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ABSTRACT: In this paper we characterize sequences of polynomials on the unit
circle, orthogonal with respect to a Hermitian linear functional such that its corres-
ponding Carathéodory function satisfies a Riccati differential equation with polyno-
mial coefficients, in terms of matrix Sylvester differential equations. Furthermore,
under certain conditions, we give a representation of such sequences in terms of
semi-classical orthogonal polynomials on the unit circle. For the particular case of
semi-classical orthogonal polynomials on the unit circle, a characterization in terms
of first order differential systems is established.
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1. Introduction

A regular Hermitian linear functional defined in the linear space of Lau-
rent polynomials with complex coefficients is said to be Laguerre-Hahn if
the corresponding Carathéodory function, F', satisfies a Riccati differential
equation with polynomial coefficients

2AF' = BF* +CF+D, A#0. (1)

The corresponding sequence of orthogonal polynomials is said to be Laguerre-
-Hahn. We shall refer to the set of all such functionals (respectively, sequences
of orthogonal polynomials) as the Laguerre-Hahn class on the unit circle
(see [3]).

We remark that, analogously to the real line (see [10, 13, 14] for a study of
the Laguerre-Hahn class on the set of functionals defined in the linear space
of real polynomials), the Laguerre-Hahn class on the unit circle includes the
Laguerre-Hahn affine class on the unit circle, which corresponds to the case
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B = 01in (1), and the semi-classical class on the unit circle, which corresponds
to the case B = 0 and C, D specific polynomials depending on A, B in (1)
(see [2, 4]). Other examples of Laguerre-Hahn sequences can be found in [3].
In this paper we give a characterization of Laguerre-Hahn orthogonal poly-
nomials on the unit circle in terms of matrix Sylvester differential equations.
Let u be a Hermitian Laguerre-Hahn functional such that the corresponding
Carathéodory function satisfies (1). We establish the equivalence between (1)
¢n _Qn
G oo

and the following matrix Sylvester differential equations for Y,, = [

and 9, = [—-Q» Q*]T , where T' denotes the transpose matrix,

n

zAY! = B,Y, - Y,C
{ (2)

2AQ = (B, + (BF+C/2)I)Q,,,n € N,

where {¢,}, {Q,}, {Q.} are, respectively, the sequence of orthogonal poly-
nomials with respect to u, the corresponding sequence of polynomials of the
second kind, and the sequence of functions of the second kind; B, and C
are matrices of order two with polynomial elements (see Theorem 4). As a
consequence of the referred equivalence, a characterization for semi-classical
orthogonal polynomials on the unit circle in terms of first order differential
systems is obtained (see Theorem 5). Moreover, the equivalence between (1)
and (2) allow us to give {Y,} in terms of the solutions of two linear differen-
tial systems, 2AL = CL and 2AP! = B,P,, as Y, = P,L7! ¥n > 1 (see
Theorem 6). Furthermore, under certain conditions, we obtain {Y;,} defined
in terms of sequences of semi-classical orthogonal polynomials on the unit
circle (see Theorem 8).

This paper is organized as follows. In section 2 we give the definitions
and state the basic results which will be used in the forthcoming sections.
In section 3 we establish a characterization theorem for functionals in the
Laguerre-Hahn class: we establish the equivalence between (1) and the ma-
trix Sylvester differential equations (2). In section 4 we establish a characte-
rization for semi-classical orthogonal polynomials on the unit circle in terms
of first order differential systems. In section 5 we solve the system of matrix
Sylvester differential equations obtained in section 3. Furthermore, taking
into account the characterization of semi-classical orthogonal polynomials on
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the unit circle previously obtained, we determine a representation for its so-
lution in terms of sequences of semi-classical orthogonal polynomials on the
unit circle. Finally, in section 6, an example is presented.

2. Preliminary results

Let A = span{z* : k € Z} be the space of Laurent polynomials with
complex coefficients. Given a linear functional u : A — C and the sequence
of moments (¢,)pez of u, ¢, = (u, &™), n € Z, ¢y = 1, define the minors of
the Toeplitz matrix A = (¢;)nen, by

CO .« . Ck
A_lzl,AOICO,Ak: , keN.

C_L "+ C

The linear functional u is Hermitian if c_,, = ¢,,Vn € N, and regular (positive
definite) if A, # 0 (A, > 0), Vn € N,

In this work we shall consider linear functionals that are Hermitian and
positive definite. We will use the notation R to denote this set of functio-
nals.

It is known that if w € R, then v has an integral representation defined

in terms of a probability measure, i, with infinite support on the unit circle
T = {e?:0¢e0,2n]},ie.,

2
(u, ey = ! / e du0), n€Z.
0

S or

The corresponding sequence of orthogonal polynomials, called orthogonal
polynomials on the unit circle (with respect to p), is then defined by
1 [ o .
Dy On (), (e7 ) dpu(0) = hpbppm, hn #0, n,m € N,
T™Jo
If each ¢, is monic, then {¢,} will be called a monic orthogonal polynomial
sequence, and will be denoted by MOPS.
Given a measure u, the function F' defined by

1 [*ef 4 2
P =5 | S an) 3

is a Carathéodory function, i.e., is an analytic function on D = {z € C : |2] <
1} such that F(0) = 1 and Re(F') > 0 for |z| < 1. The converse result also
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holds, since any Carathéodory function has a representation (3) for a unique
probability measure p on T (see, for example, [16]).

Given a sequence of monic polynomials {¢,} orthogonal with respect to p,
the associated polynomials of the second kind are given by

2 62'9 > _
Qo(z) = 1, O (2) = — /O T (hu(€®) — 60(2)) duu(6), Vn € N,

s el — »

and the functions of the second kind associated with {¢,} are given by

1 [ el 4 2 ,
) = 5= | G dut) n =01,
0

— % —
Following the ideas of [9], if we define
Yn—[@b Q0 , Q= o , Vn € N, (4)

with p*(2) = 2"p(1/z), where n is the degree of the polynomial p, and
Qf(z) = 2"Q(1/z), then the recurrence relations satisfied by {¢,} and {Q,}
can be written in the matrix form as given in the following theorem.

Theorem 1 (cf. [7, 8, 15]). Let F' be a Carathéodory function, {¢,}, {Qn},
{Qn}, respectively, the corresponding MOPS on the unit circle, the sequence
of associated polynomials of the second kind, and the sequence of the functions
of the second kind. Let {Y,} and {Q,} be the sequences defined in (4). Then,
the following relations hold, ¥n € N|

2 a,
Y, = AnYn—la An = _Enz 1] ) (5)
Q.-Y, [ ‘. (6)
| 1 -1 F
with Qp = ¢n(0>7 }/0 = [1 1 ] ’ QO [_F]
Moreover, ¥Yn € N,
O (2)(2) + On(2)80,(2) = 2h,2" (7)
0 (2)@n(2) + In(2) Q) (2) = 2hn2" (8)
with hy, = [o_ (1 — |ag|?).
Let Hy(z) = ;;OS b7, 2] <1, Hy(z) = ;;OS bjz0, |z| > 1. We will

write Hy(z) = O(2F) or Hyo(2) = O(z7F) ifby=---=b,_1 =0, k€ N.
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Corollary 1. Let {¢,} be a MOPS on the unit circle and {Q,} be the cor-
responding sequence of functions of the second kind. Then, Vn € N,

Qu(2) = 2hn2" + O, 2] < 1,
On(2) = 2ansrhn="t + O(="2), 2] > 1,
with any1 = ¢pi1(0), hy = T]0— (1 — Jag|?) .

Corollary 2. Let {¢,} be a MOPS on the unit circle and {Q,} be the cor-
responding sequence of associated polynomials of the second kind. Then, the
following holds:

a) If there exists k € N such that ¢r(a) = Qi(a) = 0, then o = 0;

b) If there exists k € N such that ¢p(a) = Qr(a) =0, then a = 0.

Theorem 2 (Geronimus, [6]). Given a sequence of complex numbers (ay)
satisfying |a,| < 1, Vn € N let {¢,} and {,} be the sequences of polyno-
mials defined by the recurrence relation (5), and let F be the corresponding
Carathéodory function. Then, the sequence defined forn > 1, by

a9

n+1
), —ome | grd-lal (1~ )
n =1+ — _ _ .. n _ ,
03(2) [ T+a 14, \ | 4 dntl,
ai an

converges uniformly to F', on compact subsets of .

Definition 1 (cf. [17]). Let x be a measure given by du = w df+ 3 1, Ay ,
K € N. u is semi-classical if there exist polynomials A, C' such that the
absolutely continuous part of u, w, satisfies

w(:) _ C) o
w(z)  zA(z)
The corresponding sequence of orthogonal polynomials is called semz-classi-
cal.

Lemma 1 (cf. [2, 4]). A measure p defined by dp = wdf + fozl A0k 1S
semi-classical and its absolutely continuous part satisfies (9), if and only if
the corresponding Carathéodory function F' satisfies

zA(2)F'(2) = C(2)F(2) + C3(2),
degd) Ay, por
with C5(z) = —zA'(2) — 2 Z A k!( ) /0 2¢ (e — 2)"2du(h) .

k=2
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3. Characterization in terms of matrix Sylvester differ-
ential equations

Hereafter, I denotes the identity matrix of order two.

Theorem 3. Let F' be a Carathéodory function and {Y,} and {Q,} the cor-
responding sequences defined by (4). The following statements are equivalent:
a) F satisfies the differential equation with polynomial coefficients

2AF' = BF*+CF + D; (10)
b) {Y.} and {Q,} satisfy the Sylvester differential equations

zAY! =B,Y, - Y,C (11)
2AQ, = (B, +(BF+C/2)I)Q,, neN, (12)
where B,, are matrices of bounded degree polynomials,
Il -6l
B, = [—62 2 n] , (13)
and
_|¢/2 =D
C_[B _0/2] : (14)

Proof: a) = b).
Let F satisfy (10). Firstly we obtain (11). This will be done dividing the
proof in two parts: in the first part we deduce the equations

zAQ = (I} + C/2)Q, — D¢, +OL0* (15)
2A¢y, = (I, = C/2)bn + BQ, — 0,6},
and in the second part we deduce the equations
zA(Q) = (2 +C/2)Q + D¢, + ©2Q, (16)
2A(¢y) = (I — C/2)¢;, — BQ;, — ¢,

with polynomials I}, 12, ©1 ©2 whose degrees do not depend on n. Then we
will write these two systems of equations in the matrix form (11), with B,

and C given by (13) and (14), respectively.
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Qn

Part 1. If we substitute F' = b 5. (cf. (6)) in zZAF' = BF?+CF+ D
we obtain b "
Qn Q) (@n m)z (@n Q)
- —)=B|————| +C|——-——|+D,
ie.,

Qu\' _ 5Qu (Qu_ ) _ @

2,0\ 0,0\’ (Qn>
=z2A(— ) +B|(— ) -C|— |+D.
(&) 2 (%) (%
Therefore we have
=) (””)2 (52) ~ppei=e
zA +B|— ] —-C +D 17
{ (52) +8 (5 ) Dot (17)
O, =1zA(— —2—
From (17) it follows that ©,, is a polynomial. From the asymptotic expan-

sion of @, in |z] < 1 (see Corollary 1), and since the left side of (17) is a
polynomial, we get

with

0,(2) = 2"0L(2),
with ©! a polynomial. From the asymptotic expansion of (), in [z| > 1 (see
Corollary 1) it follows that ©} has bounded degree,

deg(6}) = max{deg(zA) — 2,deg(B) — 1,deg(C) — 1}, Vn € N,
Thus, (17) becomes

AN 0.\ Q, i
A= — Db ¢r=2"0,.
{Z <¢> +B(¢n> C(¢>n>+ }¢" oo

Using (7) in previous equation we obtain

2\ 20\ Q, ,
T = nQ* Qn ) )
{ZA(%) () C(qﬁn)w}% OnlOnfhy )

where O = 0! /(2h,,) .
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Consequently, Vn € N,
/ C 1 / C 1 x
zAQ), — §Qn + Do, — O, > dp, =3 2AP, + 5@1 — BQ, + 0,0, ¢ ,.

We distinguish the following cases (see Corollary 2):
a) ¢, and €2, have no common roots, ¥n € N, i.e.; ¢,(0) # 0,Vn € N;
b) there exists a finite number of indexes k € N such that ¢ and . have
common roots, i.e., ¢x(0) = Q(0) = 0 for a finite number of k’s;
c) there exists ny > 1 such that ¢,,(0) =0, Vn > nyg.

Case a) If ¢,, and €2, have no common roots, Vn € N, then we conclude
that there exists a polynomial ! such that

{quﬁ; + 96, — BQ, + 0% =116,

18
ZAQ, — €Q, + D¢, — OLQ; =110, , ¥n €N, )

and we obtain (15). Moreover, [} has bounded degree,
deg(l}) = max{deg(zA) — 1,deg(C), deg(B)}, Vn € N.

Case b) We first assume that ¢1(0) # 0,...,¢x_1(0) # 0, and k is the
first index such that ¢;(0) = 0. So, ¢, and €2, have no common roots for
n=1,...,k—1. From case a), equations (18) hold forn =1,...,k—1. Now
we write (18) to k — 1 and multiply by z, to obtain

ZAG, 4+ Sadpo1 — BaQ1 + 20} _ 05 = li_120k1
22AQ | — S+ Degpq — 201 =12

By substituting
Or(2) = kdp-1(2), G (2) = ¢4_1(2), 20)1(2) = Gp(2) — dr-1(2)
and
M(z) = 20%-1(2), Q(2) = W1 (2), 22, 1(2) = W(2) — L1 (2)

in previous equations, it follows that

2AG, + S — BQy + 204,05 = (i, + A) .
2AQ) — SO + Dy, — 20L_ Q= 1L,

and we obtain (15) ton =k with [} =1} ,+ A and O} = 20;_,.
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Furthermore, if ¢k+1(0) = - = ¢k+k0(0) = 0, Cbk—i-ko—i-l(O) 7é 0 to some
ko € N, then, using the same method as before, the differential relations (15)

are obtained forn =k +1,...,k + ko, with
D=0  +(n—k+1A, 6 =210l | n=k+1,.. . k+k.
Case ¢) If ¢,(0) = 0, ¥Yn > ng, then ¢, and €, are polynomials of the
Bernstein-Szego type,
gbn(Z) = Zn_n0+1¢n0_1(2) X Qn(z) = Zn_n0+1Qn0_1(2) .
Applying the same method as before, we conclude that equations (15) hold,
Vn € N, and, for n > ng, [} and O} are given by

l}l =l 1+ (n—ng+1)A, 6 = Znmtlgl

no—l .
Q* *
Part 2. If we substitute ' = ¢—f — —= (cf. (6)) in zZAF' = BF?+CF + D

and proceed as in part one, we obtain (16) with
deg(l?) = max{deg(zA) — 1,deg(B), deg(C)}, Vn € N.

Finally, equations (15) and (16) can be presented in the matrix form (11).
We now obtain (12). Taking derivatives on @, = Q, + ¢, F and Q} =
Qf — ¢F F (cf. (6)) we obtain

2zAQ!, = zAQ, + 2AP. F + zAF' ¢, ,
SAQ) = 2AYL) — 2A(6)F — 2AF'g;,
Using (15) and (16), respectively, in previous equations, (12) follows.
b) = a).
Taking into account (6), Q, =Y, {

F ,Vn € N, we see that (12) is equiva-

~1
lent to
zAY), [ ! || +2AY, [‘g] = B.Y, —i- +(BF +C/2)Y, E
From (11) it f(;llows that o -
(B,Y, — Y,C) _ f 1] + zAY, lzg'] = B,Y, i] + (BF +C/2)Y, f 1] :
le., _ _ _

y, (m m ¢ { i]) _(BF +C/2), [ i] |
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Taking into account that Y, is regular, then we obtain
F’ F F

[ e[| e om[7]

Since C is given by (14), zAF' = BF? + CF + D follows. |

Remark . Hereafter we will say that the matrices B,, are associated with the
equation zAF' = BF?+CF + D.

The following formula for tr(B,) was given in [12] for a particular case of
a semi-classical sequence of orthogonal polynomials on the unit circle.

Corollary 3. Under the conditions of the previous theorem, the matrices B,
given by (13) satisfy

tr(B,) =nA, ne N, (20)
n—1

det(B,) = det(By) — A o, n>2, (21)
k=1

where tr(B,,) and det(B,,) denote, respectively, the trace and the determinant
of B, , and

det(Bl) =A (221461 — hl(D + B) + C(‘CL1|2 + 1)) /(2 h1>+BD—02/4, (22)
a1 = ¢1(0), by =1 — |as|*.

Proof: To obtain (19) we take derivatives on Y, = A, Y, 1 and substitute
Y =AY, 1+ AY, | in (11), zAY! = B,Y,, — Y,C. Therefore, we get

zAAY, 1+ 2AAY. [ =B,Y,-Y,C.
Using (11) with n — 1 in previous equation we get
2AA Y, 1+ Ay (B Y1 — Y,21C) = B,Y, - Y,C.
Using the recurrence relation (5) we obtain
2AA Y, 1+ A, (By Y1 — Y, 1C) = B,AY, 1 — AY, 1C,

l.e.,
ZAA;LYn—l - (BnAn - -Aan—l) Yn—l .
Since Y,, is regular, for all n € N and z # 0, we obtain (19).
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To deduce (20) we use equations (15) and (16),
(ZA¢;1 + C/2¢n — BQn + @n,1¢; — ln,1¢n
2AQ, — C/20 + Dy — 0,1 = 1,1,
zA(Q) — C)2Q — Dol — 0,90, = 1,20
LzA(8),)" + C/2¢) + BQy 4 ©n00, = ln 20, .

If we multiply previous equations by 2, ¢, ¢, and §2,, respectively, we
obtain, after summing,

2A(GSY, 4 6n(2)" + () Q4+ 6782,) = (L1 + Ln2) (DS, + G1820)
ie.,
2A ($n€, + G )" = (g + ln2) ($nS2), + $10) -
Thus,
2A (0uS2 + 01 0)" = tr(Ba) (9ufh;, + 6, Q2) -

If we use (7) in previous equation then we get (20).
We now establish (21). From (19) we obtain, for n > 2|

det(B,A,) = det(zAA! + A,B,_1).

zZ  ap

Taking into account that B,, is given by (13) and A,, = la .1

] , we obtain

det(B,) det(A,) = 2(1 — |a,|?) (det(B,_1) + Al,_15), Vn > 2.
Since det(A,) = z(1 — |a,|?), then the last equation is equivalent, if z # 0,
to
det(Bn) = det(Bn_l) + Aln—1,27 Vn Z 2.
Consequently, we obtain (21). Moreover, if we compute det(B;) by taking

n=11in (11), we obtain (22). m
Remark . (19) is equivalent to the following equations, for all n € N,

p
anln,l - 6n,l - _ZGn—l,l + anln—1,2

Zln,l - anzgn,l = Zln—l,l - an®n—1,2 +zA

o\

3 " i (23)
_ZGn,Q + anZln,2 - anZln—l,l - @n—l,Q + anZA

\ _anGnQ + ln,? - _anzgn—l,l + ln—l,? .
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4. A characterization for semi-classical orthogonal poly-
nomials on the unit circle

The following lemma can be found in [5].

Lemma 2. Let X and M be matrixz functions of order two such that X' =
M X . Then,
(det(X))" = tr(M) det(X). (24)

Next theorem is a generalization of a result for semi-classical orthogonal
polynomials on the real line established in [11], by Magnus. Moreover, it
shows that the necessary condition given in [2] for a MOPS on the unit circle
to be semi-classical is also sufficient.

Theorem 4. Let {¢,} be a MOPS on the unit circle with respect to a measure
p whose absolutely continuous part is denoted by w, {Q,} be the sequence of

functions of the second kind, and Y, = {zf _Qn*/;l}w] ,Vn > 1. Then, p is

semi-classical and w satisfies

w(z) = Kelan! K ec, (25)
if, and only if, Y, satisfy
2AY! = (B, — C/2 I)Y,, ¥n € N, (26)
where B, is the matriz associated with the equation
zAF' =CF + D, (27)

satisfied by the corresponding Carathéodory function.

Proof: If w satisfies w'/w = C/(zA) , then the corresponding F satisfies (27)
(see [2, 4]).
From Theorem 3 the following two equations hold,

2A _%ﬁw] — (B, +C/21) {_Qng ;“w] , (28)
A f;] — (B, —C/21) [z] | (29)

Moreover, as

w'/w = C/(zA),
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we obtain
N AR E TR LY R

If we substitute (28) in (30) we get
A {_Q";g ;"w] — (B, — C/21) {_Qng ;“w] | (31)

Finally, from (29) and (31), the differential system (26) follows.
We now prove the converse.

Y an Qn/w
= [¢; Qi

(det(Yy,)) =

] satisfies (26) then, from Lemma 2, we obtain

tr(B, — C/21)
zA
From (8) we get det(Y;) = 2h,2" /w, thus last equation is equivalent to

w  nA—tr(B, —C/21I)

det(Y},) .

w zA
Using tr(B,) = nA (cf. (20)) in previous equation, it follows that
w C
w zA
and we conclude that p is semi-classical and w is given by (25). |

5. Solutions of the Sylvester differential equations

In this section we solve the Sylvester differential equations (11), zAY, =
B.Y,—Y,C, Vn € N. In what comes next, we use a particular case of a result
on matrix Riccati equations, known as Radon’s Lemma (see [1]).

Theorem 5. Let F' satisfy zAF' = BF?> + CF + D and {Y,)} be the corres-
ponding sequence given in (4). If P, and L (L invertible) satisfy, Vn € N,

2A(2)L(z) = C(2)L(2)
and
2A(2)Py(2) = Bu(2)Pa(?)
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where B, and C are given by (13) and (14), respectively, then, ¥n € N,
Y,=P, L . (34)

Proof: To zAF' = BF? + CF + D we associate (11), zAY! = B,)Y,, — Y,C,
with B,, and C given by (13) and (14), respectively (see Theorem 3).
Let £ and P, satisfy (32) and (33). Then, since

2APLLTY) = 2AP L7 + 2AP, (L7
and (L7 = —L71L'L71 using (33) we get
zAPL™Y =B, P L7 — 2APL7L' L7
Using (32) it follows that
ZAPLTY =B,P.L =P LTiCLL™
i.e., Y, = P,L ! satisfies
zAY! = B,Y, - Y,C.
Thus, the assertion follows. u

Remark . The solution of (32) is given by £(z) = L(2)L°, with L a fun-
damental matrix of the differential system (32) satisfying zAL’ = CL, and
LY = L(z)~!. The solution of (33) is given by P,(z) = P,(2)P°, with B,
a fundamental matrix of (33) satisfying zAP! = B,P,, and P? satisfying
Py(20)P? = Yyu(2), ie., P’ = (P,(20)) Ya(20). Then, if we substitute £
and P,, given as above, in (34), the solution of the Sylvester differential
equations (11) becomes

Y,(2) = Py(2)E, L7 (2) (35)
with
E, = (Pu(20)) " Ya(20) L(20) - (36)
5.1. Solution of (32). We search for a matrix L of order 2 satisfying
zA(2)L'(z) = C(2)L(z) , with C given in (14).

Lemma 3. Let L be a fundamental matrixz of solutions of (32). Then,
det(L(z)) = det(L(zp)).
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Proof: From Lemma 2 (cf. (24)) we have

,_ (C)

(det(L)) = == det(L).

Since tr(C) = 0, it follows that (det(L)) =0, i.e.,
det(L) =¢, c€ C.
Thus, det(L(z)) = det(L(z2)), for some z, € C. |

Lemma 4. Let C be the matrix defined by (14). Then,
(a) C2 =8I, B=(C/2)>—BD;
(b) The eigenvalues of C are £+/[;

: . . D
(¢) The eigenspace corresponding to /B is V, ;5 = span{ [0/2 B \/B] } and

the eigenspace corresponding to —+/3 is V_ ;5 = span{ {0/2?_ \/B] }.

In what follows, L, Ly are column vectors of size 2.
Lemma 5. Let L = [Ly Ly be a fundamental matriz of (32). Then,
2AL} = \/BLy + zAciV_ 13, (37)
2ALy = —\/BLy + 2AcsV /3, (38)
with c1, ¢y functions.

Proof: From (32) it follows that

(C++/B 1) <L’1 — Z—\/EL1> = 021, (39)
(C—+/B1) <L’2 + Z—\/E@) = a1 . (40)

Since the eigenvalues of C are &4/, and the corresponding eigenvectors are
V5 and V =3, from (39) and (40) we obtain, respectively,

VB

Lll — HLl = Cl(Z) V—\/B
&
LIQ + Z—AL2 = CQ(Z) V\/B

where ¢q, ¢y are functions. Thus, (37) and (38) follow. |
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5.2. Solution of (33). We search for matrices P, of order two satisfying,
for each n € N,

AP = B,P,. (41)
Hereafter we will consider z; € C and C be an analytic function such that
f : (ifdt is defined (in suitable domains).

21
Lemma 6. P, is a solution of

2AP, = (B, — C/21)P, (42)
. . fz %dt ~ .
if, and only if, B, = e’ ™7 P, is a solution of (41).
Proof: Let P, be a solution of (42). We have that

SA( TPy fz FUp AP I

z C/th

Since P, satisfies (42), we obtain

z C/ ~ z ¢/
2 A(eln it p b,) = B,Pel ot

z C
thus P, = P, efn U g 4 solution of (41). Analogously one can see that the
converse holds. ]

Taking into account previous lemma, we will solve (41) searching for a

z C/2 ~
solution {P,} given by P, = — ela At F,,n € N. Furthermore, taklng

into account Theorem 4, we Wlll consider C' as a polynomial and P,

Lg")* g%j} ] , ¥n € N, where {¢,} is a MOPS on the unit circle, or-

thogonal with respect to a measure i with weight function

@ = K el il , K € C, (43)

and {Q,} is the corresponding sequence of functions of the second kind.
Hence,
z /2 — 7
Pn:ezlcmdt[ b Qn/}U] neN. (44)
(6n)" Qp/w®
Lemma 7. Let F' be a Carathéodory function satisfying zAF' = BF*4+CF +
D and {¢,} the corresponding MOPS. For alln € N, let P, be a fundamental
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matrix of the corresponding differential system (33). If P, is given by (44),
then the following equations hold:

~ ~ z  ap
Pn = AnPn—la An = lgnz 1 ] , n - N, (45)
zAfl;,L =B, A, — AB,_ 1, n>2. (46)

Proof: To establish (45) we recall that {P,} satisfies the recurrence relations
in the matrix form (see Theorem 1)

Pn - Anpn—la -/Zln - [TZ I
anz 1

],nEN,

with @, = ¢,(0). Thus P, given by (44) satisfies (45), Vn € N.

We now establish (46). )

Since P, satisfies zAP! = B, P,, then by substituting P, = A,P,_1 in
previous equation, there follows

2AA P, + A, zAP._ =B, APy, n>2.
Using zAP/ | = B,,_1P,_1 in last equation we get
ZAA%Pn—l + -’Zlan—IPn—l = Bn-’zlnpn—l .
Thus, ) ) )
(zAA + A B, 1)P,—1 = B, AP .

Since P, is regular (det(P,) # 0, Vn € N, Vz # 0) then
follows, and we obtain (46). |

Remark . From (19) and (46) we get the equations
2A(A, — A) = Bu(A, — A,) — (A, — A)B, 1, n>2.
Hence,
(XOn1 = AOyo1
Anln1 = Mln-12
AOno11 = AOn
Nls — Mol 11 — RpzA

where \, = a, — @y, ap, = ¢,,(0), a, = (ggn(O) , Vn e N.

(47)
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a4+ bF
c+dF

Hereafter we will denote linear fractional transformations 7'(F') =
by T(a,b;c,d)(F) .

Theorem 6. Let F' be a Carathéodory function satisfying zAF' = BF? +
CF + D, {¢,} the corresponding MOPS, and for all n € N, let P, be a fun-
damental matrix of the corresponding differential system (33), given by (44).
Let ' be the Carathéodory function associated with {¢n} given in (44).
Then, there erists a unique linear fractional transformation, T, p.c.q), with

a,b,c,d € P and ad — bc # 0, such that F' = T, p.c.q)(F').

Proof: To prove that F is a linear fractional transformation of F, we begin by
establishing that the reflection coefficients of {¢,} and {¢,}, i.e., an = ¢n(0)
and @, = ¢,(0), differ only in a finite number of indexes.

Let us write A\, = a, — a@,, Vn € N. First we establish that Z = {n € N :
A # 0} is a finite set. In fact, if Z was not finite, for example, Z = N, then
An # 0, Vn € N. But from (47) we would obtain

ln71 = ln_172, Vn € N.
Substituting in (23), we would obtain
97%1 = Z®n—1,17 Vn € N,

hence
97%1 = z"@l,l,Vn e N.

But this is a contradiction with the fact that deg(©,,) is bounded. Therefore,
Z # N. On the other hand, if we consider, without loss of generality, the
case

an==0a,, n=12,...,ng,
ap 7 Gn, N >Ny,

then we will obtain the same conclusion.

To conclude that F' is a rational transformation of F of the referred type, we
take into account its representation in continued fraction given in Theorem
2. To establish the uniqueness of T{,..q4 Wwe remind that the inverse of
Taped), ad—bc # 0, is given by T, _.._paq) . Therefore, if T1 and Ty are

two linear fractional transformations such that Ti(F) = T3(F), then the

composition Ty *oT} satisfies (T, 10T} )(F) = F, and thus we obtain T, 'oT} =
ivd, i.e., Ty = T5. Thus, the uniqueness of T' is established. u
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5.3. Determination of the polynomial C. In what follows we determine
the polynomial C' which defines {P,} given in (44).

Lemma 8. Under the conditions of previous theorem, let F' be a Carathéodory
function satisfying zAF' = BF? + CF + D, let C be a polynomial which de-
fines a weight W given by (43), and F the Carathéodory function associated
with w. Let Tio, —gii—as8)» @0 €P, 1 =1,2, a8 — asf1 # 0, such that
F = T(F) . Let us consider the first order linear differential equation for F |

(AF' =CF+D, DeP. (48)

Then, the following relations hold:
B = (agf3h — ah32)zA + aB.C + 52D, (49)
C = (0f + 1By — ahBy — o) Ba)zA + (a1 B + 231)C + 231 5:D,  (50)
D = (a1 — o )zA+ an5iC + 57D, (51)

where we have considered, without lost of generality, as(3y — a8y = 1.

Proof: Since @'/ = C/(zA) (cf. (43)), then w is semi-classical. There-
fore, (48) is a consequence of Lemma 1.

— G F - F - F
O S ki TG Y B i 1)
—ag + (o F Br+ B F b1+ B F
n (48), it follows that

ZA(Oézﬁl — Oélﬁz)Fl = B2F2 + C9F + Dy , (52)

Let us write F' =

with

By = (aof) — ahBs)zA + as%C + 53D,

Cy = (aff] + a1 By — apf — a1 fa) 2 A + (a1 By + o fh)C + 261 5D

Dy = (a1 3] — o[ 31)zA + a1 5.C + (2D
Hence, F satisfies zAF’ = BF? + CF + D and (52), thus it follows that

zA(2fr — a1fs) _ By _ & _ Dy
zA B C D’
Therefore, if as31 — a1 82 = 1, then
B =By, C=0Cy D= D,

and (49)-(51) follow. |
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According with Theorem 6, for each polynomial C' defining a weight W
by (43) and {P,} as in (44), there exists a unique linear fractional transfor-
mation 7" such that F = T(F), with F the Carathéodory function associated
with w. In this issue, we pose the question: being 01 and C, polynomials
(defining weights of the same type as in (43)) and Fy, F; the corresponding
Caratheodory functions such that I is a linear fractional transformation of
F;, i = 1,2, to obtain relations between C; e Cy. Next lemma gives us an
answer.

Lemma 9. Under the same conditions of previous lemma, let F  be a
Carathéodory function satisfying zAF' = BF% + CF + D. Let Cy,C5 be
polinomials defining semi-classical weights of the type (43), and let Fy and
F5 be the corresponding Carathéodory functions, non rational, satisfying

2AF] = C1F, + D1, (53)
ZAFz/ = 02F2 + Dg . (54)

Let Ty = T, —Bri—anp) s 12 = Tiyy —mi—voms) be the transformations such
that Ty(Fy) = F, Ty(Fy) = F. If we assume, without loss of generality, that
o1 — 10 =1, yom — yine = 1, then the following relations take place:
(02 — ahB2)2A + az5aCh + 33 Dy
= (Y11 — Ya1) 2A + 212Ch + 75 D2 (55)

(B3] + a1y — By — o Ba) zA + (a1 B2 + 281)C1 + 26182 Dy
= (yomi + s — v — im2)zA + (yime + 2m) Co + 2mne D, (56)

(B — 01 B1)zA + anfiCy + 51D
= (v — 7im)zA +nmCs +niDs. (57)
Proof: Since F' = Ti(Fy) with F; satisfying (53), from previous lemma we
obtain
B = (0f}y — abB2)2A + azaCy + B3 D1,
C = (a2 + aufy — ahBi — a1 B)zA + (a1 B2 + 231)Cy + 23152 Dy
D = (auf8{ — o) 2A + a1 i Cy + 8Dy .
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Also, since F' = Ty(Fy) with Fy satisfying (54), from previous lema we obtain

B = (a1 — vym2)2A + 7212C + 3Dy,
C = (yani + 1 — Yo — Yin2) 2A + (1 + Y2 Ca + 2mne Dy
D = (mn; — yim)zA +ymCs + ;i Dy
Therefore, (55)-(57) follow. |

We now state the main result of this section, a representation formulae for
{Y,.}, defined in (4), associated with a Caratéodory function F' that satisfies
zAF' = BF*+ CF + D.

Theorem 7. Let F be a Carathéodory function satisfying zAF' = BF? +
CF+ D, A, B,C,D €P, and let {Y,,} be the corresponding sequence given
by (4). Then, there exists a polynomial C (defined by Lemmas 8 and 9), and

a weight w(z) = K el %dt, K € C, such that
Ve I
where {pn} is the MOPS with respect to 10, {Qn} is the sequence of functions

of the second kind associated with {¢,}, E, are the matrices defined in (36),
and L is a fundamental matriz of (32).

Y, E,L7', neN,

Proof: These equations are a direct application of Theorem 6, namely for-
mulae (35). |

6. Example

Let us consider the sequence of Jacobi orthogonal polynomials on the unit
circle, {¢,}, with parameters & = 3, I the corresponding Carathéodory
function. Let {€2,} be the sequence of associated polynomials of the second
kind and F' be the corresponding Carathéodory function. F satisfies (see [3])

222 = 1) F'(2) = —20c(2* — 1) F?(2) — 2a(2* + 1)F(2)
where ¢j is the moment of order zero of the Jacobi measure on the unit circle.
Taking into account Theorem 6, firstly we will solve the following differen-
tial systems:
—a(22+1) 0
—2acy(22 —1) a2 +1)

2(22 = 1)P.(2) = Bu(2)P,(2). (59)

22— 1)L(2) = L(z), (58)
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In what follows we consider a complex domain G such that {0,1,—1} & G,
and a zp in G.

Lemma 10. The fundamental matriz of solutions of (58) is given by

L(z) =2z %*-1)"

Z2a(22 o 1)—2a Z2a(22 . 1)—2@
1 —2acy 7 #2712 = 1)72dt 1= 2ac [ 271t —1)7>dt

with 21 # 3.

Now we obtain a solution of (59). Takin into account Theorem 4, hence-
forth we will consider C' as polynomial and we will solve (59) searching for

e
a solution P, given by (44), P, = el Lar {Zi‘ Q’;/ ] .Vn € N, with
W
A =22 —1,{¢,} the MOPS with respect to w, {Q,} the corresponding

z ¢
sequence of functions of the second kind, and w = K el a2t

On the other hand, F' is a linear fractional transformation of F given by
F =1/F (see, for example, [15, 16]), with F' satisfying (see [17])

2(22 = D)F' = 2a(2® + 1)F 4 2ac(2* — 1).
Therefore, by Lemma 8, C' = 2a(z% + 1) follows, and consequently we obtain
@ = ((22-1)/2)™
From Theorem 8, the following representation for Y,, = [zﬁ _Q%"] holds,
Vn € N:
Y, K = ¢” _(2_1/22 @l g

1 — 2acy fZZQ 2ol —1)72eqr (2 - 1)
X 14 20460 f;l t2a—1(t2 o 1>_2adt ZQa(ZQ _ 1)—2a )

where K = 20400/ 2l — 1) 2dt, B, = (Py(20)) 'Y (20)L(20).
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