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ABSTRACT: In this paper we study numerical methods for integro-differential initial
boundary value problems that arise, naturally, in many applications such as heat
conduction in materials with memory, diffusion in polymers and diffusion in porous
media. We propose finite difference methods to compute approximations for the
continuous solutions of such problems. For those methods we analyze the stability
and study the convergence. We prove a supraconvergent estimate. As such methods
can be seen as lumped mass methods, our supraconvergent result is a superconver-
gent result in the context of finite element methods. Numerical results illustrating
the theoretical results are included.
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1. Introduction

We consider the semi-discretization of the integro-differential equation

ou

E(t)-FAu(t):/O B(s, yu(s) ds + f(1), ¢ € (0,7, (1)

where u(t) denotes a function defined on [a, b] when ¢ € [0, T] is fixed, A and
B(s,t) represent the following operators

Au(z,t) = —%(ag(x)%(x, )+ %(al(x)u(x, t)) + aog(x)u(z, t),
B(s,t)u(z,t) = —%(62(8, t, x)%(x, )+ %(bl(s, t,x)u(x,t))

+bO(S? ta x)u(x, t)a

for z € (a,b),s,t € (0,T]. We assume that (1) is complemented with homoge-
neous boundary conditions and an initial condition u(x,0) = ug(x),z € [a, ).
For the coefficient functions we assume some smoothness that will be speci-
fied later.
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Integro-differential equations of type (1) arise in several applications as for
instance transport in heterogeneous media ([7], [19], [28]) and heat propaga-
tion in materials with memory ([21]).

Transport in media or heat propagation phenomena are traditionally mod-
eled by the convection-diffusion equation

ou
o +VJ =, (2)

where u denotes the concentration, J represents the mass flux and f denotes
the reaction term. In (2) J can be expressed as

J = Juav + Jaiy + Jais, (3)
where
Jody = VU (4)
represents the advection mass due to the the fluid velocity v,
Jaif = —DpVu (5)

denotes the mass flux due to molecular diffusion, being D,, the effective
molecular diffusion coefficient, and Jy;, satisfies the so called Fick’s law

Jdis = —Dqu

and represents the dispersive mass flux associated with random deviations
of fluid velocities within the porous space from their macroscopic value v. In
the definition of Jy, Dy denotes the dispersive tensor.

Combining (2) with (3) we obtain the parabolic equation

% + V(vu) = V(DI + Dg)Vu) + f, (6)

where [ is the identity tensor.

Equation (6) gives good accurate results in laboratory environment for per-
fectly homogeneous media. Nevertheless when non homogeneous media are
considered, deviations of the Fickian behavior are observed. In this case the
main sources for such deviations are the small-scale and large-scale hetero-
geneities ([19], [28]). From the theoretical point of view, as the equation (6)
is of parabolic type, it induces infinite propagation speed.

In order to circumvent the pathologic behavior of the convection-diffusion-
reaction (6) several approaches were proposed in the literature. The reference
[28] summarizes some of them. The approach that leads to a simplified
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version of equation (1) is to consider that the dispersive mass flux satisfies
the following differential equation

0J4is
"ot
where 7 is a delay parameter ([26]). We remark that the left hand side of (7)
is a first order approximation of the left hand side of

Jais(x,t +7) = —=DgVu(z,t),

(2, t) + Jgis(x,t) = —DgVu(x,t), (7)

which means that the dispersion mass flux at the point x at the time ¢t + 7
depends on the gradient of the concentration at the same point but at a
delayed time.

From (2) to (7) and considering non reactive flows, we obtain the hyperbolic
equation
*u  _ 0 1ou 1 0 1 1

To avoid the mixed derivatives that arise in the equation (8) we point out
that (7) leads to

1 t t—s
Jais(t) = ——/O e 7 DyVu(s)ds, 9)

T

provided that Jg;5(0) = 0. Combining the partition (3), where Jugy, Jaif
and Jys are given by (4), (5) and (9), respectively, with (2) we obtain the
integro-differential equation

8% 1 t _t—s

4 V(ou) ~ V(D) = /O e EV(DVU)(s)ds + £ (10)
This equation is an example of the integro-differential equation (1).

Initial boundary value problems defined with integro-differential equations
of type (1) have been studied numerically. We mention without being ex-
haustive [24], [25], [32], [35] for the study of the semi-discrete approxima-
tions for the solution when finite element method is considered. Generally,
in those papers, it is shown that several results known for the semi-discrete
approximations for the solution of Fickian parabolic problems also hold for
the semi-discrete approximation for the solution of (1). For instance, it is
established for the two dimensional version of (1) that, under convenient as-
sumptions on the partition of the domain, the semi-discrete approximation
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defined using piecewise linear finite element method is second order conver-
gent with respect to the L?-norm and it is first order convergent with respect
to the H'-norm. This results was also considered in [29] for a semi-discrete
lumped mass approximation but with respect to discrete norms and assum-
ing that the solution of the continuous problems are smooth enough (initial
condition in H?3).

Second order estimates for the semi-discrete approximation with respect
to the L?-norm were obtained for finite volume approximations in [10] and
[11] provided that the exact solution is in H®. The previous smoothness
assumption was weakened in [30] where second order estimates were also
obtained if the solution is in H?.

Integro-differential problems defined by equation (1) can be rewritten as
equivalent systems composed by a partial differential equation involving only
a time derivative and an integro-differential equation involving only partial
derivatives with respect to the space variables and the integral term. This
approach was used for instance in [12] where mixed finite element methods
were studied.

Finite difference methods (FDM) for initial boundary value problems (IBVP)
defined by (1) were considered by the authors recently in [1], [5], [6] and [16],
where schemes presenting the same qualitative behaviour of the correspon-
dent continuous models with respect to stability were proposed. In [16], for

s—t

ay =a; =ayg=0,b = by =0 and by(s,t,z) = —e~ 7 , it was shown that the

character of (1) is related with both paraboliclmd hyperbolic type.

Application of integro-differential models on drug release were considered
in [3], [4] and [16].

The aim of this paper is to study a semi-discretization for the IBVP (1)
with homogeneous Dirichlet boundary conditions. The method that we
propose can be obtained combining a piecewise linear finite element semi-
discretization with a quadrature rule in space. This method can be seen
as a lumped mass method. The stability and convergence analysis of the
semi-discrete solution will be presented. Concerning the error estimates, we
establish a second order convergence estimate with respect to the H'-norm.
This result shows that our method presents a supraconvergent behavior, that
is, the convergence order is greater than the order of the truncation error.
Supraconvergent finite difference schemes have been considered in the lit-
erature for elliptic equations and for parabolic equations. Without being



H'-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 5

exhaustive we point out [2], [8], [9], [13], [14], [17], [18], [20], [22], [23] and
[27]. Here we prove that the L?-norm of the gradient of the error is second
order convergent, being this property known as supercloseness of the gradient
([33]). The results obtained in [2] have a central role in the proof of the con-
vergence result. The paper is organized as follows. In Section 2 we introduce
the method, de basic definitions and the notation used. Section 3 focuses on
the stability analysis of the semi-discrete solution. The convergence analysis
is presented in Section 4. In Section 5 we illustrate the second convergence
order of our method with some numerical results. Finally, in Section 6, we
present the conclusions.

2. A fully semi-discrete Galerkin approximation

We start with the Galerkin formulation of our IBVP and its discretization
by linear finite element with quadrature. By H|(a,b), r € Ny, we represent
the usual Sobolev spaces where we consider the usual norms ||.||,, r € Ny.
For 7 = 0 we use the notation H{(a,b) = L*(a,b) were we consider the usual
inner product (.,.)o. By L*(0,T, Hj(a, b)) we represent the space of functions
v defined on [a, b] x [0, T, such that v(¢), which denotes the function v when
t is fixed, is in H|(a,b) and

/O lo(t)|? i (1)

is finite.
We consider the following variational formulation of our problem:

find v € L*(0, T, Hy(a, b)) such that %(t) € L*(a,b)and

(%(t),v)o + a(u(t),v) = /0 b(s,t,u(s),v)ds+ (f(t),v), t € (0,T],

forallv € Hy(a,b),

\ U(O) = Up,
(12)
where a(.,.) and b(s,t,.,.) are the bilinear forms defined by

a(v,w) = (av’, W) — (a1v,w")o + (agv, w)o, (13)
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for v,w € Hy(a,b), and
b(s,t,v,w) = (ba(s,t)v, w)g — (b1(s, t)v,w")g + (bo(s,t)v,w)o, (14)

for v, w € H}(a,b).
The coefficient function of the integro-differential equation (1) are assumed to
be smooth enough, e.g, as, ba(s, t) € Cla, b], ag, ar, bo(s, t), bi(s,t) € W>(a, b),
for s,t € (0,7].

The discretization of (12) is obtained in the following way. We first intro-
duce in [a, b] the grid

]Ih::{a:x0<x1<---<xN_1<xN:b},

where I is the vector of mesh-sizes h; = x; —xj_1,5 =1,...,N. By W,y :=
{upn, vp, wy, ... } we denote the space of real-valued grid functions defined on
I, null on the boundary points. In W} o we introduce the inner product

N-1
(vp, wp)p = Z hit1 200 (i) wy (), for vy, wy, € Wi, (15)
i=1
where h; 179 = (hi + hiy1)/2. The norm induced by the inner product (15) is
denoted by ||.||x
Let Rj; denote the operator of pointwise restriction to the grid I;,. We now
introduce the discretization of the bilinear forms a(.,.) and b(s,t,.,.). By
ap(.,.) and by(s,t,.,.) we represent the following bilinear forms

an(vn, wn) = (M(ag)(Pyon)', (Pawn))o — (M (Py(Rpaivn)), (Prwn))o

(16)
+(Ruaovn, wi)n,
for vy, wy, € Wi, and
bh(S, t, Up, wh) = (M(bg(S, t))(PhUh>/, (Phwh),>0
—(M(Py(Rubi(s, t)vn)), (Phwn))o (17)

+(Rnbo(s, t)vn, wp)n,

for vy, wy € Wio. In (16) and (17) we use the notation M (q)(x) = q(zi11/2)
for v € [x;,z;14],1=0,..., N — 1.
We assume that ay(.,.) is continuous

\an(vn, wn)| < ael|Pooplla || Prwn||1, for allvy, wy, € Wi,
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and elliptic in the sense that
an (v, vn) > ag||Pyon |7, for allvy, € Wy. (18)
We also suppose that by(s,t,.,.) is uniformly bounded, that is,
br (s, T, vn, wn)| < Boll Pron||1 ]| Prw |1, for all vy, wy, € Wiy, s,t € [0,T]. (19)

Remark 1. The bilinear form ay(.,.) satisfies the assumption (18) provided
that ag,ag > 7o > 0 in [a,b], and

1 2
70— 4_772Ha1”oo >0 (20)
or
30—a2 "~ >0 21
%(S(b— a)? + ) (S(b— a)? + 4772Ha1”oo) = U, (21)
for n such that

In fact, as for ap(.,.) we have

1
an(vn, vn) = (0 — 1°)1(Pyvn)|I* + (70 — El\all\io) vl
n

1
using the Friedrich-Poincaré inequality and ||Pyvy|* > gHUhH%L, we immedi-

ately conclude the assumption (18) under the assumptions (20) or (21), for
n satisfying (22).

If the coefficient functions of by(s,t,.,.) are bounded then this bilinear form
satisfies (19).

Let g be a function defined on [a, b]. We denote by (g);, the grid function

(9n(z:) =

1 Tit1/2
/ g(x)dx,i=1,...,N —1, (23)
hi"'l/2 Ti—1/2

hiv1 h;

(9)n(w0) = (g)n(2n) = 0, where Tiy1/2 = Ti + ZT, Ti-1/2 = Tj — bR
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The semi-discrete variational problem has the form:
find up(t) € Wi, such that

p
duh

(E(t)’vh)h + ap(up(t),vy) = /0 b (s, t, up(s),vy) ds

(24)
+((f())n, vn)n, t € (0,T], for allv, € Wy,

L un(0) = ugp,

where ug;, € Wp, o is an approximation of wuy.

The semi-discrete variational problem (24) is equivalent to a standard fi-
nite semi-discretization of (1) on nonuniform grids which we derive in what
follows. We use the divided differences

(Dc’l}h> (xz) _ Uh(xi-i-l) - Uh(xi—l)’ (D’Uh) (xz) _ Uh(xz+1/2) — ’Uh(gjz_l/2)
Tit1 — Tj-1 Tit1/2 — Ti-1/2

and

Vh\X; — Up\Z;
(Den)(w141ys) = 2e0t) = o0l
Tit1 — Ty

where vy,(7,41/2) is used as far as it makes sense.

Now choosing v;, € W}, to vanish in all but one grid point in I, \ {a, b}
and collecting the terms arising in (24), we obtain for u,(t) the following
ordinary differential problem

(
duh

W(t) + Apup(t) = /0 By (s, )un(s) ds + (f(t))n in I\ {a, b}, t € (0,77,

up(xo,t) = up(xy,t) =0,t € (0,77,

\ uh(()) = Ug,h,
(25)
where
Apvn = —D(agDvy) + De(a1vp) + aguy,
and
Bi(s,t)v, = —D(ba(s,t)Dvp) + De(b1(s,t)vp) + bo(s, t)vp,.

We remark that Pyup(t) is an approximation for the weak solution defined
by (12), being u;(t) the finite difference solution defined by (25).
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3. The stability analysis

In what follows we establish the stability of the solution uy(t) defined by
(25) with respect to perturbations of the initial condition wuq .

Theorem 1. Let us suppose that ay(.,.) and by(s,t,.,.) satisfy (18) and (19)
respectively. Then for the solution up(t) of (25) holds

t t
@+ [ WPans)lds < € (lunlf+ [ 1l ds). ¢ € 0.7,

(26)
with
32T
_ max{l, 2 (27)
min{1,2(ag — €?)}
for all € # 0 such that
ag — €& > 0. (28)

Proof: As uy,(t) satisfies (24) with v, = uy(t) we establish

1d
5 g lun(t )5 + ol Brun(®)[] < ﬁo/ | Prun () |1 ]| Brun () |1 ds
+§(H(f(t))h\|i + lun(®)I7)-
As we have

t
[ 1B @ ds < 5 ( [ 1RuEihis)’ + nuon
0

for all € # 0, we deduce

d 2 t 2
GOl + 2600 - AIPa®R < 35( [ 1Pan(s)hds) -

I ODallh + llun ()15

Using the inequality

t 2 t
([ 1Panlids) <7 [ P ds
0 0
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n (29) and integrating the obtained inequality we get

@I + 200~ @) [ IBanEds < [ 1D ds + )
T
7 / [ 1Pl duds + / ()| d.
(30

Choosing e satisfying (28) we obtain

o)+ [ 16 ds < ([ 1M ds + lu)l)
(31)

w0 [ ([ 1Pl un(s)17) ds
with C' defined by (27). Finally considering the Gronwall lemma in (31) we

conclude (26).
m

Theorem 2. Let uy(t) be the solution of (25) with ay = 0. If ay(.,.) satisfies
(18), by(s,t,.,.) satisfies (19) and

bh(t,t,?)h,?)h) > ﬁeHthhH%; forall vy, € Wh,O, (32)
and
by,
|— 5 (s,t,vn, wp)| < Ball Puonl|il| Brwnlly , for allvy, wy, € Wiy, s,t € 0,77,
(33)
then the solution uy(t) of (25) satisfies
duh
[ 1% s + 1@l + [ 1Pl
L, .} t
<Ct maX{?C <P 02 / 2—08d>
> € min{l,@o—n2,2ﬁe—€2)} H huh( >H1+ 0 Hf(S)H € S,
(34)
for t € [0,T], for € and n such that
—n2>0,28,—€ >0, (35)
with o
max{2F, iz
C = : (36)

min{la Qo — 27 266 - 62)}
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d
Proof: Considering in (24) v, replaced by %(t) we obtain

duy, 9 duy, . t du
IGAOIE + anlun(t). ) = [ bt toun), o) ds -
-I-((f(t))h,%(t))h-
As q d
San(un(t), un(t)) = 2an(un(t), 2 (1))
and
%/Otbh(s,t,uh(s),uh(t))ds = bu(t,t, un(t), un(t))
+ /Obh(s,t,uh(s),%(t))ds
+ Ot%(s,t,Uh(S),uh(t))dsa
we deduce
%H%(t)“i—f—%%&h(uh(t)auh(t)) < %/0 bn(s,t, un(s), un(t)) ds
- [ s ) wn)ds
— balttun(0) un(6) + SN
(38)

Using inequalities (32) and (33) in (38) we establish
1 duh 1d
5“@@)”% tox

t d t
0 [ 1P (o) dsl Pranle)lh + 5 [ onlo.toun(s),une)) ds.
0 0

ap(un(t), un(t)) + Bel| Phun(t) [l < %H(f(t))h\li

Consequently, as

t Tﬁ2 t
u [ 1Pl sl Prus(t)ls < 2 [ IPan(s) [ ds + PO



12 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

holds for any € # 0, we have

H duh d

L ( I + 23 (ua(t), un(t)) + (26 - GQ)HPWh(t)H2 < 1))l
bi(

(39)
+2—/ (s,t, upn(s), up(t d8+ / | Puun(s)|)3 ds.

The integration of the inequality (39) leads to
t dUh 9 2 ' 2
O 1= ($)llnds + an(un(t), un(t)) + (20 — €) thuh(S)lh ds
t
< 2/ b, . (). wn(1)) ds + 2 / / | Py ()| s (40)
0
Fanun(0), )+ [ Il ds

Combining (40) with (18) and (19) we deduce
" duy, 2 2 2 2 ' 2
O H—(S)thS + (a0 — n7) | Phoun () ||7 + (28 — €) HPhUh(S)Hl ds
2T
0
/ | P () ds + 5y / | 1P duas

ol Pan ()] + / 1 (s))nll2 ds,

and consequently

duh
[ 1% s + 1P+ [ 1Pl

<c / ( / | Paan()I di+ | Praan()|2 ) ds (41)
max{1, a.}
+min{1,ozo—772,2ﬁe—€2)} |Phuh Hl / H thS

for €, n satisfying (35) and with C' defined by (36).
Applying Grownwall lemma to the inequality (41) we conclude (34).
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Remark 2. For by(t,t, .,.) holds a remark analogous to Remark 1. Moreover
if the coefficient functions of by(s,t,.,.) have bounded time derivative then

ob
(33) holds and this means that a—th(s, t,.,.) is bounded.

4. A supraconvergent estimate

In this section we compute an estimate for the error Pyey(t) = P, Ruu(t) —
Pruy(t). Following [34] we split the error Pye,(t) in the following form

Pheh(t) = Pthu(t) — thbh(t) + thbh(t) - Phuh(t)

(42)
=: Bupn(t) + PaOn(t)
where 1y (t) is solution of the discrete variational problem
ap(Up(t),vn) = (gn(t), vp)n, forallv, € Wi (43)
with
! ou
gn(t) = /0 (B(s, t)uls))n = (57 (0)n + ((f())n. (44)

As we have successively

aol Poon()[IT < an(pn(t), pu(t))
= ap(Ryu(t), pu(t)) — (gn(t), pu(t))n

= ah(Rhu(t), ph(t)) - (Au(t))]% ,Oh(t))h

N-1

= @m0 -3 [ At dep(on

i=1 Y Ti-1/2

= 7" (pu(t)),
we conclude that

PO < i (0 (45)

A bound for P,py(t) is obtained using Lemma 1 and (45). The proof of this
lemma as well the proofs of Lemmas 2, 3 and 4 differ in minor details from
the proof of Theorem 3.1 of [2].
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Lemma 1. For the functional Tf(La) holds the following

N 1/2
)] < C( M) ) 1Pl m € {12}, (46)

i=1
for vy, € Why. -
Proposition 1. The error P,py(t) satisfies the estimate
= 2r 2 1/2
1Pon®lls < C( DR Nt ey ) om €121 (47)
i=1
=

dpn,
An estimate for HPh—( )||1 can be obtained following the procedure used
on the estimation of || P,pp(t)]|1. In fact we have successively

dph 2 ou dﬁh dph
_rn < S _rr
aol| Bi—m(ONl7 = an(Bugr (t) = —=(8), —=(1))

ou dpn dpn
= (R 20, L) - (Bt L),

b0 dp
- [ G Bls s ds ),

R+ (e Loy,
= a( B0, L)) (A% ) ddiha))h
N—1 $z+1/2
= ah(Rhg_ dph Z/ t ﬂf t)d dd’;h(ilﬁl,t)
G 0]
that is p p
aol By ()17 < 7 (Z2L)). (48)

dt
(d)

Lemma 2. For the functional 7, holds the following

N
d r ou 1/2
) < C( X RIS O rortaay) 1 Pavnll r € {12}, (49)

1=1
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for vy, € Wh. ]

From Lemma 2 and the inequality (48) we conclude the next proposition.

d
Proposition 2. The error Ph%(t) satisfies the estimate

d 1/2
12 |\1<G(Zh2’”\| O3 ay) 7€ 1120 (50)

Lemma 3. For the functional Th deﬁned by

7 (wp) = /O (b(s.t, Ru(s), vn) = (B(s, Dyu(s), vi)n ) ds,

for vy, € Wy, satisfies

N

¢ 1/2
A < C [ (M6 e ey) s IBroalh, € {12} (51)
i=1
|
(u) ou ou .
Lemma 4. For 7, '(vy) = (Rha(t),vh)h — ((E(t))h,vh)h, with vy, € Why,
we have
(w) o DU 1/2
I )] < C( RIS O erieimy) NPl m € (1,2} (52)
1=1
|

In what follows we use the notation

(b) t a 2r 2 is
T (t) =C ) ( Z hz HU(S) |‘H1+T($i1,$i)) ds
1=1

and

(u) _C N h2r ou 9 1/2
(0 = C( YRS O )

=1

The following lemma has a central role in the main result of this paper.
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Lemma 5. For P0,,(t) holds the following

2T
108 ()17 + 2(c0 — 3€%) /I\Pfﬂh H1d8<60 //I\Pheh )i duds

OO+ 515 [ (1215 + 7)7) s,
(53)
fort €[0,T] and for any € # 0.

do
Proof: It is easy to show that —h(t) is solution of the discrete variational

dt

problem

(—(t),vp)n = (E(t)’ up)n + ap(un(t), vp) — /0 bi(s, t, up(s),vp) ds )

—((f())ns vn)n-
Considering in (54) the definition (43) of @(t) we obtain
do di !
(d—;(t),vh)h = (= (), vn)n — an(On(t), va) — / bi(s,t, un(s), vn) ds
0

—((%(t))h,vh)h + (/O (B(s,t)u(s))nds, vn)n

which is equivalent to

(dd—gth(t), Uh)h + ah(ﬁh(t), Uh) = /t bh(s, t, eh(s), Uh) ds
do (55)
(O, v+ (o).

for v, € Wi and with 7, (vs) = Téu)(vh) — T}Eb)(vh) = 7(t)|| Pyon||1 where

m(t) =7t = 7(0).
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Fixing v, = 0,(¢) in (55) and using the same kind of arguments that were
used in the stability analysis, it can be shown that

BT
2dt\|<9h()H%+Oéo\lph9h(t)\lf < s /HPheh $)|It ds + (| Pan(t)II3

dpn
+ 2H Ol + €l Pubn(B)I7

1
tis s7h(t)? + 0| P (1)I7,
o
for € # 0,0 # 0 and for ¢ € [0, T], which is equivalent to

d T
HIOONE + 200~ 3RAOT < BE [ Ieszas

o (1201 + (1)),

when € = 1 = o are considered. Integrating (56) we establish (53).

(56)

The main theorem is established now.

Theorem 3. Let u be the solution of the variational problem (12) and Pyuy(t)
its approximation defined by (24). Then, for t € [0,T], Pyun(t) satisfies the
error estimate

!
1
/O | Pren(s)||3ds < GCt(mHQh(O)H%

+ /Ot e—@((@g _1362)62 (H Cili’h(S)H% + Th(3)2> n 2|\Phph(3)|\§> ds))

(57)
where C' is defined by
AT
C = 58
(g — 3€?)e? (58)
and € s such that
o — 3€2 > 0, (59)

Proof: The error Pyey, satisfies the following

t t t
/ |Pren(s)|2ds < 2 / | Bupn(s)12 ds + 2 / 1P (s)|2ds. (60)
0 0 0
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Using (53) in (60) and choosing e satisfying (59), we obtain
t 1 2T t S
[ 1Pt < (25 [ [ 17l dus

ap — 32\ €2

OO+ 5 [ (1)1 +mts?) ds) (o1

t
w2 [ 1Bl ds
0

Finally the application of the Gronwall lemma to (61) leads to (57).
-

Combining Theorem 3 with Propositions 1, with the definitions of Tf(Lb)(t)

and 7.")(£) we conclude the following result.

Corollary 1. Let u be the solution of the variational problem (12) and
Prup(t) its approximation defined by (24). Then, there exists a positive con-
stant C' such that

t
| IPe)as < € (1Pu) - Paso)l}
0

t ou
+h727§ax/usfds+utf TN
() Tl sads + )2 + 15 (11))
fort € [0,T] and r € {1,2}.

5. Numerical results

In the numerical results that we present in this section, the ordinary differ-
ential problem (25) is integrated using the implicit Euler method. We intro-
duce the uniform time grid {¢,,n =0,..., M} with step-size At (MAt =T)
and by u} we represent the numerical solution obtained at time level ¢,,.
The error that we compute in what follows is the maximum of ||Pye}l||; =
| Pru(t,) — Puupt|ly for n such that nAt < T, which is denoted by || Pren||:.

Example 1. Let us consider the equation (1) with

as(x) = 0.5,a1(x) = ag(z) =0,

0.5 s (62)
ba(s,t,x) = ——e 7 ,bi(s,t,x) = by(s,t,x) = 0,7 =0.01,
T
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f =0, and with the conditions
w(0,t) = 1,u(1,t) = 0,t > 0,u(z,0) =0,z € [0, 1], (63)

and T = 0.1. This IBVP can be used to model the diffusion of a substance
in the space domain [0,1] which is initially empty, with a constant source
in the left hand side and the substance that arrives to the right hand side is
immediately removed.

In Figure 1 we plot the numerical solution for several time levels computed
using a uniform mesh and with At = 107,

FIGURE 1. Numerical solution of (1) with the coefficients (62)
and with the conditions (63).

In Table 1 we illustrate the convergence order established in Corollary 1.
In this table we present the convergence rates given by

Py en, |1
In (' 1
Hthethl
hy
In (hQ)

h
where hy and hy = L are consecutive step-sizes that are contained in the first
column of this table.

rate =

Example 2. Let us consider the equation (1) with Q = (0,1),

CL2<Q?) =+ 17 CL1<.I') =T+ 1,&0(33) - 07
N (64)
bo(x,t,s) =e 7 ,bi(s,t,x) =bo(s,t,xz) =0,
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h

N

error

rate

1.000e-02
5.000e-03
2.500e-03
1.250e-03
6.250e-04
3.125e-04
1.565e-04

1.000e+02
2.000e+02
4.000e+02
8.000e+02
1.600e+03
3.200e+03
6.400e+03

3.796¢-06
9.484e-07
2.870e-07
5.916e-08
1.470e-08
3.590e-09
8.188e-10

2.00
2.00
2.00
2.01
2.03
2.13

TABLE 1. Convergence

rates for (1) with the coefficients (62)

and with the conditions (63).

and 7 = 0.01,T = 0.1. The reaction term f and the tnitial condition uy are
such that the IVBP defined with (1) has the solution u(z,t) = tx(x—1) cos(z).

We consider a set of 451 random grids in [0, 1] and for the time integration
we take At = 2x1075. We plot in Figure 2 the logarithm of the error || Pyen||1
versus the logarithm of the maximum step-size. The straight line plotted in
this figure is the least-squares fit to the points (In(hmqez ), In(|| Prenll1)). As the
slop of this straight line is 2.0107, the numerical results obtained confirm the

estimate given in Corollary 1.

-4
y =2.0107*x + 2.6769

51

6L

-9t

-10F

11 I
-6.5 -6

I I
-55 -5

I
-45

I
-4 -35

FIGURE 2. In(||Pyen|1) versus In(hqz ).

Example 3. Let us consider the equation (1) with Q = (0,1),

as=a; =1,ay9 =0,

(65)

ba(s,t,x) = et sin(z), bi(s, t,z) = e Tt bo(s,t,x) =0,
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and T =0.01, T =0.1. Let f and ug be such that the IBVP defined with (1)
has the solution u(t,z) = tx(x — 1) cos(x).

In Figure 3 we plot the logarithm of the error ||Pyen|l1 versus the loga-
rithm of the maximum step-size for a set of 451 random grids considered
in [0,1], when At = 2 x 107%.  The least-squares straight line fitting the
points (In(hpaz ), In(|| Prerll1)) is also plotted in this figure. As the slop of this
straight line is 1.998 we conclude that these results illustrate the estimates
gien in Corollary 1 .

-4

y = 1.998*x + 2.5584
5L

-10F

11 L L L I I
-6.5 -6 -55 -5 -45 -4 -35

FIGURE 3. In(||Puepl|1) versus In(hq.)-

6. Conclusions

In this paper a semi-discretization of the integro-differential problem (1)
with Dirichlet boundary conditions was studied. It was shown that the semi-
discrete approximation presents convergence of order r with respect to the

norm ||.|[; provided that u(t) and %(t) are in H™(a,b) for r € {1,2}. The

semi-discretization studied can be seen as a standard finite difference dis-
cretization and as a lumped mass semi-discretization, and so the convergence
estimates established can be seen as both supraconvergent and supercloseness
estimates ([33]).

It is known that the semi-discrete approximation for the Fickian parabolic
problem correspondent to (1), defined using the piecewise linear finite element
method has second convergence order with respect to the L?-norm provided
the solution is in H?(a,b) ([32]). The smoothness required in the present
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paper is essential to conclude the unexpected convergence order obtained
because the convergence was established considering the norm ||.||;.
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