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THE N-MEMBRANES PROBLEM FOR QUASILINEAR
DEGENERATE SYSTEMS

ASSIS AZEVEDO, JOSE-FRANCISCO RODRIGUES AND LISA SANTOS

ABSTRACT: We study the regularity of the solution of the variational inequal-
ity for the problem of N-membranes in equilibrium with a degenerate operator
of p-Laplacian type, 1 < p < oo, for which we obtain the corresponding Lewy-
Stampacchia inequalities. By considering the problem as a system coupled through
the characteristic functions of the sets where at least two membranes are in contact,
we analyze the stability of the coincidence sets.

1. Introduction

In an open bounded subset 2 of R?, d > 1, we consider the quasi-linear
operator

Av ==V - a(z, Vo) in 2'(Q),

where a : Q@ x R? — R? is a Carathéodory function, and the following
variational inequality for the N-membranes problem

N N
(ug, ..., uy) EKNZZ/QCL(J},VUZ')'V(%—UZ') > Z/sz(vz—ul), (1)

V(Ul,...,’UN) e Ky.

Here we shall consider the convex subset Ky of the Sobolev space [W!'?(Q)] N,
1 < p < 00, defined by

Ky = {(vr.on) € [72@)]" 0> 2oy, o e in @ 2)

Vi — i € WHP(Q), i = 1,...,N},
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where we give p1,...,pn € WIP(Q), such that Ky # (. For instance, if
0 € O% is a Lipschitz boundary, it suffices to assume, in the trace sense,
that

Q1> > PN on 0f).
In (1) we shall assume the N forces given by the functions
fi, oo fv € LYQ) € WH(Q) (3)
where W17 (Q) denotes the dual space of W,”(Q), so that p' = b7 is the
conjugate exponent of p and, by Sobolev imbeddings, ¢ =1ifp > d, ¢ > 1

ifp=dorq= dpfg — if 1 <p < d. Under the following assumptions for a.e.
re€Qand§, ne RE

a(z,§) -z alfl, 1<p<oo, (4)

la(z, ) < Bl (5)

a(w.&) —alwn)| (€ —m) >0, &£, (6)

for given constants «, # > 0, the general theory of variational inequalities for
strictly monotone operators (see [14], [9]) immediately yields the existence
and uniqueness of solution to the N-membranes problem (1). If we choose
as a model for the N-membranes in equilibrium, each one under the action
of the forces f; and attached to rigid supports at height ¢;, the minimization

functional
N 1
E(uy,...,uy) = Z/ [—]Vui\p — fiui]
- JoLP

in the convex set of admissible displacements given by (2), we obtain the
variational inequality (1) associated with the p-Laplacian

Av=—Ap=—-V- (Vo *Vuv), 1 <p<oo.

The N-membranes problem was considered in [4] for linear elliptic operators,
where for differentiable coefficients the regularity of the solution in Sobolev
spaces W?2P(Q2) was shown for p > 2 (hence also in C**(Q) for 0 < )\ =

1— % < 1) extending earlier results of [23] for the two membranes problem.

Noting the analogy (and relation) with the one obstacle problem, it was
observed in those problems that the C%-regularity of the solution cannot be
expected in general, even with very smooth data. Considering the analogy
of the two and three membranes problem, respectively with the one and the
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two obstacle problems, in [1] we have shown the Lewy-Stampacchia type
inequalities

i N
/\fnguig\/fj ae. in, i=1,..., N, (7)
j=1 j=i

for general second order linear elliptic operators with measurable coefficients
and, in cases N = 2 and N = 3 we have established sufficient conditions on
the external forces for the stability of the coincidence sets

{r e Q:uj(z) =ujn(x)}, j=1,...,N -1, (8)

where two consecutive membranes touch each other. In (7) we use the nota-
tion

k
\/fz‘2'51\/---\/&ZSUP{&,---,&}
i=1

and

k
/\§¢:§1/\---/\§k:iﬂf{§1,-~-;§k}
i=1

and we also denote £ = ¢V 0 and & = —({ A0). In order to prove (7)
we shall approximate, in Section 2, the solution (ug,...,uy) of (1) by solu-
tions (uj, ..., u) of a suitable system of Dirichlet problems for the operator
A associated to a particular new monotone perturbation that extends the
bounded penalization, as ¢ — 0, of obstacle problems (see [9] or [19] and
their references). Under the further assumptions on the strong monotonicity
of the vector field a(z, &) with respect to &, i.e., if for some a > 0,

(e, ) —alz.m)] - (€ =) = 2 9)
a(lgl+ )" 7IE—n? ifl<p<2,

we are able to establish that the error of the approximating solutions in the
W1P(Q)-norm is of order €!/?, if p > 2, and of the order £'/2,if 1 < p < 2, with
a constant that depends only on o > 0 and on the L%norms of fi,..., fn.
This type of estimate that appears in [20] for the obstacle problem in case
p > 2 seems new for 1 < p < 2. The inequalities (7) are a consequence
of the fact that each Aw; is a L? function and we can regard u; and uy
as solutions of one obstacle problems and all the other u;, 1 < ¢ < N, as
solutions of two obstacles problems, to which we can apply the well-known
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Lewy-Stampacchia inequalities (see, for instance [19], [22], [20] or [17] and
their references). Another important consequence of these properties is the
reduction of the regularity of the solution of the N-membranes problem to
the regularity of each equation

Aulzhl a.c. IHQ, 221,,N (10)

Therefore, in Section 3, we conclude from the well-known properties for weak
solutions of quasilinear elliptic equations (see [11] and [16]) that the solutions
u; are in fact Holder continuous, provided ¢ > % in (3), or have Holder

. : : d
continuous gradient (see [5]) if ¢ > -

structural properties, for a.e. x € QQ,

and the operator A has the stronger

d

8ai B
ij=1 mj
(9 : _ 8 ; B
a—zj(%n)‘ <oy’ and 'a—;(x’”)‘ < ayfn~! (12)

for some positive constants ag,a; and all n € RY\ {0}, £ € R? and all
1,7 =1,...,d. We may even conclude that each

u; € COMNQ) or u; € CMA(Q), i=1,...,N,

provided the Dirichlet data ¢; and 0f2 have the corresponding required reg-
ularity (see Section 3). Finally in Section 4 we study the stability of the
coincidence sets (8) in terms of the convergence of their characteristic func-
tions. For this purpose, we define, for a.e. x € Q and for 1 < j7 < k < N,

the following NN coincidence sets

Liy={reQ:ujx) =" =wu(z)} (13)

and notice that the coincidence sets defined in (8) are simply /; ;1. Besides
that, Ij7k = ]j7j+1 MN...N Ik—l,k- Set

1 ifuj(x) = =wu(z)
Xjk(x) = Xp,,(x) = (14)
0 otherwise .
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In [1] we have shown that the solution (uy,us,us) of (1) for N = 3 with a
linear operator in fact satisfies a.e. in {2

Auy = fi + 3(fa— fi)X12 + :(2fs— f2— fi)Xus
Auy = fo — 5(fo— fi)Xa2 + 5(f3— )Xoz + §(2f2 — fi — f3)X1,3(15)
Auz = f3 — L(fs— fo)Xo3 + %(Qfl—f2—f3)xl,3

which extends the remark of [24] for the case N = 2 that corresponds to the
first two equations of (15) with X33 = 0 (and consequently also X; 3 = 0). As

f1# fo a.e. in ()

is a sufficient condition for the convergence of the unique coincidence set I; o
in case N = 2, additionally

Jo+ f3
2 Y

J1+ /2
2

a.e. in €2

f27éf37 fl# f37é

in case N = 3 are sufficient conditions for the convergence of the three
coincidence sets I 9, Is3 and I; 3, with respect to the perturbation of the
forces f1, fa, f3 (see [1] for a direct proof). In section 4 we extend to arbitrary
N the system (15) by showing that, for given forces (f1,..., fx) the solution
(u,...,un) of (1) solves a system of the form

Au; = f; + Z bfk[f] Xk a.e. in {2, i=1....,N, (16)

1<j<k<N, j<i<k

where, in (16), each b7*[f] represents a certain linear combination of the
forces. We denote the average of f;,..., fi by

St
k—j+1

(f)jn ,  1<j<k<N, (17)

and we shall establish the following assumption on the averages of the forces
(f)ij #(f)jrie ae inQ, forallid jke{l,...,N} withi <j <k, (18)

as a sufficient condition for the stability of the coincidence sets I;; in the
N-membranes problem.
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2. Approximation by bounded penalization

In this section we approximate the variational inequality using a bounded
penalization. Defining

& = maX{M:izl,...,N}

(19)
=il — (frt+---+ fi), fori=1,..., N,
we observe that
& >0 if i >1
(20)
(1= &i—2) = (G — &) =fi— fin 1 >2.
For € > 0, let 0. be defined as follows:
.: R — R (21)
0 ifs>0
5 2 if—e<s<0
-1 if s < —=¢.
The approximated problem is given by the system
Aug + &0 (uf — ufﬂ) —&i10.(ui_ —ui) = f; in €,
(22)
ufm:goi, 1=1,---, N,
with the convention ug = +00, ufy,; = —00.

Proposition 2.1. If the operator A satisfies the assumptions (4), (5) and
(6), problem (22) has a unique solution (u5,...,uy) € [W'P(Q) }N This
solution satisfies

u; <u;_q e, fori=2,...,N. (23)

Proof: Existence and uniqueness of solution of the problem (22) is an imme-
diate consequence of the theory of strictly monotone and coercive operators
(see [14]). In fact, summing the N equations of the system, each one multi-
plied by a test function w;, problem (22) implies that

Z/Q(Auf,wi>+(3v,w> = Z/inwi, Vw= (wy,...,wy) € [W“’(Q)]N,
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where

N
(Bv,w) = Z/Q <§z‘95(% —Viy1) — &i-10:(vi1 — Uz)) wj

with the same convention vg = +o00, vy, ; = —00, satisfies

(Bv — Bw,v —w) =

N-1
Z /ng (Qg(vi — vip1) — O (w; — wi+1)) ((v; — vig1) — (w; — wig1)) >0,

since & > 0, for s = 1,..., N and 6. is monotone nondecreasing.

To prove (23), multiplying the i—th equation of (22) by (uf —ui_ ; — &)

and integrating on €2, noticing that (ui —u;_; — E)IZQ = 0 we obtain,

/ AuS(uf — i, — &) =

Q
/ E0 (0 — Eur) + Eiabe(ul g — )] (U — uy — &)
/ i — €0 — ) — Eima] (U, — &)

since 0. (uf_; —us)(uf —u_; —e)" = —(us —u5_; —e)T. In particular, because
O (us — 2—1—1) —1, we have

/ AuS(uf —ul g — ) < / it & — 6] (i, — o)t (24)
Q Q

With similar arguments, if we multiply, for ¢ > 2, the (¢ — 1)—th equation of
(22) by (u§ —us_, —e)* and integrate on €2 we obtain,

/ Aui_y(u; —uiy—e)" = / [firr + &1 — &2) (4§ —uiy —€)". (25)
Q Q
From inequalities (24) and (25) we have, using (20),
[ (ate.Vu) = o Vi) - Vi =y~ 2 =
Q
A=A ) i -t -0
Q
< / fi—fir+ (& —&) — (&1 —&a)] (w5 —ufy — )" =0.
Q
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From the strict monotony (6) of a, it follows that uf < uf ;+¢ca.e. in . =

Proposition 2.2. If (uj,...,u%) and (uy,...,un) are respectively the solu-
tion of the problem (22) and the solution of the problem (1) then

(ui,...,uy) — (ug,...,uy) in [Wl’p(Q)}N—weak, when & — 0.

Proof: Multiplying the i-th equation of (1) by v; —u$, where (vy,...,vy) € K
and u® = (uj,...,uy), integrating over {2 and summing, we obtain

i/ﬁa(:ﬁ,uf)-V(vi—u-) (Bu®,v — u’) /fZ us).

Noticing that (Bv,v — «f) = 0 and due to the monotom(:lty of the operator
B proved in (24),

Z/ (x, Vus3) i — us) >Z/fz (26)

and using (6) we conclude that

Z/ (x, V) - ;— us) >Z/fz us). (27)

From (4) and (5) we easily deduce the uniform boundedeness of {(uj, ..., u%)}:
in [Wl’p(Q)}N. So, there exists (uj,...,uly) € [Wl’p(Q)]N such that

(uf,...,uy) — (uj,...,uy) in [Wl’p(ﬂ)}N—Weak, when ¢ — 0

and, letting ¢ — 0 in (27) we obtain

Z/ z, V) - Vv, —u') > Z/ﬁ V(v1,...,ux) € K.

Besides that, using (23), uj > --- > u). Since we also have Ui |90 = i, for i =

1,...,N,then (uj,...,uy) € K. The hemicontinuity of the operator A allows
us to conclude that (uj,...,u}) actually solves the variational inequality
(1) and the uniqueness of solution of the variational inequality implies that
u; =uj, 1 =1,...,N. u

We present now two lemmas that will be used to prove the next theorem.
The first lemma states that, under certain circunstancies, weak convergence
implies strong convergence. The second lemma is a reverse type Holder
inequality.
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Lemma 2.3. ([3], p. 190) Under the assumptions (4), (5) and (6), when

e — 0, f
ut—u——0 in WyP(Q) (28)
and
/Q la(x, Vu®) —a(z, Vu)] - V(u* —u) — 0 (29)
then
u—u—0 in Wy (Q)-strong.

Lemma 2.4. ([21], p. 8) Let 0 < r < 1 and v = . If F € L"(Q),

FG e LYQ) and / |G(z)|"dx < o0 in a bounded domain Q of R, then one
Q
has

1

(/ \F(sc)rdx) ([ iFeee) ([eers) " o

Theorem 2.5. Let (uj,...,u5) and (ui,...,uyn) denote, respectively, the
solutions of the problems (22) and (1). Under the assumptions (4), (5) and

(6)7

i) (ug, ..., usy) — (ug,...,uy) in [Wl’p(ﬂ)}

i) If, in addition, a is strongly monotone, i.e., satisfies (9), then there
exists a positive constant C, independent of €, such that, for all i =
1,...,N,

N

Cev if p>2,

AN

IV (u; — i) || o ()

Cez ifl<p<2.

N
Proof: i) Choose, fori =1,..., N, v; = \/uj, in (1). Indeed, since v;_1 > v;

a.e. in Q and v; — @; € WP(Q), (v1,. .. ,v;\r) € K and we have

Z/ (2, V) - (\/uku)zifgf@uku)
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So,

il/ga(%vui)'v(ufui) >i/9fi (uf — ;)

N N N N
+;/Qa(x,Vui).V<ui _k\/zUk) +;/in <1>_/ZUk_UZ>

On the other hand, by (26),

N N
> /Q CADRETEDS /Q £ — ),

and we conclude that

ZZN; /Q [a(x,vug) - a(x,VuZ-)} V(i — ) <
Zi:/ﬂa(x, Vu;) -V (k\N/Zui - uf) - ﬁ;/gfl <§V/lui _ uf) (31)
- i [ = g) (Vi = ).

Here we have used the fact that Au; € L), fori =1,..., N, since we know
that
fi— &1 < Auj = =&0-(uf —ui ) +&10-(ui — i) + fi < fi +&,
by (22) and —1 < #. < 0. Noticing that, from (23),
N
0<Vug —ui <uj + (N —i+1)e—uj < (N—i+1)e (32)

k=i

it is immediate to conclude that

0< EN:/Q {a(az, Vui) — a(z, VUZ)] -V(u; —u;) < Ce. (33)

and, since (28) and (29) hold, then, by Lemma 2.3, for each i =1,..., N,
u; — U, when € — 0 in Wh?(Q).

it) From (33) and using the strong monotonicity of the operator a, we have
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o if p>2,

aZ/\VU — )P <
Z/ a(x, Vu;) — a(a:,Vui)} -V (u; —u;) < Ce,
i=1 /8

e if 1 < p < 2, using also the strong monotonicity of the operator a and
(33),

N
o3 [ 91+ 1790~ ) <
i=1 /9

N (34)
Z/Q [a(x, Vui) — a(z, Vul)} -V(u; — ;) < Ce,

Let Q = {z € Q : |Vuf| + |Vu| # 0}. We may use the reverse

inequality (30) with r = £, noticing that 0 < r < 1 and ' = z%’

setting F = |V(uf — w;)|* and G = (|Vu§| + |Vui])p_2. Then we
obtain, for 2 =1,..., N,

(/\Vu—ul p) dx <
(/ |V (u; —w) (V5| + \Vui|)p_2da:> (/ (IVu;| + \Vu¢|)pdx> !

Since by (34)
- 1
/ |V (u; — uz)\z(\Vuﬂ + \Vuz\)p do < aCa
Q;

and

2—p

M, >0: (/ (|Vus| + |Vui|)pdx> Y < M,,
Q;

the conclusion follows immediately summing the N inequalities above.
|
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3. Lewy-Stampacchia inequalities and regularity

As a consequence of the approximation by bounded penalization we know
already that each

AUiELq(Q), ’Lzl,,N

and so, we can use the analogy with the obstacle problem to show further
regularity of the solution u;. In [12] Lewy and Stampacchia have shown
that the solution of the obstacle problem for the Laplacian satisfies a dual
inequality, which in fact holds in more general cases, as it was observed in
[7] or [2] for nonlinear operators. Summarizing the known results for the
one and the two obstacles problem that we shall apply to the N-membranes
problem, the following theorem may be proved as in [19] or [17].

Theorem 3.1. Given @, 11,1 € WH(Q), (1 < p < 00), with f, (Aiy — f)F
and (A, — f)” in LYQ) c W(Q), (¢=1ifp>d, g>1ifp=d or
q= dpfg_d if 1 < p<d) such that

Ki! = {v eEWMP(Q) iy >v > ace. inQ,v—¢¢€ Wol’p(Q)} #10, (35)

the unique solution to the variational inequality

uEKﬁi :/Qa(x,Vu)-V(v—u) Z/Qf(v—u), VUEK& (36)
under the assumptions (4), (5) and (6) satisfies the Lewy-Stampacchia in-
equality

fANAY <Au< fVAYy a.e in . (37)

Remark 3.2. Setting &, = (A — f)” and & = (Avy — f)7 and using the
penalization function 6. of the previous section we may approach, as € — 0,
the solution of (36) by the solutions u® of the equation

AW + &b (0 — ) — &6 (y —u) = in Q (38)
with the Dirichlet boundary condition u® = ¢ on 0S). Noting that
FANAYL =f— (A —f) and fV AP, =f+ (A —f)"

we easily conclude (37) from the analogous inequalities that are satisfied for
each u.
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Remark 3.3. We may consider that Theorem 3.1, although stated for two
obstacles problem, also contains the case of only one obstacle. Indeed, by
taking 11 = 400, (36) is a lower obstacle problem and (37) reads

f<Au<fV Ay,  foru >, a.e. in (39)

and by taking 1y = —o0, (36) is an upper obstacle problem for which (37)
reads

fANAYY <Au<f, foru<a, a.e inf. (40)

Remark 3.4. In [17], for more general operators and under a strong mono-
tonicity assumption of the type (9), which however is not necessary in our
Theorem 3.1, it was shown that each inequality of (37) still holds indepen-
dently of each other in the duality sense, provided Ay — f and/or Ay — f

are in V; = [I/V_LPI(Q)Tr — [W‘l’p/(ﬂ)r, i.e., in the ordered dual space of
W, 7(Q).
Theorem 3.5. The solution (uq,...,uy) of the N-membranes problem, un-

der the assumptions (4), (5) and (6), satisfies the following Lewy-Stampacchia
type inequalities

fi £ Auwp < VeV fN )
AN < Auz < oV V fy
: > a.e. in € (41)
JancNfnag < Auyy < fvaaVifa
fin---ANfy < Auy < fy )
Proof: Observe that choosing (v, us,...,uy) € Ky, with v € K,,, we see

that u; € K, (as in (35) with ¢; = 400) solves the variational inequality
(36) with f = f1, and so by (39) we have

fi<Au < fiVAus a.e. in .
Analogously, we see that u; € K.’} solves the two obstacles problem (36)
with f = f;, 7=2,..., N — 1, and satisfies, by (37),
finAujy <Au; < fjVAu;j4 ae in .
Since uy € K"~-1 by (40), also satisfies
fnNAuy_ 1 < Auy < fy a.e. in (),

(41) is easily obtained by simple iteration. m
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Although for p > d, the Sobolev inclusion W?(Q2) ¢ C%(Q) for 0 < X =
1 - % < 1, immediately implies the Holder continuity of the solutions u; of
the N-membranes problem, this property still holds for 1 < p < d by using
the fact that each Aw; is in the same L(Q)) as the forces f;, i = 1,..., N.
So under the classical assumptions of [11] (see also [16]) we may state for
completeness the following regularity result.

Corollary 3.6. Under the assumptions (3)-(6) for 1 < p < d with q > £ qn
(3), the solution (uy,...,uy) of (1) is such that,

u; € C0(Q) for some 0 < A < 1, i=1,...,N

and is also in COMQ) if, in addition, each @; € C*(0Q) and O is smooth,
for instance, of class CL. |

Remark 3.7. The above classical result for equations was also shown to hold
for the one obstacle problem, for instance, in [6] or in [15], or for the two
obstacles problems in [10], under more general assumptions on the data. It
would be interesting to obtain the Holder continuity of the solution of (1) di-
rectly under the classical and more general assumptions of each f; € W~14(Q)
for s > ]%.

A more interesting regularity is the Holder continuity of the gradient of
the solution, by analogy with the results for solutions of degenerate elliptic
equations. For instance, as a consequence of the inequalities (41) and the
results of [5] on the C'* local regularity of weak solutions, as well as in the
regularity up to the boundary of [13], we may also state the following results.

Corollary 3.8. Undefr’ the stronger differentiability properties (11), (12), if
(3) holds with ¢ > %5, the solution (uy, ..., un) of (1) is such that

Cl’)‘(ﬂ) for some 0 < X < 1, i=1,....,N

and is also in CMNQ) if, in addition, each o; € CY(9N), for some v (A <
v<1)and f; € L*(Q) foralli=1,...,N. |

For differentiable strongly coercive vector fields satisfying the assumptions
(11), (12), with p = 2, there is no degeneration of the operator A and stronger
regularity in W%*(Q2) may be obtained also from the fact that (41) holds for
the solution of the N-membranes problem. For instance, as in Theorem 3.3
of [9], page 114 (see also Remark 4.5 of [19], page 244), we may prove the
following result.
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Corollary 3.9. Let (11), (12) hold for p = 2, suppose Q2 € C1! and each
f; € L®(Q), p; € W2>2(Q), i =1,...,N. Then the solution (uy,...,uy) of
(1) is such that

w; € W(Q)NCH(Q), i=1,...,N, foralll1 <s<ooand 0 <y < 1.
(42)

Remark 3.10. For N linear operators of the form

d
ak(z,6) = Zafj(:c)gj k=1,...,N,

7=1
the regularity (42) was shown in [4] for every s > 2 and, with the same
operators with lower order terms in [1] for s > 1 if d = 2 and s > % if
d > 3. For the case of two membranes with linear operators, earlier results
were shown in [23], by using similar reqularity results for the one obstacle
problem. In spite of this analogy, the optimal W regularity of solutions to
obstacle problems is an open problem for the N-membranes system.

Remark 3.11. In the case of two membranes with constant mean curvature,

i.e., when A s the minimal surface operator and fi and fy are constants in a

smooth domain with mean curvature Hyq of OS) larger or equal to %, n
[24] it was shown the existence of a unique solution with the reqularity (42).
The N-membranes problem for the minimal surface operator, in general, s

an open problem.

4. The convergence of the coincidence sets

In this section we prove that, if (uf,...,u};) is the solution of the N-
membranes problem, under the assumptions (4), (5) and (6) with given data

(oo f3)s m € NUAE (ff,... f3) converges in [LUQ)]" to (fi,.... f).
we have the stability result in L*(Q2), 1 < s < oo, for the corresponding
coincidence sets

X{uzz...:ug} T X fup==w}+ for1 <k<l<N\.

We begin presenting a lemma that will be needed.

Lemma 4.1. [20] Given functions u,v € W(Q), 1 < p < oo, such that
Au, Av € LY(Q), we have

Au = Av a.e. in {xeQ:ulx)=uv()}
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In what follows we continue using the convention uy = 400 and uy,1 =
—00. Given 1 < 5 < k < N, we define the following sets

O, ={reQ:uj_1(r) >uj(x) =" =up(r) > ur1(z)}. (43)

The first part of the following proposition identifies the value of Au; a.e. on
each coincidence set [}, defined in (13). The second part states a necessary
condition satisfied by the forces in order to exist contact among consecutive
membranes.

Proposition 4.2. If j,k € N are such that 1 < j <k < N , we have
(Fje e in®Ojp ifi€{j,....k}

fi a.e. in O if i €{j,... .k}
i) if j < k then for alli e {j,....k} (f)izix > (f)ji a-e. in O,.

Proof: i) Suppose i € {j,...,k} (the other case has a similar and simpler
proof). For a.e. x € O;; we have u;_1(z) — u;(z) = o > 0 and ui(x) —
ups1(z) = 0 > 0, for some o = a(x), and = B(x). Since = belongs to the
openset {y € Q:u;_i(y)—uj(y)—5 > 0}N{y € Q- uk(y)—uk+1(y)—§ > 0},
there exists 0 > 0 such that, for all ¢ € D(B(z,d)), there exists 9 > 0 such
that, if 0 < e < gp, then u;_1 > u; £ ep and ug, > w1 £ ep. Choose for test
functions

Uy ifr&{j,....k}

urtep ifre{j... k}
Then

k k
+e a(x,Vu,) Ve > +te fro, Ve eD(B(x,d))

and

k
Z/ z,Vu,) - Vo = ;/Qf,,go, Vo € D(B(x,9)).

So we conclude that

k k
ZAUT = Zf’“’ a.e. in B(z,9).
r=j r=j
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We know that Au; € L(Q), for all i = 1,..., N. So, using Lemma 4.1, we
have

Auj == Au; = --- = Ay, in O
and we conclude then that
(k—j+1Au; = fj+ -+ fr ae. in Ojy.

it) The proof of this item is analogous to the previous one. We choose for
test functions

Uy ifr&{j,...,i}
v, =
ur+ep ifredj ... i}

with ¢ € D(B(x,9)), p > 0, ¢ > 0 such that (vy,...,vy) € K. We conclude
then that

Z/a(w,Vur)-Vgo > Z/frgo, Vo € D(B(z,4)), ¢ >0,
r=j Q j=r Q

and so, we have Au; > (f);; a.e. in ©,;. Then using the first part of this
proposition we conclude that

<f>j’kj Z <f>j,2 a.e. in @j,k

or equivalently, that

(fivir = () a.e. in O . m

Our goal is to determine a system of N equations, coupled by the charac-
teristic functions of the w coincidence sets, which is equivalent to the
problem (1). This was done in [23] for the case N = 2 and in [1] for the case

N = 3. The system for N = 2 is simply

Aup = fl +%X{u1:w}

AU’2 = f2 - %X{ulzuz}

and for N = 3 is the system (15). From these two examples we see that the
determination of the coefficients of this system is not a very simple problem
of combinatorics. We present the result for the case N in Theorem 4.5.
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Definition 4.3. Given fi,..., fy € LY(Q) we define, for j, k,i € {1,..., N},
with 7 < k and 53 <1<k,

( ()i — (Fjp—1 if i=j
W] = & ()i — (e if i=k

. m (k1 —5(f5+ M) if j<i<k.

Observe that, if j < ¢ < k, then b{k[f] does not depends on i. It is also
k

not difficult to see that Z b7 [f] = 0. We notice first some auxiliary results
=

concerning the coefficients b"[f] that will be needed. From now on we drop

the dependence of b*[f] on f.

Lemma 4.4.

i) If <1 <r then

r

S v = (P )

k=l+1 r—J+1

In particular Z bgk 15 positive if and only if the average of fii1, ..., f-

k=l+1
is greater or equal then the average of f;,..., fi.
i) If m < i then

Vref{i,...,N} ) bt = o
k=i
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Proof: 1) We have

> -

k=l+1

r

S (P = (Fhisr) = (Fiw — (P

k=11
fit+h fite+ N

r—j+1 [—7+1
fitth fat S Sttt
r—Jj+1 r—g+1 l—j+1

fimi+-+f =D+ -+ 1)

r—j+1 (r—74+0)(—-754+1)
r—1 (fl+1+”‘+fr_fj+"'+fl)

r—j+1 r—1 l—j+1
r—1
i (e = ()

19

it) We prove the equality by induction over r. If r = i, the equality is trivial.

For r >
r—+1 r
Z bzn,k _ Z b;n,k + b;n,r—i—l
k=i k=i
= O+ b;-n’rﬂ, by induction hypothesis,

- <f>m,7‘ - <f>m+1,r + (

2
r—m+1)(r—m-+2)

fm_|_..._|_fr_fm+1_|_..._|_fr+

r—m-+1 r—m

2(fm+1+"'+fr) fm‘l'fr-i-l

(r—m)(r—m+1)(r—m-+2)

(r—m+1)(r—-—m+2)

((Fvsr = 5 (ot Fru))
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Then

r4+1
mk 1 B 1 B 1
Zbi N (r—m+1 (r—m+1)(r—m~|—2))fm (r—m+1)(r—m+2)fr+1+

k=t
1 1 9
<r_m+1_T_m+(r_m)<r—m+1)(r—m+2>> (fm+1+"'+fr)

fm . f?“-i-l . fm+l+"'+fr
r—m+2 (r—-—m+1)(r-m+2) (r—m+1)(r—m-+2)

fm+"'+fr+1_fm+1+"'+f7’+1
r—m-+2 r—m-+41

m,r+1
br+1 : u

We are now able to deduce the system of equations involving the charac-
teristic functions of the coincidence sets which is equivalent to the problem

(1).
Theorem 4.5.

Au; = fi+ Z bfk Xjr a.e Q. (44)

1<j<k<N, j<i<k

Proof: We prove that the equality is valid a.e. in ©,,, for m,r such that 1 <
m < r < N. This is enough because U Omr=0. Ifi & {m,... ,r},

1<m<r<nN
then (44) results immediately from Proposition 4.2— i). Supposing then that
i€ {m,...,r}, using Lemma 4.2, the equality (44), for x € ©,,, becomes

it > 0 = (e

m<j<k<r, j<i<k

We prove now this equality by induction on 7 — m.
If i —m =0, then

fit X 0t = fat Y0

m<j<k<r, j<i<k m<k<r

= fut 2 (P = (i)

m<k<r

= <f>m,r~
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By the induction step, if : — m > 0, then

fiv Y W= it > AR

m<j<k<r, j<i<k m+1<j<k<r, j<i<r 1<k<r

,
= (fdms1r + Z b;n’k by induction hypothesis

(frms1r + [%nlr by Lemma 4.4-ii)
() m
We have now the main result of this section.
Theorem 4.6. Given n € N, let (uf,...,u}) denote the solution of problem
(1) with given data (f],..., f3) € [LY]Y, with q as in (3). Suppose that
1 — fi in LYQ), i=1,...,N. (45)
Then
ul — ;i in Wi (Q), i=1,...,N. (46)

If, in addition, the limit forces satisfy
(f)ij 7# (f)jt1ks foralli,j,ke{l,... . N} withi < j <k, (47)
then, for any 1 < s < o0,
Vike{l,....N}, 1<k ST —1 — X(uj==uy) 0 L*(2). (48)

Before proving the theorem we need another auxiliary lemma:

Lemma 4.7. Let n € N and ay,...,a, € R be such that Zar > 0 for all
r=j

7 =1,...,n. Then the inequality
al%‘i‘"""anyn S 07
with the restrictions 0 < Y; < --- <Y, has only the trivial solution Y1 =
=Y, =0.
Proof: If n = 1 the conclusion is immediate. Supposing the result proved for
n, let us prove it for n + 1:
0 Z CL1Y1 +"’+anYn+an+1Yn+1
Z Cl1Y1+"'+GnYn+an+1Yn
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since Y,,.1 > Y, > 0 and a,,1 > 0. Then
0> all/vl+“'+(an+an+1)yn

and, because the result is true for n, then Y; = --- =Y,, = 0 and, therefore,
since a,.1 > 0, we also have Y, .1 = 0. [

Proof of Theorem /.6: The convergence (46) of the solutions is an immediate
consequence of a theorem due to Mosco. For simplicity, we write Xiujm=uy) =
Xjk and we denote Xyyn—..—ypy by X Let j, k € {1,..., N} with j < k. Since
0 < Xjx < 1, there exists X%, € L¢(Q2) such that (X7;)
in L9(2)-weak. Of course we have

*
Loy converges to X5,

0< X5 <1, because 0 < X'} <1
(49)
X < X5 (ifm<j<k<r), because X}, < X

Besides that, letting n — oo in the equality Tk (u;‘ — uZ)+ = 0, we conclude

(g — up)T =0 a.e. in ). (50)
Consider now the system (44), with the coefficients b substituted by b, for
data f',..., fy, with n € N,
& : .
Aui = f'+ Z (bn)z Tk a.e. in 2, i=1,...,N.
j<k<N, j<i<k
Passing to the weak limit in L¢(2), when n — oo, we have
Au; = fi+ Z b*g’k ik a.e. in €, i=1,...,N.
j<k<N, j<i<k
Subtracting the equality (44) for the limit solution from this one, we obtain
o b (e-X,) =0 aeinQ  i=1...,N. (51)
j<k<N, j<i<k

For k > j, let ;) denote X;; — X7 ;. To complete the proof we only need to
show that, for j < k, Y}, =0, i.e., (X?k)
From equation (50) we know that

V] <k }/j,k =0 in {uj 75 uk} = {Uj > Uk} (52)

e converges to Xy, in L1(Q2)-weak.
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Fix jo and ko such that j; < ko. Using (52), we only need to see that
Yjok =0in Iy, = {u, = --- = ug, }. It is enough then to prove it in two
cases: i) ©,, ,, for r > jo; ii) O, for m < jo and r > k.

In the first case, using (52), we have Y;; = 0 in ©,,,, if j < jo or k > 7.
So, letting ¢ = jy on equation (51), we have, in ©;, ,,

0= D Y

J<E<N,j<jo<k

- Yoo Y

j(]<j<k<N J<josksr

— E ]Oa
- b .]Oa

k=jo+1

We can apply now Lemma 4.7 to conclude that Y, = 0 in ©;,, for k& €
{jo+1,...,7}, since
o forz € Oj,,, Yj,»(x) = 1-X ,(v) and, using (49), Y}, j+1(z) < --- <
)/}Ovr(x);
e for [ > jy, by Lemma 4.4-),

Z b — r—| (<f>l—|—1,r - <f>j0al)’

k=i4+1 B

which is positive, by Lemma 4.2-i), as € ©;,,, and (47).

In the second case, in 6,,, (m < jo and r > ko)

*
0 < Y}o,ko - onJfO on,

1-— X;"O’ since m < jo < kg <r
11— by (49)

IA

mk
3

Xm7k0 - m,k‘o
Ym,ko
=0 as in the previous case.

Notice that, since X 1, is a characteristic function, (X o, ko)neN converges 1n

fact to X, i, in L*(2)-strong, for all 1 < s < 0. _
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Remark 4.8. Notice that, arguing as in Theorem 2.5, under the strong
monotonicity assumption (9), it is easy to show the following continuous
dependence result on the data,

N N
Z [ ui — UiHWO“’(Q < Oqz 1f* = fill Loy
i=1 i=1

for q defined as in (3). However, a corresponding L' estimate for the char-
acteristic functions of the coincidence sets, similar to the obstacle problem
([19], [20]) seems more difficult to obtain.
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