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PROOF OF TWO CONJECTURES ON ASKEY-WILSON
POLYNOMIALS

K. CASTILLO AND D. MBOUNA

(Communicated by Mourad Ismail)

ABSTRACT. We give positive answer to two conjectures posed by M. E. H
Ismail in his monograph [Classical and quantum orthogonal polynomials in
one variable, Cambridge University Press, Cambridge, 2005]. These results
generalize the classical problems of Sonine and Hahn.

1. INTRODUCTION AND MAIN RESULT

Characterize sequences of polynomials that have certain additional properties
has produced some of the most useful theorems on orthogonal polynomials. Some
of these results have brought together well-known families of orthogonal polyno-
mials. For instance, the classical orthogonal polynomials of Jacobi, Laguerre and
Hermite (in a more general sense also Bessel) have several properties common to all
of them; particularly beautiful are those due to Al-Salam and Chihara, Bochner,
Sonine and Hahn, Maroni, and McCarthy, among others (see [4] and references
therein for a recent survey on the subject). But also the so-called characterization
theorems have given rise to new families. For example, Al-Salam-Chihara polyno-
mials were discovered via a characterization theorem [2] which gives positive answer
to a question raised by Karlin and Szegd in their monumental paper on determi-
nants whose elements are orthogonal polynomials [7]. The weight function for this
family was found by Askey and Ismail [3], who appropriately gave these polynomi-
als their current name. The book chapter [I] and the books [15] and [§] are devoted
to characterization theorem. The most interesting problems and conjectures on the
subject were collected by Ismail in his monograph on Orthogonal Polynomials and
Special Functions published in 2005 and revised in 2009, see [13] Section 24.7]. This
note deals with two of these conjectures (see Conjecture [[I] and Conjecture [L.2))
that extends, for Askey-Wilson operator, the classical problem of Sonine [16] and
Hahn [5[6] (see also, for instance, [10], [11], [9] and [12]): The only orthogonal poly-
nomials whose derivatives are also orthogonal are Jacobi, Laguerre, and Hermite
(in a more general sense also Bessel) polynomials and special cases of them.
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The Askey-Wilson divided difference operator is defined by
B Do) = LA T
é(q'/?z) — é(q="/?2)

where f(z) = f((z4+1/2)/2) = f(cos#) for each polynomial f and e(z) = z. Here
0 < ¢ <1 and 6 is not necessarily a real number (see [13, p. 300]). Hereafter, we
denote z(s) = (¢* +¢~%)/2 with 0 < ¢ < 1. Taking e = ¢* in (), D, reads

D, f(als)) = (ﬁ:f?) — ;5)) '

Set DY) f = f and D} = D,, and define D = Dy (DE~1) for cach k =1,2,....

Conjecture 1.1. [I3| Conjecture 24.7.10] If (pn)n>0 and (Dypn)n>o0, or the lat-
ter with a limiting case of Dy, are two sequences of orthogonal polynomials, then
(Pn)n>0 are multiples of the Askey-Wilson polynomials, or special or limiting cases
of them.

Conjecture 1.2. [I3, Conjecture 24.7.11] If (pn)n>0 and (DEppir)nzo, or the
latter with a limiting case of Dy, are two sequences of orthogonal polynomials for
somek, k=1,2,..., then (pp)n>0 are multiples of the Askey-Wilson polynomials,
or special or limiting cases of them.

Define the average operator A, by
fla(s+3)) + flz(s — 3))

Agf(a(s)) = .

for every polynomial f. In 2003, Ismail proved the following result (see [13, Theorem
20.1.3]):

Theorem 1.1. A second order operator equation of the form

(2) F(@)Dgy + g(x)AgDyy + h(z) y = Any

has a polynomial solution y,(x) of exact degree n for each n =0,1,..., if and only

if yn(x) is a multiple of the Askey- Wilson polynomials, or special or limiting cases
of them. In all these cases f, g, h, and A\, reduce to

f@) = =g 22(1 + 04)a® — (01 + 03)x — L+ 02 — 04),
g(z) = 1——(1(2(04 — Dz +o01—03), h(z)=0,
49(1 —¢~™)(1 = 0ug" )

(1—-q)? ’

or a special or limiting case of it, o; being the jth elementary symmetric function
of the Askey-Wilson parameters.

A =

Virtually the above conjectures are summed up in one if we are able to prove
Conjecture To do this, we prove that the sequences of polynomials appearing
in Conjecture satisfy, for each k, a second order operator equation of the form
@). The important point to note here is that this argument would not lead to a
satisfactory conclusion if we were not looking for the whole space of “Askey-Wilson
polynomials, or special or limiting cases of them”.
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Theorem 1.2. If (pp)n>0 and (Dgpn+k)n20, or the latter with a limiting case of
D,, are two sequences of orthogonal polynomials for some k, k =1,2,..., then, for
each k, (D§71Pn+k—1)n20 are multiples of the Askey-Wilson polynomials, or special
or limiting cases of them.

Fix k, k = 1,2,.... It is easily seen that (pn)n>0 is a sequence of orthogonal
polynomials satisfying
m

(3) (@) DEpu(@) = 3 e puss(@), o # 0,
j=—-m

for a polynomial 7 of degree at most 2k which does not depend on n, if and only if
(Pn)n>o and (Dgpn-i-k)nzo are sequences of orthogonal polynomials. Now, we can
apply Theorem [[.2] to conclude that for each k, k =1,2,..., (’ij_lanrk,l)nzo are
multiples of the Askey-Wilson polynomials, or special or limiting cases of them.
In particular, taking ¥ = 2 and m = 2 in ([B]), we have the main result proved in
[I4]: (pn)n>o are multiples of the Askey- Wilson polynomials, or special or limiting
cases of them. Neither in this work nor in [I4] was possible to exclude the “limiting
cases” in the last statement. If so, we would have positive answer to a particular
case of another conjecture posed by Ismail (see [13, Conjecture 24.7.9]). However
this has not been possible and this problem is still open in its full generality.

2. PROOF OF THEOREM

The following properties are well known:
Dy(fg) = (Dgf)(Aqg) + (Agf)(Dyg),
Aqy(f9) = U2(Dyf)(Dyg) + (Agf)(Ag9),
AZf = aUsDLf + Ut ADy f + f,

DyAyf = aADyf + UiDLf,

for polynomials f and g, where Uy(z) = (a? — 1)z, Us(z) = (a® — 1)(2% — 1), and
200 = ¢*/? + ¢=1/2. We leave it to the reader to verify by induction that
gk /2 4 g/

Dg(wf (@) = 1ALy~ () + =

I'DZ;f(:L').

where

k/2 _  —k/2

v = - =aqa
g2 —q-1/2

Set P,[lk] = 'yn!/'yn+k!D§Pn+k, and so P,[Lk] = 'yrleqPr{ﬁ_ll]. Since (P,)n>0 and

(Py[Lk])nzo, for a certain fixed k, are sequences of (monic) orthogonal polynomials,
any three consecutive elements of these sequences satisfy

(4) 2Py k(%) = Poypy1 (%) + Bryr Pogr(2) + Cryk Pryr—1(z),

k k k k k
(5) xpy[l—]1($) = Pv[zk] (z) + Bv[ll1py[l—]1($) + Cr[Ll1P[—]2($)7
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with Cp4x # 0 and Cr[ﬂl # 0. We apply D(’; to (@) to get

k/2 o k)2

(6) Ag P (2) Dy P ()

— Tntbp P (@) + Buyr 1Dy P () + Coik1DPE ().

Yn+1 Yn+k—1

From () we have

(1) —aD, Pl ()
Tn
1 L k] [k—1]
_ c™ p,PF Y(g).
Yn+1 Tn—1 1 ! ( )

We now apply A, to (@) and () and, by combining the resulting equations, we can

eliminate AquPyC:ll] (x), and obtain the equation

D, P ) + LB D P (a) +
Tn

() Du()AD P (@) + BaUa(@) DRI H() + O P )

k—1
= FnAquPr[z-H ](95)’

where
(k+1)/2 4 ~(k+1)/2
D, (z)= (q +a oM - e Cn-i—k—l) r— Byk1Ch
2 Yn—1 Yn+k—1 n—1
1
+ 7B£Lkllcn+k—l7
Tn+k—1
1
B, = Ztiol Crsimts
TYn—1 Yn+k—1
F, = %;kcy[ﬂl _ 77”Cn+k71_
Tn+1Yn—1 Tn4+1Vn+k—1
Similarly, we can eliminate Aq’DqPr[ffll] (x), and shift n to n + 1 to obtain the
equation
~ k—1 ~ k—1 Tk k—1
(9) Du(@) APy Py (w) = EnUa() Dy P (@) = 2 PN (@)
= n+1~AquP7[Lk71](x)v
where
_ k/2 o k)2
oD () = q’"+q In_,. 4 Boop — Vntk+1 BLk]v
2 Tnt1 Tnt1
E - YnVk

" FYn+1’Yn+2.
We now apply D, to (@) and (7) and, by combining the resulting equations, we can

eliminate Dank:ll] (x), and obtain the equation

(10) D, (2)D2PF Y (z) + E, A, D P V(z) = F,D2P¥ Y (x).
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Similarly, we can eliminate 'D(?Pr[ffll] (z), and shift n to n+1 to obtain the equation
(11) Dy (2)D2P M (2) = BnAgDy P () = Fra D2PIF Y ().
Note that if A, P (2(s1)) = 0 we have P¥(z(s; + 1/2)) = —PH(2(s) — 1/2)).
Suppose that DqP,[Lk] (z(s1)) =0. So

PM(a(s1 +1/2)) = P (a(s1 - 1/2)) =0,

which is impossible. Thus DquC] (z) and .AqP,[lk] () have no common zeros. After

shifting n to n — 1 in (), to obtain a contradiction, suppose that F,, =0, i.e.
Dy_1(2)DPF(2) = E,_1 A,PF ().

Since DqP,[Lk] () and AqR[lk] () have no common zeros, we have E,_; = 0, which

is impossible. (We can also conclude that Fj,11 # 0.) Multiplying () by F,, and

using (I0) and (&), we get

(12)  fu(@)D2PE (@) 4 go(2) A, D, PF () + %Encﬁﬂﬁ*} (x) =0,

where

fa(z) = EnE, Uy — Dy (2) Dy () + Fry s,

gn(z) = E,Dy(z) — E, Dy ().

We next claim that there exist nonzero numbers 7, and two polynomials f(x) and
g(z) of degree at most two and one, respectively, not simultaneously zero, such that

fn(ﬂ?):Tnf(.T), gn(l')z’l“ng(l‘).

Indeed, multiplying (IQ) by F,,+1 and {II) by D, (z), we can eliminate DZP,[Zk_l] (z),
and obtain, using (@) and shifting n to n — 1, the equation

(13)  fa1(2)D P (@) + gna (2) Ay Dy P () + j’“lEmPyﬁ’“*” (z) =0.
n+

(If D,,(z) = 0, we combine directly (I0) and (@) to obtain (I3).) Suppose that
E, 1 =0, iec.

Fa1 @)Dy P () = —gna (@) AP ().
Since DqP,[Lk_]l(x) and AqP,[Lk_]l(:z:) have no common zeros, we have f,_1(x) =
gn—1(z) = 0, which is imposible according to (I2)) after shifting n to n — 1. Thus,
by combining (I2)) and (I3]), we can eliminate plFt (z), and obtain the equation

n En
(fn(w) — il —c,hkllfm(x)) D, P (z)
TYn—1 En—l

n En
= - (gn(:ﬂ) — Dot —Cﬁk]19n1($)> AP ().
Tn—1 En—l

Again, since Dqu[lk] () and .AqPJIk] () have no common zeros, the desired conclusion
follows. This allows us to rewrite (I2]) as

(14) F@)DIPF V(@) + g(2) A Dy P (@) + A P H(x) = 0,
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1660 K. CASTILLO AND D. MBOUNA

where f(z) and g(z) are polynomials of degree at most two and one, respectively, not
simultaneously zero, and A, = v/ (rnyn,l)EnC’[k] # 0. Thus, by Theorem [1]

n—1
(P,[Lk_l})nzo are multiples of the Askey-Wilson polynomials, or special or limiting
cases of them. Since now (P,)n>0 and (Pr[lk_u)nzo are two sequences of orthogonal
polynomials, repeating the previous argument we conclude, for each j = k—2,...,0,
that (Pr[tj ] Jn>0 are multiples of the Askey-Wilson polynomials, or special or limiting
cases of them. The rest of the proof is trivial.

ACKNOWLEDGEMENT

The authors thank Professor T. H. Koornwinder for helpful discussions and com-
ments.

REFERENCES

[1] W. A. Al-Salam, Characterization theorems for orthogonal polynomials, Orthogonal polyno-
mials (Columbus, OH, 1989), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci., vol. 294, Kluwer
Acad. Publ., Dordrecht, 1990, pp. 1-24, DOI 10.1007/978-94-009-0501-6_1. MR 1100286

[2] W. A. Al-Salam and T. S. Chihara, Convolutions of orthonormal polynomials, STAM J. Math.
Anal. 7 (1976), no. 1, 16-28, DOI 10.1137/0507003. MR399537

[3] Richard Askey and Mourad Ismail, Recurrence relations, continued fractions, and orthogonal
polynomials, Mem. Amer. Math. Soc. 49 (1984), no. 300, iv4+108, DOI 10.1090/memo/0300.
MR743545

[4] K. Castillo and J. Petronilho, Classical orthogonal polynomials revisited, larXiv:2110.00401
[math.CA], 2021.

[5] Wolfgang Hahn, Uber héhere Ableitungen von Orthogonalpolynomen (German), Math. Z. 43
(1938), no. 1, 101, DOI 10.1007/BF01181087. MR1545716

[6] Wolfgang Hahn, Uber die Jacobischen Polynome und zwei verwandte Polynomklassen
(German), Math. Z. 39 (1935), no. 1, 634-638, DOI 10.1007/BF01201380. MR1545524

[7] S. Karlin and G. Szegd, On certain determinants whose elements are orthogonal polynomials,
J. Analyse Math. 8 (1960/61), 1-157, DOI 10.1007/BF02786848. MR 142972

[8] Roelof Koekoek, Peter A. Lesky, and René F. Swarttouw, Hypergeometric orthogonal polyno-
mials and their g-analogues, Springer Monographs in Mathematics, Springer-Verlag, Berlin,
2010. With a foreword by Tom H. Koornwinder, DOI 10.1007/978-3-642-05014-5. MR2656096

[9] H. L. Krall and I. M. Sheffer, On pairs of related orthogonal polynomial sets, Math. Z. 86
(1965), 425-450, DOI 10.1007/BF01110813. MR201701

[10] H. L. Krall, On derivatives of orthogonal polynomials, Bull. Amer. Math. Soc. 42 (1936),
no. 6, 423-428, DOI 10.1090/S0002-9904-1936-06323-8. MR1563314

[11] H. L. Krall, On higher derivatives of orthogonal polynomials, Bull. Amer. Math. Soc. 42
(1936), no. 12, 867-870, DOI 10.1090/S0002-9904-1936-06451-7. MR 1563455

[12] Kil H. Kwon and Lance L. Littlejohn, Classification of classical orthogonal polynomials, J.
Korean Math. Soc. 34 (1997), no. 4, 973-1008. MR1485963

[13] Mourad E. H. Ismail, Classical and quantum orthogonal polynomsials in one variable, Encyclo-
pedia of Mathematics and its Applications, vol. 98, Cambridge University Press, Cambridge,
2005. With two chapters by Walter Van Assche; With a foreword by Richard A. Askey, DOI
10.1017/CB09781107325982. MR2191786

[14] Maurice Kenfack Nangho and Kerstin Jordaan, A characterization of Askey-Wilson poly-
nomials, Proc. Amer. Math. Soc. 147 (2019), no. 6, 2465-2480, DOI 10.1090/proc/14317.
MR3951425

[15] P. Lesky, Fine Charakterisierung der klassischen kontinuierlichen, diskreten und g¢-
Orthogonalpolynome, Shaker, Aachen, 2005.

[16] N. Ja Sonine, Uber die angendherte Berechnung der bestimmten Integrale und tber die dabei
vorkommenden ganzen Functionen, Warsaw Univ. Izv 18 (1887), 1-76.

Licensed to Universidad De Coimbra. Prepared on Thu Feb 29 05:43:41 EST 2024 for download from IP 193.137.201.233.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=1100286
https://www.ams.org/mathscinet-getitem?mr=399537
https://www.ams.org/mathscinet-getitem?mr=743545
https://arxiv.org/abs/2110.00401
https://www.ams.org/mathscinet-getitem?mr=1545716
https://www.ams.org/mathscinet-getitem?mr=1545524
https://www.ams.org/mathscinet-getitem?mr=142972
https://www.ams.org/mathscinet-getitem?mr=2656096
https://www.ams.org/mathscinet-getitem?mr=201701
https://www.ams.org/mathscinet-getitem?mr=1563314
https://www.ams.org/mathscinet-getitem?mr=1563455
https://www.ams.org/mathscinet-getitem?mr=1485963
https://www.ams.org/mathscinet-getitem?mr=2191786
https://www.ams.org/mathscinet-getitem?mr=3951425

PROOF OF TWO CONJECTURES ON ASKEY-WILSON POLYNOMIALS 1661

DEPARTMENT OF MATHEMATICS, CMUC, UNIVERSITY OF COIMBRA, 3001-501 COIMBRA, POR-
TUGAL
Email address:  kenier@mat.uc.pt

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALMERIA, ALMERIA, SPAIN
Email address: mbouna@ual.es

Licensed to Universidad De Coimbra. Prepared on Thu Feb 29 05:43:41 EST 2024 for download from IP 193.137.201.233.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



	1. Introduction and main result
	2. Proof of Theorem 1.2
	Acknowledgement
	References

