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ABSTRACT: The functions of hypergeometric type are the solutions y = y,(z) of
the differential equation o(z)y” 4+ 7(2)y’ + Ay = 0, where o and 7 are polynomials of
degrees not higher than 2 and 1, respectively, and A is a constant. Here we consider

a class of functions of hypergeometric type: those that satisfy the condition A\+v7/+

tv(v —1)0” = 0, where v is an arbitrary complex (fixed) number. We also assume

that the coefficients of the polynomials o and 7 do not depend on v. To this class
of functions belong Gauss, Kummer and Hermite functions, and also the classical
orthogonal polynomials. In this work, using the constructive approach introduced
by Nikiforov and Uvarov, several structural properties of the hypergeometric type
functions y = y,(z) are obtained. Applications to hypergeometric functions and
classical orthogonal polynomials are also given.
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1. Introduction

When solving numerous theoretical and applied quantum mechanical prob-
lems, one is led to potentials that can be solved analytically (see e.g. [2, 10,
14, 16, 17, 18]). In most cases the Schrodinger equation for such poten-
tials can be transformed into the generalized hypergeometric type differential
equation [12] that has the form

" 7(2) 5(2)

u'(z) + J(Z)u (z) + 2(2)

where o, 6 and 7 are polynomials, deglo] < 2, deg[d] < 2 and deg[7] < 1.
By a certain change of variable (see [12]) it can be transformed into the

hypergeometric type equation
o(2)y"(z) + 7(2)y'(2) + Ay(2) = 0, (1.1)
where 0 and 7 are polynomials with degrees not higher than two and one,

respectively, and A is a constant. Their solutions are known as hypergeometric
type functions and to this class belong the Bessel, Airy, Weber, Whittaker,

u(z) =0,
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Gauss, Kummer and Hermite functions, the classical orthogonal polynomials,
among others.

The class of functions y = y,(z) we are dealing with in this work, cor-
responds to the solutions of the hypergeometric equation (1.1) under the
condition

A+ v+ —V(VQ_ D
where v is a complex number. One basic important property of this class of
functions is that their derivatives are again a hypergeometric type functions.
The converse is also true when dego(s)] =2 Vv deg[r(s)] = 1: any hyper-
geometric type function is the derivative of a hypergeometric type function.
More precisely [12]:

(1) if y = y(z) is a solution of (1.1) then, the n-th derivative of y(z),
vp(2) ==y (2), is a solution of

o0 (2) + Ta(2)05(2) + pnvn(2) =0, (1.2)

1/
o =0,

where
7(2) = 7(2) + no'(2); (1.3)
(2) if v,(z) is a solution of (1.2) and pp # 0 for k = 1,...,n — 1, then
v, = y™(z) where y = y(2) is a solution of (1.1).

Joining these two properties it is possible to derive many other ones [12].
Numerous structural properties of this class of functions has been under
attention in the last two decades [4, 5, 6, 7, 8, 19].

The main aim of this work is to complete the study of the hypergeomet-
ric type functions, i.e., the solutions of the differential equation (refE1.1)
obtaining, in a unified way, several of their algebraic characteristics. The
structure of the paper is as follows: In section 2 the preliminar results are
presented. The main results of the paper are in Section 3, where three four
therm recurrence are obtained and from them, several three term recurrence
relations are explicitly written down. Finally, in Section 4, applications to
the hypergeometric, confluent hypergeometric and Hermite functions, as well
as to the classical orthogonal polynomials are given.

2. Preliminaries

Here we will follow the notation and results of [12]. The above properties
(1) and (2) allow us to construct a family of particular solutions of (1.1) for
a given A. In fact, when p, = 0, equation (1.2) has the particular solution
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va(2) = C, (constant). By (2), v,(2) = y'™ where y = y(z) is a solution of
(1.1). This means that when

—1
A=\, = —n7’ — %0" (2.1)
the equation (1.1) has a (particular) polynomial solution y(z) = y,(z), with
degly,(z)] = n. Such polynomials are known as polynomials of hypergeo-

metric type and correspond to the case when A = ), is given by (2.1). In
particular, for them we have the Rodrigues formula

o' (z)p(z , 2.2
[ )l 2.2)
where p,,(z) = 0™(2)p(z),n =0,1,2, ..., and p(z) is a solution of the Pearson
equation

yn(z) =

/
[0(2)p(2)] = 7(2)p(2). (2.3)
Assuming that p is an analytic function on and inside a closed contour C

surrounding the point s = z and making use of the Cauchy’s integral theorem
(see e.g. [9]) we may write

_ G0 [ els)
W) =505 fom e 2

where the C), = n!B,,/(27i) is a normalizing constant and p(z) satisfies (2.3).
This suggests [12] to look for a particular solution of (1.1) in the form

O [ ),
Yu(2) = p(z)/C(S—Z)(VH)d ’ (2.5)

where ), is a normalizing constant and v is an arbitrary complex parameter
connected with A by

—1
A=)\, = —vr — %0”. (2.6)

The following theorem asserts that the above suggestion is true.

Theorem A([12, page 10]) Let p(z) satisfy the Pearson equation (2.3) where
v is a solution of (2.6) and let D be a region of the complex plane that contain
the piecewise smooth curve C of finite length. Then, equation (1 1) has a

particular solution of the form (2.5) provided that the functzons V+k , for
k=1,2,
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e are continuous as functions of the variables s € C, z € D ;
e for each fized s € C, they are analytic as functions of z € D;

' o (s)p(s) | _ :
and C 1s such that T | T 0, where s and sy are the endpoints of C.
51

If the integral in (2.5) is an improper one, then the result remains valid if
the convergence of the integral is uniform [9, page 188|.
In next sections, generalizing (1.3) to complex v, we will use the notation

7.(z) =7(2) +vo'(z) = 7,z + 7,(0), (2.7)

and, in order to keep the above mentioned property (2), we will restrict
ourselves to the condition deg[o(s)] =2 V deg[r(s)] = 1.

3. Recurrence Relations for the hypergeometric type func-
tions

Now we are ready to establish the main results of this paper.

3.1. Four-Term Recurrence Relations.

Theorem 1. Consider the hypergeometric type functions y,(jli)l(z), ygk)(z),

y(2) and U (2) defined by (2.5). Suppose that p(z) is a solution of

(2.3) and

o ()p(s) |
(S _ Z)u—k—l

=0, m=0,1,2,... (3.1)

S1

where s1 and s9 are the end points of C. Then, there exist polynomial coeffi-
cients Aip(z), 1 = 1,2,3,4, not all identically zero, such that

Au(2)y?(2) + Ao (2)y P (2) + Asi(2)y "D (2) + A (2)y 5V (2) = 0. (3.2)
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Moreover, the functions A, © = 1,2,3,4 are given by

7

(4040 = L rhapsthges [72 05 = s (52 (00 0) = 710 (0))]
« ofil (R() —20'(9),

Agi(2) = (v =R)h 17Tl {(R(z)—20’(z))(n-1(z)%”—o’(z)T,Ll) —T{Ho”a(Z)} ,(3.3)

2

5 T,(z) — 27';_57;0'@)] 7'/% T _10(2),

Asz(2)= [TLT’ng R(z)+ (v — k)

C,
Ag(2)=(v — k)C +17'z2/ ITV 70”0 (2),

where R(z) is an arbitrary polynomial of z.

Proof: From [12, Eq. (9), page 17] we have

c” 0" (s)p(s) "H‘l
(k) () — v d cn) — L | C,. (34
yy (Z) O'k(z)p(z) /C: (S — Z)V_k+1 S, v T +; v ( )
Now, using [12, Egs. (4), page 16, and (9), page 17|

(k)
() () — Cy 1 T,-1(s)a" " (s)p(s) .
7 (2) ak(z)p(z)u—k/c ok 0 (3:5)

Substituting the above expressions (3.4) and (3.5) in
S(2) = A2yl (2) + Asi(2)yP (2) + Ase(2)y8 ) (2) + An(2)yssi (=),

we obtain
S(z) = — /C )P pgyas (3.6)

ot (2)p(z) Je (s —2)h
where
k )
P(s) = Aw(2)C,210(2) + Au(2)~ =0 (2)m1(s) + Asi(2) O o(s) +
C(k+1)
Ay(2) Vilk 7,(8)o(s) . (3.7)

Let us define a function Q(z, s) which is, for every fixed z, a polynomial in s
such that 1(s)p(s) 5 ()0(5)
o’ (s)p(s o”(s)p(s
TP Py =
)= 35 | T Q)
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If such function @ exists, then the integral (3.6) vanish by the boundary con-

ditions (3.1) and therefore (3.2) holds. Let us show that the aforementioned
function @) always exists.

Taking the derivative of the right hand side of the last equality, one gets

0
P(s) = [r-1(s)(s = z) = (v =k = 1)o(s)| Q(z,5) + o (s)(s — Z)a—g(z, s).
(3.8)
) we may conclude that, with respect
(z,8)] < 1. So, using the expansions
0
)

Comparing the expressions (3.7) and (3.8
to the variable s, deg [Q(z, s)] = deg, [@

Q(Zv S) = Q(sz) +

2

7(8)=1,(2)+7(s—2), o(s)=0(2)+0(2)(s—2)+ J7(3 —2)%,  (3.9)

as well as (2.7), we have

( (k)
Ap(2)CW 5 (2) + Agy(2) Ci r-1(2)0(2) + Asi(2)CF Vg (2)+
C(k+1) v
+A4k(2)ﬁn(2)0(2) =—(v—k—10(2)Q(z, 2),
C(k) C(k‘H)
Agg(2) 1] 10 (2)+ Age(2) O 0 (2) 4 A(2)—2 [1, ()0 (2) 4700 (2)]
0
} =m0 ) - - k- 2)(2) 50, 2),
(k+1) "
AnACEDT 4 Ay | ()T 4 710 (9)| = Tlagn Qe 20+
() 52 (2. 2),
(k+1)
() et = 210, 00 ).

\

(3.10)

Therefore, we have an indeterminate linear system of four equations with
six unknown: the functions A;;(z), i = 1,2,3,4, and the coefficients in the
variable z of the polynomial (on s) Q(z,s). This guarantees not only the
existence of the functions A;x(2), i = 1,2, 3,4, but also the polynomial Q(z, s)
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introduced above. Assuming that ¢” # 0, the above system can be written
as

An()0ho() = =" (Qen) - 20520 x

T, 4 o Js
[T,,_l(z) + %Tl’,_l X (Ty?l—(lz)g(z) — U’(z)) ] :
i 1 2, 2, 0
M) = o (Rae) = o )7 ) () — o' ()G )
2 00

o as ) .

A (2)CY = = {7,””1@(2,2) + (TV(Z) (v—k)% — 3U'(Z)T'_z) @(z, Z)] ,
O-// > 7-,; 2 O.// V=3 85

CHD 9 Tl g
Au(2) o _ 2 2 —Q(z,z)

v—k o' 1, Os

\

Substituting the values A, i = 1,2, 3,4, from above in the equation (3.2),
which is an homogeneous linear equation, choosing Q(z, z) = %—g(z, 2)R(z) /0",
where R(z) is an arbitrary function of z, and simplifying the common factors,

we get the non-trivial solution (3.3). |

Notice that formulae (3.3) are still valid for ¢” = 0. This is a consequence
of (3.2) and the principle of analytic continuation. Moreover, if one chooses
R(z) to be a polynomial in z then the corresponding expressions for the
coefficients A;x(2), i = 1,2,3,4, in (3.3) are polynomials in z. Finally, let us
mention that this method enables one to construct other type of solutions,
not necessarily polynomials, since R(z) is an arbitrary function of z.

Remark 1. Let us make a short analysis of the cases when ¢” = 0. In this
case, from (3.3), we have two possibilities

(1) deglo(s)] =1 A deg|r(s)]=1. Then Ay, =0
(2) deglo(s)] =0 A deg[r(s)] =1. Then Ay, =0 = Ay.

Since we are looking for solutions with non vanishing at the same time co-
efficients Ay (z), i = 1,2,3,4, we need to compare the expressions (3.7) and
(3.8). From this analysis follows that degs[Q(z,s)] = 0. In the first case
Q(z,s) is a constant # 0 while in the second one Q(z,s) is identically zero.
Notice that in both cases the resulting systems are not equivalent to (3.10).
The coefficients in these two cases are given
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e whendego =1, 0(s) =0(2)+0'(2)(s—2) and 7(s) = 7(2)+7'(s—2),

by
[ Aule) = o7 (o(2) ()
< Aoi(2) = (v — k)70’ (2),
Asi(z) = —(v — k) (a’(z)) —27'0(2)
Age(2) = C’C:il (v —k)o'(2);

e whendego =1, o(s) =0(z) and 7(s) =7(2) + 7'(s — 2), by

C,
Alk(z) = _C T/Agk(z),
v—1
C,
Agi(2) = — C+1T'A4k(z),

where As(z) and Ayu(z) are arbitrary polynomials in z.

In a similar fashion we can prove the following theorem:

Theorem 2. Consider the functions of hypergeometric type y£ +1)( ), y£k)(z),

y I (2) and 4V (2). Suppose that p(z) is a solution of (2.3),

52

(0 (S))p(i)lsm =0, m=0,12..,
§—z)VhT

S1

where s1 and sy are the end points of C. Then, there exist polynomial coeffi-
cients Ay(z), i = 1,2,3,4, not all identically zero, such that

A2y (2) + Asr(2)yP (2) + As(2)y D (2) + A2y (2) = 0.
(3.11)
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Moreover, the functions A, © = 1,2,3,4 are given by

A1) = ot [ 0T = 7L (72 (0)0'(0) = (0)) ]

),

Aui(2) = (v = Rl _yrlags [R()T s+ ()0 — 20207 ) .

(0"

Asp(2) =770, [T,’,HHR(Z) + (v —k) = 7,(2) — 27';10'/(z)] T,-1(2),
2 2 T 2

Cy
A4k(2’) = (V — ]ﬂ)OJ/ Té_szlf;lTu—l(Z)a
Y Cl/—i—l ? 2

(3.12)
where R(z) is an arbitrary polynomial of z.

Remark 2. As in Remark 1, when ¢’ = 0 from (3.12) the following two
cases follow
(1) deglo(s)] =1 A deg[r(s)] =1, then Ay =0,
(2) deglo(s)] =0 A deg[r(s)] =1, then Ay = 0.
Solving the corresponding systems we find
edego = 1 and degT = 1, o(s) = o(2) + d'(2)(s — 2) and 7(s) =
7(2) + 7'(s — 2)

( Au(z) = écil (/(2)rma(2) 7o),
Aoi(2) = (v — k)7,
\ Agk(2> = —27'31171@72,
Ay(2) = C’C:il (v —k);
e dego =0 anddegT =1, 0(s) =0(z) and 7(s) = 7(2) + 7'(s — 2)
Azp(z) = (:,CV (2)Awr(2),
Ag(2) = —T,C(;:l (v — k) Au(2) — 7,0;1 Agi(2),

where A1(2) and Asgi(2) are arbitrary polynomials of z.
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Theorem 3. Consider the functions of hypergeometric type yik_)l(z), y&k)(z),

y£k+1)(z) and y,(ﬁ)l(z) Suppose that

52

(0 (S))ﬁ(_?_lsm =0, m=0,1,2,.., (3.13)
S —Z

S1

where s1 and sy are the end points of C. Then, there exist polynomial coeffi-
cients Aip(2), 1 = 1,2,3,4, not all identically zero, such that

A2y (2) + Ao (2)y®) (2) + Ai(2)y8 0 (2) + Au(2)y (2) = 0. (3.14)

Moreover, the functions A, 1 = 1,2,3,4 are given by

( C,
Ay, = C—TLT@T@ (H(Z) - T;_l) X
v—1 2 2 2
210 + 7 (007 = (0)7(0)) .
Agp, = (v — k)T,_lTLT%—1TL_+§—1 X
{ " "0 — (0 "
(7)o" = ' (0)7") = T (2) + (5 W7 =700 |
TV
Agy = =77, 1 7hym (H(2) = Thas ) 0(2),
2 2
"
Ap= HE)w = W~k + )G 5l o,
\ v+1

(3.15)
where H(z) is an arbitrary polynomial of z.

Proof: Substituting (3.4) and (3.5) in the equation

S(2) = Au(2)y (2) + Aor(2)y® (2) + Age )y (2) + A2y (2),

we obtain

S(z) ! /C o (S)p(S)P(S)dS,

(s — z)vFk
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where P(s) is given by

o)
P(s) = ApCi o (2) + Agp—" ()T (s) + Ay, CF g (5)+
e g (3.16)
A‘“f(y — —Vl)(y — k)a(z) (1,0(8) + 1,(s)T-1(5)) -

Reasoning as in the proof of Theorem 1, we define a polynomial Q(z, s) in
the variable s such that

a’~1(s)p(s 0 | d”(s)p(s
%P(S) = Js (s _(Z))fgk)_lQ(ZaS)

Therefore, if the boundary conditions (3.13) hold, S(z) = 0 and (3.14) fol-
lows. Taking the derivative of the right hand side we find

P(s) = [1-1(s)(s = 2) = (v =k = 1)a(s)]| Q(z,5) + o (s)(s — 2)%(27 5).

(3.17)
Hence, by comparing (3.16) with (3.17), we conclude that deg [Q(z,s)] = 0,
i.e., Q(z,s) = f(z) that we choose, without loss of generality, equal to 1.

Substituting the expansions (3.9) of 7,_1(s), 7,(s) and o(s) in powers of s — z
(3 16) and (3. 17) we obtain

(A C) + Ay Coir, 1(2) + Asi(2)CF )+
C(k)
A4km [TLO'(Z) + TV(Z)Ty_l(Z)] = —(I/ — ]{3 — 1),
9 ()
o ()7 + AnC o (2) 4 At o (2)2n,07_y = mil2),
()
AgkC’ (bt g A4k%0(2)7}i7’;_% = Tf,Jr,;,l :
Assumlng o 7é 0, from last equation we get
(k+1) 2 / C(li)l It

Agk(z)C’,/ = g 7'u+12c—1 - A4k(z) (I/ — ]{I)(V —k+ )O(Z)TuTy_l

Choosing now

A4k(z):R(Z)T,'ﬁ%(y_k)(y_k_f—l)

W o(2)mir
2
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where R(z) is an arbitrary function of z, we obtain

2
A3k(2)0(k+1) = — Ty (1—-R(2)),

v O—// D)
and therefore
(Aur(2) = R(2) Tl LoD
2 V+1TL/TU7%
Au(CI = Zrb, (1 - R(z))a(z)

If we now substitute the above values Ay, i = 1,2, 3,4, in (3.14), put R(z) =
H(z)/7), where H(z) is a polynomial in z, and simplify the resulting
2

expressions we obtain the values (3.15). |
Notice that if we choose H(z) a polynomial in z, then the corresponding

coefficients Ay, i = 1,2,3,4, will be polynomials in z too. Formulae (3.15)
are still valid, by analytic continuation, when ¢” = 0.

Remark 3. In the case when " =0, from (3.15), the following two cases
follow
(1) if deglo(s)] =1 A deg[r(s)] =1 then Agy(z) =0,
(2) if deglo(s)] =0 A deg|7(s)] =1 then Ay(z) =0 =
Thus, a stmilar analysis yields
e in the first case, o(s) = o(z)+0'(2)(s—2) and 7(s) = 7(2) + 7' (s — 2)
(2) = %Ty(z) (To(2) = ()7 1(2)),
Aoi(2) = (v — k)o'1,(2),
Asi(2)
(2)

A4k(2)

= —27u_i0(2),
Cy
Cl/—i—l

(v—k—-1)(v—Fk)d(z);
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e in the second case o(s) = o(z) and 7(s) = 7(2) + 7' (s — 2)

Cy ,
T (v—k—1)7T0(2),
—(v—=Fk)7(2),

o(2),
C,

3.2. Three-Term Recurrence Relations. In general, in order to obtain
three-term recurrence relations involving functions of hypergeometric type
and its derivatives of any order, one could follow the technique described
in the previous section (see e.g. [19]). Here we will obtain several three-
term recurrence relations that follows from Theorems 1 (Corollaries 1-3), 2
(Corollaries 4) and 3 (Corollaries 5-8), when one of the coefficients A;x(2),
1 =1,2,3,4,is chosen to be identically zero. Since the proofs of all Corollaries
are quite similar we will include here only the first one.

Corollary 1.

Bir(2)y® (2) + Bar(2)y%+V(2) + Bar(2)yV(2)

( Blk(Z) =
ng(Z)

ng(Z) =

\

=0, (3.18)
_7-1//+k—17-é7
2
) a’ o
TVJ (0) + 2 (TV(()) TU’Z) ) (319)
c, ,
Cu—i—l UT_l

Proof: Using the fact that R(z) in Theorem 1 is an arbitrary polynomial of
z, and putting R(z) = 20'(2) we get Ay, = 0. Thus relation (3.2) becomes

into

Bir(2)yP(2) + Bor(2)y*V(2) + Ba(2)y" 1V (2) = 0,
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where the coefficients By, = Aok, Bor = Az and B3 = Ay, are given by

( Bin(2) = —(v — k)TL+§_1 o"o(2),
_ v—k " 1 ! rn "
< Boy(2) = ——0"0(2) —5 (27,0'(0) + 1,0"2 — 1,(0)0") | ,
C 7'1,/—1
Bucl2) = (v — K)o (2
. Cy+1 T,
Hence, after some simplifications, we obtain (3.19). |

The previous three-term recurrence relation was published in [§].

Corollary 2.

Bie(2)y,(2) + Bar(2)y™ (2) + Bar(2)y" 0 (2) = 0, (3.20)

(Bu(z) = -ty [14(0) (710'(0) = Lo a(0)) — (_%0(0)]
s[5 (2100 - G0 |

2

1 /!
(%T;Z +o'(0)7), — %T,AO)) ,

2 2
§ Bar(z) = (v — ]{3)7'%_1 (%TLZ +0'(0)7), — %T,,(O)) X

0_// 0_//
(57-1(0) = ()i = Toris2) = Ty Thasa a0 (2)7),

C
Bsi(2) = C—;Té_lT,/,%lT; 0(2).
1%

(3.21)

Corollary 3.

Bir(2)y,(2) + Bar(2)y ) (2) + Bar(2)y 0 (2) = 0,
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Tl s, |72 (0)0" = 27 (11 (0)0(0) = 7),0(0) ).
v—1 2 2

Ty 4 (TV(O)O'”— 20" (0)7], — U"TLZ) X

.
(Ty_l(O)O'// —20'(0)7), — 0”7;_1z) + 27'%_17'@7';_1TL0'(Z),
B — (v —k C No” — 20" (0)F. . — o7
w(2) = (v = k) e T (7 (0)07 = 20°(0)7, oy — 07712

Corollary 4.
B1k(2)yﬁk_ﬁl)(2) + Boy(2)yF (2) + B3k(2)yﬁil)(2) =0,

/ / / /
—f—T%_lTV_lTV_%TVZ,

CV / /
\ Bsi(z) = _CVHTg_ﬂ'VTlTu—l(Z) :

Corollary 5.
Bir(2)yy(2) + Bar(2)yP(2) + Ba(2)y (2) = 0,
( CV ! ! ! ! / 2 0//
Buul2) = Zo st 7 (7 O)1(0) = 0(0)7) — 72 (0
! Boy(z) = —7'%_17';_% (77012 + T2 4(0) + 0" (kT(0) — 71—, (0))]

CV / / /
\ Bsp(z) = (v —k+ 1)Cy+1T%_17'VTlTV_1.

This Corollary was first published in [19] and it is nothing else that the
standard three-term recurrence relation for the derivative of any order of
hypergeometric functions.
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Corollary 6.
Bur(2)y® (2) + Bor(2)y ™V (2) + Bar(2)y) (2) = 0,

Corollary 7.
Bir(2)y",(2) + Ba(2)y® (2) + Bar(2)y* 1 (2) = 0,

( C,/ "
Bue) =~ s |20 F + 7 (007~ S 0na(0)]

2
—k »—1(0
Y Té_lT;_l (a”z +20'(0) — 0" ,1( )> ;

Ty1

BQk(Z) = —

\ Bsi(2) = 7'%_17';_10(2).

The above relation was firstly obtained in [6].

Corollary 8.

Bur(2)y™1(2) + Bor(2)y V() + Ba(2)y,(2) = 0,

( C, 1 /
Blk(z) = VlTqukaTqukfl
v— 2 2

X [Ty_l(O) (20'(0)75_1 _ 7(0)0") () 0(0)]@(2),

2

Bu(z) = 27 _y7_y | mirl 1z + m(O) g + 70 (0) (v = k)| (2),

1
2

Byy(2) = —(v—k)(v—k+1)Eerl 7, [a"Tg_lz +20'(0)7, — a"T(oﬂ .

\ 2

4. Applications

4.1. Recurrence relations for Hypergeometric type Functions. We
can reduce equation (1.1) to a canonical form by a linear change of inde-
pendent variable. According to [12, 13], there exists three different cases,
corresponding to the different possibilities for the degrees of o:
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e deg (0(2)) =2
z(l—z)u"+[fy—(a+ﬁ+1)z}u'—aﬁu=0; (4.1)

It corresponds to equation 1.1 with

o(z) =z(1 - 2), T(z)=7— (a+6+1)z, A=—af. (4.2)

e deg (0(2)) =1
2+ (y—2)u —au=0; (4.3)

This is equation (1.1) with

o(z) =z, T(2) =7v— 2, A= —«. (4.4)

e deg (0(2)) =0
& (o(2) u" —2zu +2vu =0, (4.5)

i.e., it corresponds to the equation (1.1) with
o(z) =1, 7(z2) = =2z, A=2v. (4.6)

Equations (4.1), (4.3) and (4.5) are known as the hypergeometric, confluent
hypergeometric and Hermite equations, respectively. Explicit solutions for the
different three above equations are well known (see e.g. [12, 13]). In [12, §20,
section 2. page 255] particular solutions were found using the corresponding
integral representations: the hypergeometric F'(a, (3,7, ), confluent hyperge-
ometric F'(«, 7, z) and Hermite H,(z) functions. In terms of the generalized
hypergeometric notation [3], the first two correspond to oF(a, 3;7; 2) and
1F1(a;; z), respectively. Here we will present recurrence relations that fol-
lows from the Theorems 1, 2, and 3, and some particular examples from the
corresponding Corollaries.
In what follows, R(z) represents an arbitrary function of z.

4.1.1. Relations derived from Theorem 1.

e Hypergeometric Equation (see (4.1) and (4.2)). From (4.2) and (2.6)
it follows that v = —a or v = —f. Choosing v = —a;, relation (3.2)
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is fulfilled with
(Au(2) = —ala = 1)(B+K)(B+k = 1)(8 = )8 —a+1)(R(z) —1+22),
Asi(z) = (a = D)@+ k)(B — 1)(B+ k)(B — a+1)x
{(Re) —1+2:)[1-29)B-a-1) = ((y=a-1) = (B-a+1)z)]-
(B-a-1)(1-2},
Agi(z) = ~(a = 1)(B - 1)(B — a — 1)z(1 - 2)x
(B—a+D)(B+R)R(2) - (a+k) (=) = (B-a+1)z) = (B—a)(B—a+1)(1-22)],
| Au(2)=(a+1)B(B = D)@ —7)(B— a—1)z(1 - 2).

e Confluent Hypergeometric Equation (see (4.3) and (4.4)). Using (4.4)
and (2.6) we find v = —a, being relation (3.2) fulfilled with

Alk(Z) = —Q, Agk(Z) =+ k’, Agk(z) =z, A4k(Z) = 0.

e Hermite Equation (see (4.5) and (4.6)). Using now (4.6) and (2.6) we

conclude that r may be an arbitrary complex number and relation
(3.2) is fulfilled with

Ajp(z) = —2v, Au(2) =0, As(z)=1, Aux(z)=0.

4.1.2. Relations derived from Theorem 2.

e Hypergeometric Equation (see (4.1) and (4.2)). This corresponds to
v =—a (or v = —f3) and relation (3.11) is fulfilled with

(Anp(z) = a(a—1)B(6—a+1)(8 —a—2)(R(z) — 1 + 22)
An(2) = —(a=1)(a+k)(B-1)(3+k—1)(B—a+1)|(8-7) = (B—a—1)(R(z)+2)]
Ag(2) = (@ =1)(B=1](7—a—1) = (B—a —1)z|x

[(B=a)(B—a+1)(1-22) = R()(B+k—1)(B-a+1) = (a+k)((7-a) = (B-a-+1)z)]
| An()=—(a+RBB- DO -a)|(r—a-1) - (B-a-1)]

e Confluent Hypergeometric Equation (See (4.3) and (4.4)). This corre-
sponds to ¥ = —a and relation (3.11) is fulfilled with

Aip(z) =, Ag(z) = —(a+k), Au(z)=(r—a—-1)—=2 Au(z)=0.

e Hermite Equation (see (4.5) and (4.6)). Relation (3.11) is fulfilled, for
an arbitrary complex number v, with

Ap(z) =v, Ap(z)=v—k, As(z)=—2 Au(z) =0.
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4.1.3. Relations deriwed from Theorem 3.

e Hypergeometric Equation (see (4.1) and (4.2)). This corresponds to
v = —a (or v = —f) and relation (3.14) is fulfilled with

(Ailz) = —ala = DB+ R)(B+k=1)(B -8 — a+1)[R() - (8- a)]
Aai(2) = (a = D)@+ k)(B = 1)(B+ k)(B - a)x

{[B=9-@-a-1D:@E-a+1)+RE=)(B-3a+2y+1)}
Agi(2) = (@ = 1)(B=D(B—a - 1)(8 = a)(B—a+1)(R) — (8+k))=(1 - 2)
| Au(2)=R()(+ K)(a+k—1)B(B - D)(y—a)(B—a—1)

e Confluent Hypergeometric Equation (see (4.3) and (4.4)). This corre-
sponds to ¥ = —a and relation (3.14) is fulfilled with

Ai(z) = —a, Agr(z) =a+k, As(z) =2, Ax(z)=0.
e Hermite Equation (see (4.5) and (4.6) ) This corresponds to an arbi-
trary complex number v and relatlon (3.14) is fulfilled with
Aip(z) =2v, Ag(z) =0, As(z) =—1, Au(z)=0.
In the following we will put & = 1 and use the identities [12, page 261]

a
o1 (o, 875 2) = 7521?1(04"‘1 B 2), 1By (asy;2) = ;1F1(04+1;W1;Z)-

4.1.4. Relations derived from Corollary 1.

e Hypergeometric function. This corresponds to v = —a (or v = —f3)
and substituting the quantities (4.2) in (3.18)—(3.19) we find the fol-
lowing recurrence relation for the hypergeometric function:

v( =B —1)2F1 (e, B;7;2) + Bla — ) oFi(a, B+ Ly + 15 2)+
al(B=v+1)+(B-a+1)z]oR(a+1,8+1;7+1;2)=0.
e Confluent hypergeometric function. This corresponds to v = —a.
Therefore, by (4.4), (3.18)—(3.19) yield, for the hypergeometric con-
fluent function, the following recurrence relation
TiFi(a;7;2) + (v — @) 1Fi(ay + 1;2) + e Fi(a + 1,7 + 1;2) = 0.

e Hermite function. Being v an arbitrary complex number then, sub-
stituting (4.6) in (3.18)—(3.19), we find the following very well known
relation for the Hermite function:

H) (=) = 2(v + 1), (2).
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Other recurrences relations can be obtained from the other Corollaries 2-8.
Since the technique is similar we just present here the resulting relations.

4.1.5. Relations derived from Corollary 2.

e Hypergeometric function
Hal(B-7+1) = (B-a+1):][(B-7) - (B-a—1)2]-

Bl(6—a)* —1]z(1 - Z)} o1 (v, 3575 2)+
ay(B=)[(B—a+1)z—(B-v+1)]2F(a+1, 87 2)+
Fla—7)(B—a—-1)z(1—2)sFi(a, 4+ 1;7+1;2) =0.

e Confluent hypergeometric function

—y(a+2) 1Fi(o;y;2) + (v — @)z 1 Fi(os v + 15 2) + ay 1 Fi(a + 1;79; 2) = 0.
e Hermite function

H, (z)=2(v+1)H,(2).

4.1.6. Relations derived from Corollary 3.

e Hypergeometric function
Blal(8-v+1) = (B-a+1)][(B-7) - (B-a—1)z]+
B8[(3 - a)? —1]2(1 —z)}gFl(a+1,ﬁ+1;”y+1;z)+
+08y7(B=7)(B—a+1)Fi(a+1,5;7;2)—
Fla=7)[(3=7) = (8= a=1)z] 2Fi(a, 8+ 17+ 1;2) =0,
o Confluent hypergeometric function
—(a+2) 1Fi(a+1;y+1;2)+ (a—7)z 1 Fi(as v+ 1 2) + v 1 Fi(a+ 1,73 2) = 0.
e Hermite function

H (2) =2v H, {(2).
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4.1.7. Relations derived from Corollary 4.

e Hypergeometric function
(8- 1) | (a+1) (B=a+1) (=5) + (v=a) (3-a—1) (5+1) -
(8-a+1) (3—a) (F—a—1)z] 2F(a, B;7;2)+
B(a=7)|(y-a=1) = (B-a=1)z| sF(e, B+ ;7415 2)+
aB(a+1) (v—5) [(7—5—1) + (ﬁ—oz—i—l)z] o Fi(a+2, B+ 19+1;2) = 0.
e Confluent hypergeometric function
Y[(1=20-1) = 2| 1Al 7:2) + (@=7) [(7—a=1) = 2| 1 Fi(as7+152)+
ala+1) 1 Fy(a+2;7+1;2) = 0.
e Hermite function
H),(z) =2(v+1) H,(z).

4.1.8. Relations derived from Corollary 5.

e Hypergeometric function
(B=1)(y=a)(8—a—1)sFi(a—1,572)+
(8=a) {[(5—@)2—1]2— (a+5+1) (7—2oz)+2(7—04(04+1))} 2 F1(a, B; 7 2)
t+a(B—a+1)(y—8)Fi(a+1,8;7;2) =0.
e Confluent hypergeometric function
(v =) 1A= 19;2) + {Z —(v- 2@)} 1P (s 2) — aFi(a+ 1595 2) = 0.
e Hermite function
H,1(2) —22zH,(2)+2vH, 1(2) = 0.
4.1.9. Relations derived from Corollary 6.
e Hypergeometric function
By(a=7) 2Fi(a—1, B;7; 2) +y(B-1) [(v—&)—(ﬁ—oﬁrl)Z} 2 Fi(e, 8573 2)
-l—ozﬁ(ﬁ—oz—i—l)z(l—z) oFi (a+1,8+1;7+1;2) =0.
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e Confluent hypergeometric function

v(a=7y) 1Fi(a=1;75; Z)ﬂ{(v—@)—Z} 1F1(a;7; 2)+az Fi(a+1;741;2) = 0.
e Hermite function

H,.1(2) —22H,(2)+ H (2) =0.

4.1.10. Relations deriwed from Corollary 7.

e Hypergeometric function
Gy =8)+(B-a- 1)4 2P (e, B5y32) + (B =) 2 Fi(a+ 1, B3 2) -
B(B—a—1)z(1—-2)2F(a+1,8+1;7+1;2) =0.

e Confluent hypergeometric function

YiFi(o;y:2) = viFi(as v 2) + 21 Fi(a+ 1,9+ 15 2) = 0.

e Hermite function
H(z)=2vH, 1(z).

4.1.11. Relations derived from Corollary 8.
e Hypergeometric function

Bla—=7)[(v=0)+(B—a- 1)4 2 Fi(a— 1, By y; 2)+
Yy =8)(B—a=-1)[(v-a) = (B-a+1)z] sRila+1,872)+
ﬁ(ﬁ—oz){[(ﬁ—@f—l}z+2ozﬁ—fy(oz+ﬁ—1)} oFi(a+1,64+1;v+1;2) =0.

e Confluent hypergeometric function

7(7 — a) 1Fila—1;7;2) — ”y((fy — a) — z> 1Fila+1;v;2)+
Bz(y—2) 1Fi(a+ 17+ 1;2) = 0.
e Hermite function
H)(z)=2vH, 1(z).

Remark 4. Notice that we can interchange o and 3 in equation (4.1). There-
fore, several other recurrence relations can be obtained by interchanging «

and 3 in all relations obtained from the corollaries (1-8) corresponding to
the hypergeometric equation (4.1).
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4.2. Recurrences for Polynomials of Hypergeometric Type. The
polynomials of hypergeometric type p,(z) := y,(z) are particular cases of
the functions of hypergeometric type y,(z) when the parameter v = n is a
non-negative integer, being p,(2) := y,(2z) a particular solution of the equa-
tion (1.1) where A is given by (2.1).
They can be represented by the Rodrigues formula (2.2), where B, are nor-
malizing constants and p(z) satisfies the Pearson equation (2.3), or by their
integral representation (2.4), where

¢, = B (4.7)

21

If a,, denotes the leading coefficient of the polynomial y,(z) then, see [12],
n—1
Ay = Bn H 7':1+m_1 , ag = B() . (48)
m=0

If a, = 1 then y,(z) is said to be a monic polynomial.
The polynomials of hypergeometric type are the classical polynomials, i.e.,
the Hermite H,(z), Laguerre L%(z) and Jacobi P%”(z) polynomials.

TABLE 1. The classical orthogonal polynomials

Pu(2) | Ha(2) | Ly(2) Pro(z)
olz) | 1 2 1— 22
T(2) | =2z |—z4+a+1|—(a+8+2)2z2+F—a
An 2n n nn+a+pG+1)
p(z) | e e’ (1-2)*(1+2)
a>—1 a, > -1
B (_2}1) (=1 (n+<§z_+1/)6+ 1,

A very important property of the orthogonal polynomials is the three-term
recurrence relation

an(Z) = Oénpn+1(Z) =+ 5npn(z) + ﬁ}/npn—l(z)‘
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For computing the coefficients «,,, (,, and 7, we can use Corollary 5 with
k =0 as it has been done in [19]. Other important properties of these poly-
nomials are the so-called raising and lowering operators (see e.g. [1]) that
can be obtained from Corollaries 6 and 7, respectively. Since they where
studied using this method in [15] we will omit it here.

Here we will study another recurrence relation. Namely the so-called struc-
ture relation by Marcellan et. al [11]

P P P
Pn(Z) — n—i—l(z) + Tn n(z> + Sn n—l(z> ’
n+1 n n—1

n>2, (4.9)

where r,, and s,, are some constants. This relation constitutes another char-
acterization theorem for the classical orthogonal polynomials. A complete
study of such structure relation was done in [1].

Corollary 9. For the monic hypergeometric type polynomaials the following
recurrence relation holds

in(2) = Ai(2) 1 (2) + A2(2)i1,(2) + As(2) 1 (2) (4.10)

where the coefficients Ai, 1 =1,2,3 are given by

( A 1
1(2) n+1’
N L (7170 (0)+71(0)7, ) 0" 20" (0) 7,7,
4 Ay(z) = 5( i T;J('O):T?m TR
) T\ 20 (1)40(0) = 7t (0)0'(0)) + 72, (0)0”
A3(Z) =(1- - / 2 .
\ n—j 2(7_71—1) Tp-3

(4.11)

Proof: Since R(z) in Theorem 2 is an arbitrary polynomial of z, we will
define the function Q)(z) such that

//7-1/—1(2) 2+ Q(Z) .

/
T, 4 2

R(z)=20'(z) — 0
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Then (3.11) holds and the corresponding coefficients A;x(2), i = 1,2,3,4
becomes into

[ (5= Co 24Q() 2, (-1(0)0’(0) = 7)_10(0)) — 7, (0)0”
T a LTl 20— k)7, a7,
Agk(z) =1
1 =RTL ((2)e" = 20'()7) = 1 (2) 2+ Q)T T
Azp(2) = (v —k)Q(2) T Ty 1T ok
27_/u71 ’
Az = L Cv 7

\ Q(Z) Coi1 TLT/qucﬂ .

1
Since the polynomials are monic, by (4.8), B, = <HZ__10 TL+m_1> . Then
choosing Q(z) = —27’ /7.1 and setting k = 0, the equations (3.11) trans-

forms into (4.10) whereas (3.12) leads to (4.11). Notice that in (4.9) r,, = nA,
and s, = (n — 1)As. |

From formulas (4.10)—(4.11) of Corollary 9 follows the identities

Ha(z) = —=Hi(2), L) = — (L)' () + (L) (2),
G n —1F 1 (P’?ﬁ)/(z) i 2n+a+ 2()(;27_1 ?2 + o+ f) (P (2)
— 4n(n+&)(n+ﬁ) ( aiﬁl)/(z)’

Cn+a+pF-1)2n+a+6)*Cn+a+6+1)

for the Hermite, Laguerre, and Jacobi polynomials, respectively.

4.3. Further examples. In this section we will present several relations
for the classical polynomials that follows from the Theorems 1, 2, and 3. In
order to obtain the following relations, where R(z) represents an arbitrary
function of z, see subsection 4.2 and table 1.

4.3.1. Relations derived from Theorem 1.
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e Jacobi Polynomials
(A1p(2) =4n(n+1)(a+n)(B+n)(a+B+n)(a+B+n+k)(a+B+n+k+]1)
(o + B+ 2n+ 2)(R(z) + 4z)
Agp(2) = (n+1)(n—k)(a+p+n)(a+p+n+k+1)(a+B+2n—1)(a+[+2n)(a+F+2n+2)) X
[(R(z)+4z) ((ﬁ—a) + (a+ﬁ+2n)z> + (a+ﬁ+2n)(1—z2)]
Asp(2) = (n+1) [(a+ﬁ+n+k+1)(a+ﬁ+zn+2)3(z) + 2(n—l<:)<(ﬁ—oz) - (a—l—ﬁ+2n—|—2)z>—|—
4(a+ﬁ+2n—|—1)(a—|—ﬁ+2n—|—2)z} (a+B+4n)(a+B+2n—1)(a+B8+2n)? (1-2?)

Agi(2)==2(n—k)(a+B + n)(a+B+2n—1)(a+B+2n)* (a+B+2n+1) (a+B+2n+2) (1—2?)
e Laguerre Polynomials
An(2) = —nla+n), Ag(z)=—(n—k), Ag(z) =2 Au(z)=0.
e Hermite Polynomials

Ajp(2) = —n, Aul(z) =0, As(z) =1, Au(z)=0.

4.3.2. Relations deriwed from Theorem 2.

e Jacobt Polynomaials

A(z) =dn(n+ D) (a+n)(B+n)(a+B+n)(a+B+n+k+1)(a+8+2n+2)(R(z) + 42)

Agi(2) = —(n—k)(a+B+n)(a+B+n+k+1)(a+58+2n—1)(a+B+2n) (a+8+2n+2)) x
[R(z)(a+ﬁ—|—2n) + 2<(ﬁ—a) + (a+ﬁ+2n—2)z)]

Asp(2) = (a+ﬁ+n)(a+ﬁ+2n—1)(a+ﬁ+2n)((ﬁ—a) - (a+ﬁ+2n)z>x

[Z(n—k:)<(ﬁ—a)—(a+ﬁ—|—2n+2)z) —(a+B+2n+2) ((a+ﬁ+n+k+1)R(z) - 4(a+ﬁ+2n)z>}

Ap(2)=—(n—B)(a+ B+n)(at B+2m—1)(a+B+2n)(atB+2n+1)(a+B+2n+2)x

((5 —a)— (a+5+2n)z)

e Laguerre Polynomials
Aip(z) = —n(a+n), Ay(z)=n—k, Az(z)=—(a+n—2),Au(z) =0.
e Hermite Polynomaials

Aj(2) = —n, Aul(z) =—-2(n—k), As(z)=2, Au(z)=0.

4.3.3. Relations derived from Theorem 3.
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e Jacobi Polynomials
Ark(2) = dn(n+1)(a+n)(B+n)(a+B+n)(a+B+n+k)(a+B+n+k+1)(a+5+2n+2)x
(R(z) +(a+p8+2n+ 1))
Aok (2) = (n—k)(n+1)(a+B8+n)(a+L+n+k+1)(a+F+2n—1)(a+8+2n)(a+F+2n+1)) x
[((8-a) + (a+8+2n)z) (a+B+2n+2) - 2(3-0)R(2)|
Asp(2) = —(n+1)(a+p+n)(a+L+2n—1)(a+6+2n)? (a+F+2n+1)(a+8+2n+2) x
<R(z) - (a+ﬁ+n+k+1)) (1-2%)

Ayp(2)==2R(2)(n—k)(n—k+1)(a+B4+n)(a+B+2n—1)(a+F+2n)? (a++2n+1)x
(a+G+2n+2)

e Laguerre Polynomaials
Aip(z) =n(a+n), Ag(z)=n—k, As(z)=—-2Au(z)=0.
e Hermite Polynomials
Aig(z) =n, Ag(z) =0, As(z) = —1,A4(2) =0.

4.3.4. A known identity for the Laguerre polynomials. To conclude this paper
let us obtain a very well known formula for the Laguerre polynomials using
the method described here.

Putting £ = 0 in relation (3.20)—(3.21), for the Laguerre Polynomials it
becomes

/
A(@) L () + Ao(@) L () + Ag(a) (Lihi (@) =0, (4.12)
where, by (4.7), the coefficients A;, i = 1,2, 3, are given by
Ai(z) =a+n, Ay(z)=z-—n, As(x)==x.

Then, (4.12) leads to the well known formula for the Laguerre polynomials

v (Eh@) = 0= 0)20@) = (0 + m) L (0)

Let us also point out that for Jacobi polynomials, if one considers, in
Theorem 3, k=0, v =n and C,, = % then, the corresponding coefficients
solution (3.14) gives the four-term recurrence relation stated in Corollary 1.1

of [20, page 729].
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