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1. Introduction

Ternary Malcev algebras are a particular case of n—ary Malcev alge-
bras, first defined in [7], and these naturally arise from the classification
of n—ary vector cross product algebras [2]. Indeed, the classification
theorem for these asserts that, in the case n = 2, the only possible
algebras are the simple 3—dimensional Lie algebra s/(2) and the simple
7—dimensional Malcev algebra C7; in the case n > 3, those are the
simple (n + 1)—dimensional n—Lie algebras (which are a natural gen-
eralization of Lie algebras to the case of an n—ary multiplication [4],
and nowadays these algebras are called Filippov algebras) with vector
cross product, being analogues of sl(2), and also some exclusive ternary
algebras arising on composition algebras.

It has been proved [7] that the latter ones are ternary central sim-
ple Malcev algebras, which are not 3—Lie algebras if the characteristic
of the ground field is different from 2 and 3 (more generally, the re-
sult states that every n—ary vector cross product algebra is an n—ary
central simple Malcev algebra).

The class of n—ary Malcev algebras has also the following interesting
properties:

1. It is an extension of the class of n—Lie algebras, i.e., every n—Lie
algebra is an n—ary Malcev algebra (generalizing the fact that every
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Lie algebra is a Malcev algebra);

2. Fixing an arbitrary component in the multiplication (i.e., defining
a new reduced operation on the vector space A of the n—ary Malcev
algebra by the rule [z1, ..., 2,-1]a = [a, 21, ..., 2zy_1], (reduced algebra)),
we obtain an (n — 1)-ary Malcev algebra.

Really, at the moment, the only known example of a simple n—ary
Malcev algebra which is not an n—Lie algebra is the above mentioned
ternary central simple Malcev algebra arising on an 8-dimensional com-
position algebra.

In this article we continue investigating the properties of this ternary
simple Malcev algebra. We obtain some results on its derivation and in-
nerderivation algebras over a field of characteristic 0 (namely, conclud-
ing that these coincide) and its associative and Lie algebras of multipli-
cations. These results are necessary to classify the faithful irreducible
finite-dimensional representations of this ternary algebra. Further, we
describe the algebra of quasi-derivations of the ternary Malcev algebra
mentioned above.

We start recalling some definitions. Let ® be an associative, com-
mutative ring with unity. An Q—algebra over ® is a unital module
over ®, on which we define a system of multilinear algebraic operations
Q ={w; : |wil =n; € N, i € I}, where |w;| denotes the arity of w;.
Henceforth, an QQ—algebra is sometimes briefly called an algebra.

An n—Lie algebra (n > 3) is an Q—algebra L with one n—ary oper-

ation [z1,...,z,| satisfying the identities
[T1, ..., 20] = 5gn(0)[To1), - -5 Tom)]s (1.1)
Hx17"'7x7l]7y27"'7yn] :Z[x17"'7[xi7y27"'7y7l]7"'7x7l]7 (1.2)

i=1

where ¢ is a permutation in the symmetric group 5,,, with sign denoted
by sgn(o). The relation (1.1) is called the anticommutativity identity
and (1.2) is the generalized Jacobi identity (or Filippov identity).
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By an n—ary Jacobian, we mean the following function defined on an
n—ary algebra:

J(@1, o Y2, Yn) =

n

Hxla-'-7xn]7y27'“7y7l] _Z[I17"'7[Ii7y27"'7yn:|7"'7xn]'

i=1
Note that, in an n—Lie algebra, J(z1,...,Zn; Y2, .., Yn) is skew-symme-
tric on each of the sets x1,...,x, and ¥s,...,y,, but not on their to-

tality. It follows from the definition that if A is an n—Lie algebra then

J(@1, - T y2, oY) =0

for all z1,...,xn,y2,...,yn € A.
An n—ary Malcev algebra (n > 3) is an —algebra L with one anti-

commutative n—ary operation [z1,. .., z,] satisfying the identity
n
Z T2 T 2 SO /P 1 MR 7 ) IO (1.3)
i=2

n

+Z[[27I27"'7[Ii7y27"'7yn]7"'7xn]7x27"'7xn]
=2

- H[zax% o ,Z)?”],LUQ, cee 7$7L]ay27 cee 7%]
_[[[Zvaa' .. 7y’n]ax2a- .. 7$7L:|7$2?' .. axn] .

In terms of right multiplications, this identity is equivalent to:
Rz(z Rzg,...,ziRy,...,z") + (Z Rxg,...,ziRy,...,z")Rz = RiRy - RyRia

where R, = Ry, ., and R, = Ry, , are right multiplication opera-
tors: zR, = [z, %2,...,%,). Note also that we can rewrite (1.3) as

—J(zRy, oy o s Yoy ey Yn) = J(2, @9, 0y Y2y o Yn) R
A version of the ternary case of (1.3) can be written as follows:
2.y, 21 [y, u, 0], 2] + [[2,y, 21y, (2,0, 0]]
Hla [y, w, 0] 21y, 2] + ([, y, [0, 0]y, 2]
= lleyy: 2]y, 2] w0 = [l w, 0]y, 2y, 2]
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Henceforth, we assume that ® is a field of characteristic 0 and denote
by A a composition algebra over ® with an involution ~ : a — a and
unity 1. The symmetric, bilinear form (z,y) = (2 + yz) defined on
A is supposed to be nonsingular and we can define the norm of each
a € A by the rule n(a) = (a,a). Equip A with a ternary multiplication
[-,-,-] by the rule

[z,y, 2] = 2yz — (y, z2) v + (x, 2) y — (2, 9) 2.

Then A becomes a ternary Malcev algebra with respect to this opera-
tion which will be denoted by M (A). If dim A = 8 then M (A) is not a
3—Lie algebra and we denote it by Mg or simply by M.

2. Algebras of multiplications of M

Let M be the simple 8-dimensional ternary Malcev algebra over a
field ® of characteristic 0 and R the vector space generated by the
right multiplications of M. Let Ass(R) and Lie(R) be, respectively,
the associative and Lie algebras generated by R. Let Der(M) and
Innder(M) be, respectively, the derivation and inner derivation alge-
bras of M. Remind that a derivation is called inner if it belongs to the
Lie algebra Lie(R) of transformations.

Lemma 2.1. We have:

ASS(R) = M&g(@);

Ass(R) =< R* >;

Lie(R) = Dy;

Lie(R) = R as vector spaces;
Der(M) = Bs;

Der(M) = Innder(M).

S G oo =

Proof: Being 1, a, b, ¢ orthonormal vectors of A, let us choose the fol-
lowing basis
{e1 =1,e9 =a,e3 =b,ey = ab,e5 = ¢, e = ac,er = be, es = abc},

denoted by ¢ and called the canonical basis of M. For each i €
{2,...,8}, it is possible to choose j, k,[,m, s, t, all depending on i such
that

€; = €1€; = €€ = €€y = €5C¢
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Let R;j = R, ; and
S={Ry : i,j=1,...,8, i <j}.
We claim that § is linearly independent, that is,
D aiRi; =0 (2.1)
i<j

implies a;; = 0 for all 4,5 = 1,...,8, ¢ < j. Consider the following
partition of S:
8
s=Js;,
=2

where for each i € {2,...,8}, S; = {Ru, Rji, Rim, Rt} Fixing ¢ in
{2,...,8} and applying the left part of (2.1) to e, we have:
— Q= Qupy — i = 0. (2.2)
Indeed, it is easy to see that
etRi; =0 and e Rjr = —e = e Ry = e1Ry.

Further, if ¢’ # i and we apply the right multiplications of Sy to e, we
never obtain a element of (e;) (except 0, of course) as a consequence of
the above partition. Therefore, from

e Z a;jRij =0
i<j

we obtain (2.2). Analogously, applying the left side (2.1) to e;, we
obtain

—an; — o — A = 0, (2.3)
since

ejRj, =0 and ejRy = —ep =¢ejRy, =¢;jRy

and because no other right multiplication of S produces a vector of

(er) when applied to e;. Analogously proceeding, when we apply the
left side of (2.1), respectively, to e; and to es we obtain

—ay; — g — g =0 (2.4)

and
—Q; — Qg — Q= Oa (25)



6 A. POJIDAEV AND P. SARAIVA

respectively. So, from (2.2)-(2.5) we conclude that
a1 = O = Q= Qlgt = 0

and thus §; is linearly independent. Since the same can be applied for
all i € {2,...,8}, we conclude that S is linearly independent.

Consider Rj; as a linear transformation of the space M with basis ¢.
It is easy to see that

Rji = Ait + Ay + Ay, (2.6)

where A;; = e;; — ej; and e;; are the usual matrix units. Note that
dim A = 28, where

A:<Aijii,j:17...,8>q).

By (2.6), (S) = R is a subspace of A, with dim R = 28. Hence, R = A.
The items 1. to 4. of the lemma easily follow from here.

To prove that Der(M) = Bs, let D be a derivation of M. Then D is
an operator of M such that:

[z,y,2] D = [zD,y, 2| + [z,yD, z| + [x,y,2D], (2.7)

for all x,y,z € M. Applying this identity to every z,y,z € e (it
is sufficient to do it for every e;,e;, e, with ¢ < j < k), and being
D = [aij]; ;—, . g We may conclude that:

( . .
Ajj = —ji, 1 <J;

A — O, 1= 1, ...78;

aig — agr + aze + ags = 0;

ass + a7 + ags — age = 0;

ass — aig — azs — aqr = 0; (2.8)
a48 — a15 + age + agy = 0;

asg + a4 + asg — agy = 0;

ags + a1z — asy + as7 = 0;

azg — a12 — a4 — asg = 0.
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Replacing, for instance, the elements ay; and a;; for ¢ = 2,...,8, and
using the operators A;;, we may deduce, after (2.8) that

D = ays (A23 - A14) + Qg (A24 + A13) + aos (AQ Am)
+age (Ag6 + Ais) + azr (Agr + Agg) + ags (Ags — Agr)
+a3s (Azs — Ara) + azs (Ass — Arz) + ase (Aze — Aus)
+azr (Asr + Ais) + ass (Ass + Agg) + ass (Ags — Ass)
+a46 (Age + A17) + asr (Agr — Asg) ( )
+ase (As6 — A1a) + as (Asy — Arz) + ass (Asg — Aug)
+ae7 (A7 + A1) + aes (Ags — Arz) + ars ( )

+ a4s

It is easy to conclude now that
Der(M) = ( Aoz — Ay s Arg + Agg )y
and Der(M) is a simple 21-dimensional Lie algebra. Therefore,
Der(M) = B3,

and the item 5. holds.

By (2.6) and the item 4 of the lemma, it is easy to compute that
every D € Der(M) is such that D € Lie(R) and thus D is an inner
derivation of M. [ ]

Lemma 2.2. Let L be a ternary Malcev algebra and V =< R, R, :
xz,y € L >. Then V is a module over the Lie algebra Lie(L) of trans-
formations under the action voR = vR— Rv, wherev € V, R € Lie(L).
In the case L = M the module V is of dimension 36 and it contains
an irreducible submodule of codimension 1. Moreover, Ass(R)™) =
Lie(R)®V is a Zy-graded Lie algebra.

Proof: Define the action of Lie(L) on End(M) by the rule: vo R =
vR — Rv, where v € End(M), R € Lie(L). Then

(’U o Rl) o RQ — (U o) RQ) o) Rl = ’U(RlRQ — RQRl) — (R1R2 — Rle)’U =

’U[Rl, RQ] — [Rl, RQ]U =7V O [Rl, RQ]
Thus, End(M) is a module over the Lie algebra Lie(L).
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Since the right side of the generalized Malcev identity is equal to
Ri‘y o R,, and the left side is a linear combination of elements of V/,
then V is a Lie submodule over Lie(L).

The knowledge of R and Lie(R) allows us to observe that we can
choose the following basis of V: {ej,e;; +eji = 4,5 = 1,...,8}. The
subspace

W = (eii—ejj,eij +eji : Z,j = 1,,8>
is an irreducible submodule in V. |

Let us remind that by a ternary Jacobian we mean the following

function defined on a ternary algebra L:

J(w1, 22, 23, Y2, y3) =
(1, @2, 23], y2, ys] — [[x1, y2, ys), w2, 23] — [0, [22, y2, y3), 23]
—[x1, @2, [23, Y2, 3]].
Let Jr, denote the vector space generated by J(x1, x2, x3; Y2, y3), Ti, i €
L. As we know, in the case of a simple Malcev algebra L we have

Jp = J(L,L,L) = L. In the case of the ternary Malcev algebra M, we
too have:

Lemma 2.3. JM =M.

Proof: Consider the orthonormal basis € of M. Then, by direct com-
putations, we have

J (e, e1,€2;5€3,e5) = [[eq, e1, ea], €3, e5] — [[e, €3, €5, €1, 9]
_[647 [ela €3, 65], 62] - [643 €1, [627 €3, 65]]

- [633 €3, 65] - [663 €1, 62] + [647 €7, 62] + [647 €1, 68] - _3657

and, analogously,

J (eg, €1, €9; €3,€5) = 3es, J (ey, €1, e9;€3,¢6) = —3eg,
J (e, €1,€2;e3,€7) = —3er, J (e, €1, €35 €3, €8) = —3es,
J (667 €1, €2; €4, 65) = 3ey, J (67, ey4, €5; €1, 62) = —3ey,

J (es, eq, €55 €1, 2) = —3es.

Therefore, Jy = J (M, M, M, M, M) and the result is proved. |
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Lemma 2.4. Let € be the standard basis of M. Then, for any x,y,z €
E}
[[Raey, Razl, Ry 2] = 0. (2.9)

Proof: In order to prove that (2.9) is true it is enough to show that
t[Rey, R 2], Ry 2] = 0
for all z,y, z,t € . This identity is equivalent to
[tz 0], 2, 2]y, 2] = ([t =, 2], 2, 9]y, 2] (2.10)

- H[tvya Z] 7‘T7y] "TVZ] + [Htvya Z} ) Ly Z} ,$7y} =0.

Denoting the left hand side of (2.10) by f(¢,x,y, 2), it is clear that
f is symmetric on y, z. On the other hand, it is simple to observe that
this identity is verified whenever three of the arguments are equal. If
just two of the arguments are equal, then (2.10) is too satisfied. Indeed,
the cases x =y, x = z and y = z are trivial. Suppose now that ¢t = z.
If we also have y = z it is trivial that f (¢,¢,y,y) = 0. Otherwise,

fty,z) = =ty 2], tu]t 2+ ([, 2] 8, 2] £ )
= [tz + [y, tyl =0
If t =y, then
ftx t,z)=—|[[t,z, 2],z t],t z].
It is clear that, if we also have x = z | then f (t,z,t,z) = 0. If x # z,
since [[t, z, z] , x,t] = t, we conclude that
ftxt,z)=—z9,2] =0.

By the symmetry of f on y, 2, the case t = z follows from this.

Finally, admit that all arguments of f are pairwise different in e.
Each summand of f(¢,x,y, z) is easily computable, and we obtain:
H[t, Z, y] y Ly Z} 'Y, Z] = t— <t7 [:E, Y, Z]> [:)3, Y, Z] = H[ﬁ Y, Z} ) y] ) L, Z} )
H[t, T, Z} y Ly Z/} 'Y, Z] = —t+ <t7 [Ia Y, Z]> [I, Y, Z] = H[tv Y, Z} Ly Z] ) T y} :

Replacing in (2.10), we conclude that f(¢,z,y, z) = 0, which concludes
the proof.

Let L be a ternary algebra, a € L and D € Der(L) such that D(a) =
0. It is easy to see that D is a derivation of the reduced algebra L,.
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It is also easy to observe that, even in the case when L = M, there
exists D € Der(M) such that D(a) # 0 for all a € M, a # 0. Take for
instance D = (Ayy — Ag3) + (As + Ars).

Note also that, if V' is a module over a ternary Malcev algebra L
and p is a corresponding representation, then V' is a module over the
Malcev algebra L, for any a € L, simply by putting = - v = p(a, z)(v).

Let L = M and a € M such that M,/ < a > is a simple Malcev
algebra (we know [8] that this happens when a is an element of the
canonical basis, for example). Let D € Der(M) and D(a) # 0. Since
D is a derivation of reduced simple Malcev algebra, and every derivation
of such algebra is inner (i.e. it belongs to ([R,, R,] + Ryy)), we have

D= Z([Ra,xia Ra,zé] + Raa[ziva@é])'

We know [8], that in the general case a derivation of the type
<[R;£, R, + RwoRy> ,
where z = (2,...,2,) € L"),y = (ys,...,y,) € L*"V and

n—1
roR, = Z(x27 TRy, xy) € Lxn=n,
i=1
is not a derivation of an n—ary Malcev algebra L. Therefore, a natural
question arises: is the operator [R. ., R. |+ R. |, ., a derivation of the
ternary Malcev algebra M?
The answer is given by the following result.

Theorem 2.5. Let M(A) be a ternary Malcev algebra. For any z,x,y €
A

[R.z, R.y] + R [y € Der(M(A)). (2.11)

Proof: The proof for this assertion, based on exhaustive but easy
computations, is rather long. By this reason, we shall only give a
sketch of it.

In the first part of the proof, we consider any e;, e;, e} arbitrary ele-
ments on ¢, the standard basis of M(A), and prove that (2.11) holds
for these, that is,

[R€i7€j) Rei,ek] + Rei,[ej,ei,ek] e Der(M(A)> (2]‘2)
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Let us denote the operator [Rei’ej, Rehek] + R, e enen) PY D (€55 €5, er)
or simply by D (i,7,k). It is an easy task to see that D is skew-
symmetric on j, k and that

e;D (i,7,k) =0, e;D (i, j, k) = —2ey, erD (1,7, k) = 2e;, (2.13)

whenever e;, e, e;, are different. Clearly, to show that D (i, j, k) is a
derivation of M (A) for each e;, e, e; € ¢, it is sufficient to prove that

[[E7y, Z]D(ivjv k) = [‘TD (iuja k) ayvz] (214)
+ [IE,yD (iaja k) 72] + [I7y>ZD (iaja k)]

for all z,y,z € €.

Hereinafter we admit that x, y, z are pairwise different in ¢ (due to the
anticommutativity of [.,.,.], it is clear that (2.14) is satisfied whenever
two or even three elements among x,y, z are equal). Further, we will
divide the proof in four main cases:

Case 1: z,y,z € {e;,¢j,ex}.

Case 2: One of the elements z,y, z is not in {e;, e;, e} . Without loss
of generality, we will admit that = ¢ {e;, e;j, e;}, being y, z € {e;, ¢j, e}
Three subcases must be considered:

21)y=ej,z=¢€; 22)y=e,z2=¢j; 2.3)y=e;,z=e¢y

It is clear, by the skew-symmetry of D (i,7,k) on j, k, that 2.3) is a
consequence of 2.2), so only the first two subcases must be analyzed.

Case 3: Just one of the elements z,y, 2 is in {e;, e;, e} . We can ad-
mit, without loss of generality, that z € {e;, e;, e} and z,y ¢ {e;, ;. e}
Again, since D (i, j, k) is skew-symmetric on j, k, among the following
three subcases,

3.1) z=e¢; 3.2) z=e¢j; 3.3) z=c¢ey,

the first two will be sufficient.

Case 4: z,y, 2, ¢, ej, e, are pairwise different.

Now, the only cases which appeal to a deeper analysis are 3.2) and 4.
since these lead, after the computation of each side of (2.14), to expres-
sions which have not exactly the same shape (although we prove that
those are identical for all elements satisfying the respective hypothe-
sis). Moreover, we can add that this analysis can be done recalling
that z,y, 2, e;, €j, e; can be considered as points in the Fano’s plane (of
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course, the possibility of any of these being equal to the identity 1 must
also be studied).
At this point, for each z,z,y € A, let

D(z,z,y) = [R.2; R.y| + R, j2zy)- (2.15)

Observe that the operator D is linear and skew-symmetric on z,y.
Thus, in order to show that D(z,z,y) is a derivation for all z, z,y € A, it
suffices to prove that D(z,z,y) is a derivation, for any z = Zle e €
A,a; € @ and z,y € . Now, using (2.15), it is easy to see that

8
D(z,z,y) = Zael,x ) Z 2D(e;, z,y)
i=1

8
Z Rel 5 Re] y:| [Re]ﬁz; R€i=y:| + Rei,[x,ej,y] + Rej,[x,ei,y]) '

Observmg that D(ez, x,y) is, by (2.12), a derivation (and thus the same
happens with Ei:l osz(eZ, x,y) ), we deduce that D(z, z,y) is a deriva-
tion if
[Re,z; Re,y| + [Re;s Revy] + Revjwes ) + Rejmesy]
is a derivation, i.e., if
(w1, we, w3] [Rei,x; Rej,y] + w1, w2, ws] [Rej,z;Rei,y] (2.16)
+ (w1, wa, w3] Re, ;) + [W1, W2, W3] Re, (1.6,
= [wi [Re, i Re,y| s wo, w3] + w1 [Re, 25 Re,y] , w2, ws]
+ [1011736z [2,e5,5] W2, w3] + [wlReJ [z.e1,9]> W2, wg]
+ [wi, wo [Reyas Re, ] s ws] + [wi, wa [Re, 23 Reyy] s w3)
+ [wi, waRe, g e, 1 W3] + [w1, w2 Re, g c,y1, W3]
[w1,w2,w5 [Rel,mRe],yH + [w1,w2,w3 [Rej,;m Rei,y]]
+ [wl,wz,ngeh[z,eﬁyﬂ + [wl,w27w3Rej,[z,ei,y]]

for every wy, ws, w3, €, €5, 7,y € €.
Analogously to the proof of (2.12), the proof of (2.16) is too long to
include in this paper. Thus, we briefly give a sketch of it.
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To simplify, g1 (wi, we, w3, €;,€;,,y) and ga (w1, wa, w3, €;, €5, T, Y)
stand, respectively, for the left and right hand sides of the above iden-
tity. Further, each summand will be denoted by g;.; where £ = 1,2 and
stands for the left or right hand side, respectively, and [ stands for the
order of the summand which is being considered.

Observe that the operator

[Rei,z; Rej,y] + [Rej,z; Rei,y] + Rei,[z,ej,y] + Rej,[z,ei,y]a

which we want to prove that is a derivation, is skew-symmetric on
the pairs z,y and symmetric on e;, e;. Thus, this properties still hold
concerning ¢g; and go. Further, these are skew-symmetric on the pairs
w1, W Wy, w3 and wy, ws. We will consider that wy, wsy, w3, are pairwise
different and also that e; # e; and x # y, because otherwise we obtain
trivial cases. Further, denote {w;,ws, w3} by 1 and {e;, e;,z,y} by eo.
By the properties of g; and ¢, in order to prove that

q (wla w2, ws, €, €5, T, y) = 92 (wlv w2, ws, €4, €5, T, y) )
we have to consider two main cases concerning the elements e;, e;, z, y:
I: x = ¢;; 1II: e;,¢j, 2,y pairwise different.

CASE I: z = ¢; This means that g9 reduces to {e;, z,y}.

Case 1: ¢; Ney = 0.

1.1. 1 € €1 U &y. Since it is possible to show that

9k (wlanawiﬁvxaejaxvy) = —Ggk (wl,w%w&%ya%ej) ak - ]-a 27

we just have to analyze three subcases:

1.1.1. z=1; 1.1.2. y=1; 1.1.3. w;=1.

1.2. 1 ¢ {wy, ws, w3, z,e;,y}.

Case 2: e1Neg # (.

2.1. &1 and &9 have three elements in common.

2.2. g1 and &9 have two elements in common. By the properties of
g1 and g, the following subcases are enough:

221wy =z, wy =y; 2.2.2. wy = x,w2 = ¢j; 2.2.3. wy; =y, wy = ¢€; .

2.3. The sets g1 and €5 have only one element in common. Again taking
in consideration the properties of g; and g9, we just have to analyze the
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following subcases:
23.1. wi=z; 2.3.2. wi=y; 2.3.3. w;=e;.

CASE II: z,y,¢;,¢e; are pairwise different.

1. €1MNey = @

1.1. 1 €1 Ues.

According to the properties of ¢g; and go, we have to analyze three
main cases:

1.1.1. z=1; 1.1.2. ¢=1; 1.1.3. w; =1.

1.2. 1 ¢ {x,y,e,ej,wy,wa, w3}

2. &1 N g9 7é @

Admit that there are three common elements. Due to the properties
of (2.16), we just have to analyze two cases:

2.1. wy =z;we = y;w3 =¢; and 2.2, wy; = w500 = €5 w3 = ey

Next, we analyze what happens when ¢, and 2 have only two elements
in common. Again recalling the properties of (2.16), we just have to
observe the cases

23. wi=z,wa=y; 24 wi=x,w2=2¢; 2.5. w1 =¢;,Wws=¢j.

Finally, we analyze what happens when €1 and €5 have only one element
in common. It is easy to see that we just have to check the cases

2.6. wi=z; 2.7. wi=c¢;.

We recall again that a deeper analysis of all of these cases and sub-
cases is made by considering wi, wo, w3, ,y, €;, e; as elements on the
Fano’s plane. |

Another family of multiplication algebras that might be interesting
to study is the algebra of quasi-derivations. According to R. E. Block
[1], a linear operator D : A — A is called quasi-derivation of a ring
A, if it satisfies

[D,T] € T(A), forall T € T(A),

where T(A) stands for the Lie ring generated by the right and left
multiplications by elements of A.
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In the case of n—ary algebras we have the following.

Let A be an n—ary anticommutative algebra with multiplication
[-,...,:]. Consider the vector space R generated by the right multi-
plications R, = R, a,, Q2,...,an, € A, Ass(R) and Lie (R), respec-

tively, the associative and Lie algebra generated by R. Every operator
D : A— A such that

[D, R,] € Lie(R), for all R, € Lie (R), (2.17)

is said to be a quasi-derivation of A.

Consider M the simple 8-dimensional ternary Malcev algebra over a
field ® of characteristic zero and let R, Ass (R) and Lie (R) stand with
the above described meaning (with A/ instead of A). As it has been
proved, on lemma 1.1.,

Lie (R) = Dy ={X € Mgxs (®) : X' = - X},
and
Lie(R) = (A =eij —€ji, 1,5 =1,...,8,i<j)g.
Thus, by (2.17), in order to find the quasi-derivations of M, we have
to find
D = (dy) € Mgxs (®) : [D,A;j] € Lie(R).

It is possible to observe, by direct computations, that

- Li Ly )
0 o —dy 0 dy O
y =yl T 0 . .. 0 —i
dil _d]] + du djz‘ -+ dij diS
: . «— j
L 0 —ds; 0 ds; 0 |
Therefore,

[D, Aj;] € Lie (R) <
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Since char ® = 0, the last identity implies d;; = d;;. Finally, recalling
that 4,7 = 1,...,8, i < j, we may state the following result.

Theorem 2.6. If D is a quasi-derivation of the ternary Malcev algebra
M owver a field of characteristic zero, then

D =aldg+ X, with X' = - X .

3. On some nonassociative algebras arising on a
ternary Malcev algebra

Following to the general ideas of S. Eilenberg [3], we may introduce
the notion of an n-ary Malcev module. Admit that A is an n-ary
Malcev algebra over a field ®. A vector space V over ® is said to be
an n-Malcev module if the direct sum of vector spaces

B=VagA

has the structure of n-ary Malcev algebra, such that A is an n-ary Mal-
cev subalgebra of B and V' is an abelian ideal (i.e., [V, V, B, ..., B] = 0).
In this case, to any set of elements ag,...,a,_1 € A it corresponds a
linear transformation p(,, . 4, ,) of V, acting by the rule

VP(ay,an-1) = [Uv a, ..., an—l] )

and we say that p is a representation of the n-ary Malcev algebra A in
the space V.

We must point that, an analogous definition was earlier given by Sh.
Kasymov and E. Kuz'min concerning Filippov algebras [6].

Let’s define on A = Ay = A2M an operation

(YA 2)(uAv)=[y,u,v] ANz +yAz,u,0]. (3.1)

Let V be a module over M and pg a corresponding representation. We
can define an action p of the algebra A on V by means of

ply A 2)(v) = poly, 2)(v).
Then, for any x = u; A ug, y = ug A uy, where u; € M, we have
{sz py] = p:L‘yp;L' + prLyy

where p, = p(x). This equality is very near to one of the equalities
concerning the representations of Malcev algebras.
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Note that if the action py is irreducible, then the action p of the
algebra A on V is also irreducible.

At this point, we arrive to the question of studying the algebra A,
which is nor commutative neither anticommutative. By these reasons,
it will be also interesting to study its commutator algebra, A i.e.,
A with the operation:

[y/\27U/\v] - [y,u,v]/\z—!—y/\[z,u,v] - [u,y,z]/\v—u/\[v,y,z].

Note also that if ¢ is an isomorphism of ternary Malcev algebras L;
and Ly then ¢ : 2 Ay — ¢(x) A ¢(y) is an isomorphism of Ay, and Ap,.

It is possible to observe that there exists a basis of A whose elements
have zero squares. It is easy to construct an example showing that A
is not a power associative algebra. F.g., taking x = es A eg + e4 A e5,
it is enough to consider the coefficient at eg A e3 on the elements z? -
and z - 2 to conclude that 2% -z # z - 2%

Prior to the question of knowing if A7) is a Lie or a Malcev algebra,
we put a more general question. Let F' be a free anticommutative
ternary algebra. Define on A = A%F an operation by the rule (3.1)
and consider its commutator algebra. The problem is to find a minimal
ideal I such that (A/I,[.,.]) is a Lie (or Malcev) algebra.

Theorem 3.1. Let I be a nonzero minimal ideal of A with the property
that (A/1,].,.]) is a Lie algebra. Then

I =id < [[@1, 22, 3], x4, T5) — [[T1, T4, T3], T2, T3] > .

Further, let I be a nonzero minimal ideal of A such that (A/I,[.,.]) is
a Malcev algebra. Then I = 1) and (A/IL,[.,.]) is a Lie algebra.

Proof: Using direct computations it is possible to see that the elements

of the type
—[x1, 2, @3], T4, T5) — [[T5, 21, T2], T3, 4] (3.2)
+[z4, x5, 1], T2, T3] + [[T3, T4, 5], T1, X2
+[z2, 24, 5], 23, 1] — [[201, T2, T4], X5, 73]

belong to the ideal. Denote an element of the type (3.2) by

g(x1,x9, 3,24, 5). Then we have

9(x1, w2, 3, 24, 75) + g(24, T5, T1, T2, 3)
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= —HI5,IE1,IE2]7JI37J?4] - [[17171727174];1135,363]
+[[$27$37$4])x53x1] + [[15,552,553],:):1,:)34] - 0

We can rewrite it as
HI’27I’1,$5],$3,$4] - [[$2,$47$1]7x57$3] (33)

[[.TQ, X3, .T4]7 X, 1'5] + [[.TQ, X5, x3]7 Xy, xl] =0.
Put xy = x5 in (3.3). We have

_Hx27$47$1]ax23x3] - [[1'27$3ax4]3x17$2] =0.

Linearizing and interchanging variables, we will obtain the identity
which is analogous to (3.3), but having all coefficients equal to 1.
Adding this identity with (3.3), we obtain what’s required. ]

Corollary 3.2. Let L be a solvable anticommutative ternary algebra of
derived length 2. Then (A’L,[,]) is a Lie algebra.

Corollary 3.3. Let L be an anticommutative ternary algebra with an
identity

[[1:1, T, $3]7 Ty, 135] = [[1:1, T4, 135]7 o, xg].
Then (A’L,|,]) is a Lie algebra.

Let D be an endomorphism of a ternary algebra A over a field ®.
Then, following to V.T.Filippov [5], we call D a J-derivation, where
§ = (a, B) € ¥, if, for any z,y, 2 € A, we have

[2,y,2]D = [xD,y, 2] + afz,yD, 2] + Blz,y, 2D]. (3.4)

Corollary 3.4. Let L be an anticommutative ternary algebra whose
right multiplication operators are (2,2)-derivations. Then (A’L,[,]) is
a Lie algebra.

Lemma 3.5. There are no identities of degrees 2 for A and degree 3 for
A All identities of degree 2 for A follow from anticommutativity.
Further, there are no identities of degree 3 in A, neither of degree 4 in

A,

Proof: First, since the field ® is a field of characteristic 0, we know
(see [9], for example) that all identities of the algebra A follow from
multilinear identities. It is easy to see that there are no identities of
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degree 2 for A and that all identities of degree 2 for A follow from
anticommutativity.
Let f be an identity of degree 3 for A7), Then

f(!)?,y,Z) = [[xhy]vz] + O‘[[va]ay] + ﬂ[[y7z]>x] =0,

for all z,y,z € A, Tt is easy to see that f(z,y,y) = (1 — a)[[z,¥],].
Taking x = e; Aes, y = e3 A es, we have

[:ﬂ,y] :262/\66a and [[xay]vy] :462/\61,

whence o = 1. Analogously, from f(z,y,x) = (1—0)[[x, y], ] we obtain
0 = 1. Putting z = es A e7, we have
[z, 4], 2] = —des Aeg = [[z,2], 4] = [ly, 2], 7],

from where everything follows.
An identity of degree 3 for A has the following expression: f(x,y,z) =
0, where

f(xy,2) = (2y) 2 + aa(y2)z + as(22)y + au(yr)2 (3.5)
+as(zy)r + ag(z2)y + arz(zy) + asz(yz)
+agy(2x) + arpz(yr) + anw(zy) + apy(rz),

with «; € .
Considering z = y = z in (3.5), we have
flr,z,2) = (1+as+az+ag+ a5+ og) v’ (3.6)
+ (Oé7 + ag + g + a9 + o1 + 0612) :)3:)32.

Thus, taking for instance x = es A e3 + e4 A e5, it is possible to see that

2?r and za? are linearly independents. Therefore, if f (z,2,2) = 0,

then

{ l+o+az+as+as+as=0 (3.7)

a7+ ag+ag+ag+a+ap=0"
Admit that =y in (3.5). Then

fzz,2) = (14 as) 2’2+ (a2 + ag) (v2)z + (a3 + a5) (22)z (3.8)
+ (a7 4 a1g) 22? + (ag + a12) o(22) + (a9 + ay) z(zz).
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Taking = = e; A eg, 2 = e A ez and replacing in (3.8), the equality
f (z,z,z) = 0 implies that

(042 + 046) + (Oég + Oéu) = (Oég + Oé5) + (Oég + 0412) . (39)

On the other hand, doing the same but now with x = es A eg + e4 A es,
z = e1 N\ ey, we obtain the set of equalities:

(052+056> —3((13+(15) — (0484-0412)4-(0[94-0411) =0
—(1—|—a4)—(a2—|—a6)—(a3—|—a5)—|—3(a7—|—a10):O
— (14 aq) + (s + a5) + 3 (ar + a19) — (ag + a12) — 2 (g + a11) =0
(a2 + ag) — (as + aiz) — 2 (g + 1) =0
—2(1+ ay) — (g + ag) + 2 (ag + a12) + (ag + 1) =0
2(1—|—a4)—2(a3+a5)—(a8+a12)+(a9+a11):0

2 (Oég + Oé5) = 0.
(3.10)
The conjugation of (3.7), (3.9) and (3.10), leads to:
ay=—1, a5 = —0a3, ag = —a, a1p = —ay, a1 = —Qy, vz = —0g.

Thus,

f2y,2) = (2y) 2+ ax(yz)r + az(22)y — (yr)z — az(zy)z
—an(z2)y + arz(zy) + agz(yz) + agy(zx)

—arz(yzr) — agx(zy) — agy(xz). (3.11)
Consider the case z = z in (3.5). Then, from (3.11), we get
fley,2) = (a3 —o0) 2’y + (1 - ag) (ay)e (3.12)

+ (oo — 1) (y2)x + (g — ag) ya*
+ (a7 — ag) z(zy) + (ag — o) x(yx).

Proceeding as above, considering = e; A eg, y = e1 A eg in (3.12), we
obtain from f (x,y, ) = 0 the equality:

2—qao—ag—2a7+ag+ ag=0.
Further, the consideration of z = ey A ez +e4 Aes, y = e; A eg again in

(3.12) leads to

Q7 = g = Qy,
OéQiOégz]..
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Thus,
f(x,y,2) = (zy)z+ (yz)xr + (z2)y — (yx)z — (zy)x — (x2)y  (3.13)
+ar (z2(zy) + x(yz) +y(zz) — 2(yr) — x(zy) —y(22)).
Consider x = ej Aey, y =ea ANeg+egAes and z = eg A eg in (3.13).
Then,
f@y,2)=(1-ar)w
where w =2 (e; Aeg) — (eaAeg) —3(ea Aer) +2(e5 Aes) + (eg Aer) —
3(e1 Aeg). Thus, f(x,y,2) =0, leads to oy = 1. Whence,
[y, 2) = (zy) 2 + (y2)r + (za)y — (ya)z — (zy)z — (z2)y
+z(zy) + 2(y2) + y(zz) — 2(yz) — (2y) — y(z2).
Finally, if we now take
r=eNeyy=e1 Neg+esNesand z =eg A ey + e7 A eg,
we obtain
f(x,y,2) = —e1Nes+er Nes+easNes—eaNeg+es Neg—egNer # 0.

This way, there are no identities of degree 3 for A.
The identities of fourth degree in A™) are of the type f (z,y, z,w) =
0, where

[y, zw) = llz,y], 2], w] (3.14)
+ar [z gl w] 2] + ax [[[z, 2], 9] w]
tag[[[z, 2] wlyl + au [[[z, w]L ), 2]+ as [[[e, w] 2]y
+ag [[ly, 2], 2], wl + ar [[ly, 2], wl 2] + as [[ly, w], 2], 2]
+ag [[ly,w], 2] 2]+ ano [[[z, 0] 2] y] + an [[[2,w] 9] 2]
+an [z, y], [z w]] + eng [z, 2] [y, wl] + ewa [[2, w] [y, 2]]

with z,y, z,w € A®)
Considering = y = z in the above formula, we have:

f(x,y,z,w) = (ag + a5 + ag + ag + g9 + an) [[[z, w], 2] , 2] .

Taking x = e1 A ea, w = e1 A ez, we have [[[z,w],z],x] = =8 (e1 A ey).
Therefore, f (x,y,z,w) =0 leads to

oy + a5+ ag + ag+ ajg+ ap = 0. (315)
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The consideration of the analogous cases © =y = w, * = z = w and
y = z = w allows us to obtain, respectively, the identities:

as+ag+ag+ar—aypg—ap; = 0 (316)
1+ —ag—ar—ag—ag = 0;
1+041+042+043+Oé4+0é5 =0

By the conjugation of (3.15) and (3.16), we have:

ap=—14+as+a;+ag+ a9
Qg = —Q3 — Qg — Q7 + iy + Q-
Qg = —Q5 — Qg — g — Q10 — 11

After replacing in (3.14), we have:

[y, zw) = llz,y], 2], w] (3.17)
+(=1+ag + a7+ as + ag) [[[z,y] ,w], 2]

+046H[y72]7x]7w]+0‘7m 72,71)],:10—5—048[[[31 ],x],z]
+ayg [[[y, w], 2], 2] + awo [[[z,w], 2], y] + an [[[z,w] 9], 7]
+ang [z, 9], [z, w]] + ens [[z, 2], [y, w]] + awa [z, ], [y, 2]] -

Consider now, respectively, the cases z =y, v = 2z, v = w, y = 2,
y =w, z =w. From (3.17) we obtain, respectively:

ag — o7+ aq9 + an) [[[z, 2], 2], w] (3.18)
az + aq) [[[z, 2], w], ]

a5 — ag — g — o) [[[z,w], 2], 2]
as + ag) [[[z,w], 2], ]

a1 + on) [[[2, w] 2] 2] + (s — ) [[2, 2], [, w]]

f (I7$7 Z7w)

(=

_|_
_|_
_|_
+

(
(=
(
(
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f @y, z,w) = (1—ag)[[[z,y], 2], w] (3.19)
+ (=1 + ag + ag + ag) [[[z, y] , w] , 2]
+ (a5 + o) [[[z, w], 2], y]
+ (a5 —as — ag — anp) [[[z, ], y] , 2]
+ (as + ag) [[ly, w] , 2], 2] + (12 + aw) [z, y] , [z, w]];

f(r,y,z,2) = (=14 a5+ ar+ a) [[[z,y], 2], 2] (3.20)
+ (L= ao) [[[z, 9], 2], 2] + (a5 — aro) [[[z, 2] , 2] , 9]
+(—a3 — ag — ar + a1o) [[[7, 2], y] , 7]
+ (a6 + a7) [[[y, 2] , x| , &) + (—oa2 + au3) [[2, 9], [@, 2]] ;

f@yyw) = (1—as—as—ar+ o+ an) [z, 9], y],w]  (3.21)
+ (=14 a3+ ag+ a7+ as + ay) [[[z,y] ,w] , Y]
+ (—as — ag — aig — an) [[[z, w],y], Y]
+ (as + aio) [y, w] , 2] , ]
+ (a9 + an) [ly, w], yl, 2] + (o2 + aas) [z, 9], [y, w]];

fxy,z,y) = (L+as)[[[2,9], 2], 9] (3.22)
+(-1—as+ag+ar—a—an)[[[z,y],9],2]
+(—as — ar + oo+ an) [[[z, 2], y], vl
+ (a6 — ao) [[[y, 2], 2], y]
+(

ar —an) [y, 2]yl , 2] + (a1 — awa) [z, 9], [2, 9] 5

f(xy,2.2) = (a6 + a7+ as+ o) [[[z,9], 2], 2] (3.23)
+(—a3 — a5 —ag —ar — as — ag) [[[z, 2], Y], 2]
+ (a3 + as) [[[x, 2], 2], y] + (a6 + as) [[[y, 2] , 2], 2]
+ (a7 +a9) [[[y, 2], 2], 2] + (a3 + o) [[2, 2], [y, 2]] -
Taking z = e; A ey, 2 = e; Aeg and w = ex A ez in (3.18), the identity

f(x,z,z,w) = 0 implies

{ —2a3 + 205 — 207 + 2009 + o+ a1 — a3+ =0

. 24
—og + a5 — ay + ag + 2a10 + 2011 + o3 — ag = 0 (3.24)
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Further, taking the same elements e; A es, €1 A eg and es A e5, mutatis

mutandis, in (3.19)-(3.23), we obtain

—Q5 — Qg — Q10 + 12 +

—2a3 — ag — a7 + 209 + 2aq0 + a2 — a3

—ag + ag + ay + ag + g — a2 + Qg3

203 + 2066 + 2007 + 3 + g + g — a1 + g2 + Qa3
a3+ ag + a7 — g — agg — 2011 — Q2 — Q13

205 + ag — a7 — ap + 11 — Q12 + Qg

a5 — ag — 207 + g + 2001 + opp — Qg

—2043 — 20(5 — 30(6 — Q7 — 3048 — g — (V13 — (14

—20[5 - 2046 - 30(8 - 30(9 - 2(110 — (19 — 1y =

—Q3 — Q5+ a7+ 09+ o3+ Qg =

-2
-1

2

1

2

1
-2
-1

0

0

(3.25)

The linear system of equations (3.24) and (3.25) is undetermined and

equivalent to:
(

a3 = Qg9+ Qy4
o5 = ar+ a3
o = —O7+ 012 — Q13
ag = —Qg — 12 — Q14
ayp = 1+ ay
a;; = —1—ag3
with a7, ag, 19, a3, a4 € . After replacing these coefficients in (3.17)
we obtain:
[y, z,w) = [llz,y], 2], w] + (=1 — a1z — oaa) [[[z, 9], w] 2] (3.26)
+(—ag — aw) [[[z, 2], y] , w] + (a9 + ) [[[z, 2], w] Y]
+ (—a7 + a2) [[[z,w],y], 2] + (o7 + aus) [z, w], 2],y
+(—ar+ a2 —aig) [y, 2], 2], w] + a7 [[[y, 2], w] , 2]
+ (—ay — o1z — ang) [[ly, w], 2], 2] + ay [[[y, w] , 2], 2]
+ (L4 oaa) [[[2,w], 2] y] + (=1 = ans) [[[2,w] , 9], 2]
+aaz [[z,y], [z, w]] + anz [[z, 2], [y, w]] + ana [[z, 0], [y, 2]] -

Putting z = w in (3.18), from (3.26) we have:

fx,x, 2z,2) = (2070 + 209 + a3 + aa4) ([[[z, 2], 2], 2] — [[[z, 2] , 2] , 2]) -
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Considering = =e; Aey, 2 =e1 Aeg+ ey Aeg, from f(x,x,2,2) =0 we
obtain:
2a7 + 209 + a3 + a4 = 0. (3.27)

Taking y = w in (3.19), after (3.26) we obtain:

[y, zy) = (24 207 — arn + 2013 + ana) ([[[2, 9], 2], y] = [[[z, 9], 9],

Considering x = e1Aeg, y = e1Aes+eg/\eg, the identity f(x,y, z,y) =0
implies:

2+ 2a7 — a9 + 2aq3 + agy = 0. (328)
Considering y = z in (3.20), by (3.26) we get:

f (IE,y,y,l’) = (_2 + 209 + 12 — a13> ([Hxvy] ,:)3] 7y] - [Hxvy] >y] ,:)3]) :

Considering = e1 Aes, y = e1 Aeg+eqAeg, the identity f(x,y,y,z) =0
implies:
-2 + 2049 —+ a9 — 13 = 0. (329)
(From (3.27)-(3.29) we have

{ 19 = 2 — 20&9 + 13,

a1y = —207 — 2009 — (13

Thus:

[y, z,w) = [[[z,y], 2], w] + (=14 2a7 + 2a9) [[[z, y] , 0], 2]
+(=2+ a9 — au3) [[[z, 2], y] , w] (3.30)
+ (=207 — ag — au3) [[[z, 2] , 0], Y]
+(2 — a7 — 2ag + au3) [[[z, w], ] , 2]
+ (a7 + arg) [[[z, w] . 2], y]
+(2 = ar = 2a9) [[ly, 2] , 2], w] + a7 [[ly, 2] , w] , 2]
+ (=24 2a7 + 3ag) [[ly, w] , 2], 2] + a9 [y, w] , 2] , 2]
+ (1 = 207 — 209 — a3 [[[2, 0], 2], 9]
+ (=1 —a) [, w] . y] . 7]
+(2 = 2a9 + aug) [[2, 9], [z, w]] + s [[z, 2], [y, w]]

+ (—2047 — 209 — 0413) [[:)3, w] ) [y> ZH

with ar, ag, a3 € .
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Making = = y in (3.30), we have:

f(x €T,z w) (a7+a9+a13)( H[az],wa] - [[[az],w],x]
+ [l w], 2], 2] + [[[z,w], 2], 2] + 2 [, 2], [z, w]] = 2[[[2,w], 2], 2]).

JFrom this, if f (z,z, z,w) = 0 then
a7+ ag + a3 =0, (331)

by considering x =e; Aes, y =e1 Aez+eg Aeg, and w = ey A es.
If we put z = z in (3.30), we have:

[y, w,w) = (=14 a7 + 2a0) ([[[z, 4] , 2], w] + [[[z,y] , w] , 2]
— [llz,w], 2] y] = [llz, w], ], 2] + 2([ly, w], 2], 2] = 2[[z,y] , [z, w]]).
After this, the identity f (z,y,x,w) = 0 implies
—1+ar+2a9 =0, (3.32)

by taking x =e; Aes, y = e1 Aeg+ ey Neg, and w = ey A es.
Analogously, if we have x = w in (3.30), we obtain:

[y, z0) = (1 =ag) ([[lz, 9], 2], 2] + [[[, 9], 2], 2] = [[[z, 2], ] vl
=z, 2], 9]l + 2([ly, 21, ], 2] = 2{[z, 4], [, 2]))-

Thus, if we take x =e; A ey, y =e1 Aeg+eg A eg, and z = es A e5, the
identity f (x,y,z,w) = 0 implies
1—a9=0. (3.33)

JFrom (3.31)-(3.33), we get ag = 1, oy = —1 and a3 = 0. Whence,
the only possible identity of fourth degree in A is f (2, y, z,w) = 0,
where

[y, zw) = (llzy], 2] 0] = [[lz,9], w], 2] = [[[2, 2] 4] ]
+lz, 2wl syl + (e, wl, ], 2] = [z, wl 25y
+lly 2], 2] w] = lly, 2], wl 2] = [[ly, w], 2], 2]
+lly,wl, 2], 2] + [[[z,w] 2]yl = [z, 0], 9] 2]
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However, considering © = e; Aey, y = €1 Aes, 2 =es Aes+egAes and
w = e A eg + ez A e7 in this development, we have

f(x,y,z,w) = 18e1 Aex — 12e1 Aeg+ 12e9 A eg + 18e3 A ey
+6e5 A eg — 12e5 A ey — 12e5 A eg — ber A eg,

which is nonzero. Therefore, there are no identities of fourth degree in
AL |

Definition 3.6. If

[ = Z o [[Zo(1)s To @) To3)] s To(a)s To(s))

o€Ss

is an identity for a ternary algebra A, then we call it identity of degree
2.

Lemma 3.7. There are no identities of degree 2 for Ms.

Proof: Let f be such an identity. Then, for some «; € ® we have:

f(x1, o, w3, T4, 5) = 1 [[T1, T2, 3], T4y 5] + Q2 [[21, T2, 4] , T3, X5)]
+ag [[21, 23, 24] , T2, 5] + Q4 [[a, T3, 4], X1, T3]
+a [[21, 22, 5] , 3, T4] + 6 [[21, T3, X5, T2, 4]
+ar [[xe, T3, 5], 1, 4] + Qg [[T1, T4, 5], T2, T3]
[

+ag [[v2, T4, T5], 21, T3] + Qo [[3, T4, T5], 71, 2] -
It is easy to notice the following implications:

fler,ez,e3,eq,e5) =0 = —as+ag —ar —ag+ ag — agp = 0;
f(e1,e2,e3,e5,¢€6

(
f(
(
(

= —ag—az+as+a5—ar—ayg=0;
= a1 —ast+ag+a;—ag+ ag=0;

0

€1, €2, e3,¢6,¢7) =0
=0 = —ap+atou—as—ar+oay=0;

0

f

) =
) =
€1, €, €4, €6, €7)
f 61763765766767)

= —agta3—as+ag—ag+ap=0.
Therefore, for ag, az, as, ag, ayg € @, we obtain:

Q) = Qg — Qg+ Q1g, Q2= Qg — Qr —Qy, 3= 05— Qg— Q,

Qy = Q7 — Qg+ oy, a5 =0 — Qr —ag+ a9 — qqp,
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and thus
flx1, 22, 23, 24, 25) = (g — g + ) [[21, T2, 23] , 24, X5
+ (a6 — a7 — ang) [[T1, 22, 4] , 23, 75
XL1,T3,T4|,T2,T5

+(Ot7—069+0410
+ (o6 — oy — ag + g — vy
“+a

+Oé7 Hx27$37$5] ax17$4] + ag [:):1,:54,

)
)
+ (ag — ag — o)
)
) |21, 22, T35
6

[
[
[
[
[
[

L1, L3, Ls

[ ], ]
[ 4] ]
[ 4] ]
[[x2, 3, x4] , 21, x5)]
[ s] ]
[ ] ]
[ 5] ]

+ag [[g, T4, 5], 21, T3] + Qg [[T3, 4, 5], X1, X9] -
JFrom this development, it is easy to see that:
fxy, 21, 23, 23, 25) = (06 + a7 + ag + ) [[21, T3, 5] , 21, 23] -
Considering z1, z3, x5 € €, we get [[z1, x5, x5] , 21, x3] = —5 and thus
[z, 21,23, 73, 25) = — (6 + a7 + ag + ag) Ts.
This way, e.g., f(e1, e, ea, €2,e3) = 0 implies
ag + a7+ ag+ ag = 0.

ComPUting f(xh X1, L3, T4, I3)7 f(xla €X2,T1, X2, .T5), f(xh X2, L1, T4, I2)7
f(x1, 9, 23, 21, x2), and proceeding (mutatis mutandis) as above, we ob-
tain, respectively, the equalities:

ag + ar — 208 — 20 =

ag — 207 — 208 + g

I
o o o

ag — 207 + ag + ag — 3aqg
o+ ar + ag — 2a9 + 3ag = 0.
The linear system consisting on these five equalities has one only trivial

solution. Thus, ag = a7y = ag = ag = a9 = 0 and, consequently, a; = 0
forall s =1, ..., 10. |

4. On weight spaces of a ternary Malcev algebra

Let L be a ternary Malcev algebra. We call a right multiplication
R, regular, if in the Fitting decomposition of L = Lo @ Ly relative to
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R, , the dimension of the zero component, Ly, is minimal. In this case,
we call Ly a Cartan subspace of L.

The field @ is called quadratically closed if, for any o € ®, there exists
Va € @ such that (y/a)? = a. In what follows, we assume that the
ground field satisfies this property.

Lemma 4.1. Let z,y € M. Then R, is reqular if and only if nyn, #
()%

Proof: Suppose that R, , is non-regular. Then there exists z € M such
that dim (z,y, 2)4 = 3 and zR,, = 0. Observing that

ZR:L‘,y = ny@ =TYz — (y» Z)ZL’ + (1'7 Z)?/ - (%y)Z,

that identity implies (zy — (z,9))z = (y,2)z — (z,2)y. If we have
Naj—(wy) 7 0 then z € (z,y)s, which gives a contradiction. Thus,
Nay—(ry) = Nty = (€,9)7 = 0.

Conversely, suppose that n,n, = (z,y)* (note that in this case nyn, =
(2',y)? for any 2’ = az + By).

Consider the case 1 & (z,9) -

Let ny = ny, = 0 and (z,y) = 0. If zy = 0 then 1R, , = —xR;, €
(z,y)e and R, is nilpotent on (1, x,y)q. If zy # 0 and 2y = ax + By
then azy = 0. If a # 0 then

y=7+y, v#0, g=v-y, vy =2y and zy = 27z
Therefore, 1R, , € (z,9)4, and R, is nilpotent on (1,z,y)s. If zy # 0
and zy & (z,y)4 then zyR, , = 0.

Let n, = 0, n, # 0 and (x,y) = 0. Note that zy # 0. Indeed,
otherwise R, € (z,v)q, and R, is nilpotent on (1,z,y)s. If zy =
ax + Py then again 1R,, € (z,y)s. Thus, 2y & (z,y)g, 2yRsy,y €
(x,9)g, and R, is nilpotent on (x,y, xy)g.

If n, # 0 and n, # 0 then, taking x + ay instead of z, for some «,
we come to the case considered above.

Let us consider the case 1 € (z,7)4.

In this case we may suppose that R = Ri,, where n, = 0 and
(1,z) = 0. Then there exists z such that zz € () and y & (1,2)4.
Therefore, 2R, , € (1,x)4, and Ry, is nilpotent on (1, z, z) 4. |

Lemma 4.2. Let M be the simple 8-dimensional ternary Malcev algebra
over a quadratically closed field ®. Let R, , be a regular element and
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M = My® M, the Fitting decomposition of M relative to R, ,. Then M
18 a two-dimensional abelian subalgebra of M, and we have the following
Cartan decomposition of M

M:MO@MQ@M—Q;
where o € ® such that vR,, = £av for any v € Mi,.

Proof: Let R,, be a regular element, where 1 & (x,y),. We may

assume that n, = n, = 1, and (z,y) = 0. Let z € (1,:)3,y,:):y>$ and
n, # 0. Then

M = My® M; ® M_;,
where
My = (x,y)g, My =(1%ixy, zxivyz,yzEtizrz)s.

Let R = R, , be again a regular element but now 1 € (z,y),. We may
assume that R = R;,, where n, = 1 and (1,z) = 0. Let y € (1,x)$,
ny #0, z € (LJ},y@y)é and n, # 0. Then

M= My®d M; ®M_;,
where
My=(1,2)y, M= (ytizy, z=xivz,zyztiyz)s.

Let R = Ri4,, be a regular element, (1,z) = (1,y) = 0 and n, = 0.
We may assume that n, = 0 and (z,y) = 1. Then

(1-—y)R=—(1+4=ay) and (1 +zy)R=—(1—vy).

Let V = (1,z,y,2y)e. It is easy to notice that dim V' = 4. Let
Z =V+tand 21 € Z. If 21y = 0 then z; € My (if 21y # 0 then
z1yy = 0), zizy = —2z; and zx # 0. It is easy to see that z; and
z1(1 + z) are linearly independent modulo V', and z(1 +z) € M_;.
Choose 2z € Z such that 2o & (21, 21(1 + 2))g. If 20y = 0 then 2z, € M;
and zox # 0. Suppose that 25(1 4+ x) € (21, 21(1 + ), 22) ® V. Acting
scalarly with (-, ), (-,v), (-,zy), (-, 1) and multiplying on =, we come
to the conclusion that (z2 — az;)xr = 0, contradicting the fact that
(29 — az)y = 0. If 25y # 0 then we may consider z9y instead of zo. If
20y € (21,21(1 + x)) 4 @ V then, as above, we obtain 2y = a;21. Take
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z3 instead of 2z (with the same properties). Then z3y = agz;, and the
element aipzy — vy 23 is required. Thus,

M:MU@MIG;Mfla

where

My =(1+wz,y)q, My = (y+ay 21, 2)q
and

M_i=Q2—-y+ay z(l+z),2l+1),.

Let R = Rijs,y be a regular element, (1,z) = (1,y) =0
We may assume that n, = 1, njy, = o # 0 and (z,y
a=1-a'(1+z)and b =zy. Then

aR=-b, bR=aa and b=xivaa€e My 5
Let U = (1,:)3,y,:):y>$ and z € U be an eigenvector for R. Then
2Rty =2(1 —2)y = 2y — zay = B2

for some 3 € ®*. Since zxy = —z(xy), this is equivalent to z(—F +y +
zy) = 0. From the last equality we obtain

N Bpytay = G2+ 1+n, =0and 8 =+iVa.

Conversely, if z € U satisfies z(—(3 +y+xy) = 0 for some § € ®*, then
z € Mg. We next show that it is possible to choose linearly independent
U, Ug, uz, Uy € U such that uq,us € Mi\/E and us,uy € M,i\/a. Let
Vo = —iv/a +y + zy. Take uy € U such that ujv, = 0. Choose
uy € U such that us & (u1)g. If ugv, = 0 then we found the required
elements u; and ug. If ugv, # 0 and ugv, & (u1)e ® V, then we can
take ugv, instead of ug. If usv, # 0 and ugvy € (u1)g @V, then it is
easy to see that usv, = yiu;. Consider an element us € U such that
uz & (u1,ug)g. If ugv, = 0 then we can take uz instead of uy. If ugv,, # 0
and uzv, € (u1)e @V, then it is easy to see that ugv, = you;. Thus,
we can consider yous — y1us instead of us. We may apply an analogous
procedure to find the elements us and uy. Suppose that Z?:l Yiu; = 0.
Since

up(y+ry) = ivoaug, k=1,2, and wu(y+zy)=—ivou,k=3,4,
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we conclude that either u; and us are linearly dependent, or ug and wuy
are linearly dependent, which is impossible. Thus, we have

M:Mo@ML\/&@M,L o
where
My=(1+m,9)q, Msz= <xy —iva+ivaa ' (1+ $),u1,u2>q)
and

M_; 7= <:):y +iva —ivaa (1 + LL’),’LL3,’LL4>(I).
[ |

Remark 4.3. According to the proof of the lemma, for any regular el-
ement R, we can construct explicitly the Cartan decomposition of M
relative to R.

Lemma 4.4. Let V = (1,z,y,2y)g, U = V* and My = M., NU.
Then

1. (Mj:Mi,M:F) = O,

2. M:I:M:I: g <05-T + ngY F xy><p )

3. MyM_C{(—a+y+zy)e:

4o MM +M M +M_M_ CV.

Proof: 1. Let v = (ujug,us), where uy,ug € My, ug € Mx. Since
+aus = us(y + zy), we have

Tav = (wi(uz(y +2y)),us) = (ui((y + zy)us), us)
= —((y +zy)(Wug),us) = —(uruz, (y + xy)us)
= (uug, uz(y + zy)) = Fa(uyug, us).
2. By 1., uyus € V. Therefore, urus = a1 + aor + asy + ayry.
Applying (‘7 1)a ('7 ‘T)v (’7 y)a ('7 xy) and using ui(:':a +ty+ xy) =0, we
obtain the required inclusion.

3. The proof is analogous to the proof of the item 2.
4. It easily follows from 1., 2. and 3. |

Lemma 4.5. Denote My, by Mi,. Then
[M;, Mj, My € M,

where the sum 1 + j + k is considered modulo 3.
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Proof: Consider the decomposition with respect to a regular element
R = Ri4.y, where
(Lz)=(1,y) =0, ny, =1, nyyp =k # 0 and (z,y) = 0.
Put a = iy/k. First, we prove the inclusion [My, M1, M11] C M4y, In
order to do it, we begin to show that
W = [My, £n, F x + azy, My1] C M.
Let w € W. Then
w = [En, Tz + oy, f+ P+ vy, ul,
where u(Fa+y+zy) =0, u € Myy. Thus the inclusion w € V* follows
from
w = [(£n, F o+ azy)(B— Bz — yy)lu (4.1)
= (£ +7/0)(ax F n,y £ zy)u.
We have the following criterium
vE My <= v(a+y+uzy) =0. (4.2)
It is easy to see that w(+a+y+xy) =0, i.e., w € Mx,. The inclusion
[Mo, My, M) € My

easily follows from the previous conclusion and from Lemma 4.4.

Using 2. of Lemma 4.4, we obtain [Myy, My, My1] C M.

Using 3. of Lemma 4.4., (4.1) and the standard computations, we
obtain the inclusion [Mo, M17 M_l] - Mo.

We now show that [My, My, M_1] C M;.

1. Let uj,ug € My, we M_y. We have [u, up, u] C ((uiug)u) g+ M.
By 2 of Lemma 4.4., ((wiug)u)gy C ((ax + nyy — zy)u)g. Using direct
computations (and (4.2) if uw € M_), we obtain the required inclusion.

2. Let uy € My. Then

[n:L‘ — T+ axy, Uy, U,] g <(’LL+U,)(TLL - T+ Oéxy»(l) + Ml
and it is enough to apply 3. of Lemma 4.4.
3. [ne — x4+ azy,up,ng, — v — azy] C ((—a+y+ 2y)uy)e, and it is

enough to apply (4.2).
The case [My, M_1, M_1] C M; can be analyzed analogously.



34 A. POJIDAEV AND P. SARAIVA

Further, concerning the remaining regular elements, we can adopt

analogous procedures.

Corollary 4.6. The ternary Malcev algebra Mg can be equipped with a

non-trivial Zs-grading.
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