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ABSTRACT: We study both existence and nonexistence of nonnegative solutions for
nonlinear elliptic problems with singular lower order terms that have natural growth
with respect to the gradient, whose model is

2
—Au+ [Vl =f inQ,
uY
u =10 on 0,

where € is an open bounded subset of RY, v > 0 and f is a function which is
strictly positive on every compactly contained subset of 2. As a consequence of our
main results, we prove that the condition v < 2 is necessary and sufficient for the
existence of solutions in Hg(Q) for every sufficiently regular f as above.

1. Introduction

In this paper we are going to study existence and nonexistence of nonneg-
ative solutions for the following boundary value problem

—div (M (z,u)Vu) + g(z,u)[Vul* = f  inQ, (1)

u=>0 on 0f).
Here Q is a bounded, open subset of RY, N > 3, M(x,s) o (mij(z,s)),
i,7 = 1,..., N is a symmetric matrix whose coefficients m;; : § x R — R

are Carathéodory functions (i.e., m;;(+, s) is measurable on (2 for every s € R,
and m;;(z, -) is continuous on R for a.e. x € Q) such that there exist constants
0 < a < 3 satisfying

alé]? < M(x,8)¢- € and [M(x,s)| < B, forae xz€Q, V(s &) € RxRY,

@)
The function g : © x (0,4+00) — R is a Carathéodory function (i.e., g(-, s) is
measurable on € for every s € (0,+00), and g(z, -) is continuous on (0, +-00)
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for a.e. x € Q) such that
g(x,s) >0, forae x€, Vs>D0. (3)

We will be mainly interested to the case of a function g which is singular
near s = 0, such as, for example, g(z,s) = 1/s?, v > 0. On the datum f, we

first suppose that it belongs to LI\%_L(Q) and that it satisfies

my(f) X ess inf{f(z):z€w} >0, YwcCCQ. (4)
Note that (4) implies that f > 0 in 2 and that f #Z 0 in Q.

There are several papers concerned with existence and nonexistence of
solutions for (1). If g is nonsingular, that is if g is a Carathéodory function
on 2x[0, 00), problem (1) has been exhaustively studied by Boccardo, Murat
and Puel [15], Bensoussan, Boccardo and Murat [7] and Boccardo, Gallouét
[11] with data f in suitable Lebesgue spaces.

On the contrary, as stated before, in this paper we shall focus our attention
to lower order terms g(x, s) having a singularity at s = 0. Therefore, we need
positive solutions of (1). Specifically, for distributional solution for problem
(1), we mean a function u € W, (Q) which solves the equation in the sense of
distributions with « > 0 almost everywhere in Q and g(x,u)|Vu|? in L1().
If moreover u € H} (), we say that u is a finite energy solution for problem
(1).

The model problem for our study is the following:

Vo
—Au + = fin Q, (5)
u=>0 on 0f2.

Recently, existence of solutions for (5) has been proved in [1, 2, 3] for 0 < v <
1. We also quote the even more recent papers [8] and [20]. Specifically, the
existence of positive solutions of (1) is proved in [8] provided 0 # f € L1(Q))
(¢ > N/2) with f > 0 and provided g(x,s) = 1/s” with v < 1. On the other
hand, if X, denotes the characteristic function of the set {reQ ulx)>

0},0< feL*), uneRand A, v > 0, the different equation
. [Vul?
—div (M (x,u)Vu) + Au + ’MTX{U>O} = f
is studied in [20], where the results about existence of nonnegative solutions
in H}(Q) depend on . Indeed, existence is proved for every u € R if v < 1,

while the case v > 1 requires that © < 0. Thus, if v > 1 the term with
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quadratic dependence in Vu is negative (i.e., the opposite assumption with
respect to (3)).

The purpose of this paper is twofold. First of all, we will extend the above
results to a more general class of nonlinearities both in the principal part
of the operator and in the lower order term, as well as to general, possibly
LY(2), data. Then, we will give a sharp range of nonlinearities g(z, s) for
which these problems admit a solution for every datum f € L4(Q)), with
q > N/2, satisfying (4).

In order to prove our results, we will have to strengthen assumption (3).
Specifically, for the results of existence of solutions, we will suppose that the
function g(z, s) satisfies

0<g(x,s) <h(s), forae z€Q Vs>0, (6)

where h : (0, +00) — [0, +00) is a continuous nonnegative function such that

lim / \ R d < oo -

s—0+
h(s) is nonincreasing in a neighborhood of zero.

Our result of existence of finite energy solutions (proved in Section 2) is the
following.

Theorem 1.1. Let f in Lﬁ_f?(ﬂ) be such that (4) holds, and suppose that
(2), (6) and (7) hold. Then there exists a finite energy solution u for problem
(1). Furthermore, u g(x,u)|Vul? € L'(Q).

Note that the fact u g(z, u)|Vu|* € L}(Q) implies that the solution u itself
is allowed as test function (since f € H~(€)) in the weak formulation of (1)
(see (18) in Section 2). With respect to the proof, due to the fact that the
lower order term g(x,u)|Vul|® is (possibly) singular as the solution is near
0, we will approximate the function g(z,s) by nonsingular ones g,(x,s) in
such a way that the corresponding approximated problems have finite energy
solutions u,, for every n in N. The main difficulty in the proof of Theorem 1.1
relies on a suitable local uniform estimate from below of these solutions. To
do it, it suffices by (6) to prove that any supersolution z > 0 for the equation

—div (M (z,2)Vz) + h(2)|Vz]* = f inQ
is above some positive constant in every w CC €2, i.e.

Vo CCQ dey>0: z(z)>c¢,>0. (8)
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This is proved in Proposition 2.3 via a suitable change of variable which
turns the goal into a local L™ estimate for solutions of quasilinear problems.
The local L™ estimate is then obtained using a result of [26] (see also the
pioneering paper [17] and also [12, 19]) on an equation whose model is

— = (M(z,v)Vv) + f(z)b(v) =0 inQ, (9)

where M satisfies (2) and b(s) is a function with b(s)/s increasing for large
s > 0 and satisfying the Keller-Osserman condition

o dt
/ 1/ 2 fot b(T)dr

For the convenience of the reader, the exact result that we need is proved in
the appendix (see Theorem A.1). For such type of L™ estimates we refer to
the “classical” literature on the so-called large solutions (see, among others,
[5, 29, 30, 35]) and on local estimates (see, among others, [12, 17, 19, 26, 34]).

Combining the above ideas with those in [32] (see also [25]), we handle the
case of data f in a more general Lebesgue space. Indeed, in Section 3, we
prove the existence of distributional solutions u of (1), with u in W, %(Q) for
every q < % More precisely, we have the following result.

< +00.

Theorem 1.2. Let f in L'(Q) be such that (4) holds and suppose that (2),
(6) and (7) hold. Then there exists a distributional solution u of (1), with u
in Wol’q(ﬂ), for every q < % If, in addition, there exist so > 0 and u > 0
such that

g(x,s) > p forae xe€Q, Vs> s, (10)

then u € H}(Q) (i.e., it is a finite energy solution).

We are also concerned with nonexistence of positive solutions for problem

(1) for data f in L9(Q) for some ¢ > &, with f > 0 and f # 0. In contrast
with the previous existence results, we will assume in this case that the non-
linearity g(x, s) is above a function h(s) whose square root is not integrable

in (0,1). Specifically, we assume that
0 < h(s) <g(x,s), forae ze€Q Vs>0, (11)

where h : (0, +00) — [0, +00) is a nonnegative continuous function such that

lim A(s) =400, lim /1 Vh(t) dt = 400, (12)

s—0t s—07t
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and

li)r& V h(s) e/1 e = hy > 0. (13)

Among others, we are going to prove in Section 4 that if A\;(f) denotes the
first positive eigenvalue of the laplacian operator —A with zero Dirichlet
boundary conditions and weight f € L%(Q2), (¢ > N/2), then the following
result holds.

Theorem 1.3. Let f in LY(2), with ¢ > %, be such that f > 0 and f # 0,

and assume that (2), (11), (12), (13) hold. If \i(f) > g, then (1) does not
have any finite energy solution.

As an easy consequence of Theorem 1.3, we will prove (see Corollary 4.5)
that the model problem (5) does not have any finite energy solution provided
v > 2. By gathering together this nonexistence result and Theorem 1.1 we
conclude immediately that, in the case of the model problem (5), we have a
sharp range of values of v for which there exist solutions. In addition, if
is not in this range, we prove also what happens if we try to approximate
problem (5) with a sequence of problems for which solutions exist.

Theorem 1.4. Problem (5) has a finite energy solution for every f € L%({2)
(q > %) satisfying (4) if and only if v < 2. Moreover, let \; be the first
eigenvalue of the laplacian in the N-dimensional unit ball (i.e. the first
positive zero of the Bessel function J,, withm = N/2—1), assume f € L>($2),
and either

A1
>2 or = 2 and () < ————- 14
g g [RAIs) diam(Q) (14)
Then the sequence {u,} of solutions of
|Vun‘2 .
—Aup, + ———= = in ),
DR
u, =0 on 0,
|Vu,|?

tends to 0 in H}(Q), and the sequence () converges to f in the weaks
UnT,
topology of measures.
To conclude this introduction, some remarks are in order. First, we have
to mention that uniqueness of solutions for (5) is proved in [4] for the case
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0 < v < 1. Secondly, let us explicitly state that we have chosen to present the
results and to perform the proofs in the case N > 3. However, all the results
but Theorem 1.1 hold true also in the case N = 2 (with easier proofs). In

addition, if N = 2 (which implies ]\QI—JIQ = 1), Theorem 1.1 is also true provided

we replace the assumption f € LJ\QI—JL(Q) with f € L™(2), and assume m > 1.

The plan of the paper is the following: in Section 2 we will prove a local
estimate from below for the solutions, together with Theorem 1.1. Section 3
is devoted to the results concerning L! data (Theorem 1.2) while in Section
4 we prove the nonexistence result (both theorems 1.3 and 1.4). Finally
we present in the Appendix some results related to the local estimate (8).
For instance, we show in detail how to get the lower bound for solutions of
(1), through a suitable change of variable, proving a local bound from above
for solutions of a semilinear equation whose model is (9) (Theorem A.1).
Such topic is strictly related to the possibility of constructing estimates for
solutions of (9) that do not depend on the behavior at the boundary: and
indeed in Theorem A.8 we prove the existence of solutions that blow-up at
the boundary (i.e., the so-called “large solutions”) for such equations.

Notation. For any k& > 0 we set Ti(s) = min(k, max(s, —k)) and Gi(s) =
s — Tx(s). Moreover, for any ¢ > 1, ¢ = q_il will be the Holder conjugate

exponent of ¢, while for any 1 < p < N, p* = NN—_’;) is the Sobolev conjugate

exponent of p. As usual, S denotes the best Sobolev constant, i.e.,

S = Sup{HuHL2*(Q) 3 HUHH(%(Q) = 1}.

In Section 3 we will use some ideas related to Marcinkiewicz spaces; for the
convenience of the reader we recall here their definition and some properties.
For s > 1, we denote by M?*(2) the space of measurable functions v :  — R
such that there exists ¢ > 0, with

C

meas{z € Q: |v(z)| > k} < et

vk > 0. (15)

The space M?*(Q2) is a Banach space, and on it can be defined the pseudo-
norm

[v][3s) = inf {c > 0: (15) holds}.
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We also recall that, since 2 is bounded, for every € € (0, s — 1], there exists
a positive constant C' such that

[vllms@) < Nlvllzs@), Vv € L3(S)
Ls—(Q) <C H'LUHMs(Q), Yw € MS(Q)

(16)

lw

Finally, following [15], we set y(s) = se***, A > 0; in what follows we will
use that for every a, b > 0 we have

aph(s) — bloals)| = 1, (17)
if A > 4b—;2. We will also denote by £(n) any quantity that tends to 0 as n
diverges.

2. Finite energy solutions

In this section we will prove the existence of finite energy solutions for
problem (1). Let us recall its definition.

Definition 2.1. A distributional supersolution (resp. subsolution) for prob-
lem (1) is a function u € W, (Q) such that

1) u > 0 almost everywhere in €2,
2) g(x,u)|Vul? belongs to L(€),
3) for every 0 < ¢ € C°(Q2), it holds

. P
/QM(w,u)Vu V¢+/£)g(x,u)|Vu| qﬁé)/ﬂf(ﬁ.

A function u € W,''(Q) is a distributional solution for (1) if it is both a
supersolution and a subsolution for such a problem.

If moreover u € H} (), we say that u is a finite energy solution for problem
(1). In this case, we have

/M(x,u)Vu-V¢+/g(x,u)\Vu\2¢:/fw, Vip € Hy(Q2) N L>2(Q).
0 0 0 (18)

The proof of Theorem 1.1 relies on approximating the datum f € LJ\%_%(Q)
by its truncature f, = T,,(f) and the nonlinearity g by a suitable sequence



8 D. ARCOYA, J. CARMONA, T. LEONORI, P. MARTINEZ, L. ORSINA AND F. PETITTA

of Carathéodory functions g, (for n € N). Specifically, we define

( 1
g(:C,S) 52> -,
def 1 S n 1
gn(LU,S) — h _ ) O < —
n <n> h(s)g(x,s) <s< -,
L 0 s < 0.

Since h is nonincreasing in a neighborhood of zero, we observe that there
exists ng € N, such that g, satisfies, for a.e. x € 2, Vs > 0,

lim g,(z,s) =g(z,s),

n—-+0o00

gn($,5)§g($,5),Vn2no, (19)

o\

gn(z,8) > 0.

\

Since for fixed n both functions f,(x) (x € Q) and 1+|§||2€|2 (€ € RY) are

bounded, classical results (see [28] and [33]) allow us to deduce, that problem

IV, |? _
= f, Q’
T+ fvap (20)

u, =0 on 0f1,

—div (M (x, un)Vuy) + gn(x, uy,)

has a solution u,, that belongs to Hg(2) N L>®().
We are going to prove now some properties of the sequence u,, that we will
use in the sequel.

Lemma 2.2. Assume that 0 # f € LJ\?—%(Q) satisfies f > 0 and that M (x, s)
satisfies (2). If, for every n € N, the function u, € H;() is a solution of
problem (20), then:

1. The sequence {u,} is bounded in H}(Q) and

|V, |

e is bounded in L'(€2).

ungn($a un)

2. The functions u,, are continuous in ) and u,(x) > 0 for every x € ()
and n € N.
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Proof: 1. Taking u,, as test function in (20) and using Holder and Sobolev
inequalities we obtain that

J R e
X, Un Up, - Up, n\L, Un )Up nUn
QO ’ Qg 1"— 1\Vun|2

)HVUHHLQ(Q)

< Sl 2

L7N+2

By the ellipticity condition (2) and the nonnegativeness of g,(z, s)s, we con-

clude that the sequences u,, and u,g,(x, u,) are bounded, respec-

tively, in Hg () and in L1(Q).
2. We take u; = min(uy, 0) as test function in (20), so that, by (2),

a/w%ﬁ+/%mw>'“‘2n_/n
. . |

Using that f,, > 0 and g,(z, s) is zero for every s < 0, we obtain

oz/|VuT_L|2 §/fnu; <0.
0 0

Thus u,, =0 and so u,, > 0. Moreover,

V|2
1+ 2|Vuy,|?
Hence u,, belongs to the space of the Holder continuous functions in 2 (see
for instance [24], Theorem 1.1 in Chapter 4).

We are now going to prove that uw,, > 0 in €. Let C), > 0 be such that

gn(z,s) < Cys, for s € [0, ||up||~]. Thus the nonnegative function w,, satisfies
in €2

—div (M (x, uy,)Vuy,) = frn — gn(z, uy)

e L®(Q).

—div (M (z, u,)Vu,) + nCpu, >

—div (M(x, u,)Vuy) + gn(z, un)% = fn-

Observing that f,, is nonnegative and not identically zero (since f # 0), by
the strong maximum principle (see [22] for instance) we deduce that u, > 0
in €. ]

In the next proposition we will prove that the sequence {u,} is uniformly
bounded from below, away from zero, in every compact set in €2. This result
will be crucial in order to prove the existence of a solution for (1).
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Proposition 2.3. Suppose that f € L.(Q)) satisfies (4), and that g(x,s)

loc

satisfies (6) (with h such that (7) holds). Let w be a compactly contained
open subset of ). Then there exists a constant ¢, > 0 such that every
supersolution 0 < z € H} () N C(Q) of the equation

—div (M (z, 2)Vz) + h(2)|Vz]* = f in Q, (21)

satisfies
z>c, Inw.

Remark 2.4. The above proposition will be crucial in the proofs of both
Theorem 1.1 and 1.2. In fact, we will use the following consequences:
(i) Let u, be a solution of (20) with n > ng (ng given by (19)). Since
the inequalities g, (z,s) < g(z,s) < h(s) for every s > 0 and f, > fi
imply that u, > 0 in Q (see Lemma 2.2), u, is a supersolution for

—div (M (z, 2)Vz) + h(2)|[Vz]* = fi in Q.

Therefore, by the above proposition (with f = f; and z=u, €
HY(Q)NC(Q) (Lemma 2.2-2.)) for any w CC Q we deduce the exis-
tence of a positive constant ¢, such that w, > ¢, in w. Taking k > 0
and mgy > max{ny, Ci}, we deduce, by the definition of g,, that for all
n > my )

def

91 (@) = glar. 0, (1)) < () 2 max As),

for every x € w such that u,(z) < k.

(i) If 0 < u, € HL ()N C(Q) is a solution of
—div (M (z, up) V) + g(o, u,)|Vu,|* = f, in Q,

then, using again that g(x,s) < h(s) and f, > f1, we derive that wu,
is also a supersolution of

—div (M(z, 2)Vz) + h(2)|Vz]* = fi in Q.

Consequently, if w CC 2 and ¢, has been defined above (with f = f;),
then wu,, > ¢, in w. Therefore,

o)) < i) 2 max n(s).
s€ley,

for every x € w such that u,(z) < k.
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Proof of Proposition 2.3: Let z > 0 be a supersolution of (21). We are going

to consider a suitable change of variable. In order to make it, since in general
~ o

the function h may be integrable in (0, 1), we set h(s) = h(s)+—, and define,
s

for s > 0, the nondecreasing function

H(s) = /:%(t)dt = /18 h(t)dt + log s,

and the nonincreasing function

1 1 i
J{ h(m)dT
zﬂ(s):/ e_$dt:/ tle™ e dt
S S
Observing that

lim (s) = 400, lim ¢(s)= 1y € [—00,0),

s—07F s—400

we can define
def

v =1Y(2).
Since z is continuous and strictly positive in {2, we get that z is bounded
away from zero (with the bound depending on z) in every open set w com-
pactly contained in €. Consequently, by the chain rule, we have

_H(z)

Vo=—e =« Vz€L*(w) YwcCCQ, (22)
and thus v € H!(w) for every w CC Q, i.e., v € H. (Q).
Let 0 < ¢ € C(Q), and take e*¥gb as test function in (21) to deduce
from the inequality h(s) < h(s) that

_/M($’Z)VZ'VZMG¥¢ +/M(x,z)Vz.V¢e¥
Q o Q

+ [REITPe Wo 2 [ ge o,
0 0
and using (2) together with (22) we get,

— [ M(z,2)V(2)- Vo > [ fe"Fo> | (e —1) fo.
Q Q) Q)

_H@ ()

If we define ]TI/($7 s) = M(xz,%71(s)) and b(s) = e « — 1 for every s €
(100, +00), then v is subsolution of

—div (M(z,v)Vv) + f(z)b(v) =0 in Q.
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Observe that @ is nondecreasing for large s > 0; indeed, this is equivalent
H(t)

to prove that Y(t) = % is nonincreasing in a neighborhood of t = 0. To

show this, let wy € (0,1) be such that ﬁ(t) is nonincreasing in (0, wy), and,
note that

where

Thus, if ¢ belongs to the interval (0, 2! (min{wo, Ms/M;})), then the right
hand side of the above inequality is positive, and consequently Y(t) is non-
increasing in this interval.

We also claim now that since fol Vh(s)ds < +oo and h is nonincreasing
in a neighborhood of zero, then the function b(s) satisfies the well-known
Keller-Osserman condition (see [23] and [31] for instance), i.e., there exists
to > 0 such that

oo dt
/to T fg o < +00. (23)

We postpone the proof of the claim for the moment, and we show how to
conclude the proof by using the claim. Indeed, by applying [26, Theorem
7] (see also Theorem A.1 in the Appendix where, for the convenience of the
reader, we have also included a proof of the precise result that we need here)
we derive that for every w CC (), there exists C, > 0 such that

v<(C, inw.
Therefore, undoing the change
> HC,) =c, >0 inw,

as desired.
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Consequently, to conclude the proof it suffices to show (23) or, equivalently,
that

< +00.

—1(4
to \/2 K o Hele)

Using the change 7 = ¢~!(s), we obtain

+00 00 dt
/ \/2f0 ML) / \/wa PTG,

Now we apply the change w = 171(¢) to deduce that

/+oo dt < /wo dw
to \/2 f(f e—iH("";l(s)) ds —Jo \/2 f;}”‘) e%[H(w)_H(T)]dT7

with 0 < wg = ¥ 1(ty) < 1 =11(0) since v is nonincreasing, and we choose
to >> 1 such that h is nonincreasing in (0, wy).

Since h satisfies (7), also h satisfies it, so that we conclude the proof if we
show that there exists a positive contant ¢y such that

B (w) / EHW-HEL g > 05 0, Y € (0, wp). (24)

w
Indeed, the only difficulty is near zero. To overcome it, we use that h (hence
h) is nonincreasing in (0, wyl, to obtain

}Nl(w) /wO eaHw)—H(T)] 1o > /wO%(T)eé[H(w)—H(r)] dr

w

2H(w) [wo 2 )
S / —Zh(r)e ") dr

2 w o
_ _acef) e-20] " = _acl® o
2 w 2 e2H(w0) 2 .

Using the above inequality and the fact that eatl®) s close to zero for w
small enough, we can choose W € (0, wy) such that

~ wo 2 (8%
h(w) / A HO) gr > 2,

for 0 < w < w. Thus the existence of ¢y such that (24) holds is deduced. =

w
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Remark 2.5. If h is such that

1
lim h(t)dt =

s—0t Jg

there is no need to define the above function h. Indeed, in this case, the
proof of the above theorem works by using directly h instead of h.

Proof of Theorem 1.1: We are going to prove that, up to a subsequence, the
sequence {u,} of finite energy solutions of (20) converges to a finite energy
solution of (1).

By Case 1. of Lemma 2.2 we obtain

Vu,|?
< (). 25
%|Vun‘2 - (25)

HunHH1 < 01, /ungn(xaun)
0 1

Thus, up to a subsequence, we can assume that u, converges to some u €
H}(Q) weakly in H}(Q2) and, by Rellich’s Theorem, strongly in L?(2) and
a.e. in €.

Choosing 17.(u,) as test function in (20) and taking into account that
fn < fin Q, we deduce that

LQT@@M%+$£#_/E s

If we take the limit as € tends to zero, and we use that, by Lemma 2.2, u,, > 0
in (), we get

Vn2 Vn2
ot =A el < [ e

T+ IVul S T IV

The proof will be concluded by proving the following steps:
Step 1. For every k > 0, T).(u,) — Ty(u) strongly in H ().
Step 2. u, is strongly convergent in H} (£2).

Step 3. We pass to the limit in (20).

Step 1. Here we want to prove that

lim / IV (Ty(un) — Ti(w)26 =0, Yo e CX(Q) with ¢ >0.  (27)

n—-+o00 QO
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Considering the function ¢,(s) defined in (17) and taking @ (7T)(u,) —
T (u))¢ as test function in (20), we have

/Q M (2, 1)Vt - V(T (1) — Ti(u)) (T (1) — Ti(11))

—|—/ M(x, u,)Vuy, - Vo ox(Ti(u,) — Ti(u))
Q

IV, |? B
[ o) T e (Tt ~Th()6 = [ fuoa(Tiun) ~Titw)o-

Since T (u,,) — Ty.(u) weakly in H}(Q) and strongly in L?(Q), we note that

AfnwA(Tk(un)—Tk(U))¢ —AM(I,un)Vun-V¢wA(Tk(un)—Tk(U)) = e(n).

Moreover, choosing wg CC Q with supp ¢ C wy, we deduce, by Case (i) of
Remark 2.4 and by the nonnegativeness of both g, and p)(k — T)(u)), that

Vu,|?
) T Th) — Th(u)o

Vu,|?
2 ooy P T T p AT (n) = Th(u))@

> —ep(wy) / 19T (1) oo (Ti(atn) — Ti(w)) 6

Thus
/ M (2 14) Vit - V(Ti(tt) — T (0))8p (T 1) — T (1))
0 (28)
~elis) [ [VTLun) Plia(Tiun) = Tiu))lo < ().

Note that
/Q M (2, 1,) Vit - V(T (1) — T () )}y (Ti(an) — T () BX 209

. / M (2, u) Vit - VT (k — Te())dX puony = £(n),
Q
so that, adding

_ /Q M (2, un) VT () - V(Ti(un) — Ti(u)h(Th(un) — Ti(u))¢ = e(n)
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in both sides of (28) and since

/Q IV T () P oA (T () — Ti(w))|&
<2 [ [9(T3(a) ~ Ti0) Plos Tiom) ~ T
#2 [ 17300 Flos(Tito) ~ Tl

= 2/ IV (Ti(un) = Tie(w)) Ploa(Th(un) — Ti(w))|¢ + e(n),
Q

we find, using also (2), (we omit the arguments of the functions ¢, and ¢/,
for brevity)

[ 19T ) = i) P[agh — 20wl 6 < e
Choosing A such that (17) holds with a = a and b = 2¢;(wy), we obtain (27).

Step 2. We prove now that the sequence wu,, is strongly convergent in H;' ().

Let us choose Gg(u,) as test function in (20) and drop the positive inte-
gral involving the lower order term. By using (2), and Hélder and Sobolev
inequalities, we have

S? o \ W
VG Unp, 2 S ) (/ fN—JrQ ) ’
/Q IV Gr(un)] o {un>k}

and the right hand side of the previous inequality is arbitrarily small if k is
large enough. Therefore, |V Gy (u,)|? is equiintegrable. Moreover by Lemma 1
of [9] (see also [14]), we deduce that, up to (not relabeled) subsequences, Vu,,
converges to Vu a.e. in {2, so that by Vitali theorem

Gr(u,) — Gr(u) in Hy(€2).
Combining this and Step 1 we deduce that
Up — U in H. (Q).

Step 3. Let us observe that, by applying Fatou lemma in (25) and (26), we
deduce that

/ ug(z, w)|Vul’ < Cy and / gz, )| Vuf? < / f
Q Q Q
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respectively. Therefore, to conclude the proof we only have to prove that u
is a distributional solution of the problem (1). We begin by passing to the
limit on n in the equation satisfied by u,, i.e., in

/M(:c un)Vuy, - Vo +/ (x, up) Vit
o g L+ 4 [ Vuy|?

First of all, the weak convergence of u,, to u and the weak-x convergence of
M (z,uy,) to M(x,u) in L>*(£2) implies that

” Z/anqﬁ, Vo € C=(9).

lim M (z,u,)Vu,Vo :/M(x,u)Vquﬁ, Vo € C°(2).  (29)
0

n—+00 Jq
On the other hand, if we fix w CC 2, then, by Remark 2.4,
gn(z,up(2)) < cp(w), Vn >>1, and Va € w satistying u,(z) < k.

Consequently, if E CC w we have

et e

<[ gl A

~ etk L+ NV Jeapuery 14 £V,
Vu,|?

< ¢p(w / VT (u, 2+/ gnl(x, Uy ) 30

(w) Em{ungk}l (un)| - ( >1+%|Vun|2 (30)

Let € > 0 be fixed. Observe that if, for £ > 1, we use T1(Gj—1(uy)) as test
function in (20) and drop positive terms, we deduce that

[V, [* /
/{unzk} 1+ 1|V, |? {(un>k—1} (un>k—1}

Thus, since the right hand side tends to 0 uniformly in n as k diverges, we
obtain the existence of ky > 1 such that

Vo, |? £
n .CU, u” S _7 \V/k Z k 9 Vn E N.
/{unzk} n{ )1 + 2|V, 2 ~ 2 0

Moreover, since Ty (u,) is strongly compact in Hy. (), there exist n., . such
that for every F CC () with meas (E) < J. we have

£
VT (uy)|? < ., Vn >n..
/Eﬂ{ungk:}‘ k(tn)| 2ck(w)
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In conclusion, by (30), taking k > ky we see that meas (F) < J. implies

2
/ \gn(z, up(z |Vlun(x)| <e, Vn>n..
1+ SV, (x)[?

% is equiintegrable. This, together with its

a.e. convergence to g(z, u) \Vu\z implies by Vitali theorem that

lim (x, up) Ve
n—+oo an T4 LV,

i.e., the sequence g,(x,uy)

b = / gz, )| Vul’s Yo € C2(Q).
Q

Therefore, using the above limit, (29) and since f, tends to f strongly in
LY() we conclude that

/M(%U)Vuvcb +/g($,U)\VU\2¢ =/f¢ Vo € C(Q).
Q Q Q
|

Remark 2.6. In addition, if f € L9(§2) with ¢ > N/2, then the solution u
given by Theorem 1.1 is continuous in 2. Indeed, by using ¥ = T,,(Gi(u)),
with m > k, as test function in (18), it is easy to adapt the idea of Stam-
pacchia ([33]) in order to obtain that u € L>(Q2). Now, consider a function
¢ € C*(Q) with 0 < ((x) < 1, for every z € Q and compact support in a
ball B, of radius p > 0, and set Ay, = {x € K,NQ : u(x) > k}. Following
the idea of the proof of Theorem 1.1 of Chapter 4 in [24], take ¢ = G},(u)C?
as test function in (18) to deduce by (2) and Holder’s inequality that

/A\W?@s”f”“m)”“””(( s i)' 2 / [Vl VCICGr(w)

«

Using again Young’s inequality we get

2 q 0o 1
[ v < AR e g, i 2 t o ], Iverai)
Akp

«

In particular, if for ¢ € (0,1) we choose ¢ such that it is constantly equal
to 1 in the concentric ball B,_,, (to B,) of radius p — op and |V(| < Uip, we
obtain

/

1 1
Vul <o (1 + sy wax(u — k)2> (meas Ay,)' 7,

kop—op o°p 75) Ak,p
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2 U\l 00 . .
where v = max I llzacon il oo 4§w with wy denoting the measure of
a Y a2 N

the unit ball of RY.
This means that for § > 0 small enough and every M > |lu[[z=(), the

function u belongs to the class By(€2, M, 7, 4, q) with 2¢ > N (see [24] pag.

81). Applying Theorem 6.1 of [24] we deduce that u is Holder continuous in
Q.

3. Existence for data in L!(Q)

In this section we prove Theorem 1.2. In this case, taking advantage of
Theorem 1.1, we approximate problem (1) by

{div (M, 1) V) + 9 ) Vil = fu i€,

Uy =0 on 02,
where f, = T,(f).
Note that the existence of a nonnegative finite energy solution u,, € H}(Q)N

C(Q) such that g(x,u,)|Vu,|> € LYQ) follows from Theorem 1.1 and Re-
mark 2.6.

Lemma 3.1. If f € L*(Q) satisfies (4), g(z, s) satisfies (6) (with h(s) such
that (7) holds), and u,, is a solution of (31), then

(i) the sequence u, is bounded in M¥2(Q) and |Vu,| is bounded in
M (Q);
(ii) up to subsequences, the sequence w,, is weakly convergent to some u

in Wol’q(Q) for every q € [1, NNl)'

(iii) for any k > 0 and for any w CC (2,
Tp(uy) — Ti(uw) in HY'(w).
Proof: (i) Taking Ty (u,) as test function in (31) and using (2), we have
/ VI + [ o)) Vol < KAl

Since 0 < f,, < f and g(z,u,) > 0, we have

a / VT < Kl fllzi). (32)
Q
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Standard estimates (see [6, Lemmas 4.1 and 4.2]) imply that u,, is bounded
in M~2(Q) and that |Vu,| is bounded in M~-1(€).

(ii) Let 1 < ¢ < 2. By the preceding case and by the embedding (16), we
deduce that u,, is bounded in T/VO1 () and thus, passing to a subsequence if

necessary, there exists u such that u, — u weakly in W, ().
(iii) Our aim is to show that

MaAJana—meW¢=m Vb e C(Q), 6> 0.

n—-+o00

Here we adapt to our case a technique to obtain the strong convergence of
truncations first introduced in [25] (see also [32]). Let us choose @y (w,)¢ as
test function in (31) where @,(s) has been defined in (17) and

wy, = Topfuy, — Ty (uy) + Tr(uy) — Tr(u)], 0< k<l

Thus we have

/ M (2, u,) Vg, - Vw,ph (w,) ¢ + / M (x, u,)Vu, - Voo (w,)
0 0
(33)
T, Up Up, 2 Wy )P = n Wny) -
+ [ gteu) Voo = [ oo,

Observing that VT (u,) = 0 if u, > k and Vw, =0 if u, > 2k +1 =K (we
recall that [ > k), we have

5LM@%wnm»vamw—nwwwm¢

—I—/ M (x,u,)VTic(uy) - VTop(Gi(uy) + k — Ti(u)) @\ (wn) o .
{un=k}

Moreover, using that

—VT;C(un) . VTk(u),

Vv
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we have

/ M (o) VTilu) - ¥ (Galan) = Tiw)) ()
{un>k}m{ GZ(U7L)+k_Tk(“)§2k}

= M (2, ) VT (1) - VT3 (0) |9 (0) S o -
{Gi(un)+k—Ty(u)<2k}

and thus, since the above integral tends to zero as n diverges,

(34)
> / M (2, ) V(1) - V(T (1) — Ti(w)) @ (1) + (n).

On the other hand, since G;(u,) + k — Ti(u) > 0,

/Q 92, 1) [Vt o () > / 92100 [Vt oo (2)6

{un<k}

Thanks to Case (ii) of Remark 2.4 applied to a subset wy, CC § with
supp ¢ C wy, we have g(z, un(x)) < cxp(wy) for every x € w with u,(x) < k.
Then, we get

\ [ sV PerTiun) - Tk(U))cb‘

{un<k}

< en(wo) /Q IV T (1) 2l (Th(u) — Ti(w)) |

< 204(w) / 1V (T (1) — Toue))Ploa (T (1) — Ti(10))|6

1 204(we) / VT () o (Tet) — Ti(w))]6

Note that the last integral tends to 0 as n diverges since @ (7% (un) — T(u))
converges to zero in the weak-x topology of L*°(Q) and Tj(u) € H(R).
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Therefore, we deduce from this, (33) and (34) that

/Q M (2, 1) V() - V(Th(t) — To(w)) gy (w,)
—2eu(w) / IV (Ti(tn) — T () 2o ()6

< / Fubor(wa) — / M (2, 100) Vit - Vbipa(wa) + (),

and adding to both sides of the previous inequality
- [ M) VTi0) - 9(Tiun) - ) (wno = (),
we find from (2),
[ 19 Ti0) = T [ () - 2en(wallatun) ]
< [ fuoertun) ~ [ Ml,u)Vun - Vopa(un) + <o)

Choosing A such that ¢, satisfies (17) with a = o and b = 2¢;,(wy), we get

/Q V(T (1) — T (1))

g/ﬂfnqbgp,\(wn) —/QM(x,un)Vun-qugo,\(wn) +e(n).

Moreover, w,, a.e. (and weakly-* in L>(€2)) converges to w = To,(G;(u)) and
thus, recalling that Vu,, — Vu weakly in (L¢(Q))Y, ¢ < N/(N — 1),

lim /fn¢90A(wn) —/QM($,UH)VUTLV¢Q0)\(U)”)

n—-+0o00 QO

/ Féoa(w / Mz, u)Viu - Vo (w).

Consequently, using (

/lvnun Ty \¢</f¢sm /M:cuwvm(ws()
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< o (2K) /{ BT +<n)

Since the last integral tends to zero as [ diverges, (iii) is proved. ]
Now, we prove our main result concerning L'(Q) data:

Proof of Theorem 1.2: We begin by proving the first part of the theorem, i.e.
that there exists a solution u € T/VO1 1(Q), for every ¢ < %, of problem (1).
We first observe that we deduce from the results of [14] that Vu, — Vu

a.c., and from Lemma 3.1 the estimates on u, and |Vu,| in M~2(Q) and
M%(Q) respectively. Thus u,, — u strongly in W, (), for every ¢ < T
Arguing as in the proof of Theorem 1.1, we can show that, choosing %Ts(un)
as test function in (31) and applying Fatou lemma, we have g(x,u)|Vul? €
L(9).

In order to prove that for all w CC Q, {g(z, u,)|Vu,|?} is strongly conver-
gent in L'(w) to g(z,u)|Vul? it suffices to show the local uniform equiinte-
grability of such sequence. To prove the claim, we choose T1(Gj_1(uy,)) (for
k > 1) as test function in the equation (31) and we deduce, by dropping the
first positive term (in virtue of (2)), and since f, < f, that

/ g(m,un)|Vun\2 §/ f. (35)
{un>k} {up>k—1}

By a similar argument to the one used in Step 3 of the proof of Theorem 1.1,
we prove the claim. Indeed, let £ C w CC 2 be a measurable set. By
Remark 2.4-(ii) and (35), we have, Vk > 1,

[Vl = [ g Vp

E En{u,<k}

—i—/ g(x,un)\Vun|2 < ck(w)/ \VTk(un)\Q
En{u,>k} En{u,<k}

—i—/ g(x,un)|Vun\2 < ck(w)/ |VT,rf(un)|2 +/ f.
{un>k} E {un>k—1}

Since meas ({v € Q : u, > k — 1}) tends to zero (uniformly with respect
to n) as k tends to 400 (because of the boundedness of {u,} in the space
MY/ IN=2) () by Lemma 3.1-(ii)), we obtain that the last integral in the above
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inequalities tends to zero as k goes to +00. This, and the local equiintegrabil-
ity of [VTy(u,)|* (by Lemma 3.1-(iii)), then show the local equiintegrability
of {g(, 1) Vern|2).

Using moreover that Vu,, — Vu a.e., we conclude by Vitali theorem that
g(x,up)|Vu,|* = g(x,u)|Vul* in L'(w), Yw cC Q. (36)

Now, using (36) and the strong convergence of Vu, to Vu in (L4(Q))", for
every q < we can pass to the limit in (31) to show that u is a solution

for (1).

In order to prove the second part of the theorem, we simply note that we
can fix k£ > max{sp, 1} so that (10) and (35) imply

w [ WG =u [ VP <[ f<iflee. G
Q {un>k} {up>k—1}

Hence, taking into account both (32) and (37), we have

1
/\Vun\z /lVTk wn)® + /lVGk un)[? < ( ;) 11z @)

e., the boundedness of the sequence {u,} in H}(2). This implies that
the solution u, which is the limit of (a subsequence of) {u,}, belongs to
H (). u

Nl’

Remark 3.2. Actually, if (10) holds, it is possible to prove, in this latter
case, that the approximate sequence u,, is strongly convergent to u in H 1(w),
for every w CC ). Indeed, due to the a.e. convergence of Vu, to Vu in 2,
it suffices to check the equiintegrability of |Vu,|? in every w CC . To do
that, we take a measurable set £ C w CC €2, and we observe that, thanks
to (37), for any k& > max{sg, 1}, we can write

[vul = [ VB + [ V6w

1
2
< / VT ()2 + /{ N (38)

Therefore, using again both the boundedness of wu, in M%(Q) and the
equiintegrability of |VTj(u,)|? in w given by Lemma 3.1, we see that (38)
yields the desired result.
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4. Nonexistence results

This section is devoted to study nonexistence of solutions for (1). We begin
by observing that if the function g(z, s) satisfies condition (11) with A such
that (12) and (13) hold, then we can change h by a smaller function h which,
in addition to (12) and (13), also satisfies h(s) = 0 for every s > 1. Indeed,
if sy is the point where A attains its minimum value in [%, 1], then it suffices
to define

- (h(s) — h(sp))™ if s € (0, sq],
hls) = { 0 if s > s9.

Consequently, without loss of generality, we will assume in the following that
condition (11) holds with & satisfying (12), (13), and

h(s) =0, Vs>1. (39)

Let us consider the function G : (0, +00) — (0, +00) given by

/ hit) 4
G(s) = e/t & for every s > 0,

where (3 is given by (2). Observe that, by (12), the function G can be
continuously extended to [0, +00) setting G(0) = 0. Moreover, we also define
the function o : [0,400) — [0, +00) by setting ¢(0) = 0 and

/ V h(t)dt
o(s) =e/1 for every s > 0.

Observe that, thanks to (12) and (13), we have that o € C([0, +00)),
d'(0) = ho and o(s) = 0 if and only if s = 0. As a consequence of (39),
o(s) =1 for every s > 1 and o(s) < 1 for every s > 0.

Lemma 4.1. Assume (12) and (13). Then the function

if s > 0,

( /0 S G(t)[o'(t)]*dt
G(s)
0 if s =0,

p(s) = 9 (40)




26  D. ARCOYA, J. CARMONA, T. LEONORI, P. MARTINEZ, L. ORSINA AND F. PETITTA

is a continuously differentiable function on [0, +0c) that satisfies the ordinary
differential equation

¢(6)+ 2 (s) = [ (5)7 om0, +00), (1)

(0) = 0.
Moreover, the following inequality holds:
o(s) < Blo(s)]2, Vs > 0. (42)

Proof. The first part of the proof is straightforward except for checking that
¢ is differentiable at zero and ¢’ is continuous at zero. In order to do it, we
note firstly that ¢ is continuous at zero. Indeed, since G is nondecreasing
and [0']? is continuous in [0, +00) we have

/0 Gl (1)Pdt s

: L : T2 —
0< Jipele) = Jim 2y < g J POre =0

Now we observe that, using the L’Hopital Rule, (12) and (13),

/G

#'(0) = hg— lim ()
_ 2 lim S(ULAC
— h —h 81_)0+ 280 (s)0’(s)G(s) + h(s)[o(s)]2G(5s)

W

Hence ¢ is differentiable at zero and ¢’ is continuous at zero.
In order to prove inequality (42), we first observe that since [07(s)]? =
[0(s)]? h(s), then

Since

G<t>%:%m
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we can integrate by parts to find (recall that G(0) = o(0) = 0)
o(5) =g (60 O] / G(t) (1) o'(1) i
—Blo(s) - o 2 /i
—Blo(s) G<s>/0 it
<plo(s))?

since all the functions in the last integral are nonnegative.

27

Proof of Theorem 1.3: Let u € HJ(§2) be a positive solution for (1) and let
¢ € CY([0,+0)) be given by (40). Observing that ¢(0) = 0, that ¢’ is
bounded and that, by (42) and since o(s) < 1, we have ¢(s) < 3, we derive
that o(u) € HY}(Q)NL>(Q). Therefore, we can take v = p(u) as test function

in (18) to obtain, by using (11), that

/QM(x,u)Vu-Vucp’(u) +/Q h(u)|Vul*o(u /fgo

1
Thus, adding and subtracting 3 / M (z,u)Vu-Vuh(u)p(u) , we derive from
0

(2) and (41) that
h(w)

/QM(x,u)Vu Vulo'(w)]? < /QM(x,u)Vu -Vu [gp’(u) + —cp(u)]

G

+f [I _M “*“)} Vu - Vuh(u)p(u)

G

< /fw(U)

Using now (2), (42) and the fact that f > 0, we have

/|va _a/|vu| /fgp <5/f .

(43)

Hence, recalling (see [18]) that, since f belongs to L4(2) with ¢ > £, and
f1 #£ 0, the first positive eigenvalue A\;(f) of the eigenvalue boundary value

problem
—Au=Afu in €,
u=20 on 0f),
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is such that
9 2 1
() [ s [ 9P we Hi@).
0 0

we deduce from (43) that
«

o _ B o(u) 2
1ot <5 [ Vet

Recalling the assumption s < A1 (f), this implies that

[ ot <o,

which yields
o(u) =0 forae. xe€.

Therefore, recalling that o(s) = 0 if and only if s = 0, we have u = 0,
contradicting u > 0 in 2: therefore, there are no positive solutions of (1). =

Remark 4.2. Theorem 1.3 can be extended to more general operators.
Specifically, if a(z, s, €) is a Carathéodory function such that

Joa >0 : a(x,s,8)-£>alé)’ forae z€Q, VseR, VEeRY,

36 >0 : |a(z,s, &) < Bl€] forae z€Q, Vs eR, VE € RY,
and 0 < f € LYQ) with ¢ > % and f # 0, then problem

—div (a(z,u, Vu)) + g(z,u)|Vul* = f in Q,
u=>0 on 01,

has no finite energy solutions provided A;(f) > p and conditions (11), (12)
a
and (13) hold.

Remark 4.3. Let 0 < f € L) with ¢ > £ and f # 0. Assume (2) and
that g(s) satisfies (11). Observe that if u € Hj () is a solution of (1), and
R > 0, then v = Ru is a solution of

_div (M (:c %) W) n %g (:c %) VP =Rf in,
0 on 0,

v =
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S
C R s 20 (3).

Therefore, by Theorem 1.3, and since A\ (Rf) = M (f)/R, if hg(s) satisfies
conditions (12) and (13), then a necessary condition for the existence of finite
energy solutions of (1) is that A (f) < RB/a.

with

In the following result, as a consequence of Theorem 1.3 (and Remark 4.3),
we give conditions to assure the nonexistence of solutions of (1) for every
datum f.

Corollary 4.4. Let 0 < f € LYQ) with ¢ > ¥ and f # 0. Assume (2)

and that g(s) satisfies (11). If there exists Ry > 0 such that the function
1
hgr(s) = Eh (%) satisfies (12) and (13) for every R € (0, Ry), then (1) does

not have any finite energy solution. u
As a consequence of the above results we also have the following.

Corollary 4.5. Let 0 < f € LY(Q2) with q > % and f # 0. Suppose that (2)
holds and that for some constants sy, A > 0 and v > 2 we have

A
— < g(x,s), for a.e. x € ), Vs € (0,80]-
S

If either
() v >2,
or
(il) v =2 and \(f) > %,
then (1) does not have any finite energy solution.

Proof. Consider a continuous function h(s) such that

1 S
_2’

.» S0
— if=<s<s
s 2 <8< S,

57
h(s) = < < A
\O ifSOSS.

ARV
Observing that hr(s) = - for every s € (0,%2), and using that v > 2,
s

2
we have that hg(s) is not integrable in (0, %), i.e., it satisfies (12).
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In addition, if v > 2, then hpr(s) satisfies (13) for every R > 0, so that
Corollary 4.4 concludes the proof in this case.
On the other hand, if we assume that v = 2, then

s s S0/2
e / NOL JER —VfRdH /1 NOL
ris) el1

lim = lim eV 50/2
s—0+ s—0t S
N 1
= lim CsVM ' =hy>0 < R>
s—0F A
In other words, hg(s) satisfies (13) if and only if R > {. Therefore, Re-

mark 4.3 implies the nonexistence of solutions provided that A\(f) > % |

As a consequence of this result, we have that the first part of Theorem 1.4
is proved. We are now going to prove the second part of it.

Proof of Theorem 1.4: We first note that if v < 2, then Theorem 1.2 guaran-
tees the existence of a solution. Conversely, if 7 > 2 or if v = 2 and || f||z~(q)
is large enough, Theorem 1.3 applies and no solutions exist for (5).

On the other hand, if f € L*(2) and (14) holds, we recall that existence
and uniqueness of a solution u, in Hi(Q) N C(Q) for

IV, ,
Au b g,
T (44)
u, =0 on 0f1,

(with v > 2) follows by the results of [4, 16]. Taking u,,, G(u,), and T.(u,)/e
as test functions and working as in Lemma 2.2 (1.), it is easy to see that u,
is bounded in H}(Q) and in L>()), and that

Vu,|? -
_— C.
l;@n+lﬂ N

n
Therefore, up to subsequences, there exists a nonnegative bounded Radon
measure v such that

Vu,|?
(wn +3)"

n

converges to v in the weak-* topology of measures.

Since u,, is bounded in H}(2) then it converges, up to subsequences, to some
function u weakly in H} (), strongly in L?(£2), and almost everywhere in €.

Moreover, since f— Vunl’ s hounded in LY(), the result of [14] yields that

(un'i‘%)’y
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(up again to subsequences) Vu, converges to Vu almost everywhere in €.

Then we have, by Fatou lemma, that |Vu—%|gx{u>o} belongs to L1(£2), and that
_|Vu
v = " X{u>0} + V0,

where 14 is a nonnegative bounded Radon measure on €). Therefore, u €
H}(9) is a finite energy solution of

[Vul?

u”Y

—Au + X{us0} = [ — 1w in,

u=>0 on 0f).

Note also that since u,,1 is a subsolution for (44), we can apply the compar-
ison principle of [4] so that, for every z € ), we have

Un () > upsr(z) > ... > u(x),

and thus we can assume that u,(x) is converging to u(z) for every z € 2. We
claim that u = 0, so that u, converges to zero in L?(Q2). Indeed, we divide
the proof of this assertion in two steps:

Step 1. The case in which  is a ball of radius R > 0, {2 = Bpg, and
f =T > 0is a constant.

Step 2. The general case.
Step 1. Assume that Q2 = Br and f =T > 0 is a constant. In this case,
(14) means that, if v = 2, then the first eigenvalue A?*(T") of the Laplacian
operator with weight T' in Bp is greater than one, i.e., )\fR(T) > 1. We
first observe that u is radially symmetric (and thus continuous for |z| # 0).
Indeed, if we define

S v—1
Un(s) = / e Mgt where H,(t) = " 1 [1—(14nt)'7]
0 Y=
and we set v, = ¥, (uy,), it is easy to check that v, is the unique solution of

{_Avn = Te_Hn(d};l(Un)) in BR

v, =0 on 0Bpg.

Since the nonlinearity 0 < e Hn(0 (%) s O we can apply the result of Gidas,
Ni and Nirenberg (see [21]) in order to deduce that v, is radially symmetric
(hence v, = v,(r)), monotone decreasing with respect to r and such that

v/ (0) = 0. Since 9, and H, are smooth and increasing, the functions w,
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have the same properties as v,. Passing to the limit with respect to n we
deduce that u is radially symmetric and monotone nonincreasing.
We argue by contradiction assuming that v is not identically zero. In this
case, using that u(r) is nonincreasing in (0, R),
rp =inf{0 <r < R:u(r) =0} >0,
and then
u>co:=u(rp—e) in B, _..

Therefore, repeating the proof of Theorem 1.1, we prove that

, V| |Vul?

lim =

e Gt 37

strongly in L{ _(B,,),

so that 1y is zero on B,, and, by the continuity of u for r # 0, u is a solution

of
\V 2

—Au + =T in B,
u-O on 0B5,,,

and this contradicts the result of Theorem 1.3 (note that, if v = 2, we have

)\f” (T) > AP®(T) > 1). Therefore u = 0.

Step 2. () is an open set and f is nonnegative and belongs to L>(€2).

By (14), we can fix R > diam Q with \; > || f||R? provided that v = 2.
Let v,, be also the solution of

Vu,|? .
—AUH—I—Q—H]"HLOO in Br
(U”—i_ n)
v, =0 on 0Bp.

By definition of diam Q, we have Q C Bp. Our aim is to prove that v, is
a supersolution for (44). Indeed, let 0 < ¢ € C§°(£2) and we use it as test
function in the formulation of v,,. Thus

Ve Vot [ Ay = [ g
n B (% + un)’y Br L*>=(Bg)
and since the support of v is contained in {2 we deduce

[vu-vus [ ('Z”"‘Q o= [l > [ 50

n

Br
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for every nonnegative ¢ in H(2) N L>=(2) (by an easy density argument).
Using again the comparison principle of [4], u, < v, in Q. Now, observing
that by the choice of R, if v = 2, we have

A
AP flloo) -

= >
R flls
we are able to apply the previous Step 1, so that v, tends to 0 strongly in

L?*(Bg), which implies that u, tends to zero in L?*() and the claim has been
proved.

1, (45)

Finally, we conclude the proof by taking w, as test function in (44) and
dropping the nonnegative quadratic term to deduce that the convergence to
zero is strong in H}(Q); using this fact in the weak formulation of (44) then
yields that v = f, as desired.

|
Remark 4.6. Let us emphasize that the condition || f|e < m im-
posed in assumption (14) for the case 7 = 2 is not optimal. We use it for
the sake of simplicity. However, as shown in the proof of Theorem 1.4 (see
(45)), a sharper condition can be used in this case. More precisely, if 7 = 2
and there exists a ball By of radius R > 0 such that Q C B and

A1
£l < 5

then the result of Theorem 1.4 holds.

Appendix A.Local a priori estimates and large solutions

We devote this appendix to recall some results concerning the following
equation
— =+ (a(z,u, Vu)) + B(z,u) = F(z), z€Q, (46)

where F' € LL (Q) and a(x, s, §), B(x, s) are Carathéodory functions. Sup-

loc

pose that there exist constants § > a > 0 such that

a(x, 375) ) 5 > O‘|£|27 (47>
la(z, s, €)| < B¢l (48)
(CL(ZC, Sy f) - CL(Q?, S, 77)) ’ (5 - 77) >0, (49)

for a.e. x € Q, for every s € R and for every &, n € RY, € #£ .



34  D. ARCOYA, J. CARMONA, T. LEONORI, P. MARTINEZ, L. ORSINA AND F. PETITTA

Our aim is to prove that if the datum F belongs to L{ (2) with ¢ > £ and
there exists a continuous nonnegative function b : [0, +00) — [0, +00) such
that

b(s) is increasing and satisfies (23), b(s)/s is nondecreasing for large s,
and for every w CC () there exists m,, > 0 such that:
Vs € RY, B(x,s) >myb(s) >0 forae z€w,
(50)
then the subsolutions of equation (46) are uniformly bounded from above in
w CC €2 This result is essentially contained in [26].

Theorem A.1. Suppose that a(x, s, €) satisfies (47)-(49), B(x, s) satisfies
(50) and assume that F' € L (), ¢ > 5. Let u € Hy. (Q) be any distribu-

tional subsolution for (46) such that B(z,u"),u*B(z,u") € L .(Q). Then
for every w CC 2 there exists C, > 0 such that

u(z) <C,, Vrew.
In order to prove this theorem, we need the following two lemmas.

Lemma A.2 (Lemma 1.1 of [26]). Let b : [0,+00) — [0, +00) be a contin-

uous function, satisfying the Keller-Osserman condition (23), such that @
is nondecreasing for large s. Then, for any C' > 0 and v > 0, there exists
a smooth function ¢ : [0,1] — [0, 1], with (0) = ¢'(0) = 0, ¢(1) = 1,

depending only on b, C' and v, satisfying

/ 2
7+l P(r)° < lt'y b(t) (1) + 1, vr € (0,1], Vt > 0.
p(r) = C
Remarks A.3. (1) In Lemma 1.1 of [26] it is imposed that b(s) is increas-
ing, b(0) = 0, and the function @ is nondecreasing in R*. However,
it is easy to see that the proof works by using the weaker assumptions
of Lemma A.2.

(2) In addition, also in [26], the Keller-Osserman condition is replaced by

the following one:
/+oo ds
< +00.
sb(s)

Note that, as a consequence of the monotonicity of b(s) for large s,
the above assumption is equivalent to (23).
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Let us recall a local version of a classical result by Stampacchia we will use
in the following.

Lemma A.4 ([33]). Let o(j,p) : [0,+00) x [0, Ry) — R be a function such
that o(-, p) is nonincreasing and o(j, -) is nondecreasing. Moreover, suppose
that there exist Ky > 0, ul, and C, v,y > 0 satisfying

_ o(k, R)*
702 < O R =

Then for every § € (0,1), there exists d > 0 such that:

Vi>k>Ky) V0<p<R<Ry.

J(K()—i—d,(l—(S)Ro) ZO,

p—1

where dv = 2w o @Ko fo))™
IR]

Idea of the Proof of Theorem A.1: The proof of this result is essentially con-

tained in [26], but for the convenience of the reader, we include here the proof

of the exact result that we have used in the proof of Proposition 2.3.
Actually we deal with equation

—div(M (z,u)Vu) + f(x)b(u) =0, inQ,

where M (z, s) satisfies (2), b(s) satisfies the Keller-Osserman condition (23),

@ is nondecreasing for s large and f satisfies (4). Consequently all the
assumptions of the theorem are satisfied. We remind that the functions
M (x,s), b(s) and f(x), appearing in Proposition 2.3, satisfy the above as-
sumptions.

Suppose now that b(u™),u™b(u™) € LL (). We set w CC ' CC Q and a

loc

cut-off function n(z) such that 0 <7 <1 and

1, zew,
We fix C' = HV77|\%00(Q)4£ ;O‘/Q and we also consider the function ¢ given by

Lemma A.2 with v = 1 and this constant C'. Note that if £ = \/¢(n), then
ué® = up(n) € Hy(Q?) and

EVu + 26uVE, if £(z) > 0,

V(u) = { 0, if £(z) = 0, (52)
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a.e. in Q. Moreover f(z)uTb(u®) € Ll () and thus v = Gy(u")E? is an
admissible test function. Using (2), Young’s inequality, and (4), we deduce

Q 232
- \W/€& +\[2¢2 o b +G + 2<_ \V4 2G +2.
5 [ vasere s [ aGing <= [ e

Hence,

2 2
%/w/ |V[Gk(u+)£”2 + myy /w/ b(qu)Gk:(qu)gZ < M /w/ ‘vg‘ZGk(qu)g

2ce
Lemma A.2 applied with v = 1 together to the monotonicity of b(s) yields

/|V (Gr(uME)|? < Comeas {x € W' : u(x) > k},

where Cjy = HVUH%OO( 45 2+a . We deduce by Sobolev inequality that

(/w Gk(u+)§|2*)22 < %200 meas {z € o : u(z) > k).

Hence, using that if u(z) > j > k we have Gi(u) > j — k, we conclude that

2
(j—k)? meas{z € w: u(x) > j}7 < £00 meas {z € W' :u(z) > k}. (53)
«

Now, if w CC 2 is fixed, we consider R = dist (w, 0§2)/2 and the sets
wy ={x € Q:dist (z,w) <r} CC
for every r € (0, R]. Taking w = w, and w’ = wg in (53) and defining

o(k,r) = meas{z € w, : u(z) > k}

we deduce, since we can choose 1 such that ||Vn|| ;)
exists ¢; > 0 such that

: 2 (o N2/2F o(k, R)
(J—Fk)o(s,r) / < Clm
and the proof is concluded by applying Lemma A 4. u

Remark A.5. By adding a condition on the function b(s) for negative s
and using similar ideas to these ones in the above proof, it is possible to
give also a priori estimates of the whole L* norm of the solution in every
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compact subset w of 2. More precisely, if, in addition to the hypotheses of
Theorem A.1, we strengthen (50) by imposing that

b(s) is increasing and satisfies (23), b(s)/s is nondecreasing,
for large s and for every w CC € there exists m,, > 0 such that:  (54)
Vs € R, B(xz,s)signs > myb(|s|) >0 forae. =€ w,

then for every w CC ) there exists C,, > 0 such that
lu(z)| < C,, Vzew.

Theorem A.1 is an extension to quasilinear equations of the well-known
local a priori estimate of Keller [23] and Osserman [31] (see also [5], [29],
[30], [34], [35] and the references cited therein) for semilinear operators. This
semilinear a priori estimate was the crucial tool in order to prove the existence
of a large solution, i.e., a solution u of the semilinear equation satisfying
u = 400 at 0f) in the sense that

lim  wu(z) = 4o0.
dist(z,00)—0

Thus, it is natural to ask whether it is also possible to prove the existence
of a large solution for (46). Clearly, in this nonlinear framework we have
to specify the meaning we give to “infinity”at 0f2, since it has no sense
pointwise. Actually we will assume such a condition in a weak sense, through
a condition on the trace on the boundary of the truncation of the solution.
Specifically, our definition of a distributional large solution for equation (46)
is the following.

Definition A.6. An a.e. finite function u(z) such that Ty(u) € HY(Q)
Vk > 0 is a distributional large solution for (46) with F' € L{ (Q), if:
i) |a(z, u, Vu)| € Liy (), B(x,u) € Liy ()

loc loc
ii)

/a(:c,u,vw-w +/B(fc,U)so Z/Fso, Vi € C()
Q Q Q

i) V& > 0, k — Ti(u) € HY(Q).

Remark A.7. In the above definition, iii) has the meaning of “infinity at
0¢)”. We mention that this definition of explosive boundary condition has
already been introduced in [27], for a different class of nonlinear elliptic
equations involving nonlinear “coercive” gradient terms.
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We conclude by observing that even if not explicitly written in [26], all the
estimates that we need in order to prove the existence of large solutions for
(46) have been proved and thus we have the following result.

Theorem A.8. Suppose that a(x,s,&) and B(x,s) satisfy (47), (48), (49),
(54) and
sup |B(xz,s)| € L'(Q), Yk > 0. (55)
|s|<k
Assume also that F € L{ (Q) with F~ € L'(Q). Then there exists a distri-
butional large solution for (46).

Proof. We consider the following sequence of problems
—div a(x, up, Vuy,) + B(z,u,) = F, in €,
u, —n € HJ (),
where F,, = T,,(F). Since B(z,s+n)s > 0 for large |s|, the existence of a
weak solution u, € H(2) N L>®(Q) is a consequence of [6] (Theorem 6.1),
i.e. u, —n € H}(Q) and it satisfies

/a(x,un,Vun) -Vov + / B(x,u,)v = / Fu, Yo € Hy(Q) N LX(Q).
0 0 0

(56)
Observing that for any n > k, k — Ty.(u,) € Hi(2) N L>®(£2), we can choose
v =k — Ti(u,) as test function in (56) and we obtain,

- [ oo, V) VIi(w) + [ Blow)lk = Tiw)] = [ Full=Tufu),

0 0
Using (47), and (50) and (55) we have:

oz/ (VT (un)* < Qk/ sup |B(xz, s)| + 2k||F, || 11

Q Q |s|<k

Thus, for every k € N, we can now extract a subsequence (not relabeled)
of {Ti(un)},cy that weakly converges in H'(2) and, by Rellich theorem,
strongly in L?().

Now, consider any sets w CC w' CC €, a cut-off function n(z) cho-
sen as in (5l) and & = y/p(n). Arguing as in (52), we deduce that v =
Ty.(u,€?) is an admissible test function for (56). Let us set, now, A; =
{z € Q:|u,|¢ <k and {(z) > 0}, we get

/ a(r, up, V) - V[uan] +/B($aun)Tk(un§2) < kHFHLl(w’)’
Ay Q
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and so, using (47) and (54),

o [ [Vue +my / (11 T (1,2)

Ay,
< k\|F\|L1(w,)+2ﬁ/A V||V 0
k

BQy ag)plying Young inequality, (48) and Lemma A.2 (with vy = 1 and C >
Oé;Tw,HVnH L=(w) and taking into account Remark A.5) we deduce that there

exists ¢ > 0 such that
[ 9T < el ).
Q

Then, using that £ = 1 in w, by Lemmas 4.1 and 4.2 of [6] it follows that
u, and |Vu,| are bounded respectively in M7 (w) and M¥1(w), for any
w CC (2. Combining this information with the strong convergence of T} (uy,)
in L?(Q) we deduce that u, is a Cauchy sequence in measure and so, up
to subsequences (not relabeled), it converges for a.e. x € Q to a function
u € I/Vlicq(ﬂ) This, in particular, implies that

lim &k — Ty (up) = k — Ti(u) weakly in Hy(Q),

n—-+o00

i.e. u satisfies the boundary condition.
On the other hand, we prove that the lower order term is bounded in
LL (Q); indeed, if, for € > 0, we take v = ng(un)g as test function in (56)

(as before, such a function it is admissible). Thus, by (47), (48), and dropping
positive terms, we get

T-(uy)
/QB(Q’],UTL) 5 S HFHLl(w’) + BHVgHLOO(w’) /, |V’UJTL‘ .

€

Since the right hand side is bounded being {|Vu,|} bounded in M ' (Q)

loc

and F' € L] (Q), letting ¢ — 0, we deduce by Fatou lemma that there exists

loc

¢, > 0 such that
/|B(x,un)| <

On the other hand, choosing v = T} (G} (u,E?)) as test function, where &% =
©(n) we have, by using (47), (48), (54) and (55),

o 1
o/ Va4 5 [ Bleu) TiGa(u?)
h<up€?|<h+1 @
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2 2
< / Fl + 2| )2 meas{z € '+ Efuy| > h}.
w'N{un,&2>h} «

By the strong compactness of {F},} in L!'(w’) and the local uniform estimate
N

of {ty}neny in MY ?(Q), we derive then that

fm sup [ [Ba)| =0
h=+00 neN J {zew: ju,|>h}

As a consequence of Vitali theorem we deduce that {|B(x, u,)|}nen is strongly
compact in L'(w'), where o’ CC Q is arbitrary. Moreover, since the lower
order term is bounded in L{ (), we can apply Lemma 1 in [10] in order to
prove that Vu, converges to Vu a.e. in 2. This, and the weak convergence
of u, in Wh4(w), V' CC Q, imply

N
u, — u in Wh(w), Vl<g< N1 Vw CC €,
and, thanks to (48), we also have that
a(x, Uy, Vu,) — alz,u, Vu) in LY (w)Y, Yw cCcC Q. (57)

Now we can pass to the limit in the distributional formulation: indeed
choosing any ¢ € C2°(Q2) in (56) we have

/a(x,un,Vun)-qu +/B(m,un)¢ :/anb.
0 0 0
Using (57) we deduce that

lim a(x, Uy, Vuy,) - Vo = a(x,u, Vu) - V.

=40 Jsupp ¢ supp ¢

Moreover, by the strong convergence of {B(z,u,)} and {F,} in L] _(Q), we
deduce that

lim F,o = F ¢
=0 Jsupp ¢ supp ¢
and
lim B(x,u,)¢ = B(x,u)p
=10 Jsupp ¢ supp ¢

and this concludes the proof. u
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