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ABSTRACT: We consider a fully parabolic model for chemotaxis with volume-filling
effect and a nonlinear diffusion that degenerates in a two-sided fashion. We ad-
dress the questions of existence of weak solutions and of their regularity by using,
respectively, a regularization method and the technique of intrinsic scaling.
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1. Introduction

Chemotaxis is a property of certain living organisms to be repelled or at-
tracted to chemical substances. In [16, 17], Keller and Segel introduced a
model for aggregation of the cellular slime mold Dictyostelium discoideum
due to cyclic Adenosine Monophosphate (cAMP), which is an attractive che-
mical signal for the amoebae.

In this paper, we study the following model for chemotactic movement:

O — div (a(u)Vu — xuf(u)Vo) =0 in Qr,

1
8,5?) — dAv = g(’U/, U) in QT7 ( )

where Qp := Q x (0,T), T > 0 is a fixed time, and 2 is a bounded domain
in R, with smooth boundary 092 and outer unit normal 7.
We augment (1) with no-flux boundary conditions on X7 := 92 x (0,7,

ou ov
- P 2
alge =0, 5= &)
and initial distributions in €2:
u(z,0) = up(x), v(x,0)=vy(x). (3)
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In the chemotaxis model above, u = u(x,t) represents the density of the
cell-population, v = v(z,t) represents the chemoattractant (repellent) con-
centration, a(u) is a density-dependent diffusion coefficient, and d is a cons-
tant. Furthermore, f(u(z,t)) is a density dependent probability that a cell
in position x at time ¢ finds space in its neighboring location. The cells
are attracted by the chemical and x denotes their chemotactic sensitivity.
The function g(u, v) describes the rates of production and degradation of the
chemoattractant; here, we assume it is the linear function

g(u,v) = au — P, a, 3> 0.

This assumption has also been used in related literature (see, e.g., [12]).

In this work, we assume at first that there exists a maximal density of cells,
the threshold u,,, such that f(u,,) = 0. Intuitively, this amounts to a switch
to repulsion at high densities, sometimes referred to as volumefilling effect or
prevention of overcrowding (see [11]). Secondly, we assume that the density-
dependent diffusion coefficient a(u) degenerates for u = 0 and u = wuy,.
This means that there is no diffusion when u approaches values close to the
threshold (see [20]) and in the absence of cell-population. This interpretation
was proposed in [4] where the diffusion coefficient takes the form a(u) =
eu(l —u), for € > 0. The main advantages of this nonlinear diffusion model
seem to be related to the finite speed of propagation (which is more realistic
in biological applications than infinite speed) and the asymptotic behavior of
solutions (see [4], for a discussion of this and related aspects of the model).
The threshold condition has a clear biological interpretation: the cells stop to
accumulate at a given point of €2 after their density attains certain threshold
values and the chemotactic cross diffusion h(u) = xuf(u) vanishes identically
when u > u,,.

Defining new variables through

~ U ~
uw=—, V=0,
Um
we have u,, = 1. After performing this linear transformation, we may thus
omit the tildes in the notation and assume from now on, without loss of
generality, that u,, = 1. A typical example of f in this case is

fu) =1—u.
More generally, in this work we assume that the function f in (1) satisfies

f € C?([0,1]) and f(1) = 0. (4)
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Regarding the nonlinear diffusion coefficient a, we assume that
a € CY([0,1]), a(0) = a(1) = 0 and a(s) > 0 for 0 < s < 1. (5)

This assumption will be used to prove the existence of weak solutions. To
ensure that the weak solutions are Holder continuous, further assumptions
on a will be needed, namely that there exists a number § € (0, 1/2) such that
for some constants 1 < Cy < C}

Coo1(s) < a(s) < Cioi(s), for all s € [0, 9],
Coga(1 —s) < a(s) < Ciga(1 —s), for all s € [1 —4,1], (6)

where ¢1(s) = sP* and ¢o(s) = sP? for some 0 < p; < pe. A typical example
of a function satisfying (6) is provided by any a € C! for which

a(s) = CsP for s € [0,0] and a(s) = C(1 — s)P? for s € [1 — 9, 1],

for some constant C' > 1.

The case when a = 1, f = 1 in (1) has been the object of extensive rese-
arch; the existence and uniqueness of solutions, as well as their asymptotic
behavior, have been studied by several authors. In [27], the author obtained
the local in time existence of a unique, positive, classical solution, together
with results on the blow-up behavior of solutions. In [22], the existence of
an exponential attractor is proved for the corresponding dynamical system.
In [10], the authors proved in the case Q C R? is a disk, ug, vy are radial
functions, and |jug||;: is sufficiently large, that ||u(t)||,. blows up in finite
time, hence that (1) does not admit a global solution in this case.

Assuming that a is degenerate only at one point (u = 1), existence and
uniqueness results were established recently by Laurencot and Wrzosek [20]
using the abstract theory developed in [2]. To contrast with the work [20], we
prove herein the existence of weak solutions for the degenerate system (1)-(3),
which has a two-point degeneracy (u = 0, 1), using a Schauder fixed-point ar-
gument on a regularized problem and the compactness method. Additionally,
we prove that these weak solutions are in fact Holder continuous.

Before stating our main results, we give the definition of a weak solution.
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Definition 1. A weak solution of (1)-(3) is a pair (u,v) of functions sa-
tisfying the following conditions:

0 <wu(z,t) <1 andv(z,t) >0, for a.e. (z,t) € Qr,

ue Cyu(0,T,L*(Q)), O e L*0,T;(H'(Q)), u(0)=u,

Au) = /0 Ca(s)ds € LX(0,T; H'(9),

v e L>®(Qr) N LP(0,T; W*P(Q)) N C(0,T, L*(Q)), for allp > 1,
o € L*(Qr), v(0) = vy,

and, for all ¢, € L*(0,T; H(Q)),

/OT (Opu, ) dt+//Ta(u)Vu -Vodzrdt — //Txuf(u)vv Vodrdt =0,

/Q @tvwdxdt—l—// dVv-dexdt:// g(u,v) dx dt,

where C,(0,T, L*(Q)) denotes the space of continuous functions with values
in (a closed ball of ) L*(Q?) endowed with the weak topology, and (-,-) denotes
the duality pairing between H(Q)) and (H'(Q))'.

Our first result is the following existence theorem for weak solutions.

Theorem 1. Assume (4) and (5) hold. If ug,vy € L*(Q) with 0 < ug < 1
and vy > 0 a.e. 1n €, then there exists a weak solution to the degenerate
system (1)-(3) in the sense of Definition 1.

A major difficulty for the analysis of the system (1)-(3) is the strong dege-
neracy of the diffusion term. To handle this difficulty, we replace the original
diffusion term a(u) by a-(u) = a(u) + € and consider, for each fixed ¢ > 0,
the non-degenerate problem

Orue — div (a.(us)Vue — xuef(u:)Vo) =0 in Qr,
0. — dAv. = g(u-,v:) in Qr,

ou. Ov, (7)
—_— p— Z
877 0, @77 0 on T,

us(x,0) = ug(x), v.(x,0) =wvy(x) foraz e Q.

a:(ue)
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To prove Theorem 1 we first prove existence of solutions to the non-degenerate
problem (7) by applying the Schauder fixed-point theorem (in an appropri-
ate functional setting). Then we send the regularization parameter € to zero
to produce a weak solution of the original system (1)-(3) as the limit of a
sequence of such approximate solutions. Convergence is achieved by means
of a priori estimates and compactness arguments.

Our second result is the following regularity theorem for weak solutions.

Theorem 2. Under assumptions (4)-(6), any weak solution u of the system
(1)-(3) s locally Hélder continuous.

The proof of Theorem 2 is based upon the use of intrinsic scaling, a powerful
technique in the framework of regularity theory for degenerate and singular
PDEs. Continuity results for weak solutions follow from a fine analysis of the
behaviour of their oscillation in a sequence of nested and shrinking cylinders,
namely showing that it converges to zero. When it is possible to determine
quantitatively how this happens a modulus of continuity is derived. Intrinsic
scaling amounts to analyze each equation in a geometrical framework related
to its structure, in the sense that the iteration process just described must
be developed in cylinders whose dimensions have to be rescaled according
to the degeneracies of the PDE. This will reflect the fact that the diffusion
processes in the equation evolve in a time scale determined instant by instant
by the solution itself, so that, loosely speaking, it can be regarded as the heat
equation in its own intrinsic time-configuration. For a modern account of the
theory and related matters, see the updated survey [7]; recent applications
in the context of the modelling of phase transitions or the porous media
equation with variable exponent of nonlinearity are to be found in [8] and
9], respectively.

The same type of two-sided degeneracy treated here occurs in a model
for the flow of two immiscible fluids in a porous medium (cf. [1] and the
references therein). The results obtained build upon the analysis developed
in [26] for this model, where it is shown that weak solutions are locally Holder
continuous if a(-) decays like a power at both degeneracies. The novelty in
this work is the additional lower-order term div (yu f(u)Vv). It is shown that
this term satisfies the appropriate growth conditions due to its special form
and the available regularity for v.

We have not been able to prove uniqueness for our model because of the
presence of a nonlinear degenerate diffusion term and a nonlinear transport
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term. For their one-point degenerate model, Laurencot and Wrzosek over-
come this kind of difficulty in [20] by imposing the following condition:

(f(u) +uf'(u))?* < Cya(u), Yu >0, for some constant Cy > 0. (8)

In this case, uniqueness can be proved using a duality approach. As already
mentioned, in [20] the diffusion term a vanishes only at the threshold value
u = 1, and typical examples of a and f are

a(s) = (1 —s)" and f(s) = s(1 —s)™,

form > 14 n/2 and m > 2.

A successful technique for proving uniqueness of (entropy weak) solutions
to degenerate parabolic equations is based on Kruzkov’s method [23] for
obtaining the L! contraction property of scalar conservation laws, see Carrillo
[5] and also [14, 3]. Related to this approach we want to mention that in [4]
the authors prove, among other things, a uniqueness result for a degenerate
parabolic-elliptic system set in an unbounded domain. The method used in
[4], which relies on a continuous dependence estimate from [14], does not
apply to our problem, because it is difficult to bound Av in L*(Qr) due to
the parabolic nature of the v-equation in (1)-(3).

The plan of the paper is as follows: in Section 2 we prove existence of solu-
tions to the non-degenerate problem; the main results are proved in Section
3 (Theorem 1) and Section 4 (Theorem 2).

2. Existence of solutions for the non-degenerate problem

In this section we prove, for each fixed ¢ > 0, the existence of solutions
to the non-degenerate problem (7), by applying the Schauder fixed-point
theorem. For this purpose, we introduce the following closed subset of the
Banach space L*(Qr):

K={uecL*Qr) : 0<u(z,t) <1, for ae. (z,t) € Qr}.

In this section, we omit the dependence of the solutions on the parameter €.

2.1. Weak solution to the non-degenerate problem. With u € K fixed,
let v be the unique solution of the parabolic problem

O — dAv = g(u,v), in Qr,

? =0on Xp, v(x,0)=wvy(x) for z € Q. (9)
n
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Given the function v, let u be the unique solution of the quasilinear parabolic
problem
Oyu — div (a.(u)Vu — xuf(u)Vu) =0, in Qr
ou (10)
ag(u)a— =0on Xp, u(z,0)=uy(x) for x € Q.
Ui
In (9) - (10), vy and ug are functions satisfying the hypothesis of Theorem 1.
Note that for any fixed @ € KC, problem (9) is uniformly parabolic, so we
have immediately the following lemma (see [18]).

Lemma 1. If vy € L*(Q), then (9) has a unique solution v € L>®(Qr) N
LP(0, T; W2P(Q)) N C(0,T; L*(Q)), for all p > 1, satisfying in particular

HUHLoo(QT) + HUHLoo(O,T;LQ(Q)) =C,

HUHLZ‘(O,T;Hl(Q)) <C, (11)
HatUHLQ(QT) <C,

where C' > 0 is a constant which depends only on ||vl ), @, B, and
meas(Qr).

Regarding the quasilinear problem (10) we have the following lemma (see
[18]):

Lemma 2. If ug € L>(Q)), then, for any € > 0, there exists a unique weak
solution u € L>(Qr) N L*(0,T; H(Q)) to problem (10).

We establish in the next subsection a fixed-point theorem for (9)-(10) by
introducing a map © : K — K such that ©(u@) = u, where u solves (10), i.e.,
© is the solution operator of (10) associated with the coefficient @ and the
solution v coming from (9).

2.2. The fixed-point method. By using the Schauder fixed-point theorem,
we prove that the map © has a fixed point. First, let us show that O is a
continuous mapping. Let (u,), be a sequence in L and @ € K be such that
U, — U in L?(Q7) as n — oo. Define u,, = O(u,), i.e., u, is the solution of
(10) associated with @, and the solution v, of (9). The objective is to show
that u,, converges to ©(u) in L*(Qr). We start with the following lemma:

Lemma 3. The solutions u, to problem (10) satisfy

(i) 0 < wup(z,t) <1, for ae. (z,t) € Qr.
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(ii) The sequence (uy), s bounded in L*(0,T; H*(2)) N L>(0,T; L*(%2)).
(iii) The sequence (uy), is relatively compact in L*(Q7).

Proof: (i) We introduce the function h(s) = sf(s), for s € R, and choose a
Lipschitz continuous extension h of h satisfying

h(s) = sf(s)if 0 <s <1, h(s)=h(0) =0if s <0,

and h(s) = h(1) =0if s > 1.
We then replace the equation in (10) by
Oy, — div (az () Vi, — xh(u,)Vo,) = 0, in Qr. (12)

Multiplying (12) by —u,, = “"_TW”' and integrating over (2, we get

/ |u ’ dx + / a:(u,)Vu, - Vu, de = X/ h(u,) Vo, - Vu, dz.
2dt Q

Since h(s) = 0 for s < 0 and according to the positivity of the second term
of the left-hand side, we obtain

2dt/|u 2 dz < 0.

Next, we multiply (12) by (u, * and integrate over ). The result is
/ | (u, — 1)* *dx + / ac(up)Viu, — 1)7 - V(u, — 1) dzx
2dt
i (13)
= X/ h(“n)vvn ) V(un - 1)+ de.
Q

Since h(s) = 0 for s > 1, we obtain from (13)

4 (un—1)+2d:z:§0.
dt Jq

Using that up < 1 in €2, we conclude from this u,(¢,-) < 1 in Q for all
t e (0,7).
(ii) We multiply the equation (12) by wu, and integrate over {2 to obtain

/\un| dx—l—/ag(un)wun| dx = /unf(un)an-Vundx. (14)
2dt )
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An integration by parts, exploiting the zero Neumann boundary condition
for v and the boundedness of u, reveals that the right-hand side is bounded
independently of n, so that

o 1, n d n dS )
th/Q’u| x—|—5/9|Vu\ xr<C

for some constant C' independent of n. This completes the proof of (ii).

Finally, (iii) is a consequence of (ii) and the uniform boundedness of (0yuy, )y,
in L2(0,T; (HY(Q))). u

The following lemma contains a classical result (see [18]).

Lemma 4. There erists a function v € L*(0,T; H'(Q)) such that the se-
quence (vy), converges strongly to v in L*(0,T; H1(2)).

Summarizing our findings so far, from Lemmata 2, 3 and 4, there exist
functions u,v € L?(0,T; H'(Q)) such that, up to extracting subsequences if
necessary,

u, — u in L*(Qr) strongly, v, — v in L*(0,T; H'(Q)) strongly,

and from this the continuity of © on K follows.
We observe that, from Lemma 3, ©(K) is bounded in the set

W ={ue L*0,T;H'()) : ue L*0,T;(H'(Q))}. (15)

By the results of [25], W — L?*(Qr) is compact, thus © is compact. Now, by
the Schauder fixed point theorem, the operator © has a fixed point u. such
that ©(u.) = u.. This implies that there exists a solution (u.,v.) of

T
/ (Opue, ) dt + // ac(us)Vu. - Vo dz dt
0 T

(16)
— // XUe f(u:) Vo - Vo dr dt =0,

/ O dx dt + // dVv. - Vipdzdt = // g(ue,vo)dxdt, (17)
QT T T
for all @, € L*(0,T; H(R)).
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3. Existence of weak solutions

We have shown in Section 2 that the non-degenerate problem (7) admits
a solution (u.,v.). The goal in this section is to send the regularization
parameter € to zero in sequences of such solutions to obtain weak solutions
of the original system (1)-(3). Note that, for each fixed ¢ > 0, we have shown
the existence of a solution (u.,v.) to (7) such that

0<ucx,t) <1 and 0<o(x,t), (18)

for a.e. (z,t) € Qr.
First, using the second equation of (7) and (18), it is easy to see that the
first two estimates of (11) are independent of ¢:

Vel L 0p) + 102l e 0 2002 < O
[Vell 20,731 () < C
where C' > 0 is a constant not depending on €.
Note that, from (18) and (19), the right-hand side of the second equation in

the system (7) is bounded. Therefore, from classical results on L” regularity,
we have

(19)

100l Loy + 102l oo 7r2(02)) < € L<p<oo,

where C' > 0 is a constant independent of g.
Let A.(s) = A( ) +es and A(s) = [ A(r)dr. Taking ¢ = A.(u.) as a test
function in (16), we obtain

sup /.Aug )(z, 1) d:c+// |VAuE dz dt
0<t<T T

elz,t
_i_gsup/‘udea:—l—s// V. |* dedt < C,

0<t<T JQ

(20)

for some constant C' > 0 independent of ¢, where we have used (19) and the

uniform L*° bound on u,..
Let o € L?(0,T; H(Q)). Using the weak formulation (16), (19), and (20),
we obtain

T
/ <atu67 §0> dt|
0
<NV A | 290 IV 22000y + IIVE Ve 2o, 1V 1200

+ X ||Uaf(us)”Loo(QT) HVUEHLQ(QT) HVSOHB(QT) <C HSOHLz(o,T;Hl(Q)) ;

(21)
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for some constant C' > 0 independent of . From this we deduce the bound

10ue | 20 7m0 0y < € (22)

Therefore, by (19) and (20)-(22) and standard compactness results (see [25])
we can extract subsequences, which we do not relabel, such that, as ¢ goes
to 0,

u: — w and v. — v weakly-* in L>(Qr),

A(ue) — Ty weakly in L*(0,T; HY(Q)),

Veu. — 0 weakly in L2(0,T; HY(Q2)),

v. — v weakly in L%(0,T; H'(Q)),

Opu. — Oyu weakly in L2(0,T; (HY(2))"),
| 0w — Jyv weakly in L*(Qr).

From the compact embedding L>(Q) c (H*(2))" and according to Corollary
4 of [25]), we also have that u. is a Cauchy sequence in C'(0,T; (H'(Q))).

It is easy to see that A(u.) is uniformly bounded in W, where W is defined
in (15). Then, from the compact imbedding W C L*(Qr) we deduce that
there exists a subsequence of u. such that

A(u.) — Ty strongly in L*(Qr).
But as A is monotone, we have A(u) = I'y (see [21]). Thus,
A(u.) — A(u) strongly in L*(Qr) and a.e. in Q7.

Furthermore, as A~! is well-defined and continuous, we apply the dominated
convergence theorem to u. = A7 (A(u.)) to obtain

(23)

u. — u strongly in L*(Qr) and a.e. in Q7.
With this and the weak-* convergence of u. to u in L*(Qr), we obtain
ue. — u strongly in LP(Qr) for 1 < p < oc.

Similarly, v. — v strongly in LP(Qr) for 1 < p < oc.
To pass to the limit in (16) as ¢ — 0, we need the following lemma.

Lemma 5. The sequence (v.). converges strongly to v in L*(0,T; H*(S)).

Proof: Subtracting the relations satisfied by (u.,v.) and (u,v), we have

{ O(ve —v) — d(Av. — Av) = g(ue, v:) — g(u,v) in Qr,

%1;75 :g_z:()on Yr, (ve—v)(z,0) =0, for x € Q.

(24)
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Taking v. — v as test function in the equation (24) to deduce

/\vg vl dm+d/\V — )| dx
-/ (g<ug, ve) = gl 0)) (0 — 0) o

Now using the definition of g and Young’s inequality, we deduce from (25)

d
—/ v — o d:c+d/ V(v. — o) da

(25)

. N (26)
< —/ e — ul® dz + (—+ﬁ>/|v€—v\2 dx.
2 2
Integrating the inequality (26) over (0,7) we obtain
// ve —0)|? dedt < = // . —ul? dadt
' (27)

——i—ﬁ // v — v|® dadt.
2 Qr

Finally using the strong convergence in L?*(Qr) of u. and v. to u and v,
respectively, we deduce from (27) the strong convergence of the sequence
(Vve)e to Vo in L?(Q7). This completes the proof. |

With the above convergences we are ready to identify the limit (u,v) as
a (weak) solution of (1)-(2). Let ¢ € L*(0,T; H'(2)) be a test function in
(16). By (23) it is clear that as e — 0

T T
/ (Opue, ) dt — / (Oru, ) dt
0 0
// a-(u:)Vu, - Vgodxdtﬁ// w)Vu - Vo dzdt.

Since h(u.) = u.f(u:) is bounded in L*(Qr) (h is continuous), and, by
Lemma 5, v. — v in L?(0,T; H(Q)), we also have that, as ¢ — 0,

and

// Xue f(u: )V, - Vo dr dt — // xuf(u)Vo - Vedzdt,
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We have thus identified u as the first component of a solution of (1)-(2).
Along the same lines, we would identify v as the second component of a
solution.

4. Holder continuity of weak solutions

We will concentrate our attention on the interior regularity of u; the re-
gularity of v follows from the classical theory of parabolic PDEs. The re-
sults extend to the parabolic boundary through standard adaptations of the
method [6, 7].

Recalling the definition of the Steklov average of a function w € L(Qr)

1 [tth
—/ w(-,7)dr if t€ (0,7 — h]
t

wy =4 N , 0<h<T,

0 if te(T—hT)

the definition of local weak solution for u can be cast in the following formu-
lation, which is technically more convenient and involves the discrete time
derivative:

for every subset K of (),

/K " {&:(uh) ® + [CL(U)Vu]h -V —x [uf(u)]h \WIR th} dv =0, (28)
for all ¢ € HY(K) and 0 < ¢t < T — h.

Here, v is treated as a given function in its existence class so all the terms in
the above expression have a meaning.

4.1. The intrinsic geometry. We study the regularity at the origin (0, 0),
that we assume to be contained in Q7. The result will hold, by translation,
for any point (x,) in the interior of Q7. Given a point zg € RY, B,(z)
denotes the N-dimensional ball with centre at xy and radius p:

By(z9) = {z e R" : [z —xo| < p} ;

given a point (z,ty) € RY¥*!, the cylinder of radius p and height 7 > 0, with
vertex at (xg, tg), is

(zo, to) + Q(T, p) == By(xo) X (to — 7, 10) -
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We start with the description of the appropriate geometric setting. Consi-
der a small positive number ¢ > 0 and R > 0 such that Q((2R)*™,2R) C Qr
and define

p— = essinf w ; puy:= esssup w ; wW:i= €SS O0SC U= fip — [ .
Q((2R)*7°2R) Q((2R)*“2R) Q((2R)*™°2R)

Construct the cylinder
QURYR) . with 07 =¢ (52 |

where the number m will be chosen large later in the proof, independently of
w. We can take, if need be, u, =1 and pu_ = 0, since the other possibilities

are clearly more favorable.
We may assume that Q(6R? R) C Q((2R)* ¢, 2R), which means that

—0R*> —(2R)*° & 6! >2%R°. (29)

If this does not hold then we have ¢, (2%) < C'R¢, and then the oscillation
would go to zero with R and there would be nothing to prove. We then have
the relation

ess 0s¢ U < w (30)
Q(0R*,R)

which will be the starting point of the iteration process leading to the result.

Note that we had to consider the cylinder Q((2R)?~¢, 2R) and assume (29),
so that (30) would hold for the rescaled cylinder Q(0R?, R). This is in general
not true for a given cylinder since its dimensions would have to be intrinsically
defined in terms of the essential oscillation of the function within it. Observe
also that when the oscillation w is small, and for m very large, then the
cylinder Q(0R?, R) is very long in the ¢ direction. It is this feature that
will allow us to accommodate the two degeneracies in the problem. We will
also assume, without loss of generality, that w < ¢, where § is the number
introduced in (6).

We now consider subcylinders of Q(0R?, R) of the form

2

¢2(7)

ZE(O,t*)+Q< R) ., with t"<0.
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They are contained in Q(OR? R) if R* > —t*+ﬁi), which holds if ¢ (55) <
¢2(%) and t* is chosen such that

re (@1?; - asf;%)’o) ' (31)

The result follows from the analysis of an alternative: either there exists a
cylinder of the type Q% where u is essentially away from its infimum or such
a cylinder can not be found. If the former holds then going down to a smaller
cylinder the oscillation decreases by a small factor that we can exhibit and
that does not depend on the oscillation. In the latter situation then w is
essentially away from its supremum in all cylinders of that same type and we
can add up this information to reach the same conclusion as in the previous
case.

Throughout this section, the letter C' denotes a constant that depends only
on the data. The same C' will be used to denote different constants.

4.2. The alternative. Assume that, for a constant vy € (0, 1), that will be
determined depending only on the data, there exists a cylinder of the type

Qg for which

’{(Jf,t)EQg : u(x’t)>1_g})§1/0 1

We start by showing that if (32) holds then u is away from the degeneracy
at 1 in a smaller cylinder of the same type. The next lemma specifies what
this means.

(32)

Lemma 6. There exists a constant vy € (0, 1), depending only on the data,
such that if (32) holds then

u(z,t) <1— % ae. (r,t)€Qh .
2

Proof: Let u, = min{u, 1 —%}. Take the cylinder for which (32) holds, define

R R
iy, = 5 + on+1 7
and construct the family of nested and shrinking cylinders

t. = Bp x (t* R — ,t*) .
fin fin P2(%)

n=20,1,...,
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Consider piecewise smooth cutoff functions 0 < &, < 1, defined in these
cylinders, and satisfying the following set of assumptions

& =1 in an+1 . &, =0 on 8pan

22(n+1) on+1 ¢2( )
AE,| < ; Vé,| < s 0< 98, <M A
MGl < IVEl< 0 <
where 0, stands for the parabolic boundary, and let
w w
k”:1_1_2n+2’ n=0,1,....
Choose as test function in (28) ¢ = [(uw)n — k), & and integrate in time
over <t* — R—%,,t) for t € (t* — Rz ,t*) with K = Bpg . To simplify the
¢2(4) ¢2(4) n
notation, we put
R2
Tn = t* - Z )
¢2(%)

and omit, from here on, dr and dt in all integrals.

We start with the lower order term since it encompasses the main novelty
with respect to [26]. After passing to the limit in A, using the convergence
properties of the Steklov average and Young’s inequality, we obtain

t
Y / / wf (W) Vo - {EV (g — k) + 2t — ko)1 €aVE
Tn BRn

%gb? (%) /:/BR 6V (1 = k) + 2@ 262 (3 // VX (k)

w201 [ [ 1901960 (%) X
Br,

since (w, — ky)+ < ¢, and defining M := ||xuf(u)||p~(q,) Using again

Young’s inequality, we arrive at

wy [° 2, M? + 2M
Z> /Tn /BRn 16V (U — k) |” + 20 (2 / / VU X >}
22(n+1) WA 2 W t
M= (3) 2 (3) / /B ozt

IA
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We conclude with the bound

t t 1-2
[ [ 9oy < 190 { [ |40 do}

where A/ . (o) := {x € Bg, : u(x,0) > k,} and p is chosen sufficiently
large. This is possible since v € L? (0, T; W1(Q)), for all ¢ > 1.

The other terms are treated as in [26]; we repeat the main calculations here
for the sake of completeness. The first term gives

50 /;/Bﬁ{au—u—zm>h}

Next, integrate by parts and let A — 0. We get

1 1
! / (uy — k)2 €2 — / (uy — E)? €2
2 BR X{t} 2 BRnX{Tn}

/T" /BR gnatsn (1 N % B kn> {/BRnx{t} u - %>]+ &
) /BRnxm} - %L g2 f [ 0= sast=w

Since the second and the fifth terms vanish, due to the fact that &, was chosen
such that it vanishes on the parabolic boundary of Qt*n, and the fourth term
is positive, we get, using the other assumptions on &,

(+) z% /B Rnx{t}(uw—kn)Qf ~ (%) 22 - / / Xfuzk,)
—2¢2< / /BR X{uz1-2} = (%) .

Observe that 1 — 71—k, < 5 and [ (1—¢ } < 7. Finally, remarking
that u >1—¢% i uw >k, We obtain

1 22n+1
2z [ ki ~ 362 (%) | Xtuzk
RnXt Rn,

[\
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Concerning the diffusion term, we first pass to the limit in h, obtaining

/T: /BRn (a(u)Vu), - V{{(uo)n — kal, &}

t
. / /B a(u)Vu - {E29 (uy — k)4 + 2, — k) 1£,VE,)

//B u) [€nV (1 = \+2/Tn/BR k)16, Vu-VE, = (%)

Next, we estlmate the second term:

2 [ e = V-V

< / /B )] (. = e 96,1 T = )
. //BR 6V {(/a@ds) }.m
O et L]
- / /. ( / a0 ds)+ (V&2 +&,A8,)

W t C 22 (n+1) ¢2 g
< Crepo (5)/ /B ‘gnv(uw - kn)+‘2 2 / / X{uw>kn}
Tn Rnp, Tn BR
W 22(n—|—1
+2 (Z) 22— R2 / / X{uw>kL} )

</uwa(s)ds) < ¢ (1—(1—%)) (1-(1-%)) |

Observing that V(u, — k)4 is only nonzero in the set {k, < u < 1 — ¢},
and that in this set

aw) = Gy a1 —u) 2 Codo (1= (1= 5)) =Gy (F)

since



ON A DEGENERATE CHEMOTAXIS MODEL 19

(Co — 1)ga(7)
Crga(%)

//B u) V- ¥ [, — k) 1£2] > 6 ( //B 6V — )

Cia(4)]” o | 204D sy [t
a {((Eo — 1)¢2](%) + 492 (Z)} & 4> / /BRn X{uu>kn} -

Now, putting the three estimates together, we arrive at

w r
€SS Sup / (uw - kn)i f?z + ¢2 (Z) / / ‘fnv(uw - kn)-&-‘Q
ma<t<t* JBp, x{t} . JBn,

<2 {( [019252(%)}2 + (7T+ M), G)} 2z %)Q/T: /BRn X {up>ky }

Co — 1)¢2(%)
M? + 2M 2 T
+——774wwmQT{/ Aa&w>w}
¢2 (Z) ( ) Tn ’ ‘

Next we perform a change in the time variable, putting ¢ = (¢ — t*)p2(¥),
and define

we conclude, choosing € = , that

u_w(,f) - uw('7t) and g_n(az) = gn('at) )
to obtain the simplified inequality

_ —2
H(“w — kn)+ SﬂHvQ (R2,R,,))

(g[S oS o

(M2 200Vl [0 (£)] A7

defining, for each n,
0
A, = / / ——
—R? JBg, -

Next, observe that the following estimates hold

1 W\ 2
s () Av < [t — Jal® Ay (34)
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— 2
< ||(ws — kn)+||2,Q(R$L+1,R,,,+1)

< H(u_w o kn)+§_nH2,Q R2 R,)

<O @ = k) sEall v o AN”

02 ¢2(£)]2 22(n+1) w 2 1+-2_
< 92C 1 2 7 M - An N+2
8 {(%1) [@(%) T TR (4)

2_9 1-2

+OOM? +2M) Vol 02 (T)] A0 7T

In fact, the first and the third inequalities are obvious; the second one holds
due to the fact that k, < k,.1; the fourth inequality is a consequence of a
well known imbedding theorem (see, e.g., corollary 3.1 on chapter I of [6])
and the last one follows from (33). Next, define the numbers

1/p
Xn — + ; Zn - AL )
|Q(Rz, Ry)| | Br, |

divide (34) by |Q(R2,,, Ry+1)| and obtain the recursive relation
Xpp1 <y 47" {XiJrN” + XﬁV“Zﬂﬁ'@} ., n=0,1,2,...

where Kk =p —3 > 0 and

@D o

A similar reasoning leads to

Zpit <4 { X, + 2™, n=0,1,2,...

T ereas (07w}

’y:CmaX{

=€ (o] E

We can now use a lemma on the fast geometric convergence of sequences (see
lemma 4.2 on chapter I of [6]) to conclude that if

lin =204k 2
X() +Z1+H (4")/) JGF 4 (92+) =1, 0 = mln{N—H,li} (35)

then
X, Z,— 0. (36)
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But (35) follows from the assumption (32) of the lemma and the conclusion
is a consequence of (36). In fact, observe that

R
RN 5 and  ky 1—%,
and since (36) implies that A,, — 0, we conclude that

{(x,%)eQ<(§)2,§> : w,%)zl—g}\
:H(x,t)EQg ; u(x,t)Zl—%H:O

and the lemma is proved.

It remains to show that 1y, i.e., 7, is independent of w, which is crucially
related to the fact that ¢, is a power. In fact, we have

P2(5) _ (f)m (%)pz — 9P
$2(7) 2 w
On the other hand, we can assume, without loss of generality, that

(2) (@) s

Otherwise, we would have w < CR®*, with a = 2N—’ﬂ’_
.. p+2pp2—2p2
would be trivial.

> 0, and the result

Our next aim is to show that the conclusion of Lemma 6 holds in a full
cylinder of the type Q(7, p). The idea is to use the fact that at the time level

- (5)°

—t =t —
¢ (1)
the function u(z) is strictly below the level 1 — ¢ in the ball Bz and look
at this time level as an initial condition to make the conclusion hold up to
t = 0, eventually shrinking the ball. Again this is a sophisticated way of

showing that somehow the equation behaves like the heat equation. As an
intermediate step we need the following lemma.

(37)

Lemma 7. Given v; € (0,1), there exists s; € IN, depending only on the
data, such that

HxEBf ; u(m,t)Zl—ingul ’Bff

281

, Vte (—t,0) .
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The proof uses logarithmic estimates and the differences with respect to
what is done in [26] are of the same nature as the ones described in the
previous lemma. For that reason it will be omitted as well as the proof of
the next result, that establishes the conclusion of the first alternative.

Proposition 1. There exist constants vy € (0,1) and 1 < sy € IN, depending
only on the data, such that if (32) holds then

w ~ R
u(z,t) <1— ol 0 06 (xz,t) € Q (t, §> .

Corollary 1. There exist constants vy, 00 € (0,1), depending only on the
data, such that if (32) holds then

ess osc u < 0 W . (38)
QtF)

Proof: We can use Proposition 1 to obtain s; € IN such that
W
251+1

esssup u < 1—
QEE)

and from this we get

1
ess osc u = ess sup u— ess inf v <1 — —0= <1 — ) w
Q5 QF.5) Q5 2ot 20t
and the corollary follows with oy = (1 — 557).
u

The conclusion of the second alternative is entirely similar, the analysis
being performed near the degeneracy at 0, and we refer the reader to [26]
for the details. The proof of Theorem 2 now follows from Corollary 1, and
its alternative counterpart, through the usual method (cf. [7]) of defining
recursively a sequence of nested and shrinking cylinders (), and a sequence
w, converging to zero such that

ess oscu < wy .

n

We stress that the Holder continuity is obtained since oy in Corollary 1 is
independent of the oscillation w.
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