(s)) and

_H@ o)
o

b(s) = —1 for every s € (Yoo, +00), (2.9)

then v is subsolution of
—div(M(x, v)Vv) + f(®)b(v) =0 in £2.

Observe that b(s) is nondecreasing for large s > 0; indeed, this is equivalent to prove that T°(t) =
H®O -
w(t)’l is nonincreasing in a neighborhood of t = 0. To show this, let wg € (0, 1) be such that h(t)

is nonincreasing in (0, wg], and, note that

1 . ~
— 20T 0 = —w(o—( o= [l g

1 . ~
2/”'“);&&% ds = h(t)M; — M.

where
1 ; 1 ;
Mlz—/e’¥ ds and M2=—fﬁ(5)67¥ds.
o o
wo Wo
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Thus, if t belongs to the interval (O,Efl(min{wo,Mz/Ml})), then the right-hand side of the above
inequality is positive, and consequently 7°(t) is nonincreasing in this interval.

We also claim now that since fol JVh(s)ds < +oco and h is nonincreasing in a neighborhood of
zero, then the function b(s) satisfies the well-known Keller-Osserman condition (see [24] and [33] for
instance), i.e., there exists to > 0 such that

+o00

/ L < 4-o00. (2.10)

V2 [y b(s)ds

We postpone the proof of the claim for the moment, and we show how to conclude the proof by
using the claim. Indeed, by applying [27, Theorem 7] (see also Theorem A.1 in Appendix A where, for
the convenience of the reader, we have also included a proof of the precise result that we need here)
we derive that for every w € £2, there exists C, > 0 such that

v<(C, inw.
Therefore, undoing the change
22y 1(Cp)=Co>0 inw,

as desired.
Consequently, to conclude the proof it suffices to show (2.10) or, equivalently, that

+o0

/ dt

—_— < +00.
H S)

2 2/06 (\ﬁ It )dS

Using the change T = ~!(s), we obtain
+00 +o00

/ dt _ / dt
¢t _Hy~le) - 1(0) H@®)
a ds -2 o

to sze l(t)

dt

Now we apply the change w =y~ 1(t) to deduce that

+o00

/ _H(w’ (5)> / w H H
/Zfo \/zf 0 @2 IHW)-H®)] g7

with 0 < wg = ¢~ 1(tg) <1 =1v"1(0) since ¥ is nonincreasing, and we choose ty >> 1 such that h is
nonincreasing in (0, wo]. .

Since h satisfies (1.7), also h satisfies it, so that we conclude the proof if we show that there exists
a positive constant cg such that

h(w) / eaHW—H@I gp >co>0, VYwe(0,wp). (2.11)

Indeed, the only difficulty is near zero. To overcome it, we use that h (hence ) is nonincreasing in
(0, wo], to obtain
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Wo
h(w)/ea“"(w) HO g >/h(r)ea[”(w> HO g

w

2wy 0

aea 2~

:——/——h(r)e_éH(f)dr
2 o

w

aesHw) 2H(w)

[e-dH@o _ & ew o

w 2 oiHwo) 27

. . . 2 .
Using the above inequality and the fact that ez#(™) is close to zero for w small enough, we can
choose w € (0, wg) such that

0
,?,(W)/eé[mm—mr)] dr > %7

for 0 < w < w. Thus the existence of cg such that (2.11) holds is deduced. O

Remark 2.5. If h is such that

1
lim [ h(t)dt = +o0,
s—0t

there is no need to define the above function h. Indeed, in this case, the proof of the above theorem
works by using directly h instead of h.

Proof of Theorem 1.1. We are going to prove that, up to a subsequence, the sequence {u,} of finite
energy solutions of (2.3) converges to a finite energy solution of (1.1).
By Case 1 of Lemma 2.2, we obtain the existence of constants Cq, C; > 0 such that

|Vuy|?

— < (212)
1+ 1 vu, 2

lunllpy o) < C1 and /ungn(x,un)
2

Thus, up to a subsequence, we can assume that u, converges to some u € H(l)(.Q) weakly in Hé(.Q)
and, by Rellich’s theorem, strongly in L?(£2) and a.e. in £2.
Choosing %Tg (up) as test function in (2.3) and taking into account that f, < f in £2, we deduce

that
Te(un) |V | / /
/ c gn(X, up )1+1|Vun|2 | f.

Q
If we take the limit as ¢ tends to zero, and we use that, by Lemma 2.2, u, > 0 in £2, we get
|V |? / |V |?
g, Up) ————— = g up)————— < | f. (2.13)
f S T TP T+ L v, 12
2 " {tn>0) n 2

The proof will be concluded by proving the following steps:
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Step 1. For every k > 0, T (un) — Tk (u) strongly in HL (£2).

loc
Step 2. u, is strongly convergent in Hlloc(Q).
Step 3. We pass to the limit in (2.3).

Step 1. Here we want to prove that

) liT / |V (T (un) — Tk(u))|2¢ =0, V¢ e () with ¢ >0. (2.14)
2

Reasoning as in [12], we consider the function ¢; (s) defined in (1.19) and we choose @; (Ty(un) —
Tr(u))¢ as test function in (2.3): we have

/M(x, Un) Vg - V(Ti(n) — Tiw)) @) (Ti(un) — T (1))
2

+ f M(x, tn) Vity - Vo3 (Tie(tn) — Te(u)
2

+/g i) —TE o T — Te)s
J n ] n ] + %lvun|2 n K

:/fn(PA(Tk(un)_ Ti(u))é.
2

Since Ty(un) — Ti(u) weakly in H}(£2) and strongly in L?(£2), we note that
/ fa@a(Tr(un) — Tew)) ¢ — / M(x, un) Vg - Voo (Ti(un) — Tr(w)) = £(n).
2 2

Moreover, choosing wy € 2 with supp¢ C wy, we deduce, by case (i) of Remark 2.4 and by the
nonnegativeness of both g, and ¢, (k — Ty (u)), that

oy — 1l (T (ttn) — Te(w))
En(X, Up 1+%|Vun|2% k(Un k

2

|Vun|2

> | sxu)—go—
/” "1 4 1,2

{un <k}

@ (T (un) — Tr(w))p

> —cr(wy) / [V T (un) @ (T ) — Te(w)) |-
2
Thus

/M(X, Un) Vtn - V(Ti(un) — Tk (W) @5 (Tie(un) — Tie(w)) ¢
2

- Ck(%ﬁ)/ ‘VTk(un)’2|§0k(Tlc(un) — Ti(w)|¢ < em). (2.15)
2
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Note that

/ M(x, un) Vg - V(Ti(un) — Tie@)) @5 (Ti(un) — TieW))d X qun>k)
2
=— / M(x, un) Vi - VT (W)@; (k — Tie(U) ) X (up >k) = (1),
2

so that, adding

- / M(x, up) VT () - V(Ti(un) — TieW)) @} (Ti(un) — Tr(w))¢ = e(n)
2

in both sides of (2.15) and since

f |V T wn) |2 (Tie(un) — Tew)) |

2

< 2/ |V (T (un) — Te@)) | (Tie(un) — Te(w)) |6 + 2/ VT @ (Tic(tn) — Te(w)) |
2 2

= 2/ |V (T (un) = Te@)) | @ (T (un) — Te(w))| ¢ + e (),
2

we find, using also (1.2) (for the sake of brevity, we omit writing the argument Ty (u,) — Tk (u) for @;,
and ¢} ),

/ |V (Ti(n) — Te)) | [}, — 2ck(@p)l@al]¢ < £().
2

Choosing A such that (1.19) holds with a =« and b = 2ck(wy), we obtain (2.14).

Step 2. We prove now that the sequence u; is strongly convergent in H}OC(.Q).
Let us choose Gi(uy) as test function in (2.3) and drop the positive integral involving the lower

order term. By using (1.2), and Holder and Sobolev inequalities, we have

2 VTR
/|vck<un)}2<%( / f*) "
2

{un 2k}

and the right-hand side of the previous inequality is arbitrarily small if k is large enough. This and
the convergence proved in Step 1 of Ty(uy) in Hg)(.Q) implies that |Vuy|? is equiintegrable in every
w E S2.

Moreover, since

|Vun|2

—div(MX, up)Vuy) = fn — gn(x, up) ———,
( (x, un) n) fn— &n( n)l+%|vun|2
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and the right-hand side is bounded in L!(£2) by the assumptions on f and by (2.13), we can apply
Lemma 1 of [9] (see also [14]) to deduce that, up to (not relabeled) subsequences, Vu, converges to
Vu a.e. in £2. Hence, by Vitali theorem

up—u in HY (2).
Step 3. Let us observe that, by applying Fatou lemma in (2.12) and (2.13), we deduce that
/ug(x,u)IVu\zéCz and /g(x,u)\Vul2 </f,
2 Q 2

respectively. Therefore, to conclude the proof we only have to prove that u is a distributional solution
of the problem (1.1). We begin by passing to the limit on n in the equation satisfied by uy, i.e., in

|Vun‘2 _ o0

M, upn)Vun - Vo + | gn(X,un)—————é= [ fad, V€ C(2).
1+ Equn|2

Q Q Q
First of all, the weak convergence of u, to u and the weak-* convergence of M(x, u,) to M(x, u) in
L*°(£2) implies that

lim M, up)Vu, Vo :/M(x, u)VuVe, V¢ e C(£2). (2.16)
n—-+o00

2

On the other hand, if we fix w € §2, then, by Remark 2.4,
(X un(®) <ck(w), ¥n>1, and Vx € w satisfying u,(x) <k.

Consequently, if E € w we have

/|gxu(x) Vi ()2
N TV (o

< / ot ) 1V / e, ) — 1l
X nX, Un 1+%|Vun|2 n&, Un 1+%|Vun\2
EN{u, <k} EN{un >k}
2 |V |?
A / | VTi(un)|” + / (X un) — = —. (217)
14 2 [Vug|

ENnfu, <k} {un=>k}

Let £ > 0 be fixed. Observe that if, for k > 1, we use T1(Gy_1(uy)) as test function in (2.3) and drop
positive terms, we deduce that

g6, ) tnl” / fn < / f
n s Yn 1 + l |V n|2 \ n < .
{un >k} {un2k—1} {un2k—1}

Thus, since the right-hand side tends to 0 uniformly in n as k diverges, we obtain the existence of
ko > 1 such that

|V |? £
gn(x, up) ————— < =, Vk>ko, VneN.
/ T v, T2

{un 2>k}
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Moreover, since Ty(up) is strongly compact in H
with meas(E) < 8, we have

lOC(.Q), there exist ng, 8¢ such that for every E € 2

2 &
VTi(u < — Vnz>ng.
| k( n)| 2¢k (@) &
ENn{un <k}

In conclusion, by (2.17), taking k > ko we see that meas(E) < §; implies

/|g (x, un(®))] |Vun(x)| <&, Vnx=n
n n El = Itg,
VU (02

|Vun|?
1+ 1|V, 2
g(x, u)|Vu|?, implies by Vitali theorem that

i.e., the sequence g,(x, up) is equiintegrable. This, together with its a.e. convergence to

i %, un) |Vun|*

1m gn(X, Up) —————

n=too ) SN 4 T v 2
Q

p =/g(x, WIVuPp, Ve ().
2

Therefore, using the above limit, (2.16) and since f, tends to f strongly in L!(£2) we conclude that

/M(x,u)Vuv¢+/g(x, u)|Vu|2¢:/f¢, Ve CX(2). O
2 2

2

Remark 2.6. In addition, if f € L9(£2) with g > N/2, then the solution u given by Theorem 1.1 is
continuous in £2. Indeed, by using ¥ = T;;(Gk(u)), with m > k, as test function in (2.1), it is easy
to adapt the idea of Stampacchia [36] in order to obtain that u € L°°(§2). Now, consider a function
¢ € C®(£2) with 0 < ¢(x) <1, for every x € £2 and compacted supportly in a ball B, of radius p > 0,
and set Ay , ={x € Bp N £2: u(x) > k}. Following the idea of the proof of Theorem 1.1 of Chapter 4 in

[25], take ¢ = Gi(u)z? as test function in (2.1) to deduce by (1.2) and Hélder’s inequality that
_1
a / IVule? < |1 f o) lullie(2)(meas Ay )~ 7 +28 / IVul|V¢1¢ Gr(u).
Ak.p Ak,,a

Using again Young’s inequality we get

201 f o Iulli e
f|Vu|2;2< (jx ) (meas Ay )"~ q+— V¢ PG ).

Ak.p Ak.p

In particular, if for o € (0,1) we choose ¢ such that it is constantly equal to 1 in the concentric ball
By_sp (to By) of radius p —op and |V¢| < —, we obtain

1 _1
/ [Vul? < y(l + ————— max(u — k) )(meas Ak,p)l a,
p2(1—— Akp
Ak‘p—op

where y = max {M 48 a)N} with wy denoting the measure of the unit ball of RN.

This means that for § > 0 small enough and every M > |lul| ~(p), the function u belongs to the
class By(§2,M, v, 6, 2q) with 2q > N (see [25, p. 81]). Applying Theorem 6.1 of [25] we deduce that
u is Holder continuous in 2.
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3. Further existence results
3.1. Existence for data in L1(£2)

In this section we prove Theorem 1.2. In this case, taking advantage of Theorem 1.1, we approxi-
mate problem (1.1) by

{ —div(M(x, up) Vi) + g%, up)|Vun|* = fr in 2, (31)

u, =0 on 052,

where f, = Ty(f).
Note that the existence of a nonnegative finite energy solution u, € H(l)(fz) N C(£2) such that
g(x, un)|Vun|? € L1(£2) follows from Theorem 1.1 and Remark 2.6.

Lemma 3.1. I f € L1(£2) satisfies (1.4), g(x, s) satisfies (1.6) (with h(s) satisfying (1.7)), and uy, is a solution
of (3.1), then

(i) up is bounded in M% (£2) and |Vuy| is bounded in M =) (£2);
(ii) up to subsequences, the sequence uy, is weakly convergent to some u in W(}’q(.Q) foreveryqe|1, %);
(iii) for any k > 0 and for any w € 2,

Ti(un) = Ti(u) in H' (@).
Proof. (i) Taking Ty (u,) as test function in (3.1) and using (1.2), we have
2
a/ |V T (un)| +/g(x, un) Tye(n) | Vn > < k| fall 1 g)-
2 2
Since 0 < f, < f and g(x, uy) > 0, we have

2
oZ/‘VTk(Un)| <kl fllpg)- (3.2)
2

Standard estimates (see [6, Lemmas 4.1 and 4.2]) imply that u, is bounded in M%(Q) and that
|Vuy| is bounded in M%(.Q).
(ii) Let 1< q < % By the preceding case and by the embedding (1.18), we deduce that uy, is

bounded in Wé‘q(.Q) and thus, passing to a subsequence if necessary, there exists u such that u, — u

weakly in Wy 9(Q).
(iii) Our aim is to show that

) “Too/ |V (Ti(tn) = Te)[*¢ =0, Vg € CX(R2), ¢>0.
2

Here we adapt to our case a technique to obtain the strong convergence of truncations first intro-
duced in [26] (see also [35]). Let us choose ¢, (wy)¢ as test function in (3.1) where ¢, (s) has been
defined in (1.19) and

Wy = Tor[un — Ty(un) + Te(un) — Tew)], 0<k<lL.

Thus we have
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/M(x, un)Vun-an<pi(wn)¢+/M(x, un)Vun-V¢<m(wn)+/g(x, Un) |V @5 (Wn)gb
2 2 2

_ f Fad@r (W), (33)
2

Observing that VT (u,) =0 if u, >k and Vw, =0 if u, > 2k + 1= K (we recall that [ > k), we have

/M(x, Un) Vil -anfpi(wn)ab:/M(x, Un) VTi(un) - V(Ti(un) — Ti()) @5 (Wn)ép
2 2

+ / M (x, un) VT (tn) - VTok (G (un) +k — T (W) @5, (Wn)@.
{un 2k}

Moreover, using that
VT (tn) - V(Gi(un) — Tr(w)) = VTic (un) - VGi(Un) — VT (Un) VT (1)
> —VTi(up) - VT (w),

we have

M(x, un) VTxc (un) - V(Gi(tn) — Ti()) ¢} (Wn)
{un>kIN(Gy(un)~Te () <k}

> / M, ) VT (ttn) - VT ()| 0L (W) b Xy -
{Gy(up)+k—Ty (u) <2k}

and thus, since the above integral tends to zero as n diverges,

/M(x! up)Vuy - VWnQO;L(Wn)‘i)
2
> / M(x, up) VT (up) - v(Tk(un) - Tk(u))‘/);h(wn)‘b +em). (3.4)
2

On the other hand, since G;(up) +k — Ty(u) >0,

/ 2(X, Uun) | Vun @ (Wn) > / 2(X, un) | Vun @1 (Wn)g.
Q {un<k}
Thanks to case (i) of Remark 2.4 applied to a subset wy € £2 with supp¢ C wy, we have

g(x, up(x)) < cx(wy) for every x € w with uy(x) <k. Then, we get

g%, up) | Vun|2@s (Ti(un) — Tk(u))qs‘
{un<k}

< cl(wg) f VT () |*| 02 (Tie (tn) — Tie(w)) |6
2
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< 2ck(wy) / |V (T (un) — Te)) | (Tic(un) — Tew)) |
2
+ 2ck () f |V T ) [*] @2 (Ti(tn) — Tie(w)) |
2

Note that the last integral tends to 0 as n diverges since ¢, (Tx(un) — Tx(u)) converges to zero in the
weak-* topology of L*°(£2) and Ty (u) € Hé(SZ). Therefore, we deduce from this, (3.3) and (3.4) that

/M(x, Un) VT (un) - V(Tk(Un) — T (W)@ (Wn)p
2
—2ck(w¢>f|V(Tk<un)—Tk(u>)|2|<mwn>|¢
2
< / fad@r(wn) — / M(x, un)Vuy - Voo (wn) + (),
Q 2
and adding to both sides of the previous inequality
—/M(X, un) VT () - V(Ty(tn) — Te(w)) @5 (Wn) = e (),
2
we find from (1.2),

/ |V (Tie(tn) — Te) [ (Wn) — 2ck(@g) |02 (wn) ||
Q2
< / fno@s(wy) — / M, up)Vuy - Vo@, (wy) + ().
Q 2
Choosing A such that ¢; satisfies (1.19) with a =« and b = 2¢x(wy), we get
- / |V (Th(un) — Te)[P¢
2

</fn¢<px(wn)—/M(x, Up) Vi - Vogi (wy) + ().
2 2

Moreover, w, a.e. (and weakly-x in L°°(£2)) converges towards w = Ty, (G;(u)) and thus, recalling
that Vu, — Vu weakly in (LY9(2))N, g < N/(N —1),

ngpgwffndxpx(wn) —/M(x, Up) Vi - Vo, (W)
2 2
=/f¢<m(w)—/M(x, WVu - Vo, (w).
2 2

Consequently, using (1.2)
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o 2
> / |V(Tk(un) — Tew)) "¢ < / fop.(w) — / M(x, u)Vu - Vg, (w) + £(n)
2 2 2
< @ (2k) / (f + BIVul|Vg) + e(n).

fuzl}
Since the last integral tends to zero as I diverges, (iii) is proved. O
Now, we prove our main result concerning L!(£2) data:

Proof of Theorem 1.2. We begin by proving the first part of the theorem, i.e. that there exists a
solution u € Wé’q(ﬂ), for every q < % of problem (1.1). We first observe that we deduce from the
results of [14] that Vu, — Vu a.e,, and from Lemma 3.1 the estimates on u, and |Vu,| in M% (£2)
and M% (£2) respectively. Thus u, — u strongly in Wé‘q(ﬂ), for every q < % Arguing as in the
proof of Theorem 1.1, we can show that, choosing %Tg (up) as test function in (3.1) and applying Fatou
lemma, we have g(x, u)|Vu|? € L1 (2).

In order to prove that for all @ € 2, {g(x,us)|Vuy|?} is strongly convergent in L!(w) to
g(x, u)|Vu|?, it suffices to show the local uniform equiintegrability of such sequence. To prove the
claim, we choose T1(Gj_1(up)) (for k > 1) as test function in Eq. (3.1) and we deduce, by dropping
the first positive term (in virtue of (1.2)), and since f, < f, that

g%, )| Vitn® < / . (3.5)

{un >k} {un 2k—1}

By a similar argument to the one used in Step 3 of the proof of Theorem 1.1, we prove the claim.
Indeed, let E C w € £2 be a measurable set. By Remark 2.4(ii) and (3.5), we have, for every k > 1,

f g%, )| Vitn® = / g%, )| Vitn
E Enfun <k}

2
+ f g(x, un) |V < cp(@) / |V Tk (up)|
EN{uy, >k} EN{u, <k}

2
+ f g(X,un)IVHnIZéck(w)/WTk(un)] + / f
(un>k) E {un>k—1)

Since meas({x € £2: u, >k — 1}) tends to zero (uniformly with respect to n) as k tends to oo (be-

cause of the boundedness of {u,} in the space MN/(N=2)(2) by Lemma 3.1(ii)), we obtain that the

last integral in the above inequalities tends to zero as k goes to +oc. This, and the local equiintegra-

bility of |V Ty (uy)|? (by Lemma 3.1(iii)), then show the local equiintegrability of {g(x, u,)|Vun|?}.
Using moreover that Vu, — Vu a.e., we conclude by Vitali theorem that

g(x, up)|Vun|> > gx, w)|Vu? in LY(w), VYo € 2. (3.6)

Now, using (3.6) and the strong convergence of Vu, to Vu in (L1(£2))N, for every q < % we can
pass to the limit in (3.1) to show that u is a solution for (1.1).
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In order to prove the second part of the theorem, we simply note that we can fix k > max{sg, 1}
so that (1.10) and (3.5) imply

uf!vckwn)lz:u / |Vun|? < f f<f - (3.7)

Q {un >k} {un>k—1)

Hence, taking into account both (3.2) and (3.7), we have

k 1
/|Vun|2=f}vrk<un>|2+/|vck(un>|2< (&+;>||f||u<g),
2 2 2

i.e,, the boundedness of the sequence {u,} in Hé(.Q). This implies that the solution u, which is the
limit of (a subsequence of) {u,}, belongs to H(l)(.(Z). ]

Remark 3.2. Actually, if (1.10) holds, it is possible to prove, in this latter case, that the approximate se-
quence u, is strongly convergent to u in H!(w), for every @ & £2. Indeed, due to the a.e. convergence
of Vu, to Vu in £2, it suffices to check the equiintegrability of |Vuy,|? in every o € £2. To do that, we
take a measurable set E C w € §2, and we observe that, thanks to (3.7), for any k > max{sg, 1}, we

can write
/|Vun|2=/!VTk<un)}2+fyvck(un>\2
E

/|VTk<un)\ +— / f. (3.8)

{Un>k

Therefore, using again both the boundedness of u, in M%(Q) and the equiintegrability of
|VTk(un)|? in @ given by Lemma 3.1, we see that (3.8) yields the desired result.

3.2. Non-divergence operators

In this section we sketch the proof of Theorem 1.3 without giving all the details since they are
straightforward adaptations of the applied arguments in the proof of Theorem 1.1.

Proof of Theorem 1.3. We denote by P(x) the vector field whose ith component is P;(x) = b;j(x) +
ZJ 1 aa” (x) (i=1, N) and by M(x) the transpose of the matrix (a;j(x)); j=1,..n. Let gn(x,s) also

,,,,,

be given by (2.2). Consider the sequence u, € H(l)(.Q) N L°°(£2) of solutions for the problem

{ —div(M(x)Vup) + P(x) - Vup + gn(x, up)|Vup|* = f in 2, (39)

u, =0 on 952.

The proof is divided into several steps.

Step 1. L>°(£2) estimate. Using the ideas of [16], we choose v = e?*Ck(n) _ 1, with A >> 1 as test
function in the weak formulation of (3.9) to prove that the sequence {u,} is bounded in L*°(£2).

Step 2. Hé(.Q) estimate. By the previous L°°(£2) estimate, it is easy to see that {u,} is bounded in
H(l)(.Q). and so u, weakly converges in H(l)(.Q) to a function u in H(l)(.Q) N L°°(£2). Moreover, arguing
as in Remark 2.6, it is clear that both u, (for every n € N) and u are continuous in £2.
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Te(un)

Step 3. Estimate on the lower order term. Choosing ~*,

as ¢ tends to zero, we deduce, for some Cq > 0, that

as test function in (3.9) and taking limit

/gn<x, )| Vit < / f14+Cr.
2

2

Step 4. Uniform bound from below for u, in compact sets. Observe that u, are supersolutions of
the equation

—div(M(X) V) + P(x) - Vu +h@)|Vul> = f in 2. (3.10)

If, for H(s) defined in (2.5) and ¢ € C°(£2), we take e‘#qb as test function in (3.10), we see that
vp = ¥ (uy) are subsolutions of

—div(M®)VVv) + P(x)- Vv +b(v)f(x) =0 in £, (3.11)

where b(s) has been defined in (2.9) and we recall that it satisfies the Keller-Osserman condition
(see (2.10)). Hence, by Theorem A.1 in Appendix A, we conclude that for every @ € €2, there exists
Cy such that v, = ¥ (uy) < Cy in w. Therefore, Uy > e > 0 in w, with ¢, = ¥~ (Cy).

Step 5. Compactness of {u,} in Hlloc(.Q). For ¢, (s) defined in (1.19) and ¢ € CZ°(£2), we choose
@ (up — u)¢ as test function in the weak formulation of (3.12) and we note that the ideas of Theo-
rem 1.1 work since the new term that appears in the equation does not lead to any further difficulty
because it has linear growth with respect to Vu. Thus we conclude that, up to a subsequence,

up —u in HY(£2).

Step 6. Passing to the limit. By Step 5, we pass to the limit in the weak formulation of (3.9) to
deduce that u is a solution for

{ —div(M()Vu) + P(x) - Vu + g(x,w)|Vul> = f in £2, (3.12)

u=0 on d52.

Since the coefficients a;; are Lipschitz continuous on £2, we see that u solves (1.11). Finally, by Step 3
we conclude that g(x, u)|Vu|? e LI(2). O

4. Nonexistence results

This section is devoted to study nonexistence of solutions for (1.1). We begin by observing that
if the function g(x, s) satisfies condition (1.13) with h such that (1.14) and (1.15) hold, then we can
change h by a smaller function h which, in addition to (1.14) and (1.15), also satisfies h(s) = 0 for
every s > 1. Indeed, if sg is the point where h attains its minimum value in [%, 1], then it suffices to
define

h(s) = { (h(s) —h(so)™ if s € (0. 50],
0 if s> sg.

Consequently, without loss of generality, we will assume in the following that condition (1.13) holds
with h satisfying (1.14), (1.15), and

h(s)=0, Vs>1. (41)
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Let us consider the function G : (0, +00) — (0, +00) given by

O g

s h
G(s) = e T for every s > 0,

where B is given by (1.2). Observe that, by (1.14), the function G can be continuously extended to
[0, +00) setting G(0) = 0. Moreover, we also define the function o : [0, +00) — [0, +00) by setting
0(0)=0 and

o(s) =ei VRO for every s> 0.

Observe that, thanks to (1.14) and (1.15), we have that o € C1([0, +00)), 6/(0) =hg and o (s) =0
if and only if s =0. As a consequence of (4.1), o(s) =1 for every s > 1 and o (s) < 1 for every s > 0.
The next lemma is the key for the proof of Theorem 1.4.

Lemma 4.1. Assume (1.14) and (1.15). Then the function

LGOI’ OPde .
o(s) = { ow  Is>0 (4.2)
0 ifs=0,
is a continuously differentiable function on [0, +00) that satisfies the ordinary differential equation
h(s) 2
"s) + —=@(s) =|o'(s on [0, +00),
¢+ =90 =[0']" onl0.+0) (43)
9(0)=0.
Moreover, the following inequality holds:
9(s) <Blo)]’, ¥s>o0. (4.4)

Proof. The first part of the proof is straightforward except for checking that ¢ is differentiable at zero
and ¢’ is continuous at zero. In order to do it, we note firstly that ¢ is continuous at zero. Indeed,
since G is nondecreasing and [071? is continuous in [0, +00) we have

N

. . JoGle'®Pde L2

0< Jim ¢t5)= i =SS < i [/ @] ae=o
0

Now we observe that, using the L’Hopital Rule, (1.14) and (1.15),

h(s) f; G(O[o’ (D)1 dt

(0) = h% — lim
w() 0 s—0*t

BG(s)
/ 2
—h2—R2 lim G(s)[o'(s)]
50+ 280 ()0’ (s)G(s) + h(s)[o (5)]2G(s)
=h§—h(2)$£rg+ Py — =h§ —h§=0.

Jh(s)

Hence ¢ is differentiable at zero and ¢’ is continuous at zero.
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In order to prove inequality (4.4), we observe that since [o”(s)]? = [0 (s)]2h(s), then
h(t)
Q(s) = o) /G(t)— (t)

Since

G(t)@:iG(t)
B dt ’

we can integrate by parts to find (recall that G(0) = o (0) =0)

S

p GOo (Ho' (t)dt

P(s) = GG )[G(t)[ff(t)] ] —0~

28
G(s )

=Blo)] —G—ﬂ/ O[e®] \/h(t dt

0

<Blo (S)] ,
since all the functions in the last integral are nonnegative. 0O

Proof of Theorem 1.4. Let u € H(l)(Q) be a positive solution for (1.1) and ¢ € C'([0, +00)) be given
by (4.2). Observing that ¢(0) = 0, that ¢’ is bounded and that, by (4.4) and since o (s) < 1, we have
@(s) < B, we derive that ¢(u) € H(]J(Q) N L% (£2). Therefore, we can take v = ¢(u) as test function in
(2.1) to obtain, by using (1.13), that

/M(x,u)Vu~Vu§0/(u)+/h(u)lvu|2€0(u) </f<p(u)-
2 2

2

Thus, adding and subtracting %fg M(x,u)Vu - Vuh(u)p(u), we derive from (1.2) and (4.3) that

/M(x, u)Vu - Vu[a/(u)]2 < / M(x,u)Vu - Vu |:<p ) + %(p(u)}
2 2

+/|:I - M(;’ u):|Vu - Vuh(u)e(u)
2

</f§0(u).
2

Using now (1.2), (4.4) and the fact that f > 0, we have

af|vow) =a [ VuP[o'w]’ < | few <8 [ flow]. (4.5)
Jrowt=a] Jrowso]
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Hence, recalling (see [18]) that, since f belongs to L(£2) with q > % and f* =0, the first positive
eigenvalue A1(f) of the eigenvalue boundary value problem

—Au=Afu in £,
u=0 on d4s2,

is such that

xl(n/kafwwz, Vv e H)(£2),
2 2

we deduce from (4.5) that

B 2
a/|VU(u)}2<7/‘VU(u)] .
J M(f)Q

Recalling the assumption g < A1(f), this implies that

/ Vo w)? =0,
2

which yields
o(u)=0, forae xef2.

Therefore, recalling that o(s) = 0 if and only if s =0, we have u =0, contradicting u > 0 in £2:
therefore, there are no positive solutions of (1.1). O

Remark 4.2. Theorem 1.4 can be extended to more general operators. Specifically, if a(x,s,¢) is a
Carathéodory function such that

Jo > 0: a(x,s,g)-g>a|§|2, for a.e. x€ 2, VseR, VgeRN,
3 >0: |ax,s,¢)|<Blgl, forae.xe2, VseR, Vs eRN,
and 0 < f € L9(£2) with g > % and f =0, then problem

{ —div(a(x, u, Vu)) + gx, w)|Vul* = f in £,
u=20 on 052,

has no finite energy solutions provided A1 (f) > £ and conditions (113)-(1.15) hold.

o

Remark 4.3. Let 0 < f € L9(£2) with q > % and f #£ 0. Assume (1.2) and that g(s) satisfies (1.13).
Observe that if u € Hg)(.Q) is a solution of (1.1) and R > 0, then v = Ru is a solution of

1
—div(M(x, %)Vv)—e—ﬁg(x, %)|VV|2:Rf in £,
v=0 on 052,
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with

g %) def1 (s
>h = —h(—=).
R R(S) IR

Therefore, by Theorem 1.4, and since A1 (Rf) = A1(f)/R, if hg(s) satisfies conditions (1.14) and (1.15),
then a necessary condition for the existence of finite energy solutions of (1.1) is that A1(f) < RB/c.

In the following result, as a consequence of Theorem 1.4 (and Remark 4.3), we give conditions to
assure the nonexistence of solutions of (1.1) for every datum f.

Corollary 44. Let 0 < f € L9(2) with q > % and f # 0. Assume (1.2) and that g(s) satisfies (1.13). If there
exists Ry > 0 such that the function hg(s) = %h(%) satisfies (1.14) and (1.15) for every R € (0, Rg), then (1.1)
does not have any finite energy solution.

As a consequence of the above results we also have the following.

Corollary 4.5. Let 0 < f € L1(§2) withq > g and f = 0. Suppose that (1.2) holds and that for some constants
So, A > 0and y > 2 we have

A
p < gx,s), forae.xe 2, Vse(0,so].

If either

(i) y >2,0r
(i) y =2 and 2 (f) > £,

then (1.1) does not have any finite energy solution.

Proof. Consider a continuous function h(s) such that

4 ifo<s<¥,
= A e
h(s) <% if P <s<so,
0 if so <.

A

Observing that hg(s) = 5;71 for every s e (0, 2), and using that ¥ > 2, we have that hg(s) is not
integrable in (0, ), i.e., it satisfies (1.14).

In addition, if y > 2, then hg(s) satisfies (1.15) for every R > 0, so that Corollary 4.4 concludes the
proof in this case.

On the other hand, if we assume that y =2, then

. / VAR s0/2
Vhr(s) efi ViRO _ —?Reﬁo” SRR de _ AR

for some C > 0. Thus, hg(s) satisfies (1.15) if and only if

lim sV4R=1> 0,
s—0t+

ie,R> % Therefore, Remark 4.3 implies the nonexistence of solutions provided that 11 (f) > % m]
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As a consequence of this result, we have that the first part of Theorem 1.5 is proved. We are now
going to prove the second part of it.

Proof of Theorem 1.5. We first note that if y < 2, then Theorem 1.2 guarantees the existence of a
solution. Conversely, if y > 2 or if y =2 and || f||1«() is large enough, Theorem 1.4 applies and no
solutions exist for (1.5).

On the other hand, if f € L°°(£2) and (1.16) holds, we recall that existence and uniqueness of a
solution uy, in H}(2) N C(£2) for

Vu,|?
%:f in 2,
(un + 1y
u, =0 on 052

(4.6)

(with y > 2) follow by the results of [16] (existence) and [4] (uniqueness). Taking u,, Gy(uy), and
Te(up)/€ as test functions and working as in Lemma 2.2-1, it is easy to see that u, is bounded in
H(l)(fz) and in L°°(£2), and that there exists C > 0 (independent on n) satisfying

Vip|?
/ | n1| <C
Q(un+ﬁ)y

Therefore, up to subsequences, there exists a nonnegative bounded Radon measure v such that

[Vup|?

——— converges to v in the weak-x topology of measures.
(un + 7)Y

Since u, is bounded in H}J(.Q) then it converges, up to subsequences, to some function u weakly

in H(])(Q), strongly in L?(£2), and almost everywhere in £2. Moreover, since f — % is bounded
in L1(£2), the result of [14] yields that (up again to subsequences) Vu, converges to Vu almost

everywhere in £2. Then we have, by Fatou lemma, that 'VUL;‘Z X{u>0) belongs to L1(£2), and that

|Vul?
=—

v X{u>0} + Vo,

where vg is a nonnegative bounded Radon measure on £2. Therefore, u € H(l)(_Q) is a finite energy
solution of

|Vul|? .
—Au+u—yX(u>0}=f—Vo in £,
u=~0 on d52.

Note also that since up4q is a subsolution for (4.6), we can apply the comparison principle of [4] so
that, for every x € §2, we have

Up(X) 2 Upp1(X) 2 --- 2 ux),

and thus we can assume that up(x) is converging to u(x) for every x € £2. We claim that u =0, so
that u, converges to zero in L%(£2). Indeed, we divide the proof of this assertion in two steps:

Step 1. The case in which £2 is a ball of radius R > 0, 2 = Bg, and f =T > 0 is a constant.
Step 2. The general case.
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Step 1. Assume that 2 =Bg and f =T > 0 is a constant. In this case, (1.16) means that, if y =2,
then the first eigenvalue AfR(T) of the Laplacian operator with weight T in By is greater than one,

ie, Af’* (T) > 1. We first observe that u is radially symmetric (and thus continuous for |x| # 0). Indeed,
if we define

S
wn(s):/e’H"(t)dt, where H,(t) = n
0

y-1
1[1 —(1+n)'7]

and we set v, = ¥ (up), it is easy to check that v, is the unique solution of

{—Avn — Te~Hn(n () in By,
vp=0 on dBg.

Since the nonlinearity 0 < e~H1¥n'®) is C1, we can apply the result of Gidas, Ni and Nirenberg (see
[22]) in order to deduce that v, is radially symmetric (hence v, = v,(r)), monotone decreasing with
respect to r and such that v,(0) = 0. Since v, and H, are smooth and increasing, the functions u,
have the same properties as v,. Passing to the limit with respect to n we deduce that u is radially
symmetric and monotone nonincreasing.

We argue by contradiction assuming that u is not identically zero. In this case, using that u(r) is
nonincreasing in (0, R),

ri =inf{0 <r <R: u@r) =0} >0,
and then
u>ce:=u(rp—e¢) in Br_.
Therefore, repeating the proof of Theorem 1.1, we prove that

o Vual?[Vup?
n——+00 Iy — y
(Un+3) u

strongly in L} (B,),

so that v is zero on By, and, by the continuity of u for r #0, u is a solution of

|Vul?

uY
u=0 on 9By,

—Au+ =T in B,

and this contradicts the result of Theorem 1.4 (note that, if y =2, we have Af” (T) > AfR(T) >1).
Therefore u = 0.

Step 2. §2 is an open set and f is nonnegative and belongs to L*°(£2).
By (1.16), we can fix R > diam £2 with 1y > ||f|\Loc(9)R2 provided that y = 2. Let v, be also the
solution of

|VVn|2
(vn+ %)y
vp=0 on dBg.

—Avy + =|flle(e) in Bg,
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By definition of diam £2, we have £2 C Bg. Our aim is to prove that v, is a supersolution for (4.6).
Indeed, let 0 < ¢ € C3°($2) and we use it as test function in the formulation of v,. Thus

/an‘vw+/(1|v v= /nfnLoo(BR)w

Br

and since the support of ¥ is contained in 2 we deduce

/wn.vw/('iv”f)yw fnfumm /fw

2

for every nonnegative v in H})(.Q) N L*°(£2) (by an easy density argument). Using again the compar-
ison principle of [4], u, < v, in £2. Now, observing that by the choice of R, if y =2, we have

A

— >1 4.7)
R?|| fllzoe(s2)

(”fHL @)=

we are able to apply the previous Step 1, so that v, tends to 0 strongly in L2(Bg), which implies that
u, tends to zero in L?(£2) and the claim has been proved.

Finally, we conclude the proof by taking u, as test function in (4.6) and dropping the nonnegative
quadratic term to deduce that the convergence to zero is strong in H(l)(.Q); using this fact in the weak
formulation of (4.6) then yields that v = f, as desired. O

Remark 4.6. Let us emphasize that the condition || f ||z (o) < (dia?n—l.Q)z imposed in assumption (1.16)

for the case y =2 is not optimal. We use it for the sake of simplicity. However, as shown in the proof
of Theorem 1.5 (see (4.7)), a sharper condition can be used in this case.

More precisely, if we consider the Chebyshev radius R(£2) of £2, i.e. the greatest lower bound of
the radii of all balls containing £2, then the result of Theorem 1.5 with y =2 holds provided that

A
||f||L°C(Q) < W
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Appendix A. Local a priori estimates and large solutions
We devote this appendix to recall some results concerning the following equation

—div(a(x,u, Vu)) + B(x,u) = F(x, Vu), x€ £, (A1)

where F(x,¢) and a(x,s, ¢), B(x,s) are Carathéodory functions. Suppose that there exist constants
B > a > 0 such that

ax.s. ) ¢ = algl, (A2)
lax, s, )| < Blsl, (A3)
(alx,s,6) —a(x,s,m) - (s —n) >0, (A4)

for a.e. x € 2, for every s € R and for every ¢, n e RN, ¢ #1.
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We suppose that F(x, ¢) satisfies

|F(x, §)| < Fox) + polsl?, ae xe2, Vs eRN, (A5)

where Fo belongs to Lfoc(.Q) with g > % and po > 0. We also suppose that there exists a continuous

nonnegative function b : [0, +00) — [0, +00) such that

b(s) is increasing and satisfies the Keller-Osserman condition (2.10),
b(s)/s is nondecreasing for large s,
and for every w € §2 there exists mg, > 0 such that

B(x,s) >mgb(s) >0, forae.xecw, for every se R*. (A.6)

Then the subsolutions of Eq. (A.1) are uniformly bounded from above in w &€ £2. This result is essen-
tially contained in [27].

Theorem A.1. Suppose that a(x, s, ¢) satisfies (A.2)-(A.4), B(x, s) satisfies (A.6) and assume that (A.5) holds.

Then, for every w € 2 there exists C,, > 0 such that any distributional subsolution u € HEOC(Q) of (A1) such
that ut € L (2) and B(x,ut) € L1 _(£2) satisfies

loc loc

ux)<Cyp, Vxeow.
In order to prove this theorem, we need the following two lemmas.

Lemma A.2. (See [28, Lemma 3.3].) Let b : [0, +00) — [0, +00) be a continuous function, satisfying the

Keller-Osserman condition (2.10), such that @ is nondecreasing for large s. Then, forany C > 0and y >0,
there exist a positive constant I and a smooth function ¢ : [0, 1] — [0, 1] (I" and ¢ depending only on b, C

and y), with ¢(0) = ¢’ (0) =0, (1) =1 and ¢(s) > 0 for every s > 0, satisfying

/ 2
1
YD e+ T, Ve ©,1], Ve >0,
p(T)y C

Remarks A.3.

1. In Lemma 3.3 of [28] it is imposed that b(s) is increasing, b(0) = 0, and the function @ is
nondecreasing in RT. However, it is easy to see that the proof (see also [27]) works by using the
weaker assumptions of Lemma A.2.

2. In addition, also in [27], the Keller-Osserman condition is replaced by the following one:

+00
ds

A/sb(s)

Note that, as a consequence of the monotonicity of b(s) for large s, the above assumption is
equivalent to (2.10).

< +00

Let us recall a local version of a classical result by Stampacchia we will use in the following.

Lemma A.4. (See [36].) Let T (j, p) : [0, +00) X [0, Rg) — R be a function such that t (-, p) is nonincreasing
and T (j, -) is nondecreasing. Moreover, suppose that there exist Ko > 0, u > 1, and C, v, y > 0 satisfying

Tk, R)*
(J—kYR-p7’
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Then for every § € (0, 1), there exists d > 0 such that:
T(Ko =+ d, (1 — S)Ro) = O,

W) 75 - (T(Ko.Ro)*!
2 1C SR

where dV =
Idea of the proof of Theorem A.1. The proof of this result is essentially contained in [27], but for the
convenience of the reader, we include here the proof of the exact result that we have used in the
proof of Proposition 2.3 and in the proof of Theorem 1.3.

Actually we deal with equation

—div(M(x, u)Vu) + P(x) - Vu + f(x)b(u) =0 in £,

where 1\~4(X, s) satisfies (1.2), P(x) is a bounded vector field, b(s) is increasing and satisfies the Keller-
Osserman condition (2.10), l@ is nondecreasing for s large, and f satisfies (1.4). Consequently all

the assumptions of the theorem are satisfied. We remind that the above assumptions are satisfied
by the functions M(x,s), b(s) and f(x), appearing in Proposition 2.3 as well as by the functions
M(x), P(x),b(s) and f(x) appearing in Theorem 1.3.

Suppose now that ut € L (£2) and but) e L] (£2). We set w € o’ € 2 and a cut-off function

loc loc
n(x) such that 0<7n <1 and

1, xew,

A7
0, xeR\w'. (A7)

n(x) z{

We denote po = [|P(X) | (1o (gyv and we fix o > zaﬂ and the constants C, ko such that

V12 2 ,
I 77”[_ () ﬂ_+ O[—@ l+ Po gmw(f)’
802 o o )|C  4ob(kg) 20

and we also consider the function ¢ given by Lemma A.2 with ¥ =1 and this constant C. Note that
if £ = \/p(n), then u&? =ug(n) € H}(2) and

£2Vu 4 28uvE if £(x) >0,

0 if £(x) =0, (A8)

W@ﬂ:{
ae. in £2. Moreover f(x)(€2°G®") _ put) e L} .(£2) and consequently v = %(ez"ck(“ﬂ —1)&2,
o > 220 s an admissible test function. Using this test function as well as (1.2), (1.4) and Young'’s

o
inequality we deduce that

oe/ |VGk(u+)|2e2"Ck<”+>§2+ maz)’;f) /b(uﬂ(ezack(“ﬂ —1)&2
[04 o'

<2 [ 19ellv G (@ )+ po [ [VGeh|y

/32 |V€|2(EZUG,((u+) _ ])2

2052 eZaGk(uﬂ
w/

o
<§fW@wﬂﬁ“WW8+
w/

40

w'

G E GR o ICERRG
w/
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oo+ 2 2 2
<R / VG P og ¢ P zf V& (270D 1)
20 200
(04 o'

Po [ 206wt _ q\g2
+ 1 /(e 1)

o'

In other words,

o

437(06 - @) / |V[(e(7Gk(u+) - 1)5:”2 + maé/—(ff)fb(u+)(e20ck(u+) _ ])52

(J.J/
,32 1 Po / 2(.20G,(u) 2 po/
< —|la—— VE|“ (e ™k -1 — | v.
- [20{02 T \* T, IvEr( )+ 2
[o4 [o4

Applying Lemma A.2 with y =1, together with the monotonicity of b(s) we get

1 p o Gy(u
wr(e5) [ -

IS 2
<r— @ ﬁ—-i— a—Po meas{x € w": u(x) >k},
802 o o

for every k > ko(my (f), po). We deduce by Sobolev’s inequality that
2
o Gr(u™) 25\ > ..
[(e”CkM) —1)g| < Comeas{x e s u(x) >k},
w

TS
where Co = Szfuﬂ%[% + (a — £9)]. Hence, using that e’ — 1 >t, for every t >0, and that

Gi(s) > j—k for s > j > k we derive that

2
(j—k)? meas{x € w: u(x) > j}2* < ?O meas{x € ®': u(x) >k}. (A.9)

Now, if w € £2 is fixed, we consider R = dist (w, 0§2)/2, the set
wr={xeQ: dist(x,w) <r} € 2
and the function
T(k, 1) =meas{x € w;: u(x) >k},

for every r € (0,R] and k > 0. Taking w = w; and o' = wg in (A.9) and choosing n such that
IVllLe2) < g5, we obtain

7(k, R)

. 2 N2/2%
(=K@ <C1(R_r)2,

for some c; > 0 and the proof is concluded by applying Lemma A4. O
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Remarks A.5.

1. We remark explicitly that in the above proof the constant I obtained by applying Lemma A.2
depends on mgy (f). In particular, since mgy (f) < my(f) for w € &', if m, (f) tends to zero, then
this constant I and hence the a priori estimate C,, given by Theorem A.1 diverge to +oco.

2. By adding a condition on the function b(s) for negative s and using similar ideas to the ones in
the above proof, it is possible to give also a priori estimates of the whole L® norm of the solution
in every compact subset w of £2. More precisely, if, in addition to the hypotheses of Theorem A.1,
we strengthen (A.6) by imposing that

b(s) is increasing and satisfies (2.10), b(s)/s is nondecreasing,
for large s and for every w € £2 there exists mg, > 0 such that

VseR, B(x,s)signs>myb(|s|) >0 forae xecw, (A.10)
then for every o € 2 there exists C, > 0 such that
[u®)| < Cw, Vxeow.

Theorem A.1 is an extension to quasilinear equations of the well-known local a priori estimate of
Keller [24] and Osserman [33] (see also [5,31,32,37,38] and the references cited therein) for semilinear
operators. This semilinear a priori estimate was the crucial tool in order to prove the existence of a
large solution, i.e., a solution u of the semilinear equation satisfying u = 400 at 32 in the sense that

lim u(x) = +o0.
dist(x,02)—0

Thus, it is natural to ask whether it is also possible to prove the existence of a large solution for (A.1).
Clearly, in this nonlinear framework we have to specify the meaning we give to “infinity” at 942,
since it has no sense pointwise. Actually we will assume such a condition in a weak sense, through a
condition on the trace on the boundary of the truncation of the solution. Specifically we consider the
following equation

—div(a(x, u, Vu)) + B(x,u)=F(x), x€$2. (A1)

Definition A.6. An a.e. finite function u(x) such that Ty(u) € H'(£2) Vk > 0 is a distributional large
solution for (A.11) with F e L1 (£2), if:

loc

(i) lax,u, Vu)| € LL (£2), B(x,u) € LL (2);

loc loc
(ii) fa(x,u,Vu)-V(p—i—/B(x,u)go:/Fgo, Vo e C2°(£2);
2

Q 2
(ifi) Yk > 0, k — Ty (u) € Hy(£2).

Remark A.7. In the above definition, (iii) has the meaning of “infinity at 9£2”. We mention that this
definition of explosive boundary condition has already been introduced in [29], for a different class of
nonlinear elliptic equations involving nonlinear “coercive” gradient terms.

We conclude by observing that even if not explicitly written in [27], all the estimates that we need
in order to prove the existence of large solutions for (A.11) have been proved and thus we have the
following result.
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Theorem A.8. Suppose that a(x, s, ¢) and B(x, s) satisfy (A.2)-(A.4), (A.10) and

sup|B(x,s)| € L'(2), Vk>O0. (A12)
Isi<k

Assume also that F € Llloc(.Q) with F~ € L1(£2). Then there exists a distributional large solution for (A.11).

Proof. We consider the following sequence of problems

—diva(x, u,, Vu,) + B(x,up) = F, in £2,
u, —neHy (),

where F, = Tn(F). Since B(x,s+n)s > 0 for large |s|, the existence of a weak solution u, € H'(£2) N
L*°(£2) is a consequence of [6, Theorem 6.1], i.e. up —n € H1 (£2) and it satisfies

/a(x, un,Vun)-Vv+/B(x, u,,)v:/an, VveH(l)(.Q)ﬂLc’o(.Q). (A13)
2 Q2 Q

Observing that for any n >k, k — Ty (up) € H] 0(£2) N L=(82), we can choose v =k — Ty(uy) as test
function in (A.13) and we obtain

—/a(x, un,Vun)-VTk(un)+/B(x, up) [k — Ti(un)] =/Fn[l<—Tk(un)].

2 2 2

Using (A.2), and (A.6) and (A.12) we have

a/|vrk(un)|2<2k/|sg|3(x, 9]+ 2K]Fi 10
Q o OIS

Thus, for every k € N, we can now extract a subsequence (not relabeled) of {Tj(un)}nen that weakly
converges in H!(£2) and, by Rellich theorem, strongly in L%(£2).
Now, consider any sets w € w’ € £2, a cut-off function n(x) chosen as in (A.7) and & = /o (n).

Arguing as in (A.8), we deduce that v = T (up£2) is an admissible test function for (A.13). Thus we
have

/ a(x, un, Vi) - V[ung?] + / B(X, tn) Ty (un€?) <KIF 110y

Ay 2
where Ap = {x € £2: |uy|&% <k and £(x) > 0}, and so, using (A.2) and (A.10), we get
a f |Vuun| 8% + myy f |b(un) | Tie(ung?)
Ak Ak

<kIFlp1 gy +28 / [Vug|[VE[ug§.
Ax

By applying Young inequality, (A.3) and Lemma A.2 (with y =1 and for any fixed C > ol 44p?

8am,y
V7l and taking into account Remarks A.5-2) we deduce that there exists ¢ > 0 such that

/ VT (ung?)]” < clk+1).

2
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Then, using that £ =1 in w, by Lemmas 4.1 and 4.2 of [6] it follows that u, and |Vuy| are bounded
N N

respectively in M~-2 (w) and M -1 (w), for any w € £2. Combining this information with the strong

convergence of Ti(uy) in L?(§2) we deduce that u, is a Cauchy sequence in measure and so, up to

subsequences (not relabeled), it converges for a.e. x € £2 to a function u € wh 9(£2). This, in particular,
implies that

loc

lim k — Tp(uy) =k — Tr(u) weakly in H(l)(.Q),
n—-+4o00

i.e. u satisfies the boundary condition.

On the other hand, we prove that the lower order term is bounded in L}OC(Q); indeed, if, for € > 0,
we take v = %Ts (up)& as test function in (A.13) (as before, such a function it is admissible). Thus, by
(A.2), (A.3), and dropping positive terms, we get

/B(x LG ")s< ||F||L1(w/)+ﬂ||vs||Lm<w/>/|Vun|.

2 o

Since the right-hand side is bounded being {|Vuy,|} bounded in M” T(£2) and F e L}

loc
& — 0, we deduce by Fatou lemma that there exists c,, > 0 such that

/IB(x,un)I <Cw
w

On the other hand, choosing v = T1(Gp,(up£%)) as test function, where £2 = @ () we have, by using
(A.2), (A.3), (A10) and (A.12),

(£2), letting

loc

) f |Vun|2$2+% f B(x, tn)T1 (Gh (un&?))

h|ung2|<h+1 2

,32
< / |Fnl +—||Vn\|Lw(Q)meas{xew £2uy| > h}.

' Nfup&?>h}

By the strong compactness of {F,} in L!(’) and the local uniform estimate of {u;}ney in M
we derive then that

2(92),

loc

lim sup / |B(x, up)| =0.
h—+00 neN
(xew: |up|>h}

As a consequence of Vitali theorem we deduce that {|B(x, un)|}nen iS strongly compact in L),
where o' @ £2 is arbitrary. Moreover, since the lower order term is bounded in Ll (£2), we can

apply Lemma 1 in [10] in order to prove that Vu, converges to Vu a.e. in £2. This, and the weak
convergence of u, in W4('), Yo' € £2, imply

N
up —u in Whiw), Vlgq<ﬁ, Yo € £2,

and, thanks to (A.3), we also have that

a(x, up, Vi) — ax, u, Vu) in L'(w)V, Vo € 2. (A14)
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Now we can pass to the limit in the distributional formulation: indeed choosing any ¢ € C2°(£2)
in (A.13) we have

/a(x, un,Vu,,)-VqS—{-/B(x, un)¢=/Fn¢.
2

2 2

Using (A.14) we deduce that

n—+o00
supp ¢ supp ¢

lim a(x, uy, Vuy) - Vo = f a(x,u,Vu) - Vo.

Moreover, by the strong convergence of {B(x, u,)} and {Fp} in L}OC(Q), we deduce that

lim Fng = / Fo

n—-+oo
supp ¢ supp ¢

and

n—-+o00
supp ¢ supp ¢

lim B(x,up)¢ = / B(x,u)¢

and this concludes the proof. O
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