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MATRIX REALIZATIONS OF PAIRS OF YOUNG
TABLEAUX, KEYS AND SHUFFLES

OLGA AZENHAS AND RICARDO MAMEDE

ABSTRACT: Let 0 € S; and H, an associated key [6, 7, 12]. Given the pair of
Young tableaux (7,H,), where 7 is a skew-tableau with the same evaluation as
H,, we consider the problem of a matrix realization of the pair (7', H, ), over a local
principal ideal domain [2, 3, 4]. It has been shown that, when o is the identity [2],
the reverse permutation in S; [4], or any permutation in S3 [3], (7, H,) has a matrix
realization if and only if the word of 7 is in the plactic class of H,. Here, we extend
the only if condition of this result to any o € Sy, t > 1. For a sequence of nonnegative

integers (mi,..., my) and 1 <14 < ¢, this amounts to give a criterion which extends
a word congruent with the key of evaluation (mj, ...,m;—1,m;t1...,my), to one
congruent with the key of evaluation (mq,...,my).

For the identity, the reverse permutation in &, or an arbitrary permutation in
S3, the plactic class of an associated key may be described as shuffles of their rows
[3]. For ¢ > 4, this is no longer true for an arbitrary permutation o € S;. Instead,
we find that shuffling together the rows of a key always leads to a congruent word.
The permutations o € S; whose plactic classes of associated keys are described by
shuffling together their rows, are identified. For ¢ € S4, we show that we may
describe the plactic class of any associated key, in terms of shuffling, by adding, in
those cases where the rows of the key are not enough, just one single word.

1. Introduction

Given o € &;, let ‘H,, be an associated key [6, 7, 11, 12]. That is, a (strictly
row) tableau with rows pairwise comparable for the inclusion order, by taking
a sequence of left reordered factors of o, considered as a word, by decreasing
order of lengths. Given the pair of Young tableaux (strictly row) (7,H,),
where 7 is a skew-tableau with same evaluation as H,, we consider the
problem of a matrix realization, over a local principal ideal domain, for the
pair (7, H,) [Section 5, Definition 5.1].

When o is the identity [1, 2], the reverse permutation in S; [4], or any
permutation in S [3], it has been shown that (7', H,,) has a matrix realization
if and only if the word of 7 is in the plactic class of H,. In the first two
cases, this means that 7 is a Littlewood-Richardson and a dual Littlewood-
Richardson skew-tableau, respectively. For these permutations, the elements
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of the plactic class of ‘H, are shuffles of the rows of H, and this property has
been used to exhibit a matrix realization (7, H,).

Here, in Theorem 5.3, we show that, for any 0 € §;, t > 1, (7, H,) has a
matrix realization only if the word of 7 is in the plactic class of H,. This
amounts to give, in Theorem 3.10, a recursive criterion, which extends a
word congruent with the key of evaluation (mq, ..., m;_1,mii1,...,my), to
one congruent with the key of evaluation (mq, ..., m;_1,m;, Mir1,...,mMy).
Moreover, our matrix problem verifies that criterion.

Due to the embedding of the symmetric group in the set of tableaux, orig-
inally defined Ehresmann in [6], the symmetric group acts on set of keys H,,
o € &;, in the obvious way. This action coincides with that one defined by
operations on words described by A. Lascoux and M. P. Schutzenberger in
the plactic monoid [10, 13]. On the other hand, these operations involve
a special parentheses matching on words of a two-letters alphabet. In [3],
we have generalized these operations considering more general parentheses
matchings [Section 3]. Corollary 3.11 presents a recursive characterization of
those which are compatible with the plactic classes of H,, 0 € S;. Again our
matrix problem verifies those generalized operations and their action on the
plactic classes of H,,, 0 € ;.

Two rows commute (in the plactic sense) if and only if they are comparable
for the inclusion order. In fact, when t = 2, 3, the words of the plactic class
of H, are shuffles of their rows [3]. For ¢t > 4, this property does not remain
true, in general. Nevertheless, it is shown, in Theorem 4.1, that shuffling
together the rows of ‘H, always leads to a word in the plactic class of H,. We
characterize the permutations ¢ € S;, t > 1, for which the plactic class of
‘H, may be described in terms of shuffling together their rows. The identity
and the reverse permutations in &, t > 1, are simple examples of such
permutations. Finally, for o € 4, we show that we may describe the plactic
class of any associated key, in terms of shuffling, by adding, in those cases
where the rows of the key are not enough, one single word 434121.

The paper is organized as follows. In the next section we collect some
notation and background necessary in the sequel. The relationship between
shuffling and Knuth operations on words is discussed. The following question
is addressed: if the rows uq,...,u, are pairwise comparable for the inclusion
order, under what conditions Sh(uy,...,uy) is the plactic class of uy ... uy?
Some preliminary results are given.
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In Section 3, the set of keys, that is, the tableaux with pairwise comparable
rows for the inclusion order, is considered. In fact, they are introduced as
the image of the embedding of the symmetric group in the set of tableaux,
originally defined by Erhesmann [6]. o- Yamanouchi words are introduced
as words congruent with a key of the permutation o, and their relationship
with the action of the symmetric group, defined by the operations on words
described by A. Lascoux and M. P. Schutzenberger in the plactic monoid
[10, 13], is shown. A recursive criterion to characterize o- Yamanouchi words
is presented to answer the question: given I = [t \ {i}, with i € [t], and u €
I* congruent with the tableau of evaluation (mq,...,m;_1,Miy1,...,my) and
shape Z;;ll(lmf) +Z§-:i+1(1mﬂ’), under what conditions can u be a subword of
a word w € [t]* congruent with the tableau of evaluation (my,...,m;_1, m;,
M1, ..., My) and shape Z;Zl(lmﬂ') ? Considering more general parentheses
matchings in the operations on words, defined by A. Lascoux and M. P.
Schutzenberger, that criterion also characterizes those which are compatible
with the plactic classes of H,, 0 € S;.

In Section 4, the answer to question addressed in Section 2 is given. In the
case of &y, a full description of the plactic classes of the associated keys, in
terms of shuffling, is shown. In Section 5, the matrix problem is considered,
and the answer, using the recursive criterion for o-Yamanouchi words, given
in Section 3, is presented. Finally, in Appendix, the permutations in S5 and
Sg giving a positive answer to question addressed in Section 2, are listed.

2. Words, shuffles and plactic congruence

2.1. Words and tableaux. Let N be the set of nonnegative integers with
the usual order 7 < 7. Given ¢ < j € N, [4,j] is an interval in N with the
usual order. If ¢ € N, [¢] denotes the set {1,...,t}.

Let t be an element of N. We denote by [t]* the free monoid in the alphabet
[t]. That is, the collection of all finite words over the alphabet [¢], with the
concatenation operation. The neutral element is the empty word denoted by
A.

Given w = w1 - - - x;, over the alphabet [t], we denote by |w|; the multiplicity
of the letter j € [t] in the word w. The sequence (|wly,...,|w|:) is called
the evaluation of w. Here k is the length of w, denoted by |w|. We have
lw| = |w|; + -+ + |w|; and the length of A is zero. Let I be a subset of [¢].
We denote by w|l the word x;, ---x;,, if I = {i3 < iy < --- < ix}. Such a
word w|I is called a subword of w.
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Let g words uy, ..., u, € [t|* of lengths &y, ..., k, respectively. Put k = k1 +
.- -+kgand let [k] = ngllj, where (I1,...,1,) is a g-tuple of pairwise disjoint
subsets of [k] with |I;| = k;, 7 = 1,...,¢. Then the word w|(1,...,1,) is
defined by w|l; = uj, for 7 =1,..., ¢ [16].

If the letters in w are by strictly decreasing order, that is, x; > z;41, 1 <
i < k,wis called a row in [t]*. The underlying set of a row defines a bijection
w — {w} = {x1,..., 2} between the set of rows in [{]* and the family 2!
of subsets of [t] [12]. Two rows w = x1---x; and v = y;-- -y, are said
comparable with respect to the inclusion order if the sets {w} = {x1, ..., 2%}
and {v} = {y1,...,ys} are comparable with respect to the inclusion order.
That is either v is a subrow of w or vice-versa.

We define another order > on rows by putting w>v if £ > s and x,_; < ys_,
0 <i < s—1. That is, there is a decreasing injection of {v} into {w}. For
example, 5321 > 41 > 2 > 4.

A standard or permutation word is a word without repeated letters.

Given B a subalphabet of [t], wp (not to be confused with w|B) denotes
the word obtained by erasing the letters not in B.

A partition is a sequence of nonnegative integers a = (ay,as,...), all but
a finite number of which are non zero, such that a; > as > --- The number
la| == ", a; is called the weight of a and the maximum value of ¢ for which
a; > 0 is called the length of a. The null partition a = (0,0,...) is the
partition of length zero. If I(a) = k, we shall often write a = (ay,...,ax).
Sometimes it is convenient to use the notation

a=(ai",ay”,...,a;"),

m;
7

where a1 > as > ... > a; and a; ', with m; > 0, means that a; appears m;
times as a part of a.

Suppose a = (ay, ..., ax) is a partition of weight n. The Young diagram of
a is an array of n boxes having k left-justified rows with row ¢ containing a;
boxes for 1 < ¢ < k. We shall identify a partition with its Young diagram.

For example, the Young diagram of a = (4,2,2,1) is:
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Given two partitions a and ¢, we write a C ¢ to mean a; < ¢;, for all
t. Graphically, this means that the Young diagram of a is contained in
the Young diagram of c. A skew diagram c/a is the diagram obtained by
removing the smaller diagram of a from the diagram of c¢. For example, if
a=(4,2,2,1) and ¢ = (5,4,4,3,2), the following shows the skew diagram
c/a:

oo o |

We write |¢/al| := |c¢| —|a|. A skew-diagram is called a vertical m-strip, where
m > 0, if it has m boxes and at most one box in each row.

For convenience we shall consider strictly row tableaux. This will be clear
in the last section.

Let a and ¢ be partitions such that a C ¢, and (mg,...,m;) a sequence
of nonnegative integers. A Young tableau (strictly row) 7 of evaluation
(myq, ...,m;) and shape c/a is a sequence of partitions [14]

T = (a’,d', ..., a") (1)

where a = a” C a! C ... C a’ = ¢, such that for each k = 1, ..., ¢, the skew-
diagram a*/a*~! is a vertical strip labelled by k, with my, = |a*/a*~!|. When
a’ # 0, 7T is often called a skew tableau. For example,

2]

W|Ww| e

N— e @& @
N[—(—| @

1 (2)

is a (skew) tableau of evaluation (4, 3, 2), and shape (5,4,4,3,2)/ (4,2,2,1).

The word w(7) of the (skew) tableau 7 (1) is the word in [t]* obtained
by listing the labels from right to left in each row, starting in the top and
moving to bottom. The evaluation of w(7) equals the evaluation of 7. In
example (2), we have w(7) = 2313121 21.

When a = 0, the Young tableau 7 is the planar representation of the word
w(7T) = wy ... wg, where w; are rows satisfying wy > ... > wy. Such a word
is called a tableau, and is identified with its planar representation. Note that
the shape of 7 is (|Jw1], ..., |wg|). For example, the planar representation of
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the word 5421 521 2 is

DN = =
DN DN

(For simplicity, we have dropped the boxes’ frame of the labelled diagram.)
Given the tableau 7, (1), let

7'('1 o« o e ﬂ'k
(o). ®)

be the biword where the bottom word is w(7) = uy - - - ug, and the top word
mimy - - -, is such that m < mp < .-+ < 7, with 7; the row indices of the
box in ¢/a labelled with u;, 1 < j < k. Let J; be the set of the row indices
of the boxes in ¢/a labelled with 7, 1 <4 < t. Then, by sorting the biletters

< Z] ) in (3), we obtain the biword
j
Jl JQ te Jt
(1m1 omay . tmt)7 (4)

where <z{§ ) means the biword with bottom word ™ and top word a

standard word yi ...y}, such that J; = {y{,...,y., }.
Identifying the biwords with the same billeters, a tableau determines a
unique biword. For example, the biword of the tableau (2) is

122334455 _ 234514523
231312121 N 111122233/

2.2. Shuffles and plactic congruence. Now suppose u, v are words in
[t]* of lengths r and s, respectively. Take any set P C N with the following
properties
PCl+s)|P|=r 5)
Let P' = [r + s] \ P the complement of P in [r + s] [8, 16].

Definition 2.1. Let P satisfying (5). The word w|(P, P’) defined by w|P = u
and w|P" = v, is called a shuffle of u and v, denoted by shp(u,v).

Clearly, shp(u,v) = shp/(v,u).
For example, if u = z129,v = y1y2y3 € [t]*, we may take for P any 2-
element subset of [5], say P = {2,5}. Then, shp(u,v) is the word of length
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5, having z1, 29 in places 2,5 respectively, and ¥, 1s,y3 in the remaining
places 1, 3,4. Thus,

shp(u,v) = y121Y2y3xe = shp (v, u).

If P =, then u = A and shy(u,v) = v. The order of the letters in u is
preserved in each shuffle shp(u,v), and similarly for v. Note that distinct
sets, say P and (), may give the same shuffle shp(u,v) = shg(u,v). For
example, if u = zz and v = zazx for some element x € [t], then all the 10
shuffles of u and v are equal to zzzzx [8].

There are (™) sets P which satisfy (5), and each of these gives a shuffle
shp(u,v) of u and v. For example, if u =12 and v = 13 there are 6 sets P.
These sets give rise to all shuffles of u and v, namely {1213;1123; 1132; 1312},
where the words 1123 1132 have multiplicity 2.

We define Sh(u,v) = {shp(u,v) : P C [r+ s|,|P| = r}. When there is
no danger of confusion, we drop the P in the notation shp(u,v) and write
sh(u,v). We have the following properties:

Sh(u,v) = Sh(v,u), (6)
Sh(th_l], U|[t—1]) = Sh(u,v)N [t —1]", (7)
Given g words uy,...,u, € [t]* of lengths ky, - -, k, respectively, put k =

ki +--- 4+ k,. We define the set of all words obtained by shuffling together
these ¢ words

Sh(ul,...,uq) =
= {w[(l1,- -, Iy) Ui Ly =[], || = kj, wllj =u;, 1 <j <q},

where the g-tuple (Iy,---,1,) is pairwise disjoint. When ¢ = 2, this is con-
cordant with definition 2.1. In particular, Sh(uy) = {u;}.

The elements of Sh(ui,...,u,) are denoted by sh(uy,...,u,). The evalu-
ation of a word in Sh(u,...,u,) is the sum of the evaluations of uy, ..., u,
respectively.

Given a finite set A = {uy,...,u,}, ¢ > 0, over the alphabet [t], we define
Sh(A) = Sh(ui, ..., u,), with Sh(0) =0, if ¢ = 0. If C' is another finite set,
we have

Sh(AUC) = Sh(Sh(A), Sh(C)).

Knuth’s congruence = [9] on words over the alphabet [¢] is the congruence
generated by the so-called elementary transformations, where z, y, z are
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letters and u, v are words in [t]:

UTZTV = UZTTV, UZZTV = UZT20, T < 2, (8)
uxrzyv = uzryv, T <y < Z, 9)
uyzrv = uyrzv, T <y < z. (10)

These relations (8),(9),(10), also called plactic, are the algebraic version of
the plactic congruence [7, 9, 13].

C. Schensted [7, 17] has described an algorithm, known as Schensted’s
insertion algorithm, which associates to each word w a tableau P(w). The
elementary step, in our version, consists in the insertion of a letter x into a
strictly row tableau 7, denoted P(x.7). It takes a positive integer x and a
tableau 7 and puts x in a new box at the end of the first row if possible, that
is, if x is strictly larger than all the entries of the row. If not, it bumps the
smallest entry of that row that is larger or equal to x. This bumped entry
moves to the next row, going to the end if possible, and bumping an element
to the next row, otherwise. The process continues until the bumped entry
can go at the end of the next row, or until it becomes the only entry of a
new row. Here is an example of the insertion of 3 in a tableau:

1 245 1235 1 235 1235
3— 1 2 5 4— 1 2 5 5— 1 2 4 1 2 4
2 2 2 25

For an arbitrary word w = x1-- -z in [t], one defines P(w) as the result
of inserting zj_1 into the unitary tableau z; = P(zy), then inserting xj_o
into the resulting tableau P(zj_1.P(z))), and so on. As an example of the
general case, the successive steps of the calculation of P(434231) are:

1_>13_>L}))2_>i1’)24_>;)4213_>;)42134' (11)

Two words w,w’ are plactic equivalent if and only if P(w) = P(w') [7, 9,
13]. For example, the word 434231 and the tableau 432143 in (11) are plactic
equivalent. The set of all tableaux is a section of the plactic congruence. This
means that every word can be obtained by a finite sequence of elementary
Knuth transformations on a tableau.

Let uy, ..., uy in [t]* be rows by decreasing order of length. If 7 = g ... ug
is a tableau, then 7 is the unique tableau of Sh(uy,...,ux) only if the rows
of the tableau 7 are pairwise comparable for the inclusion order. That is
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{ur} € --- C{u1}. Note, for instance, that Sh(41,3) = {341,41 3,431} has
two tableaux 413 and 431.

An elementary Knuth transformation (8), (9) or (10) on a shuffle of rows,
say uq,---,u, involves at least two of these rows. If an elementary Knuth
transformation (9) or (10) involves three distinct letters x < y < z of
sh(uq,---,u;), each one belonging to a different row w;, then the output
word is still a shuffle of wq, ..., ug.

Proposition 2.1. Let uy,...,ux, k > 3, be rows in [t]*, and x,y, 2z, u and
v as in (9), (10) such that each letter x, y and z appears in a distinct row.
Then

uxzyv € Sh(uy, ..., ur) < uzzyv € Sh(uy, ..., ug);

uyzzv € Sh(uy, ..., ux) < uyrzv € Sh(ug, ..., ug).

For instance, in the alphabet [5], consider the word 524412211 €
Sh(5421,421,21), where the underlined letters define the word 421, the over-
lined letters define the word 21, and the remaining letters define the word
5421. The application of the elementary Knuth transformation 412 =142
t0 524412211 gives the word w = 524142211, which is still a shuffle
of 5421, 421 and 21.

If the Knuth transformation involves only two distinct letters of sh(uy .. .,

ug), it is also clear that the output word is still a shuffle of u; ..., u,.
Proposition 2.2. Let uy ..., ux, k > 2, be rows in [t]*, and x, z, u and v as
in (8). Then

uzxxv € Sh(uy, ..., ug) < urzev € Sh(uy, ..., ug);

uzzzv € Sh(uy, ..., u;) & uzrzv € Sh(uy, ..., ug).

Corollary 2.3. Let uy ..., ug, k > 2, be rows in [2]*, and w € Sh(uy, ..., uy)
of evaluation (p,q). Then

() ( )ESh(ul,...,uk).

(b) Sh(uq,...,ug) is either

(1) the plactic class of P(w) = (21)11F or P(w) = (21)P24, if the rows u;
are pairunse comparable for the inclusion order, foriv=1,...,k;

(79) or the union of the plactic classes of P(w) = (21) 1 2, r+ s =p,
r+uv=gq, and P(w) = (21)P"1, otherwise.

Let v <y < z € [t]. The rows 2% and y z, in the elementary Knuth
transformations v 2y = Zz ¥ (9), and y z 2 = y x z (10), respectively,



10 O. AZENHAS AND R. MAMEDE

are not broken by these transformations and, therefore, the shuffle of Z ¥y
and x, and y x and z is preserved. The only row that is broken by these
Knuth transformations is zz which is transformed into xzz. Consider again
the rows 41 and 3. We have Sh(41,3) = {341,413,431} but 341 = 314 ¢
Sh(41,3) and 413 = 143 ¢ Sh(3,41). Therefore, considering, for example,
the tableau 432141, the Knuth transformation 341 = 314 implies 434 121 =
sh(4321,41) = 431 421, but 431 421 can not be obtained by a shuffle of the
rows 4321 and 41.

Supposing that wu; > ... > u; are pairwise comparable for the inclusion
order, we address the question: Under what conditions Sh(uy, ..., u;) equals
the plactic class of the tableau T = uq ... ui?

Over a two or three letters alphabet we have equality [3]. This question
will be full answered in section 4.

3. Keys and o-Yamanouchi words

3.1. Parentheses matchings and actions of the symmetric group on
words. Given a set [ we let Sy be the set of all bijections on I, and &; := S
the symmetric group of order ¢.

The symmetric group S;, t > 1, is generated by the simple transpositions
si=@i+1),i=1,...,t — 1, which satisfy the Moore-Coxeter relations:

(I) 822 = 50, (I]) SiSj = 5554, if |Z —]’ 7£ 1, and ([I]) SiSi+1S; = S;4+1SiSi+1,

where sy denotes the identity.

Let w be a word over the alphabet [t] and 4,7 + 1 € [t]. An operation 6;
on w [3] consists of (a) a longest matching on wyy; ;413 between letters i + 1
and letters ¢ to their right, by putting a left parenthesis on the left of each
letter 7+ 4+ 1, and a right parenthesis on the right of each letter i, such that
the unmatched right and left parentheses indicate a subword of the form
i*(i +1)"; (b) this subword will be replaced in w41y with (7 + 1)°.

We convention 6 to be the identity operator.

Let w = 31314221412 be a word over the alphabet [4]. For example,
inserting parentheses on the right of the letters 1 and on the left of the 2 of
the word w9y = 1122211, we get w1 2) = 1)1)(2(2(21)1). We may match
the two left most letters 2 with the letters 1 to their right. The unmatched
letters indicates the subword w’ = 112 = 122, Thus, 6y (w1 9y) = 1222211,
where the underlined word is the subword w’ replaced with 1'22. Finally,
Or(w) =3132422411.
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A. Lascoux and M. P. Schutzenberger [10, 13] have introduced the following
involutions 67, for i = 1,...,¢t — 1, on words over the alphabet [t], a special
case of operations 6;. Let w be a word over the alphabet [t]. To compute
0f(w), first extract from w the subword v containing the letters ¢ and i + 1
only. Second, bracket every factor ¢+ + 1 ¢ of v. The letters which are not
bracketed constitute a subword v; of v. Then bracket every factor ¢ 4+ 17 of
v1. There remains a subword ve. Continue this procedure until it stops, giving
a word v of type i" (¢ + 1)*. Then, replace it with the word * (i + 1)" and,
after this, recover all the removed letters of w, including the ones different
from ¢ and ¢ + 1. Moreover, the operations 6/, 1 < i < ¢ — 1, satisty the
Moore-Coxeter relations [10, 13] and define an action of S over [t]*.

Let w = 31314221412 as above. To compute 65 (w), we get v = 112(21)12,
v = 11(21)2 and vy = 112 = 122!, Thus,

i (w)=31324221412,

where the underlined word is the subword v, replaced with 1122. To compute
03 (w), we get v = (3(32)2)2) and v; = 2 = 2'3°. Thus,

f5(w) =31314221413,

where the underlined word is the subword v; replaced with 2°3'. Clearly,
0%(w) = w, since in this case v = 3344 = 3242

The operations 07, 1 <17 <t — 1, are compatible with the plactic equiva-
lence.

Proposition 3.1. [10, 13] Let w,w’ be words in [t]*, and let i € [t]. Then,
w = w' if and only if 07w = 07w, In particular, P(0f(w)) = 07 (P(w)).

3.2. Keys and o-Yamanouchi words. By definition, a key is a tableau
such that its rows are pairwise comparable for the inclusion order [12]. For
instance, 65431 641 41 is a key.

Let (It,...,ls,11) be a sequence of nonnegative integers. Then, m = (I; +
oo by Loy 1, 1) is a partition and (¢, ..., 2", 1) its conjugate. For
instance, (1,1,...,1) defines the self-conjugate partition (¢,¢t —1,...,1).

Let 0 € §; written as a word ay - - - a; in [t]*. For k =1,...,t, denote by 7,
the row with underlying set {ay,...,ax}. In particular, when ¢ = 12---¢,
we get rp = k...21. Clearly, {r¢} D {roi-1} 2 ... 2 {rs1}.

Denote by Rfy’k the set of all shuffles of | rows r, 4, for 0 € &, k € [t], and
[>1. Whenl =1, R},’k = {r,1}, and when o = 12- - - ¢, we simply write R..
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Definition 3.1. Key of a permutation [12]. To each pair consisting of a per-

mutation ¢ € §; and a sequence of nonnegative integers (I, ..., [1), Ehres-
mann [6] associated a key of shape (..., 22, 1), here noted by H,(, . 1),
by taking the sequence (1)", (ry;1)%1, ..., (r51)% of left reordered factors
of o. That is,

Ha(lt,...,ll) = (Tt)lt <T0,t—1)lt_1 Tt (Ta,l)lly

is the key of o of shape (#%...,2% 1%). In particular,

Hyoyy = (t---21)0 - (21)2(1)".

For ¢« = 1,...,t, the letter a; appears only in the rows r¢,...,7,;. Hence,
the multiplicity of a; in Hyq,, . 1) = (ry) (rgjt_l)lf—l o (ron)l s ZZ 1}, for
i =1,...,t. We put om = (mq,..., my), where m; Zka ol 1=
1,...,1.

Hence Hy,. 1) = (1) (rop—1) ... (re1)" is also the key of o with evalu-
ation (Z’,;:J 1) s - Zk o-1(t—1) lk,zk —r l;); equivalently, the unique
tableau of evaluatlon om and shape Zzzl(lmZ).

Note that Ha(ljej) = (TU’j)li, and Hg(lt,m’ll) = (Hg(ltet))lt ce (Hd(llel))llj with
ej = (0i4), j = 1,...,t. Also notice that H,,q, ), where op denotes the
reverse permutation, is congruent with the dual of H, . ;).

On the other hand, if 7 = ¢ > ... > ¢ > q1 is a key, with ¢ =¢...21 and
lqi—1| > ... > |q1|, we get that row ¢ is such that {qz} = {q:} \{as, ..., a1}
with {as,...,ap1} C {1,...,t}, 1 < k < t—1. Putting o = a1...q
this shows Hy(1, 1) = 7. Therefore, given a sequence (I, ..., [;) of positive
integers,

0 — Ho(y oty = (1) (rop—1) oo (100)",

defines an embedding of S; into the set of tableaux of shape (t,...,2% 11),
For example, with o = 3124 € 84, we have ry = 4321, 1,3 = 321,15, = 31,
Ts,1 = 3, and

(a)

w W

Hoa11) =

b b}

QO = = =
W DN DN
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(b)
1 234
1 1aq)2(20 . 1 23
Ho(1,1,20) = (4321)7(321)7(31)7(3)" = 1 3 :
13
and with sy = 1324, we have ry = 4321,r,,3 = 321,75,0 = 31, rg,1 = 1,
and
1234
1 Tiaq\2/430 _ L 23
Hoy1,1,20) = (4321)7(321) (31)7(1)" = 13 = Ho(1,1,2,0)-
13

Let I := [t]\ {i}, with ¢ € [t], and let o)y :=a;...ay; € S;. If 67'(3) = p,
then letter a, = ¢ appears only in rows r;...,7,,. Hence, when we erase
letter ¢ in row r,,, we obtain row r,,_1, and we have

With 0 = s4 = 12354, we have r5 = 54321,r,,4 = 5321,r,,3 = 321,
Tsp2 = 21, 75,1 =1 and

1 235
1 2 3
Heu011.20) = (54321)°(5321)'(321)'(21)*(1)" = 1 2 :
1 2
1
and with [ = [5] \ {2},
1 25
1 2
(H54(0,1,1,2,1))|1 = H(54‘1)(0’1,172+1) = (5431)0(531)1(31)1(1)3 =1
1
1

Proposition 3.2. Let 0* €< 07...0{ > and 0 € & with same reduced
decomposition. Then

(a) 0(ri) =rop, 1<k < L.

Proof: Follows from proposition 3.1. ]
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When there is no danger of confusion, we will drop the ”(l,...,l;)” in the
notation H,(, . 1), to denote a key of o.

An operation 6; may not act on the set {H, : ¢ € §}. For example,
consider H = 432121, and 65(H) = 02(432121) = 433121 ¢ {H, : 0 € S;}.
Although 433121 = 432131 = H,,, we may have even worse w = 314321 =
Hs,s, and Oo(w) = 314221 = 321> 14>2 ¢ {H, : 0 € 5;}. We will comeback
to this in the next section.

We define the union of keys, associated to a permutation o, in the obvious
way, Hoq,...0) YU Ho@,..1)) 7= o4t i1

A word w over the alphabet [t] is said Yamanouchi [13] if any right factor
v of w satisfies |v|; > |v]s > -+ > |v[t. This is equivalent to say that
w € Sh(RY, ..., RY), where the evaluation ([v|y, |v]s,---,|v])) = (1 + ... +
liy.. . li-1 + 1y, 1), Thus, for each (I;,...,l2,11), the tableau H, ;) is
a Yamanouchi word. Clearly, any shuffle of Yamanouchi words is still a
Yamanouchi word.

Proposition 3.3. [13, Lemma 5.4.7] The set of Yamanouchi words with
evaluation m forms a single plactic class, whose representative word s the
tableau H,,. 1,1,)-

Thus, the set of words obtained by shuffling together the rows of H, 4,1
and the one obtained by applying a finite sequence of Knuth transformations
on the tableau H, ;) are the same. The characterization of Yamanouchi
words given by proposition 3.3, leads to the following definition.

Definition 3.2. Let ¢ > 1 and 0 € S§;. A word w over the alphabet [t]
is said o-Yamanouchi if w = H,. In particular, when o is the identity, w
is a Yamanouchi word, and when o is the reverse permutation, w is a dual
Yamanouchi word.

Since operations ¢ are compatible with the plactic equivalence [10, 13], we
may characterize o-Yamanouchi words using operations 07 as well.

Proposition 3.4. Lett > 1 and 0 € §;. Let w be a word over the alphabet
[t]. Then, w is a o-Yamanouchi word iff 0; ---0; (w) is a Yamanouchi word,
where s;, -+ s; 15 a reduced decomposition of o.

Proof: We have w = H, iff 0" (w) = 0"(H,) = H, where 0" =0; ---0;. 0O
Proposition 3.5. [12, 13] If B is an interval of [t], then

w=w' = wp = wp.
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Corollary 3.6. Let w be a word over the alphabet [t]. Then, P(wy_y) =

P(w)Ht_”.
Proof: From the previous proposition, we have wy;_;) = P(w);—1). Thus
P(wj—1)) is obtained from P(w) removing the letters ¢. O

If w is a o-Yamanouchi word then the word wy; ;11y = Ho|fi,i41) and, thus,
w){,i+1y 18 either a Yamanouchi or dual Yamanouchi word for 1 <7 <# — 1.
Moreover, if w has evaluation (mq,...,m;), then w = sh(u,t™) with u =
Hoq,,.., 1) [ 1) and w;—1 4 a Yamanouchi or dual Yamanouchi word.

The word 3121 = 321 > 1 is a s;-Yamanouchi word and 434 a dual Ya-
manouchi word. Nevertheless, considering the words in {w € Sh(3121,44) :
Wif34y = 434} except 434121, 431421 = 43211>41, the words 431241, 431214 =
4321 > 1 > 4 are not o-Yamanouchi words, whatever o € {4213;2413;2143;
2134} C S;.

This leads to the following question: given I = [t]\{i}, withi € [t], andu €

I* congruent with the tableau of evaluation (my,...,mi_1,Mis1,...,mye) and
shape ZZ “Lam) Z;Ziﬂ(lmﬂ'), under what conditions can u be a subword
of a word w € [t]* congruent with the tableau of evaluation (myq,...,m:) and

shape Z ((1m9) 2
The answer is given by

Proposition 3.7. Let w € [t]* and 0 € S;. Given i € [t], let [ = [t] \ {i},
and suppose wi; = Hy;. Then, w is a o-Yamanouchi word if and only if

w41y @8 either a Yamanouchi or a dual Yamanoucht word, for j =1—1,1,
and 0% (w )._HS]U‘ yforj=i—1,...,t—1.

Proof: The conditions are clearly necessary. Suppose now that Wi 4y 18
either a Yamanouchi or a dual Yamanouchi word, for j = l,z, and
07 (w )I[J'] = Hsjgu, for j=¢—1,...,t—1.

We start with the case ¢ = ¢, and thus, I = [t — 1]. Consider (myq,...,my)
the evaluation of w, and assume without loss of generality that m; ; > m;.
Noticing that from the equality P(w),_,) = P(w)4-1 = Hoyjt—1), we find that
the letters t — 1 of w are inserted in the first m;_; rows of P(w).

Since w14 = P(w)|{t-1,4 is a Yamanouchi word, the m; letters ¢ of w
are displayed in the first m;_; rows of P(w). On the other hand, the tableau
P(07_y(w)—1)) is obtained by erasing the m;_; letters ¢ in the first m;_; rows
of the tableau P(0; ;(w)) = 67 ;(P(w)). So if the letters ¢ in tableau P(w)
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are not in the first m; rows, the letters t — 1 are not in the first m; rows of
P(0;_(w)je-1) = Hs, 1oy~ This is absurd.

Assume now that ¢ # t. Then, w)j_1] = Ho—1), and since wg;_y 3 is either
a Yamanouchi or a dual Yamanouchi word, and fol(w)‘[i_l] = H5i71‘7|[i—1]’ by
the case i =t we find that

wii] = Holfy-
Next, note that wy; ;11 is either a Yamanouchi or a dual Yamanouchi word,
and that 07 (w)l[i] = Hsia‘[i]. Thus, again by the case ¢ = t, we must have

Wi+ = Holfir1)-
Noticing that since w); = Hy|7, the word wyy; 41y is either Yamanouchi or

dual Yamanouchi, for j =¢+1,...,t—1, we may repeat the process described
above for j =4+ 1,...,1f — 1, obtaining wy = Ho |- [l

For instance, in the alphabet [5], let I := [5] \ {3}, 0 = 51324 € S;,
and consider the key Hy(1,0.20,1) = 54321 531 531 5, associated with o and
(1,0,2,0,1), and the word wy; := 555415211 = HU(LO&OJ)U' Define w =
553541352131. Since wyz 3y = 3323 is dual Yamanouchi, w34 = 3433 is
Yamanouchi, 9§w|[2] = 212121 = H520|[2]7 9§w|[3] = 13211 = Hsggug], and
HZwM = 44341342131 = HS4U|[4], by the previous theorem the word w is
o-Yamanouchi, and has w; as a subword. Consider now the word w' =
533554135211, which also has w; has a subword. Although w\/{2,3} = 3332 is
dual Yamanouchi, w|’ (3.4} = 3343 is Yamanouchi, 9§w‘m = 221211 = HSQUHQ},
and 05wy = 13211 = Hyyo 5, w' is not a o-Yamanouchi word since fjwy, =
43344134211 is not in the plactic class of H34g|[4].

Corollary 3.8. Let w = shp(t",u) = H, withu € [t —1]*. Ifw' = shg(t",u)
with Q < P, then w' = H,.

Proof: By induction on t. If t = 1,2 it is obvious. Let ¢ > 3 and write
0:—1(w)|[t71] = Shﬁ((t - 1)7“’ w|[t72]) = Hst,la‘[t_l]a
Ll(w/)ut—l] = Sh@((t —1)", wip—2)-

Clearly, we must have Q < P. Then, by induction, it follows 0F 1 (W)—
HSHJ| and by previous proposition, we find that w' = H,.

1l

[t=1]

The criterion given by previous proposition can be generalized to operations

0;.
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Lemma 3.9. Let w € [t]* and wift—1,4y @ Yamanouchi or dual Yamanouchi
word. Let u = 0;_1(w), z = 0;_y(w) and v = wy_g. Then

W[t-1] = Shp(u‘{t_l},@ and wHt—l] = ShQ(Z‘{t_l},v), with Q < P.

Proof: It is enough to consider the cases w14 = tt—1t—1 and w14 =
ttt— 1. Therefore, if 6,_1 # 67 |, we have

O (tt—1t—1) = ttt—1,
F(tt—1t—1) = tt—1¢,
and
1 (ttt—1) = tt—1t—1,
fattt—1) = t=1tt =1
O

Theorem 3.10. Let w € [t|* and 0 € §;. Giveni € [t], let I = [t]\ {i}, and
suppose wiy = Ho 1. Then, w is a o-Yamanoucht word if and only if wy(; j41y
15 etther a Yamanouchi or a dual Yamanoucht word, for 7 = 1 — 1,17, and

Hj(w)‘[j] = HSJ'UIJ' , for some operation 0;, j =i —1,...,t —1.

Proof: Attending to previous lemma and corollary, if Qj(w)lm = Hsjal[j]’ then
0;?(w)|[j] = Hsjglm, for j=4—1,...,t—1. By previous proposition, it follows
w="H,. ]

Corollary 3.11. Let w € [t|*, t > 2, and 0 € &. If w = H,, then
0i(w) = Heo if and only if (0;w)|fi1,i42) @5 either a Yamanouchi or a dual
Yamanouchi word, 0;(w)ij = Hs.q, and 0;(0;(w)); = He,sioy) for some
operation 0;, j =4+ 1,...,t— 1.

Proof: Taking 0; = 07, j =i+ 1,...,t — 1, we find that the conditions are
clearly necessary. Assume now that w149y is either a Yamanouchi or a
dual Yamanouchi word, 0;(w);) = Hopy, and 6;(0;(w)) ;) = Hsjsigm, for
j=14+1,...,t—1.

Since 0;(w)|;) = H8i0|[i]7 O;wfiip1y is either a Yamanouchi or a dual Ya-
manouchi word, and 6;(6;(w)|;1) = w)y = Hoypi), by the previous theorem we
must have

0i(w))(i11) = HSW\[HI]'
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Now, since (6;w)(i11,i+2} is either a Yamanouchi or a dual Yamanouchi word,
and there is an operation ;1 such that 0;,1(60;(w))|ji11) = H5i+13i0|[ again
by the previous theorem, we find that

i+1)°

Qi(w)|[z’+2] = Hsia"[iJrQ]'

Finally, note that since 0;(w)|(; j+1y = W|(;j+1}, the word 0;(w)(; j41y is either

a Yamanouchi or a dual Yamanouchi word, for j = i+2,...,t—1. Therefore,
repeating the process above for j = i 4 2,...,¢t — 1, we obtain 0;(w)y =
Hsioo:

Remark 3.1. In particular, it follows from previous theorem and the cor-
responding statement for dual words, that 6¢,(w) = Hs, if and only if

01(w)24) = Hoso 2.

Consider w = 43143213321 a o-Yamanouchi word, where o = 3124, and
the keys Hy(0,0,1,1) = 4321 4321 31 3 and Hy,5(00,1,1) = 4321 4321 21 2. We
have 0;(w) = 42143212321 = H,,,, but O(w) = 43142213221 is not a sy0-
Yamanouchi word. Note that although 6s(w)34; = 4343 is Yamanouchi,
Ohwjg) = 1221221 is not in the plactic class of HSQJHQ]. The word fyw =

42143213221 is a s0- Yamanouchi word, since 85w(3 4y = 4433 is Yamanouchi,
Géw‘[g] = 2121221 = HSQJHQ], and 9;((%10)“3] = 9’2w|[2] = 213213221 = H53520H3]'

4. o-Yamanouchi words as shuffles of rows of a key
It has been shown in [3] that, when ¢t < 3, a word in [t]* of evaluation m

.....

no longer true, in general. For example, consider the Yamanouchi tableau
432121 and 421321 = sh(4321,21). We have 656;(421321) = 65(431321) =
431421 = sh(4321,41) but 431421 is not a shuffle of the rows of s3so-
Yamanouchi tableau 432141. For t > 4, we shall see that a word in [¢]*
of evaluation m is o-Yamanouchi if and only if it is plactic equivalent to a
shuffle of the rows of Hy(,... 1,

Next proposition shows that a shuffle of o-Yamanouchi words is still a
o-Yamanouchi word, for o € S;.

Proposition 4.1. Let 0 € S;. If w and w' are o-Yamanouchi words over
the alphabet [t], then sh(w,w’) is also a o-Yamanouchi word.

Proof: By induction on ¢t. When ¢t = 1 there is nothing to prove, and the
case t = 2 is trivial [3]. Let ¢ > 2 and w, w’ be o-Yamanouchi words over the
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alphabet [t], with evaluations om and om’, respectively, for some partitions

m, m' with indices (lt,...,{) and (4,...,1}).

From corollary 3.6, we find that wj;_qj, w|’ 1] = Hot—1]- Therefore, by the
inductive step, sh(wy_1j, w|’[t_1]) = sh(w, w/)l[t—l} = Ho|t—1). We consider the
case, my_1 > my (and thus, m; ; > m}). The other case is similar.

The subwords w1, w|’ (t—1,) are both Yamanouchi words and, thus, us-
ing step t = 2, we find that sh(w|{t_1’t},w|’{t71’t}) = sh(w,w')|g-1,4 is also
a Yamanouchi word. Since w,w’ are o-Yamanouchi words, 0} |(w),0; {(w')
must be s;_jo-Yamanouchi words. Thus, by corollary 3.6,

(er_l(w))ut—l]? (9:_1(11),))“75—1] = HSt*lJHt_l]

and, again by the inductive step, the word
sh((6f_1(w)) -1, (071 (W) —1) = sh(0;_1 (w), 071 (W) r—1) = Hs, sy

Finally, note that there is a operation 6;_; satisfying
Or-1(sh(w, w')) = sh(0;_;(w), 6;_1 (w')),

and, therefore,
[et—l(Sh(waw/))]I[t—l] = Sh( :—l(w)a :—l(w/))Ht—l] = Hst_m‘[tfl]-

By proposition 3.7 we may conclude that sh(w,w') = Hy(,,...
that is, a o-Yamanouchi word. [l

Corollary 4.2. Let i € {1,...,t — 1}, w = sh(r,...,r1) € Sh(R", ... RY)
and let 0;(w) := sh(0;(r¢),...,0:(r1)). Then 0;(w) is a s;- Yamanouchi word.

By induction, we may easily extend proposition 4.1 to a shuffle of k o-
Yamanouchi words, for every k£ € N.
By proposition 3.2, the word 7, is a o-Yamanouchi word for all k£ € [¢].

Thus we find that sh(RY, Rﬁ;l_l, C Rla{l) is also a o-Yamanouchi word, with
l; > 0. Therefore,

Theorem 4.3. Sh(R,lJ,Rlof’;l_l, e Rlal?l) Clwe[t] - w=Hou, 1)}

.....

. From this theorem, we find that shuffling together the rows of H, has the
same effect as performing Knuth transformations on the tableau H,. The
reciprocal is not true in general. In what follows, we will determine the
permutations ¢ € S; for which Knuth transformations on the tableau H,
and shuffling together the rows of H, leads to the same words.
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Let w be a word obtained by applying an elementary Knuth transformation
to sh(uy, ...,ux), k > 2, where uq, ..., u, are rows pairwise comparable for
the inclusion order. From propositions 2.1, 2.2 and the discussion therein, we
may assume w obtained by applying an elementary Knuth transformation,
involving three distinct letters < y < z, to a shuffle of two of these rows,
say u and v, with zx a factor of v and y a letter of u. Since the letter y is in
u, but not in v, and v and v are comparable for the inclusion order, we have

{v} € {u}.

Lemma 4.4. Let uy,us be rows in [t]*, and x,z € [t] such that zujusx is a
row. Then,

(1) sh(ug, uyugz) € Sh(usx,ugus).

(17) sh(uy, zugug) € Sh(zuy, uiug).

Proof: (i) Write us = ay - --a,, and sh(ug, ujusz) = ¢1---¢. For each j =
L...,r, let pj := min{i : ¢; = a;}, and let p’ € [I] such that ¢y = z. Then,
it is clear that
sh(ug, urusz) = shp(usz, uyus),
where P := {p1,...,p, D'}
(73) Write uy = aq - - - a,, and sh(uy, zujus) = ¢y ---¢. Foreachj =1,... r,
let p; := max{i: ¢; = a;}, and let p’ € [I] such that ¢, = 2. Then, we have

sh(uy, zuius) = shp(xuy, uius),
where P := {p1,...,p. D'} u

Lemma 4.5. Let u and v be rows in [t|* such that u = ujuszyxruzuy and
v = ugzxug, where z >y > x are consecutive letters in [t], and uy = s(s —
De-(r+D)lue=0r—-0)r—-2)-(z=1),uzs=(x—1)(x—2)--- (¢ + 1/,
anduy = (q—1)(q—2)--- b, with either l =r and ' = X, orl = X\ and ' = q,
orl=randl =q, wheret > s>r >z>y>x >q>b>1. Then,
the word obtained by a single elementary Knuth transformation on sh(u,v)
is still a word in Sh(u,v).

Proof: As before, the only cases to consider is the application of the ele-
mentary Knuth transformations zzxy = xzy and yzx = yxz, respectively, to
sh(u,v) = wy zx Jwe and sh(u,v) = w1 § z x we, where y is a letter of u, zx
a factor of v, wy = sh(ug, ujusz) and wy = sh(xruguy, us).

In the case of the elementary Knuth transformation zxy = zzy, we have

sh(u,v) = w1z  Jwy = w1 2 Jws, (12)
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where wy = sh(ug, ujusz), wy = sh(xuguy, us). By lemma 4.4 (i), we must
have wy = shp(usz, uyus), for some set P. Thus, we may write the right side
of (12)
wixzyws = sh(uszxus, uiusz J rusuy) € Shu,v).
The case of the elementary Knuth transformation yzx = yxz is analogous
to the previous one. Il

As an illustration of the lemma above, consider, in the alphabet [6], the
rows u = 654321 and v = 542, and let sh(u,v) = 5654 (423) 21, where
the underlined letters define the word v, and the remaining letters define wu.
Applying the Knuth transformation 423 = 243, to sh(u,v), we get the word

5654(243)21, which is also a shuffle of u and wv.
Next, we identify the permutations in &; for which Knuth transforma-

.....

Proposition 4.6. Let 0 € S; and H, = (ro4)" ... (151)", with Iy > 0, and
l; >0,1<i<t—1. The plactic class of H, is Sh(Rf;,t, ce Rf;,l) if and
only if, for k =2,...,t =1 with l;, > 0, either vy is

s(s—=1)---(z+1)(z—1)(z—2)---b (13)
or s(s—1)---(z+1) (14)
or (z—=1)(z—2)---0, (15)

forsomet>s>z+1>2—-1>b>1.

Proof: If ; = 0 for 1 = 2,...,t—1, there is nothing to prove. Consider [; > 0,
for some i € {2,...,t —1}.

The if part. Assume that for each I, > 0, {r,;} is either (13) or (14) or
(15), and let w be a o-Yamanouchi word. By proposition 4.3, w = sh((rq,)"

. (re1)"), and we may assume, without loss of generality, that w is ob-
tained performing a single elementary Knuth transformation (i) xzy = zxy,
or (i) yzx = yxz, with x < y < z, on a shuffle of two rows of H,, say u and
v, such that zx is a factor of v and y is a letter of u.

Note that {v} C {u}, so there exist k& > k' such that u = r, ;, = wuszyzrusUY,
and v = r,p = ugzrug, with © < y < z consecutive letters in [t], and u; =
s(s=1)---(r+1),uy = (r—=1)(r—=2)---(2—1),ug = (z—1)(z—2) - - - (¢+1)',
and uy = (¢q—1)(¢—2) --- b, with either I =r and I"= X, or [ = X and ' = ¢,
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orl=rand!'=q, wheret >s>r>z2>y>x>¢q>0b>1. Bylemma
4.5, if we perform a Knuth transformation (i) or (ii) on sh(u,v), we do still
obtain a shuffle of u and v. Therefore, we find that w € Sh((ry4)" -+ (ry1)").

The only if part. Suppose that there exists an integer k € {2,...,t — 1}
with [ > 0 such that the row 7, fails (13), (14) and (15). Without loss of
generality, assume that 7, has one of the following forms:

(1) ror = usdaug, where ug = s(s —1)---d+1, ug =(a—1)---(r + 1)r,
with s,7,d,a € [t] such that d — a = 3;

(19) 75, = ugfdugcauy, where ug = s(s—1)---(f+1),ug = (d—1)--- (c+1),
and ug=(a—1)---(r+ 1)r, with f —d,c —a = 2.

In case (i), write r, = ujuadcbauguy. Since 7,5 and r; are rows of H,, the
word

sh(ry,rer) =g uy ug dc (dab) aus uy s (16)

is a o-Yamanouchi word, where the overlined letters define the word 7.
Applying the elementary Knuth transformation dab = adb on (16), we obtain
(16) = Uy ug ug d ¢ (@d b) a uz uy Us. (17)

Clearly, the right member of (17) is a o-Yamanouchi word, but not a shuffle
of the rows r; and 7.

In case (ii), write r; = wujus feduscbaugus, and consider the following o-
Yamanouchi word

sh(rs,7ex) = uy us f e dus Ty f duz(Cab) Uy a uy us, (18)

where the overlined letters define the word r,j. Performing the elementary
Knuth transformation cab = acb on (18), we obtain the word

(18) = uj us feduscly f dus(@ch) iy auy us,

which is a o-Yamanouchi word, but not a shuffle of the rows r, and r, ;. U

In order to state the general characterization, we need the following defi-
nition.

Definition 4.1. Let A be a nonempty subset of N. If 5, j+k € Awith k > 1
are such that [j+ 1,7+ k —1]NA =0, then we say that [j +1,j +k — 1] is
a gap of A of length kK — 1. A word is said to have a gap if the underlying set
has a gap.



MATRIX REALIZATIONS, KEYS AND SHUFFLES 23

Theorem 4.7. Let 0 = ay...a; € S such that the left reordered factor of
length q, {a1, ..., a;} = Ui Xj, with X;, 1 < j < s, pairwise disjoint
nonempty subintervals of [t|, has s — 1 gaps of length # 0. Let {¢ > p >
o> [ C ] and Hy = (15.9)' (1op)7 -+ (1o ), with 1y, Ly, ..., 1y > 0. The
plactic class of H, 1is Sh(Rﬁ}iq, Ri}jp, e ,Rlaff) of and only if, fork=f,...,p,
g=1,....8,{a1,..., ar} N X; # 0 has at most a gap of length 1.

In particular, the plactic class of Ho1,..1) is the set Sh(ry, 7, 1, ..., 7,1)
iof and only if every left factor of o has at most a gap of length 1.

Corollary 4.8. [3] If 0 = sq or the reverse permutation tt—1---21, a word
over the alphabet [t] is a o-Yamanouchi word if and only if it is a shuffle of
the rows of H,.

Corollary 4.9. [3] If 0 € S, t = 2,3, a word over the alphabet [t] is a
o-Yamanoucht word if and only if it is a shuffle of the rows of H,.

Given o € &, let ag - - - a; be the word of ¢ in the alphabet [t]. We may give
a planar representation for ¢ by exhibiting the underlying sets of all its left
factors in an array of t + (¢t — 1) + - - - + 1 bullets having ¢ rows with ¢t —i + 1
bullets in row 7, for 1 < ¢ < t, displayed as follows: put a bullet in the first
t columns of row 1; and, for ¢« = 2,...,t, row ¢ is obtained by erasing in row
1 — 1 the dot in column a;.

For instance, the planar representation of o = 75416832 € Sg is

12345678
1o o o @ @ © 0 o
2@ e e 06 0 0 o
3e e o 0 0 o
4| e e o 0 o (19)
Hle o o °
6 °o o °
7 ° °
8 °

The planar representation of o = 75416832 € Sg (19) shows a gap of length
1 in row 2, 6 and 7, a gap of length 2 in row 3, 4, and two gaps in row 5, one
of length 1 and the other one of length 2. There are no gaps in the remaining
TOWS.
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Since the planar representation of ¢ = 75416832 € Sg, given in (19), has
a gap of length 2 in row 3, the shuffling of the rows of 75, r57, 756, - .., 762,
7,1 are not enough to give the entire plactic class of Hy (11, 1). Nevertheless,
the plactic class of Hy(0,1,1,1,01,1,1) = T0,770,6T0,5 70,370,201 18 Sh(req, Tog,
To5:To3s 5 To.2s To1), and the plactic class of Ho(1,1,0,000,1,1) = To8 To7 To2 Tol
is Sh(rs8, To7, To.2, To1) as well.

Consider now the permutation o = 35476182 € Sg, whose planar represen-
tation is given below.

123456 78
1o © o @ @ © 0 o
2@ e o 0 o0 o
e e o 0 0 o
4 e 0o 0 0 o (20)
5% o o o °
6 e o o
7 ° °
8 °

Notice that each row of the planar representation of ¢ = 35476182 has, at
most, one gap of length 1: rows 1,4, 6, and 8 have no gaps, and the remaining
rows have one and only one gap of length 1. Thus, by previous lemma, we
find that the plactic class of Hy(1, 1y is the set Sh(H,q,..1))-

As we have seen in the example above, in S;, t > 3, there are permutations
that do not satisfy the conditions of theorem 4.7. For s3sy = 1423 € S,
we have H,s, = (4321)1(421)%(41)21% and row 41 has a gap of length 2.
The word w = 431421 is a s3S9- Yamanouchi word and is not a shuffle of the
rows of the tableau H,s, = 432141. It is easy to check that in Sy, the only
permutations that fail to satisfy the conditions of theorem 4.7 are 1423, 1432,
4123, and 4132.

Corollary 4.10. Let 0 € Sy and (ly,13,15,11) a sequence of positive integers.
The plactic class of Ha,150,1,) S Sh(Rif, Rffs, Rff’Q, Rfjl’l) iof and only if o 1s
in Si \ {1423, 1432, 4123, 4132}

In Appendix the permutations of S5 and Sg such that the set Sh(Rit, Ri;;l_l,
...,R?,Q, Rf;,l), with [; > 0,7 =1,...,t, t = 5,6, is not the whole plactic
class of H,,, are listed.
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For t > 3 the rows of H, are not enough to characterize the o-Yamanouchi
words in terms of shuffling together those rows. In the case of &y, next
theorem shows that it is necessary and sufficient to include the word 431421
o-Yamanouchi words over the alphabet [4], for any o € S;. Denote by RL
the set of all shuffles of | words 431421.

Theorem 4.11. Let 0 € Sy and (ly,...,l1) a sequence of positive integers.
Then, the plactic class of Ho,,..1,) 18

Sh(R}, R2y, R2y, RY)), if o € Sy\ {1423,1432,4123,4132},  (21)
and, otherwise,

Sh(Rifv Rfrg,Sa R?,Q: RZ}I): (22)

where Z?ﬂ Lilrs. i = ns|431421|; + Z?:l nj|rejli, fori=1,2, 3,4.

Proof: When o € S, \ {1423,1432,4123,4132}, we have already proved in
corollary 4.10 that the plactic class of H,(,, ) if the set

Sh(Hyq,...1) = Sh(RY, R4, R2, RY ).

..... 0,2?

Assume now that o € {1423, 1432,4123,4132}. Note that r,o = 41.

As discussed before, the only case to consider when analyzing the effect of
a single Knuth transformation on a shuffle of the rows of H,(, . 1,), is when
the Knuth transformation zxy = zzy or yzx = yxz involves three distinct
letters, z > y > x, with zz a factor of a row , and y a letter of another row of
‘H,. Thus, using lemma 4.5, we find that any word obtained by application
of a single Knuth transformation on a shuffle of two rows of Hy(,, .
than sh(ry,752) = 4341 21, is still a shuffle of the rows of H,q, ;)

In the case of the shuffle sh(ry,r,2) = 43 41 21, the application of the
transformation 341 = 314 or 412 = 142 gives the word 431421, which is not
a shuffle of the rows of Hy(, .1,

Now, an exhaustive analysis of the effect of a single Knuth’s transformation
on all possible shuffles between any two words from the set {431421, 74,7, 3,
702,01}, shows that the resulting word is still a shuffle of two, or more,
words of this set.

R!\) U Sh(Ry®, Ry*, R, R

0,3~ Y0,2)

.....

transformations on Hy(,, . ;). Hence, it must be a shuffle of the words

.....

431421, 14,753,702, and 1,1, with appropriate multiplicities. [l
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5. Matrix realizations of pairs of tableaux

Let R, be a local principal ideal domain with maximal ideal (p). The
matrices under consideration have entries in R,,.

Let U,, be the group of n x n unimodular matrices over R,. Given n X n
matrices A and B, we say that B is left equivalent to A (written B ~p A) if
B = UA for some unimodular matrix U; B is right equivalent to A (written
B ~p A) if B = AV for some unimodular matrix V; and B is equivalent
to A (written B ~ A) if B = UAV for some unimodular matrices U, V.
The relations ~j, ~ and ~ are equivalence relations in the set of all n x n
matrices over R,,.

Let A be an n X n nonsingular matrix. By the Smith normal form theorem
[5, 15], there exist nonnegative integers ay, ..., a, with a; > ... > a, such that
A is equivalent to the diagonal matrix

diag(p™, ...,p™).
The sequence a = (ay,...,a,) of exponents of the p-powers in the Smith
normal form of A is a partition of length < n uniquely determined by the
matrix A. The partition a is the invariant of the equivalence class containing
A and we call a the invariant partition of A. More generally, if we are given
a sequence (fi,..., f,) of nonnegative integers, the following notation for p-
powered diagonal matrices will be used:

diag,(f1, ..., fn) == diag(p™, ..., p™).

Given A C [n], we write x4 = (f1, ..., f,) with f; = 1if i € A and 0 otherwise,
thus, we put D, = diag,(x"). Given a partition a of length < n, we write
A, = diagy(a). If a =0, Ay = 1.

Let 0 € &, t > 1, and let m be a partition of length ¢ such that om =
(mq,...,m¢). In what follows, 7 will denote a skew-tableau of evaluation
(myq, ..., m¢) and shape ¢/a where the length of ¢ is < n. Next we introduce
the definition of matrix realization of a pair of Young tableaux (7, F), with
F a tableau of evaluation (my,...,m;) and shape b, following [2, 3, 4].

Definition 5.1. Let 7 = (a%al,...,a’) and F = (0,b',...,b") be Young
tableaux both of evaluation (mq, ...,m;). We say that a sequence of n x n
nonsingular matrices Ay, By, ..., By is a matriz realization of the pair of Young

tableaux (7', F) (or realizes (7, F)) if:

I. For each r € {1,...,t}, the matrix B, has invariant partition (1",
on=me).
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II. For each r € {0,1,...,t}, the matrix A, := AyB;...B, has invariant
partition a”.
III. For each r € {1, ...,t}, the matrix Bj...B, has invariant partition 0.

(7,F) is called an admissible pair of tableaux.

Conditions (I) and (II) alone are trivially feasible. But in conjunction
with condition (III) they impose a non trivial argument on the concept of
matrix realization. Here, we restrict ourselves to pairs (7, H,,,..1,)). Next
theorem, proved in [3, 4], shows that, without loss of generality, we may
consider matrix realizations of (7, H,(,,. 1)) With a particular simple form.

Theorem 5.1. The following conditions are equivalent.

(a) (7, Hoq,,..1)) s an admissible pair.
(b) There exists U € U, such that AU, Dy, ..., Dy, realizes the pair
(T, Hogty,1))-

The characterization of o-Yamanouchi words as shuffles of the rows H, has
been used to determine necessary and sufficient conditions for the admissibil-
ity of a pair of Young tableaux (7, H,(,.. ;,)), when ¢t < 3 [3]. Next theorem
extends the necessary condition of this result to any ¢ > 1, and verifies the
recursive criterion for o-Yamanouchi words given in theorem 3.10. The proof
of this theorem needs the following proposition, proved in [3].

Proposition 5.2. [3] Let (my, msg) be a partition. Let w,w" be the words of
the tableauz realized by the sequences A U, Dy, 1, Dipmy) and AU, Dyy,ypy Dy,
respectively. Then, there exists an operation 01 such that w' = 6Lw.

Theorem 5.3. Let 0 € S;. The pair (T, H,,,. 1)) s admissible only if
w(T) = HU(lt,~-~,ll)'

Proof: By induction on ¢ > 1. When ¢ = 1 there is nothing to prove, and the
case t = 2 has been proved in [2, 4]. Assume the claim for ¢t — 1 > 2. Thanks
to theorem 5.1 we may assume the existence of an unimodular matrix U € U,
such that Ay, UDyy,, ;. .., Dy, realizes (T, Hy,,. 1)) Let w := w(7T) and
(4) the biword of 7. By the inductive step, the word wj_1) of the tableau
realized by the sequence

Ag, UD[m1]> Cey D[mtfﬂ
satisfy P(w)—1)) = Hojt—1)-
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We consider the case m;_1 > my, the other one is similar. There exists an
unimodular matrix U’ € U,, such that

AoUDpyny -+ Diny_) D) ~1 AU Dy, Diy

where A’ = diag,(a + x" + -+ + x”-2). Since my_; > my, by the case t = 2,
the sequence A'U’, Dy, 1, Djy,) realizes a tableau whose word w14 is a
Yamanouchi word. Finally, consider the sequence

AU, D+ Dpng_s)> Dy

and let w’ be the word of the corresponding tableau. Attending to previous
proposition, we must have w’ = (6;_1(w))|;—1], for some operation ¢;_;, and
by the inductive step, P(w') = Hst_lg“tfﬂ. By theorem 3.10, we find that w
is a o-Yamanouchi word. [l

2

6. Appendix

Below are listed the permutations ¢ in S5 and Sg for which the set S h(Rff,
RZ;l_l, "'vR?,% Rfjﬁl), with [; > 0,1 =1,...,t, t = 5,6, is not the whole
plactic class of H,.

Ss

’(U4U),, w € 8{2,5}, U), c 8{173};
’LUSU)/, w € 8{2,5}, w' € 8{1’4};
ww', w € Spasy, W E Spsy;

ww', w € 5{1,3,5}7 w' € 5{2,4}3
w3w', we Sy, W e Sps;
w2w', w e 5{1,4}7 w' € 8{3’5};

/

ww',  w e Spam, W E Spa
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S6

ww'w”, we Spe, W€ Sum, weSuy;
wdw',  w € 8{2,576}, w' € 3{1,3};

whHw',  w € Sppagy, W E Spzy;

wdbw’, w € Sp2.515 w' € Sq1.31;

w52w', w € Sgzey, W' € Spay;

’(U?)U),, w & 8{2,5,6}7 w’ c 8{174};

w5w’, w € 8{2,376}, w' e 3{1,4};

w3bw’, w € 8{2,5}, w' e 3{1,4};

w42w’, w e 8{3,6}, w' e 8{1,5};

wdw',  w € Spaa6, W E Spipy;

w4w’, w e 8{2,376}, w' € 8{175};

ww'w”, we Sps, W ESpa, WE Syg;
ww’, w € 8{1,4,5,6}7 w' € 8{273};

ww', w € Sp356), W E Spay;

UJ’UJ/, w € 8{1,3,4,6}7 w' € 8{275};

’LUSU)/, w € 8{1,475}, = 8{276};

’LU4U)/, w € 8{17375}, w’ € 8{276};

w3bw', w € Spy 4y, w' € S 6);

ww’, w € 8{1,275,6}7 w’ c 8{3’4};

ww’, w e 8{1,274’6}, w' € 8{375};

wilw', w € Sy, w' € Sgz6);

’(U2U),, w € 8{17475}, w' € 8{376};

’LU4U),, w € 8{1,275}, = 8{376};

w2bw', w € 5{174}, (S 5{3,6};

U)U}/, w € 8{1,273’6}, w' e 8{475};

w3lw', w € Spsy, W € Sugy;

wa', w e 8{1,375}, w' € 8{476};

wa’, w < 8{1’275}, = 8{4,6};

ww'w”, w e Sy, w' € Sppzy, W' € Sy

29

There are a total of 52 permutations in S5 and 488 permutations in Sg that
fail to satisfy the conditions of theorem 3.19.

References

[1] G. Appleby, A simple approach to matriz realizations for Littlewood-Richardson sequences,
Linear and Multilinear Algebra, 291 (1999), 1-14.



30

2]

0. AZENHAS AND R. MAMEDE

O. Azenhas and E. Marques de Sa, Matriz realizations of Littlewood-Richardson sequences,
Linear and Multilinear Algebra, 27 (1990), 229-242.

O. Azenhas and R. Mamede, Actions of the symmetric group on sets of skew-tableaux with
prescribed matrix realization, to appear in Linear Algebra and its Applications

O. Azenhas, Opposite Litlewood-Richardson Sequences and their Matrixz Realizations, Linear
Algebra and its Applications, 225 (1995), 91-116.

W. C. Brown, Matrices over Commutative Rings, Monographs and Textbooks in Pure and
Applied Mathematics, Marcel Dekker, New York, 1993.

C. Ehresmann, Sur la topologie de certains espaces homogénes, Annals of Mathematics (2), 35
(1934), 396-443.

W. Fulton, Young Tableaux, London Mathematical Society Student Texts, vol. 35, Cambridge
University Press, Cambridge, 1997.

J. A. Green, Shuffie Algebras, Lie Algebras and Quantum Groups, Textos de Matematica,
Série B, vol. 9, Departamento de Matematica, Universidade de Coimbra, Coimbra, 1995.

D. E. Knuth, Permutations, Matrices, and generalized Young Tableauz, Pacific Journal of
Mathematics, 34 (1970), 709-727.

A. Lascoux and M.P. Schutzenberger, Le Monoide Plarique, Noncommutative structures in
algebra and geometric combinatorics, (Naples, 1978), Quaderni de ”La Ricerca Scientifica”,
109 (1981).

A. Lascoux and M.P. Schutzenberger, Arétes et tableaur, Séminaire Lotharingien de Combi-
natoire, 20 (1988), 125-144.

A. Lascoux and M.P. Schutzenberger, Keys and standard bases, Invariant theory and tableaux
(Minneapolis, MN,1988) IMA, Math. Appl. 19, Springer, New York-Berlin (1990), 125-144.
M. Lothaire, Algebraic combinatorics on words, Enciclopedia of Mathematics and its Appli-
cations, vol. 90, Cambridge University Press, Cambridge, 2002.

I. G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford University Press, Ox-
ford, 1995.

M. Newman, Integral Matrices, Academic Press, New York, 1972.

C. Reutenauer, Free Lie algebras, Oxford University Press, Oxford, 1993.

C. Schensted, Longest increasing and decreasing subsequences, Canadian Journal of Mathe-
matics, 13 (1961), 179-191.

OLGA AZENHAS
DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE COIMBRA 3001-454 COIMBRA, PORTUGAL

E-MAIL ADDRESS: oazenhas@mat.uc.pt

RiCARDO MAMEDE
DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE COIMBRA 3001-454 COIMBRA, PORTUGAL

E-MAIL ADDRESS: mamede@mat.uc.pt



