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Abstract

In this paper we consider words in a finite totally ordered alphabet which, re-
stricted to a two consecutive letters subalphabet, are either Yamanouchi or dual
Yamanouchi. We introduce coordinates or indexing sets of words and we show that
there is a monoid isomorphism between words and classes of sequences of finite sets
in N. Considering words in a two consecutive letters subalphabet, we define maps
acting on pairs of indexing sets which, by fixing a longest self-dual Yamanouchi sub-
word, transform a Yamanouchi into a dual Yamanouchi word, and reciprocally. The
pairs of indexing sets of Yamanouchi and dual Yamanouchi words are, respectively,
comparable under an ordering and its dual in the power-set of {1,...,n}. This family
of transformations is induced by the witnesses of the comparable pairs. When mini-
mal and maximal witnesses are considered, we recover those operators which satisfy
the conditions of the symmetric group, defined by A. Lascoux and M. P. Schutzen-
berger in [10], [12]. Starting with given indexing sets of a Yamanouchi word, in a
three-letters alphabet, we generate, under the action of these transformations, a set
of indexing sets which gives rise to an action of the symmetric group Ss. This group
action of S3 is equivalent to an explicit decomposition of the given indexing sets
of a Yamanouchi word in a three-letters alphabet. For transformations induced by
minimal and maximal witnesses, we use this decomposition to define, recursively, an
action of the symmetric group &, t > 3, on a set generated by indexing sets of all
Yamanouchi words in a t-letters alphabet. This group action coincides with the one
described by A. Lascoux and M. P. Schutzenberger in [10] and [12], when restricted
to the words under consideration.

The action of the symmetric group Sz, on words or Young tableaux, has a nat-
ural matrix translation afforded by the obvious permutation action on a sequence
of matrices over a local principal ideal domain with maximal ideal (p). Moreover,
such a permutation action gives rise, directly, to the mentioned decomposition of the
indexing sets of a Yamanouchi word in a three-letters alphabet. This is the content
of a subsequent paper.
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1 Introduction

Let M be the set of all re-arrangements of a sequence of ¢ fixed integers in {1,...,n}. We
consider those Young tableaux 7 of weight (mg,...,m;) in M arising from a sequence of
products of matrices over a local principal ideal domain with maximal ideal (p),
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where A, is an n X n diagonal matrix with invariant partition a, and U is an n X n
unimodular matrix. When (my, ..., m;) is by decreasing order, 7 is a Littlewood-Richardson
tableau [1],(2], [7]. Now, for each partition a and n x n unimodular matrix U, let T(q ) (U)
be the set of all sequences of matrices as above, with (my,...,m;) running over M. The
symmetric group S; acts on M and on T, ) (U) in the obvious way. The action of the
symmetric group on those sequences of matrices is equivalent to an action of the symmetric
group on the set of Young tableaux realized by those sequences of matrices in T{, ) (U).
When ¢ = 3, the action of Ss, on Ti4 ) (U), is described by an explicit decomposition
of the indexing sets of the Littlewood-Richardson tableau in this set which generates the
remaining indexing sets of the Young tableaux in T{, ) (U). The indexing sets of those
Young tableaux, generated in T(, a)(U), are such that the corresponding words, restricted
to a two consecutive letters subalphabet, are either Yamanouchi or dual Yamanouchi. This
is analyzed in another paper.

A. Lascoux and M. P. Schutzenberger, [10], [12], have described an action of the sym-
metric group on Young tableaux by defining operators oy, k = 1,...,t— 1, acting on words
in a tottaly ordered alphabet {1,...,¢}. Generically, the action of the operator oy, on a
word w, may be described as follows: first extract from w a subword w’ that contains the
letters k& and k + 1 only. Second, in the word w’ remove a longest self-dual Yamanouchi
subword, in the two-letters subalphabet {k, k+1}. As a result, we obtain a subword of the
type k" (k + 1)®. Then, we replace it with the word k* (k + 1)" and, after this, we recover
all the removed letters of w, including the ones different from k£ and £+ 1. In [10] and [12],
the determination of a longest self-dual Yamanouchi subword, in a two-letters subalphabet
{k,k 4+ 1}, is done by bracketing, consecutively, in w’ every factor k + 1k. The letters
which are bracketed constitute a desired self-dual Yamanouchi word. The proof that the
operators o satisfy the relations of the symmetric group is done by using properties of the
plactic monoid.

In this paper, the motivation for our analysis is the decomposition of the indexing sets
of a Littlewood-Richardson tableau achieved in the matrix problem, described above, in
the cases t = 2 [3], (already used in [5]), and ¢ = 3. Introducing the notion of indexing
sets of a word, and establishing a monoid isomorphism between words and classes of se-
quences of finite sets in N, we rediscover this decomposition in theorem 4.4. We define a
lattice on the power-set of {1,...,n}, and consider its dual induced by the reverse order in



{1,...,n}. In this lattice and its dual, comparable pairs (A, B) are, respectively, indexing
sets of Yamanouchi words and their duals, in a two-letters subalphabet. We give opera-
tions on comparable pairs of sets, afforded by their witnesses, such that the corresponding
Yamanouchi word is mapped into a dual word, and reciprocally. Translating to words these
operations, we describe procedures on indexing sets which are equivalent to put brackets
on the letters of a word, in a two-letters subalphabet.Under the action of these opera-
tions, and starting with indexing sets of a Yamanouchi word, in a three-letters alphabet,
we generate a set of indexing sets which (see definition 4.2 and theorem 4.2)is equivalent
to a decomposition of the given indexing sets. This defines an action of the symmetric
group Ss;. The witnesses of a comparable pair (A, B) are ordered by their images. The
minimal and maximal witnesses of each comparable pair and its dual, respectively, afford
operators ©* on the pairs of indexing sets of all Yamanouchi words w and their duals, in
a two-letters alphabet. It turns out that ©*(w) = o;(w). Considering words in a t-letters
alphabet which, restricted to a two consecutive letters subalphabet, are either Yamanouchi
or dual Yamanouchi, we put O} = @T{k,kﬂ}’ for k =1,...,t — 1. It is proven that OF,
k=1,...,t—1, satisfy the conditions of the symmetric group.

The paper is organized as follows. In the section 2, the power-set of {1,...,n} is
equipped with the structure of lattice, and is defined its dual induced by the reverse order
in {1,...,n}. We introduce the notion of witness of a comparable pair (A, B), and give
procedures to calculate minimal and maximal witnesses of such pairs. A series of results
are proved in order to support the last section.

In section 3, we define indexing sets of words and Young tableaux, and transfer to
words the operations on indexing sets, defined in section 2. In particular, we recover the
operators oj, described in the platic monoid.

In section 4, we define actions of the symmetric group S3 on sets generated by indexing
sets of Yamanouchi words, in a tree-letters alpahabet. The generation of these sets is
equivalent to a decomposition of the given indexing sets of a Yamanouchi word.When the
operators Oy, k = 1,2, are used to decompose the given indexing sets, we obtain the action
of symmetric group Ss, described by A. Lascoux and M. P. Schutzenberger in [10], [12]. It
is shown, recursively, that the operators ©;, k = 1,...,¢ — 1, may be used to decompose
indexing sets of a Yamanouchi word in a t-letters alpahbet, and that they satisfy the
conditions of the symmetric group &;.

2 The lattice of the power-set of [n] and its dual in-
duced by the reverse order

2.1  The lattice P[n]

Let N be the set of non-negative integers with the usual order ” > ”. Given n € N, [n]
denotes the set {1,...,n}, and 2" the power-set of [n].



Definition 2.1 Let A, B C [n|. We write A > B if there exists an injection i : B — A
such that b < i(b), for allb € B. We call such an injection a witness for A > B.

The relation > defined by A > B is a partial order on 2", and we denote it by P[n], that
is, given (A, B) € 2"l x 2"l (A B) € P[n] iff A > B. This relation can be characterized
in a number of ways as seen in the following proposition.

Given a finite set A, let |A| denote the cardinality of A.

Proposition 2.1 Given A, B C [n], the following statements are equivalent:

(a) There exists an injection i : B — A such that b < i(b), for all b € B.

(b)If a = (a1,az,...,a.4,0,...) and b = (by,...,bp,0,...) are the decreasing rearrange-
ment of the elements of A and B as embedded into NV, then a > b in the componentwise
order.

(c)For any k € N, it holds [{a € A:a>k}| > |{be B:b>k}|.

(d) There ezists an injection i : B — A as in (a), and satisfying additionally AN B C
i(B). In particular, i), , = id,.,. (id stands for the identity map.)

Proof: 1t is a routine exercise to show that (a) = (¢) = (b) = (a).

(a) = (d) Suppose condition (a) holds. Since we have already proved the equivalence
of conditions (a) and (c), we have [{a € A:a > k}| > {b€ B:b>k}|, for all k € N.
Then, we must have |[{a € A\ B:a >k} > |{be B\ A:b>k}|, k€ N. Thus, there
exists an injection j : B\ A — A\ B such that j(b) > b, b € B\ A. Define j : B — A by
j(b)=bif be AN B, and j(b) = j(b) if b ¢ AN B. Clearly, j is a witness for A > B and

j\AmB = Zd|AﬁB’

(d) = (a) Trivial. O

Note that (b) characterizes P[n] as the component ordering. For simplicity, we shall write
A={a; > ...>aja} tomean A = {ay,...,aa} with a; > ... > aa.

Proposition 2.2 Pn| is a lattice in which the family of all subsets of a given cardinality
forms a sublattice. The family of all finite subsets of N, |, oy Pln], is a lattice.

Proof: 1t is a direct consequence of proposition 2.1, (b), and the observation that the
family of all integral sequences with finite support defines a lattice with respect to the
componentwise order: if a = (a;)2; and b = (b;)2; are two such sequences, we define

aAb= (min{a;b;}) and a Vb = (mazx{a;,b;}). O

Next proposition stresses the property that P[n| is an extension of any lattice of the
family of all subsets of a given cardinality.

Proposition 2.3 Given A, B C [n], the following statements are equivalent:
(a) A> B.
(b) There exits X C A such that | X| = |B| and X > B.
(c)There exits X C A such that | X| = |B|, ANB C X and X > B.
(d) A\ Z > B\ Z, with Z C AN B.



Proof: 1t is a direct consequence of proposition 2.1, (a) and (d) . O

Proposition 2.4 Pn| has the following properties
(a) If B C A then A > B.
(b) Let A> B and C > D such that ANC =0 and BND =0. Then AUC > BUD.
(¢) If A> B and B = By U By, with |A| = |B| and By N By =0, there exist A;, Ay C A
such that Ay UAy = A, AiNAy=A NBy=ANB, =0 and A; > B;, 1 = 1, 2.

Proof: (a) and (b) are a direct consequence of proposition 2.3.
(c) Let i : B — A be a witness of A > B such that i, = id|,.,. Define 4; :=i(B;),
i=1,2. 0

Let A > B and i, j witnesses of A > B. We write i > j if i(B) > j(B). Given A > B,
the relation > defined by ¢ > j is a partial order on the set of witnesses of A > B.

Considering proposition 2.3 and since P[n] is a lattice, given A > B we may define the
least upper bound of B in 24.

Definition 2.2 Let A > B. We write
mingA =min{X C A: |X|=|B| and X > B}
as the least upper bound of B contained in A.

Note that mingA = min{i(B) : i is a witness of A > B}; Y € P(A), Y > B only if
Y > mingA; and AN B C mingA. In particular, if |A| = |B|, mingA = A, and if B C A,
mingA = B.

Definition 2.3 Leti be a witness of A > B. We say that i is a minimal witness of A > B
if i(B) = mingA.

In the sublattice of all subsets of [n] of a given cardinality every witness is minimal.
Given A > B, mingA may be computed in several ways, and, therefore, this leads to
different minimal witnesses. The next algorithm exhibits a minimal witness of A > B.

Theorem 2.5 Let A > B with B = {b; > ... > b,,}. Let

Ym = min{a € A:a>by}, and (1)
Ym—i = mm{a cA \ {ym7 -~-7ym—i+1} ca > bm—i}a fOT 1= 17 cey T — L. (2)

Then, mingA = {y1 > ... > Ym}.



Proof: By induction on m. If m = 1, mingA = {y1}. Let m > 1 and (2,...,27.,0,...),
for j = 1,..., k, the decreasing rearrangement of all subsets of A of cardinal m such that
(z{, w20 00,.) > (byy ooy b, 0,.00). Let (21, ..., T, 0,...) = /\le(,z{, ., 20 0,...) be the
decreasing rearrangement of mingA. Clearly {y1,...,ym} € A and (y1,...,Ym,0,...) >
(b1, ..., b, 0,...). Therefore, y; > x;, i = 1,...,m. On the other hand, by (1), y,, =
ming, A < xn,. Hence y,, = x, = ming,A. Now, notice that if (q¢i,...,¢m-1,0,...)
is the decreasing rearrangement of a subset of cardinal m — 1 of A\ {y,,} such that
(g1, Gm-1,0,...) > (b1,...; b1 _1,0,...), then the array (qi,..., @m_1,Ym,0,...) is the de-
creasing rearrangement of a subset of A of cardinal m such that (qi, ..., ¢m-1,Ym,0, ...) >

(b1, .oy byp—1, b1, 0, ...). Therefore, (z{,...,zﬁn_l,(),...), j =1,...,k, are the decreasing rear-

rangement of all subsets of cardinal m — 1 of A\ {yn} such that (z],..,2] ,,0,..) >
(b1, ..y b;—1,0,...). Hence, (x1,...;Tpm_1,...) = /\?Zl(z{, w2l 1,0,...) is the decreasing re-

arrangement of min g\ (5,1 (A \ {ym}), and
mingA = ming, yA U ming 1) (A \ {ym})- (3)

By induction and from (2), we have min\(5,,3)(A \ {¥m}) = {¥1, .-, ¥m-1}, and conse-
quently, by (3), mingA = {y1, ..., Ym } O

Corollary 2.6 Let A" > B with |A'| = |B|, A’ ={a1 > ... > a,} and B ={b; > ... > b, }.
Let AJF C{1,...,n} with A’ C A. Then

(I) the following conditions are equivalent

(a) A =ming(A UF).

(b) FC{ae{l,....,n}:Fie{0,1,....,m},b; >a> a1}

(We convention by := +00 and a4 := —00.)

(I1) if A’ = mingA, it holds

(a) mingA = ming,, b AIming, 31 (A\{an, ..., ai41}), for 1 <i <m.

(b) mingA = ming,, sy A, if there exists i € {1,...,m — 1} such that
b; > jt1-

.....

,,,,, bi+1}A U mingy,,...,

Proof: Straightforward from (1) and (2). O

Corollary 2.7 Let A, B and C C [n] such that A > B. Let G, A’ C A such that ANG = ()
and A’ > B with |A'| = |B|, B={by > ... > by} and A’ ={ay > ... > apn}. Then
(a) if g € G only if b; > g > a1, for some i€ {0,1,....,m}, it holds

mingA = ming(A\ G).
(b) ming(AUC) = ming|(mingA) U C].

Proof: (a) Let mingA =Y with Y = {y; > ... > y,}. Then, a; > y; > b; for each
i€ {l,...m}, and g € G only if b; > g > a;41 > y;r1. By corollary 2.6, mingA =
mingY = ming(Y U (A\ G)).

(b) Consequence of (a). O



The significance of the next two theorems will be clear in the last section.

Theorem 2.8 Let A, B,C C [n] such that A > B and ANC = (0. Let A’ = mingA.
Then, ming(AUC) =X UY with X CA,Y CC, and A = X UZ such that Z > Y.

Proof: By induction on |C|. Let |C| = 1 and C' = {c¢}. Let B = {b > ... > b, } and
A" ={a; > ... > apn}. By previous corollary, if by > ¢ > a4, for some k € {0,1,...,m},
then Y = () = Z. Otherwise, a;, > ¢ > apy1 and ay > ¢ > by, for some k € {1,...,m}.
Since A'N{c} ={ar > ... > ar > ¢ > agy1 > ... > ay,} and using corollary 2.6, (II), we
may write

ming(AU{c}) = ming(A U {c})
={am, - appr y Umingy [(A\{am; .., ar1}) U{c}]

Umin{bkfl ~~~~~ bl}[A \ {amv <o 7ak‘+1}]7 and
mingA = {ap, . .., a1} Uming,y [A\ {am, . . ., axq1}]
Umin{bkfl ~~~~~ bl}[A \ {ama cees Ay, ak}]:

where ming, o3 (A\{@m, ..., ap1}) = {an, ..., ap41,a5-1, ... a1}, with 1 < f < k.

Define X := A"\ {as}, with 1 < f <k, Y :=C, Z := {as}. Thus, A’ = X U Z and
ming(AUC) =X UY with Z > Y.

Let |C] > 1 and C' = C"U{c}. By induction ming(AUC") = X'UY" with X’ C A"| Y’ C
C’,and A" = X'UZ" such that Z > Y’. Now, either ming(AUC) = X'UY’ with X' C A’
Y'C C,and A = X' U Z" such that Z' > Y’ or ming(AUC) = (X" UY’)\ {z}] U{c},
with x € X’ UY’ and > ¢. In the last case, either we get ming(AUC) = X' UY with
Y = (Y'\{z})U{c},and A" = X'UZ with Z = Z’, or we get ming(AUC) = (X' \{z})UY
with Y =Y’ ' U{c}, and A" = (X' \ {z}) U Z with Z = Z' U {z}. O

Lemma 2.9 Let A, B C [n] where B = {b; > ... > by} and mingA = {a1 > ... > a,}.
LetY = {y1 > ... > ys} such that Jiy, € {1,...,m},b;, > yp > @i, 41, fork=1,...,s. Let
X =B\ {bi,...,b}. Then, mingA = minxuyy{a1,...,am}.

Proof: Straightforward from theorem 2.5 and corollary 2.6, (II), (b). O

Theorem 2.10 Let G, Fy, F3 be subsets of [n| such that G > Fy > F3. Let D C [n]
such that DN G = DN Fy, =0, and ming,(GU D) = G. Let F' = ming,Fy. Then, if
ming, (Fo U D) = F, we have minpG = mingG.

Proof: Let Fy = {ay > ... > a4}, F' = {as, > ... > as, } where {s; > ... > s,,} C
{1,...,t}, and F5 = {by > ... > b, }. Using corollary 2.7 and theorem 2.8, we may write

ming, (Fy U D) = ming,(F'UD) = X UY,



with X C F" and Y C D. Now, corollary 2.6 implies y € Y only if

Jie{l,....m}: a, >y>as,,, a,>y>0b;, and
as, >a>b; = a ¢ F. (4)

On the other hand, since ming, (G U D) = G, putting G = {g1 > ... > g}, we have,
from corollary 2.6,
yEY:>E|jE{1,...,t}ZCLj > Y > Gj+1-

Hence j € {s1,...,sn}. Otherwise, a;, > a; >y > b;, with a; € F;. A contradiction with
(4). Hence, from previous lemma, minx yG = mingG. O

Next we show that the result of the algorithm given in theorem 2.5 does not depend on
the order in which the elements of B are considered. In particular, next algorithm leads
to minimal witnesses of A > B with different properties which shall be important in the
sequel.

Theorem 2.11 Let A> B and B ={b; > ... > by,}. Let o0 € S, and

Zm = min{a €ceA:a> ba(m)}v

Zm—i =min{a € A\ {zm, ..., Zm—it1} : @ > bgm—i}, 1 =1,...,m — 1.
Then, mingA = {21, ..., Zm }.

Proof: By induction on m. If m = 1, it is trivial, ming,3A = {z1}. Let m > 1 and
mingA = {y1 > ... > Ym}.

Let o(m) = j, for some j € {1,...,m}, and ming A = {z,}. Then, by theorem 2.5,
since {y;} = ming,}(A\ {¥m, ..., yj+1}), either z,, = y; or y; > 2, > b;. In the last case,
by corollary 2.6,(1), 2, = yx with &k > j and yp, ..., Y1 < b; and yx_1, ..., Yj, ..., Y1 > b;.
From (1) and (2), we conclude that A\ {yx} > B\ {b;} and ming,, .s,...0;23(A\{u}) =
{Ym, - Yet1, Yr—1, -, Y; }, and by corollary 2.6, (II),

and, therefore, min\ (v, (A \ {vk}) = {Ym,-,u1} \ {yx}. That is, since {z,} =
mMing, .14

minpA = ming, A Uminggb,q,n (A \ 1))
By induction, min(g\(, ., (A \ {yx}) = {zm-1, .-, 21}. So, the claim follows. O

Remark 1 For each o € S,,, this theorem defines the minimal witness z, : B — A such
that 2y (bo(m—i)) = Zm—i, fori =10,1,...,m —1. When o = id we have the minimal witness
given by theorem 2.5. In particular, if o € S,, is such that AN B = {bg(m), el bg(t)}, then
minBA = (A N B) U min(B\A)(A \ B)



Corollary 2.12 Let A> B and C C B. Let mincA = A’'. Then,
mingA = mincAUmingc)(A\ A').
In particular, A\ A’ > B\ C and ANC C A"

Proof: It C = (), mincA = () and it is done. Otherwise, let B = {b; > ... > b, }, m > 1,
and C' = {b;, > ... >b; }, r>1. Let o0 € S, such that o(m —i+1) = j;, fori =1,...,7.
The result now follows from theorem 2.11. O

Note that ming\c)(A\ A’') = ming A\ mincA, with A’ = mingA.

As a consequence of choosing a particular o € S,, in the previous theorem and corollary,
we have the following algorithms which will have a significant translation to words in the
next section:

Algorithm I Given A > B and B = {b; > ... > by}, let {k,j,..., 1} = {i €
{1,....m} 3z € Abi-y > x > b} and V := {by,b;,...,0;} C B. For a € {k,j,... 1},
define

2o i=min{r € A: by > x > by}, (5)

and put Zy := {2, 2;,...,21} € A. Let Ay := A\ Zy and By := B\ V. Then repeat
the procedure with Ay > B defining Vi := {b,b,,...,b,} C B1, 2z, := min{r € A; :
ba—1 > x > by}, for a € {l,p,...,q}, and Z; = {2, 2,...,2,} € Aj. There remains
As = A1\ Z; and By := B; \ V. Continue this procedure with As > B, until it stops,
giving sets Ay := Ap_1\ Zx_1 and By := By_1\ Vie_1 = 0. Then, A = ZyU...UZ;_1 U A,
B=VWU...UV,_q, and

mingA = minyAUminy A U Uminy, | Ag_1
= Z,UZ U...UZ 1.

( We convention by := +00.)

This defines the minimal witness 2/ : B — A such that 2/ = 2l U ... Uz | with
Vi — A;,i=0,1,...k — 1, given according to (5).

Algorithm II: Given A > B and A = {ay > ... > a,}, let {f,g,...,h} = {i €
{1,...,n} : 3y € B,a; >y > a;+1} and Qo := {ay,ay,...,a} T A Fora €{f,g,...,h},
define

Ug :=mazx{y € B:ay >y > aay1}, (6)

and put Uy := {uys,ugy,...,up} € B. Let By := B\ Uy and A; := A\ Qp. Then repeat
the procedure with A; > B; defining Q1 = {a, ap, ..., a4} C Ay, uy := maz{y € By :
ba—1 >y > by}, for a € {l,p,...,q}, and Uy = {u,up,...,u,} € B;. There remains
By := By \ Uy and Ay := A; \ Q. Continue this procedure with A; > B, until it stops,

9



giving sets Ay, := A1\ Qr_1 and By := By_1\Ux_1 = 0. Then, A = QoU...UQ)_1U Ay,
B:U()U...UUk_l, and

mmBA: Q()UQlU...UQk,l.

(We convention a, 41 := —00.)

This defines the minimal witness 2/ : B — A such that 2!/ = 27 U ... U2, with
AU — A, i=0,1,...k — 1, given according to (6).

The next result will be used in the last section.

Lemma 2.13 Let F', C and D subsets of [n| such that C > D. Assume C = {g1 >
o> g and D = {sy > ... > s.}. Letn >t > x > 1 such that xz,t ¢ C U D,
ming({t} U F) = {t} and s, > x > gy41 for some w € {0,1,...,r}. Then,

mm(Du{m})(F uCcu {t}) = {t} U minD(F U C)

Proof: Suppose that g, ; > t > gy_141, for some [ € {0,1,...,u}. Then, by corollary
corollary 2.6, (II),

mm(DU{x})(F ucu {t})

,,,,,

(F'UC) Umings,,..sijufay (FUCU{t}). (7)

7777 5u+1}
Now, by corollary 2.6, (II), since
Mings,,..se 1} (FUCU{L}) ={gu, -\ guiir} = ming, s, .3 (FUC),
it holds,
mz’n({su 77777 Sl}U{:c})(F ucu {t})
= min{su 77777 Su71+1}(F U C) U min({z}u{sufl ..... sl})[F U (C’\{gu, c ,gu_l+1}) U {t}] (8)
Again, by corollary 3, since ming,y [F' U (C\{gu;- - -, Gu—i+1}) U {t}] = {t}, we have
AN (230511 ) U (C\{Gus - -+ Gu—141}) U {t}]
= {t} U min{su—l ,,,,, 81}[F U (C\{gm cee aguflJrl})]- (9>
Therefore, by (7), (8), and (9),
min(DU{z})(C’ U {t})
77777 5u+1}(F U C) U min{SUa"-asu—H—l}

Umings, ..., 81}[F U(C\{Gus -+ Gu—i+1})]
= {t} Uminp(FUC(C).

(FUC)U{t}
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Notice that, minp(F' U C) = ming, .. s} (FUC)Uming, , 3 (FUC), and

77777

min{su ..... sl}(F U C) = mz’n{su ..... 5u—l+1}(F U C)
Uminge, s lF U (C\{gur - gu D] (10)

O

Theorem 2.14 Let A, B, C, D, F C [n] with |A| = |B|, |C|=|D|, AnNC=BnND=40.
Assume C' ={g1 > ...> g} and D ={s; > ... > s,} and suppose A > B and C > D are
such that ming(AUF) = A and x € B only if s; > © > ¢;41, for some i € {0,1,...,r}.
Then,

minpupy(AUCUF) = AUminp(CUF).

Proof: Let A ={t; > ... > tx} and B = {x; > ... > z;}. The proof will be handled by
induction on k = |A|. The previous lemma proves the case k = 1.

Let k& > 1, and suppose that s, > xp > g,11 for some v € {0,1,...,r}, and g, ; >t >
Gu_i+1, with I € {1,... u}.

By corollary 2.6, (II), we may write

minpupy(AUCUF) =ming, ..y (AUCUF)Umingugs,,..sH(AUCUF). (11)

.....

But

min(BU{Su ..... sl})(A ucu F) = min({su 77777 Sufz+1}U{rrk})(A uCcu F)
Umin s\ {w,)ufsuis HAED U (C\{gus - - Gu-r1}) U F1. (12)

..........

(11) and (12),

minguD(A U C U F)

= MAN((D\ (50,5015 DUB\ e )) (AL ) U (C\{Gus - - -, Gu—i41}) U F
Umm({su ..... Su_t+1}U{zK}) [(A ucu F] (13)

On the other hand, attending to k = 1, we have

TN (545011} [(A U C U F]
= MiNs,,.. 50 111} (AU CUF)Uming, ; [AU (C\{gu, - - - Ju—i1}) U F]
= ming, sy [(A\{t}) UC U FU {1}, (14)

Hence, from (13) and (14),

11



min(BuD)(A ucu F) = mm{su _____ su_l+1}[(A\{tk}) ucu F]

UMango\fsu.....su- 1 HUB e DIAER) U (C\{Gus -+ s Gu-t1}) U FTU {T}
= min(puB\{z) [(A\{te}) U C U FTU {t,}.

By induction,

min(pup) (AU C U F) = mingous\ =) [(A\{t}) U C U FTU {ti}
= (A\{tx}) Uminp(C U F) U{t,} = AUminp(C U F).

2.2 The dual lattice of P[n] induced by the reverse order

Considering proposition 2.3, we start with the following

Definition 2.4 Let A,B C [n|. We write A >,, B if A > X, for some X C B with
| X = [A].

The relation >,, is a partial order on 2"/, and we denote it by P°[n]. Clearly, P°?[n]
is also a lattice in which the family of all subsets of a given cardinality is a sublattice.
Furthermore, | J, .y P’[n], the family of all finite subsets of N is a lattice with the relation
defined by A >,, B.

Note that if A >,, B then |A| < |B|. On the other hand, if |A| = |B|, A > B iff
A >,, B. This means that the sublattice of the family of all subsets of a given cardinality
of P[n] and P°[n| respectively, are isomorphic under the identity map.

The relation >,, has also many characterizations: A >,, B iff there exists an injection
j:A— Bwitha > j(a), for all @ € A. Such an injection j is called a witness of A >,, B.

Let A >,, B and i,j witnesses of A >,, B. We write i > j if i(A) > j(A). Given
A >,, B, the relation > defined by ¢ > j is a partial order on the set of all witnesses of
A>,, B.

Since P[n] is a lattice, given A >,, B we may define the greatest lower bound of A
in 28. We write

max B :=mar{X C B:|X|=|A| and A > X}

as the greatest lower bound of A contained in B. Note that mazsB = maz{i(A) :
i is a witness of A >,, B} and AN B C maxsB. In particular, if |A| = |B|, mazsB = B.

Let 7 be a witness of A >,, B. We say that 7 is a mazimal witness of A >,, B if
i(A) = mazx 4 B. In the sublattice of all subsets of [n]| of a given cardinality every witness
is both minimal and maximal.
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Let us denote by N,, as the set N with the reverse order, >,,, thatis, z >, y <=z < v.
Given n € N, if op denotes the reverse permutation of [n], op(k) = n — k + 1, then one
may also look at the sublattice [n],,, as the set [n] with the order induced by the anti-
automorphism op in the poset ([n],>), that is, x >,, y <= op(z) < op(y). The map op
is an involution in 2" and it is an anti-automorphism on the sublattice of P[n] defined by
the family of all subsets of a given cardinality, that is, A > B iff op(B) > op(A).

Now, we will look at the relation >,, in 20" either as a partial order in 2", with respect
to the reverse order in [n], or the order induced in 2" by the involution op.

Proposition 2.15 Given A, B C [n], the following assertions are equivalent

(a) A >,, B.

(b) If a = (a1, a9, ...,a14,n + 1,...) and b = (51, ...,E‘B‘,n + 1,...) are the decreasing
rearrangement of the elements of A and B, with respect to the reverse order, as embedded
into N§p, then b > a in the component reverse ordering order, that is, b; >op @i 10 Nop, for
all 7.

(¢) op(B) = op(A).

Proof: (a) = (b) If A > X with X C B, then putting A = {a1 > ... > qa} and
B = {bl >0 > b‘A‘ > ... > b|B|}, we get a4, > b‘B|, N b\B\—|A|+1- That is, 51 >op Qi
with C~LZ = Q|A|—i+1 and 51 = b\B\—i—&—l‘

(b) = (c) If (b) then there is an injection j : A — B such that j(a) >,, a, for all
a € A, that is , op(j(a)) > op(a), for all a € A. This means that op(B) > op(A).

(a) <= (¢) A> X, with X C Band |X| = |A|iff op(X) > op(A), with op(X) C op(B).
O

Since A > B iff op(B) >,, op(A), the operation op is an anti-automorphism between the
posets P[n] and P [n]|. We have op(AAB) = op(A)Vop(B) and op(AV B) = op(A)Nop(B).
Thus, P[n] is the dual lattice of P[n| induced by the reverse order in [n].

Let A >,, B. Note that i is a witness of op(B) > op(A) iff there exists an injection
j: A — B with a > j(a) and such that op.i.op = j. That is, j is a witness of A >,, B
iff op.j.op is a witness op(B) > op(A). Hence, op(Y') = min(papyop(B) iff Y = mazsB.
In other words, j is a maximal witness of A >,, B iff opjop is a minimal witness of
op(B) > op(A).

Let A >,, B and A = {a; > ... > an}. By the principle of duality [8], we have the
following dual statements.

The dual of theorem 2.5: maxaB = {x1,...,x,} where
xr1 = max{b€ B:a; > b}, and
r; = max{b€ B\{x1,....,x;i_1} :a; > b}, for i=1,...m— 1. (15)

The dual of Algorithm I :let {k,j,..., [} :={ie{l,...,m}:3Jy € B,a; >y > a1}
and Up := {ag,a;,...,} C A For o€ {k,j,...,l}, define

2o i=max{y € B:a,_1 >y > as},
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and put Zy := {2k, 2;,...,21} € B. Let A; := A\ Uy and B, := B\ Z;. Then, repeat
the procedure with A, >,, By until it stops, giving sets Ay = Ay_y \ Vipoy = 0, and
By := By_1 \ Zk_1, and we get

maxaB = maxy,BUmary, B U...Umazy, Br1

== ZoLJZlU...UZkfl. (16)

The dual of Algorithm II is: let B = {by > ... > b,} and {k,j,...,l} = {i €
{1,...,n} : 3v € A,bj_y > x > b} and Vj := {by,b;,.... 0} € B. For a € {k,j,...,l},
define

Qo :=min{x € A:by_1 > x > by},

and put Qo := {qk,qj,...,q} C A. Let A := A\ @ and By := B\ Vi. Then, repeat
the procedure with A; >,, B; until it stops, giving sets Ay = Ag_1 \ Qr—1 = 0, and
By := Bi_1 \ Vk_1, and we get

maraB = marg,BUmarg BiU...Umaxrg, ,Bi1
= VuWiu...uV,_,. (17)

These procedures describe maximal witnesses of A >,, B.

If A > B is a chain in P[n| then op(B) >,, op(A) is a chain in P[n]. Clearly,
A > B — op(B) >,, op(A) defines a bijection between chains of length 2 in the lattice
P[n], and chains in the dual lattice P°’[n]. On the other hand, A > B iff X > B for some
X C A with | X| =|B|, and F >,, G iff F > Y, for some Y C G with |Y| = |F|. Our aim
now is to set a bijection between chains in P[n] and chains in P°[n] avoiding the lattice
anti-automorphism op but instead stressing the ideas of the last characterization.

According to proposition 2.3, for each F} > Fy, we may choose G, Gy C [n], such that

|G1| = ’F2|, Gl Q Fl, Gl 2 FQ, F1 N FQ Q Gl, and G2 = F2 U (F1 \ G1> (18)

Clearly G1 Zop GQ, and if |F1| = |F2’, Gz = FZ', 1= ]., 2.

That is, given Fy > F, there is a witness s with F; N Fy C s(Fy), such that (Fy, F3) and
(s(Fy), Fy U (Fy \ s(F3)) satisfy (18). Clearly, an injection g : s(Fy) — Fy U (F7 \ s(F3))
such that gs = id is a witness of s(F2) >,, Fo U (F)\ s(F2)). If s, is a minimal witness and
gs, = id then g is a maximal witness.

On the other hand, given Gy >,, G, there exist Fy > F5 and a witness s with F1NF, C
s(Fy), such that (Gq,Gs) = (s(F2), (F1 \ s(Fy)) U Fy). For, if j is a witness of Gy >,, G
with G; NGy C j(Gy), then an injection g : j(G1) — (G2 \ j(G1)) UGy such that jg = id
will do the claim. If j* is a maximal witness and j*¢g = id then ¢ is a minimal witness.

Let H := {(F1, F») : Fi > F5} be the set of comparable elements in P[n], and let
H := {(G1,Gs) : G1 >,, G2} be the set of comparable elements in P[n].
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For each F; > Fy in H, let s be a witness of F; > Fy such that F} N Fy C s(Fy), and
define the map

s: H— H”, (19)
where S(Fl, FQ) = (8(F2), F2 U (Fl \ 8(F2))

In particular, for each F; > F», we may choose a minimal witness s,, that is, s(F}) =
ming, Fy. According to (19), any collection of minimal witnesses of H induces a same
bijection s, : H — H%. Any collection of maximal witnesses of H? induces a same
bijection s* : H” — H such that s,~! = s*. The map s in (19) is a bijection iff s = s,.

Let ©* :=s, Us, ', that is, ©* g = s, and ©*jge» = s, . Therefore, ©* : HUH” —
H U H is an involution which fixes the elements of H N H, that is, the pairs (F}, F»)
such that |Fy| = |Fy|.

3 Words, indexing sets and Young tableaux

3.1 Words and indexing sets

Let t € N and M ([t]) be the free monoid of all words in the totally ordered alphabet [¢].
Let [N]; be the set of all t-sequences of finite subsets of N. The elements of [N]; may
be represented by words in a grid as with matrices: the first coordinate, the row index,
increases as one goes downwards, and the second coordinate, the column index, increases
as one goes from left to right. Each sequence (Ji,. .., J;) of finite subsets of N gives rise to
a word w(Jy,...,J;) in M([t]) called the word generated by (Ji,...,J;), obtained reading
the grid from top to down, along each row, from right to left, by assigning a label i to each
dot in column 4, for i = 1,...,t. The empty word A is generated by (0,...,0).

For instance, let J; = {2,3,6,9}, Jo = {4,5}, and J3 = {1,7,8}, then w(J;, Jo, J3) =
311221331. Also, if F} = {1,2,4,6}, F» = {3,4}, and F3 = {1,5,6}, we have w(F7,
F,, F3) = 311221331.

We identify the elements of [N]; which generate the same word,

(Jiyoo s B~ (JL T B w( e ) = w( T T,

The relation ”~” is an equivalence relation in [NJ;, and we write M ([N];) := [N];/ ~

Given m > 0 and a finite set F' = {x1,...,2,} C N, we write m + F := {m —|— x1,
.,m+z,}. Clearly, F ~ m+ F, for any m 2 0. ( We have m + () = 0.)
M ([N];) is a monoid with the operation U defined as

(1o U L(Fr . B) = (LU (m+ F),..., J U (m+ F))],

such that J; C [m], fori=1,... t.
As usual we denote the length of a word w by |w|. Let w be a word in M ([t]), we write
|wlk, k € [t], to mean the multiplicity of the letter & in the word w.
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Proposition 3.1 M([N}];) and M([t]) are isomorphic monoids.

Proof: The map ¢ : M(|N];) — M([t]) defined by &([(J1,...,Jt)]) = w(Ji, ..., J)

is a monoid isomorphism. Let w in M([t]) and define J, = {i € {1,... |w|} : i —
th letter of w is k}, for k = 1,...,t. Then, w(Jy, ..., J;) = w. That is, every word w in
M (]t]) arises from M ([N];), and ¢ is a bijection. Clearly, ¢([(J1, ..., J)|U[(F1,..., F})]) =
w(Jl,...,Jt)w(Fl,...,Ft). O

For instance, the word w = 311221331 is generated by J; = {2,3,6,9}, Jo = {4,5},
and J3 = {1,7,8}.

Given w € M([t]) and (Jy, ..., J;) € [N]; such that w = w(Jy, ..., J;), we call (Jj,
..., J¢) the indexing sets of w, and [(J1,. .., J;)] the class of indexing sets of w.

A word w in M ([t]) is a Yamanouchi word if any right factor v of w satisfies |v|; >
[vla > ... > |v|¢. Recalling proposition 2.1, this is equivalent to say that if (Jy,...,J;)
are indexing sets of w, then every pair (J;, Ji11), i = 1,...,t — 1, satisfy condition (¢) of
that proposition. Henceforth, w(Ji,...,J;) is a Yamanouchi word in the alphabet [t] iff
J > ... >

The dual word of w = z;...2, € M([t]) is wep = op(xy) ...op(z1) a word in the
dual alphabet op([t]),with op(i) = t —i + 1. Clearly, w(Ji, ...,J;) = w iff w(op(Jy),
...,0p(J1)) = wep. Hence, w(Jy, ..., J;) is a dual Yamanouchi word iff J; >,, ... >,, J;.
The map w — w,, determines an anti-isomorphism in M([t]): (wi1w2)ep = (W2)ep(W1)op-
Now we search for a bijection between Yamanouchi words and their dual avoiding this
anti-automorphism.

Given w € M([t]), w’ is a subword of w iff (Jy,...,J;) are indexing sets of w then
w =w(Fy,..., F), forsome F; C J;, 1 =1,...,t.

Definition 3.1 Let w be a word in the two letters alphabet {i,i+ 1}. A subword w' of w
is called a basis of w if (A, B) are given indezing sets of w, there exist X C A andY C B
such that

(0) | X|=1Y], X >Y and w(X,Y) =,

(17) w(A\ X,B\Y)=1i"(i +1)%, where r = |A| — |X| and s = B —|Y|.

A basis is a self-dual Yamanouchi word of longest length. When w is a Yamanouchi (dual
Yamanouchi) word any basis is of type w(X, B) (w(4,Y)), (r =0 ) s = 0. We identify
a basis of a word, in a two letters alphabet, with its class of indexing sets. So, we say
that (X,Y) is a basis of (A, B). In particular, if the word is either Yamanouchi or dual
Yamanouchi every basis may be determined by a witness, and every witness determines a
basis of a word.

As a basis is a self-dual Yamanouchi word, the calculation of a basis may be done either
using the procedures to determine minimal witnesses for Yamanouchi words, for instance
theorem 2.5, or for dual Yamanouchi words, as the dual of theorem 2.5, or those which are
common to both, like algorithms I and II.
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For example, let w = 112121122122112 with indexing sets A = {1,2,4,6,7,10,13,14}
and B = {3,5,8,9,11,12,15}:

(a) (Applying the dual of theorem 2.5.) Extract from the word a subword w’ containing
letters i and 7 + 1 only. Remove the right most subword ¢ + 14 of w’: put a bracket in the
right most letter ¢, and then a bracket in the right most letter ¢ + 1, to the left of the just
brackted i. The remaining letters, the ones which are not brackted, constitute a subword
vy of w’. Then remove the right most subword ¢ + 14 of v;. There remains a subword
vy. Continue this procedure until it stops, giving a word v, of type v, = " (i + 1)°, with
|lw|; — ¢ = r and |w|;+1 — ¢ = s. The basis, in the subalphabet {i,i 4+ 1}, is the subword
constituted by the bracketed letters. In our example, we have

11(21(21)1)2(21)(2(21)1)2,
X ={6,7,10,13,14} > Y = {3,5,9,11, 12},
w(X,Y) = 2211212211, and w(A\ X,B\Y) = 11122.

Note that maxp X =Y.

(b) (Applying theorem 2.5.) Do the procedure above with the leftmost subword i + 14
of w: put a bracket in the left most letter ¢ + 1, and then a bracket in the left most letter
7, to the right of the just brackted ¢ +1. When the procedure stops we get a subword u, of
type u, = i" (1 + 1)*, with |w|; — ¢ = r and |w|;+1 — ¢ = s. The basis, in the subalphabet
{i,i+ 1}, is the subword constituted by the bracketed letters. In our example, we have

11(21)(21)1(2(21)(221)1)2,
X' ={4,6,10,13,14} > Y’ = {3,5,8,9, 11},
w(X',Y') = 2121221211, and w(A\ X',B\Y’) = 11122,

Note that miny' A = X'.

(¢)[10], [12] (Applying either algorithms I or II.) Extract from the word a subword w’
containing letters ¢ and ¢ + 1 only. Bracket every factor i + 17 of w. The letters which
are not bracketed constitute a subword w; of w. Then bracket every factor ¢ + 14 of wy.
There remains a subword wy. Continue this procedure until it stops, giving a word wy of
type wy, = 4" (i + 1)*. The basis, in the subalphabet {i,i + 1}, is the subword constituted
by the bracketed letters. In our example, we have

11(21)(21)12(21)(2(21)1)2,
X" ={4,6,10,13,14} > Y” = {3,5,9, 11,12},

w(X"Y") = 2121212211, and w(A\ X", B\Y") = 11122.
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Note that miny+A = X", marpX”" =YY" and X" = X' and YY" =Y.

If w is a Yamanouchi ( dual Yamanouchi), X = X' =X"CAandY =Y' =Y" =B
(and X = X' =X"=Aand Y =Y’ =Y” C B) and both procedures (b) and (¢) ((a) and
(c)) coincide as was shown in theorem 2.11.

The procedure (c) is the transformation given by M. P. Schutzenberger and A. Lascoux
in [10] and [12], and its translation to indexing sets, in the case of Yamanouchi and dual
Yamanouchi words in a two-letters alphabet, is given either by algorithm I or II, as well
as their dual algorithms, respectively. Moreover, given a Yamanouchi (dual Yamanouchi)
word w = w(A, B), the procedure (¢) on w is equivalent to putting brackets in the subword
w(mingA, B) (w(A,maxpA)). There remains a word i" ((« + 1)*), with r = |A| — |B|
(s = |B| — |A]). That is, according to theorem 2.11, bracketing every factor i + 17 on a
Yamanouchi (dual Yamanouchi) word, as in (¢), is an instance of a minimal (maximal)
witness of A > B (A >,, B).

The next proposition gives a representative of each class [(A, B)].

Proposition 3.2 Given A and B two finite subsets of N, let Y C B and X C A such
that w(X,Y') is the basis of w obtained according to the procedure (c¢). Then, w(A, B) =
w((A\X)UY,B) =w(A,(B\Y)UX).

Proof: Let w be the word generated by (A, B), then w is a word in a two-letters alphabet
[2]. Bracket every factor 21 of w. The subword constituted by the bracketed factors is
generated by (X,Y). In this case, miny A = X and maxpX =Y. The remaining word is
generated by (A\ X, B\ Y) and the word generated by ((A\ X)UY, B) is w. O

Let s, : H — H be the bijection induced by any collection of minimal witnesses
of H, defined by s.(A, B) = (mingA, BU (A \ mingA)); and s;' : H? — H be the
bijection induced by any collection of maximal witnesses of H?, s;1(C, D) = (CU (D \
mazxcD), maxcD). Recall that mingA and maxcD may be achieved by any minimal
witness and maximal witness respectively. For instance, as mentioned above, the procedure
(¢), when restricted to Yamanouchi words and their dual, is the translation of algorithms
I, IT to words:

wr = w(Vo,#' (Vo)) = w(Us, 2" (V)

W = ’LU(Vk_l,ZI(V;f_l)):’LU(Uk_l,ZII(Uk_l)).

For k=1,...,t—1, let o} be the involutions, defined in [10] and [12], acting on Z([t]), the
free algebra on [t]. Then,

w(s.(A, B)) = o1 (w(A, B)), w(s ' (C, D)) = o1(w(C, D)).
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In the last section, we have introduced the involution ©* : HU H®” — H U H. Now we
extend it to (Jy, ..., J;) € [N]; such that either J; > J; 1y or J; >,, Jipq, fori=1,...,t—1,
as follows

@z :@T(Jkytjk+1) k: 1,...7t_ ]_

The translation of the involutions ©F, k = 1,...,¢, on indexing sets to words, are the
involutions oy, k = 1,...,t — 1, restricted to words which with respect to the subalphabet
{k,k + 1} are either Yamanouchi words or dual Yamanouchi words.

Let ©*(Jy, Jiy1) = (Ji, Ji,1), then

op(w(J1, ... ) =w(Jr, . Ty Ty - ).
For instance, let w = 122111211 be the two-letter word. Using the involution hq,
w=1(2(21)1)1(21)1 — o (w) = 222112212.

On the other hand, let J; = {1,4,5,6,8,9} and Jo = {2,3, 7} be indexing sets of the word
w. We have ming,J; = {4,5,8},

O*(J1, o) = ({4,5,8},{1,2,3,6,7,9})

and the word generated by ©*(.Jy, Jp) is 222112212 = oy (w).

3.2 Young tableaux

A partition is a sequence of non negative integers, a = (aq, as, ...), all but a finite number
of which are non zero, such that a; > ay > ... The number |a| := )", a; is called the weight
of a; the maximum value of ¢ for which a; > 0 is called the length of a and is denoted by
l[(a). If I(a) = 0 we have the null partition a = (0,0,...). If [(a) = k, we shall often write
a=(a,..,ag).

Sometimes it is convenient to use the notation

a=(ai", ay?,...,a,"),

where a1 > ag > ... > a; and ", with m; > 0, means that a; appears m; times as a part
of a.

We say that a is an elementary partition if there is an m € {1, ...,n} such that a = (1™).

Suppose a = (aq, ...,ax) is a partition of length k with |a| = n. The Young diagram
of a is an array of n boxes having k left-justified rows with row 7 containing a; boxes for
1 <@ < k. We shall identify a partition with its Young diagram.

Given two partitions a and ¢, we write a C ¢ to mean a; < ¢;, for all i. Graphically,

this means that the Young diagram of a is contained in the Young diagram of c.
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Let a and ¢ be partitions such that a C ¢. We define

c/a:={(i,j) €c : (i,)) ¢ a},

called a skew-diagram. We write |c/a| := |c| — |al.

A skew-diagram is called a vertical [horizontal] m-strip, where m > 0, if it has m boxes
and at most one box in each row [column)].

Let a and ¢ be partitions such that a C ¢ and (my, ..., m;) a sequence of positive integers.
A Young tableau T of type (a, (mq,...,m),c) is a sequence of partitions

T =(a" a,...,a")

such that a = a® C a' C ... C a' = ¢ and, for each k = 1, ..., t, the skew-diagram a*/a*~!
is a vertical strip labelled by k with my = |a*/a*~1|.
The indexing sets Jy, ..., J; of T are the subsets of {1,...,n} given by

Je=1{i :a¥ —at £0}, 1<kE<t

That is, Ji is defined by the row indices of the boxes of ¢/a labelled by k, 1 < k < t.
Notice that (|Ji], ..., |Jt]) = (ma, ..., my).

The skew-diagram c/a is called the shape of the tableau 7" and (my, ..., m;) the weight
of 7.

For example,

DO MM
— M
—
W
AN SN

is a Young tableau of type ((3,2,1), (3,1, 1,2),(5,5,2,1)), with indexing sets J; = {1, 2, 3},
J2 = {4}, Jg = {2} and J4 = {1,2}

We will introduce now the notion of Littlewood-Richardson sequence, following the
terminology in [1, 2, 3].

Definition 3.2 [1] Let T be a Young tableau of type (a, (mq, ...,m¢),c). We say that T is a
Littlewood-Richardson (LR for short) sequence if its indexing sets satisfy J; > Jo > ... > J;.

Proposition 2.1 (¢) shows that this definition is equivalent to the one given in [9)].

Ifa=(ay,...,a,) and c = (cq,...,¢,) with a C ¢ (the diagram of a is contained in the
diagram of ¢), we put @ := (¢; —ay,...,c1 —ag,c1 —ay) and ¢ = (¢; — ¢y €1 — Cp1y - - ., €1 —
¢2,0). Note that @ and ¢ are respectively the complements of a and ¢ in the n X ¢; rectangle.

Given a tableau 7 of type (a,(mq,...,m;),c) and indexing sets Ji,...,J;, its com-
plement, denoted by 7, is the tableau of type (¢, (my,...,m1),a@) with indexing sets
op(Jy),...,op(J1). When 7 is an LR tableau, we have op(J;) >, ... >4 0p(J1).
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Geometrically, 7, the complement tableau of T , is obtained by reflecting 7 once about
the horizontal axis, then once about the vertical axis and then substituting labels i €
{1,...,t} by op(i) =t —i+ 1, with op € S, i.e., J; by op(J;_i11), with op € S, for
i=1,...,t. Asusual if 7 is of type (a, (mq,...,m;),c) we say that c¢/a is the skew-shape
of T. We define the complement of the skew-shape of 7, as being the skew-shape of T,
ajc.

Definition 3.3 The word of a tableau T, denoted by w(7T) on the alphabet [t], is the word
generated by the indexing sets of T .

This definition agrees with the one given in [6]: the word of a tableau may be obtained by
listing the labels from right to left in each row, starting in the top and moving to bottom.
We may also characterize LR tableaux and complement tableaux, using the language of
words. Clearly, 7 is an LR tableau iff its word is a Yamanouchi word. Let 7 be a tableau
of type (a, (my,...,my),c) with word x; ... z,, and H a tableau of type (¢, (my, ..., m1),a).
H is the complement of 7 iff w(H) = op(z,)...op(z1) the dual word of 7.

In previous example, w(7) = 4143112 and w(7) = 3442141.

There is a bijection between LR tableaux and complement LR tableaux given by the

bijection between chains and dual chains, that is,
S>> dp—op(Jy) > ... > op(Jy).

Definition 3.4 We say that a tableau T of type (a, (mq, ..., my),c) is an op-LR (reversing
LR tableau) if its indexing sets are such that J; >, ... >op Ji.

Therefore, 7 is an op-LR tableau iff its word is the dual of a Yamanouchi word.

Hence, 7 is an op-LR tableau iff its complement is an LR tableau. This means that
our definition of reversing LR tableau is based on the notion of complementation. Our
aim now is twice-fold: avoid duality and to interpret an op-LR as a consequence of the
action of the symmetric group S; on a family of indexing sets in order to introduce o-LR
tableaux where ¢ is any permutation; and exhibit a bijection between LR tableaux and
o-LR tableaux of a given type.

In [5] we have interpreted the LR reverse filling as a permutation of the LR rule and
we have exhibited a bijection between op-LR tableaux and LR tableaux. In this way we
have also established a bijection between LR tableaux and their conjugate.

4 Actions of the symmetric group

Let t > 2, and consider the transpositions of consecutive positive integers s; = (i1 + 1),
1 <@ <t—1. Denote the identity by so. The symmetric group S;, ¢ > 1, is generated
by these involutions s;, ¢ = 1,...,t — 1, written &; =< s1,...,8_1 >, which satisfy the

Moore-Coxeter relations: s? = s, siS; = 858, if |i — j| # 1, and s;8,415; = Si115iSit1-
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The elements of S;, ¢ > 1, may be written as words on the alphabet {si,...,s,1},
defined recursively as follows:

81 — {80}7
( 3
w
S¢—1W
St = St—2St—_1W , W c St—l , lft 2 2 (20>

L 51592...5¢t—1W

We call these words, canonical words of S;.

Definition 4.1 Let Fy > F and F = {(FY,Fy):0 €< sy >} CHUH®. We say that F
is generated by (Fy, Fy), if (F}°, F5°) = (F1, Fy), and there exists a map s : H — H such
that s(Fy, Fy) = (F}Y, 5.

Given F = {(F7,Fy) : 0 €< 51 >} C HUH? generated by (F, F,), we may define the
involutions on F, o, (F7, Fy) = (Fy"°,Fy"9), i = 0,1, with 0 € {so,s1}. Thus, the map
Y Sy — Sp defined by 1(sg) = 15, and ¥(s1) = 1s,, is an isomorphism if |Fy| > |F3|, and
an homomorphism if |F}| = |Fy|. Therefore, ¢ defines an action of the symmetric group
S, on F.

As ©* : HUH” — H U H? is an involution, if we put ¥(s;) = ©* and v¥(sq) = id, 9
defines an action of the symmetric group S; on H U HP.

Recall that sg, s1, S2, $251, S182, S15281 are the canonical words of Ss.

Definition 4.2 Given Fy > Fy > F3 and F = {(F{,F3,FJ) € P(n)® : 0 €< s1,80 >},
with (Fy°, F5°, F5°) = (Fy, Fy, F3), we say that F is generated by (Fy, Fy, F3) if
(I) (a) F5* = F3 and {(F{,Fy):0 €< sy >} is generated by (Fy, F3).
(b) F? = F, and {(Fy,F{):0 €< sy >} is generated by (Fy, F3).
(II) (a) Fy** = F7' and {(FJ°', F5°') @ 0 €< sy >} is generated by (Fy', F3') and

s(E5t, F3Y) = (F3*°' F3?°) such that F3**' = X UY with X C F3}? and Y C
Fy\FYoonly if F3? = X UZ with Z > Y.

(b) F5*** = F3? and {(FY™,F5*) : 0 €< s1 >} is generated by (Fy?, F5?) and
s(Fy2, F5?) = (FY'"2, F3'*2) such that FY**? C FY* and FYU\ FY'Y¥2 > Fy \ Fy2.

(III) F35+*2°t = F5*° and {(FY™°, F3°2°') t 0 €< sy >} is generated by (Fy**, Fy*™) and
S(FY20 ) Fy2ot) = (Fy°2% F392%h) such that FY'*2°' = FY192,

Proposition 4.1 Let Fy > Fy, > F3.
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(a) There exists always a set F generated by (Fy, Fy, F3).
(b) If F is generated by (Fy, Fy, F3), then F5** > F5' and Fy? > F3*°.
(c) If F is generated by (Fy, Fy, F3), then, for each 0 €< s1, 83 >,

(i) either F7 > F7, or F7 >4, F7,, 1 <0< 2;
(ii) F5 C FY;
(111) there exist GI C F7 for i = 1,2,3, with |GY| = |F3| such that G = Fy and
G > G5 > Fs.

Proof: Since Fy > F; and Fy > F3, let {(FY,Fy) : 0 €< s; >} be generated by (Fi, F3),
and let {(FY, FY) : 0 €< sy >} be generated by (Fy, F3). Clearly F;' > F3' and F}? > Fj2.

We may choose a witness s of Fy* > F3* with F5'NFy C s(F5'), such that s(Fy*, Fy') =
(525 F3?%) satisfies

F = X UY, with X C F2, Y C Fy\ F, only if
F?=XUZ, with Z>Y. (21)

For F5* = FyU(F\F), FS? C Fy, BN Fy C F5, F2 > Fy, and |[F2% | = |F?| = | By
Theorem 2.8, asserts that (21) is feasible. Note that from (21), we have

Fe > Fo (22)

We may choose a witness s of F}2 > Fy? with F{?NF;? C s(Fy?), such that s(F}?, F5?) =
(7152, F5*2) satisfies

F13152 C F1817
FYP\FYY > By \ FY2. (23)

For, iy N Fy C Fy', F' > Fy, and Fy, = F3? U (F35? \ F3). Again, proposition (2.4), (c),
asserts that (23) is feasible.

Notice that Fy'* > F35'*? = F32. Note also that Fy**? = Fy2 U (Fy \ Fy'*?) = F2 U (Fy\
FPOYU(FP\ FYY?) and Fy' = Fo U (Fy\ FYY) = F2 U (Fy \ F5?) U (B \ FY). Henceforth,
by (23), we find

Foe > Fp (24)

Finally, we may choose a witness s of F;2° > ;2% with FP2°' N F52%0 C s(F52°Y) such
Ys Y 1 2 1 2 2
that s(Fy2°1) Fy2) = (Fy°2°0) F5°2°0) ) satisfies F7'*2% = FY'™2. jFrom (23) and recalling
that F2% = F'| it is enough to show that (Fy2™, F5?®') and (F}**2, Fy'%%) satisfy (18),
that is,

FflSQ g Ffl — F15251’
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and using (21) and (22),

Ff?31 N F23231 g FfQ N F252 g FflSQ FflS2 2 F252 Z F;QSI.

Y

Conditions of definition 4.2 are, therefore, fulfilled. Hence, F is generated by (F}, Fs, F3).

(b) was obtained in (22) and (24).

(¢) (7) and (i7) are consequence of (18).

(74i) Note that Fy*® > F3? > Fy and since Fy? > Fy?%' ) it follows Fy'*2 > FJ2° >
F3, with |F7'%| = |Fp?| = |F3?*"| = |F3]. The sets in the first sequence are subsets of
FY,Fg FY, respectively, for o € {sqg, $1, S2, S152}, and the sets in the second sequence are
subsets of FY, Fy, Fy, for o € {5381, 515251} O

Theorem 4.2 Let F = {(F{,Fy,F{) : 0 €< 51,89 >}. F is be generated by (Fy, Fs, F3)
iff

(I) (a) F5* = F3 and {(F{,Fy):0 €< sy >} is generated by (Fy, Fy).
(b) F? = F, and {(Fy,F{):0 €< sy >} is generated by (Fy, F3).

(II) (a) Fy** = Fy* and {(F5°*, F§™) 1 0 €< sy >} is generated by (Fy', Fy').
(b) F5*°* = F3? and By, == {(F7**, F5°*) 1 0 €< s1 >} is generated by (F}?, F3?).

(III) (a) F5*°*°0 = F5*° and {(F7°*°", F3™%) 0 €< s1 >} is generated by (Fy*°', Fy*®)
and s(Fy?°1, F32°t) = (F7°2°0 F5*2°t) such that FyP°2° = Fy°2.

(b) {(F;152’F§152); (F2515281,F§15281)} is genemted by (F;1827F§152),
(IV) F§*2 > F5' and F§? > F5*.

Proof: The only if part. Suppose that F satisfy the conditions of definition 4.2. We have
only to prove (III), (b). Note that F;*** > F;**2. We shall show that we may choose a
witness s of Fy*® > Fyt® with Fy**2 N F3'°2 C s(Fy'™) such that

S(F§152’ F§152) — <F2513251, F§13251).

In fact, recalling definition 4.2, we have Fy**° = F*%2 FJ1%2 = FJ2 U (Fy \ F7**?) and
Fjreest = st U (Fy2° \ Fy*°?), and using (21),(23), we get

F;lsgsl g F25152'
On the other hand, from Fy* \ Fy'% > [, \ F5? = F3? \ F3, and since F3**' > F3, we have

Fpn = B U (B \ ) 2 ByU (K2 \ ) = B
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Now, using (21), notice that (Fy\ Fi*)NEF;? C Y, and write F3'%% = X UY U(F*\ F™2),
with X C Fy? and Y C Fy \ Fy*. Then, recalling that F;'® = F3? we get

F R = (B2 0 F2) U (R FP) 0 F)
= (B 0 F) U (R B U\ F) 0 Fy?)
cxu((m\FNF)U((F RN F)
CXUY U((F*\ Fjr2) = Fyreee,

Finally, recalling that Fy N (F; \ Fy*) = 0, we have
F§15281 — F§281 =FU (F281 \F28251)
= RBU((BUER\ )\ B
= BUR\ ) U (R B\ B,

On the other hand, since Fy? N (Fy \ Fy**?) = 0 and (Fy*\ FY"2) N FY?2 = 0, FY** = B}
and F;**2 C F7') we get

F3315231 — F35132 U (F25132 \ F2315251)
= B U(B\F) U ((F52 U (F\ B\ (2 U (F \ )
= BU (R \ F3) U (F52\ (F3 U (B \ F) ) U
U\ F) \ (B30 U (R \ )
= FU (R \ F) U (B \ B U (B \ By \ (529 U (B \ )

= BU B\ ) U [(B\F)\ (F\ F) \ B
= Fy U (B2 \ F3* ) U (B0 \ 7))\ F57).
Henceforth, the map s is well defined.
The if part . Suppose that F = {(F7, Fy,F{) : 0 €< s1,s9 >} satisfy (1), ([]), (I1])

and (IV') as above. To show that F is generated by (F, Fy, F3) it remains to prove (I1) of
definition 4.2.

Since {(Fy™, FY™) : 0 €< sy >} is generated by (Fy', F3'), we have F3?® C Fj' =
F> U (Fy \ F}') and, therefore,
Fj>t = X UY, where X C Frb and Y C F \ I}
JFrom (III),(a) and (b) above, we get Fy*** = Fy***°t C F}*.
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We may write
Fpres = po g (F\ FP2) = X UY U (9 \ Fi), (25)
and
F3t = B (R F™) = B U (RO B UGS\ PP, (26)

On the other hand, from (III), (b), we have the inclusion F;*®% C F;**2. As X C Fy2™
and F;?* we get from (25), (26), X C Fy2. Let Z := F3;?\ X. Since Fy? > F3?°' we must
have Z > Y.

Finally, from proposition 2.3, using F;'** > Fy', (26), and Fy' = Fo U (Fy \ F)'), we
get Fy'\ Y2 > Fy \ Fiy2.

Therefore, the set F is generated by the sequence (Fy, Fy, F3). 0

Remark 2 If in definition 4.2 we replace condition (11)(a) by
F*r =X UY with X CF5? andY C Fy \ F7* only if F{** > X UY

then proposition 4.1 follows except condition (a), as well as theorem 4.2 except condition

(IV).

Corollary 4.3 Let Fy > Fy > Fy and F = {(F{,Fy,F{) : 0 €< s1,s9 >} generated by
(Fy, Fy, F3). Let s, : F — F defined by s, (FY, FY, F) = (Fy7, Fy7, Fy9), i = 0,1,2,
0 €< 81,89 >. Then, zbfz =1d, 1= 1,2, and Vs, V5,5, = Vs, Vs, 0s,. That is, the symmetric
group Sz acts on the set TF.

The generation of the set F by Fy; > Fy, > Fj is equivalent to a decomposition of
Fy > Fy > F3.

Theorem 4.4 Let Fy > Fy > F3. The following assertions are equivalent:
(a) F={(F7,Fy,F{): 0 €< 1,80 >} is generated by (Fy, Fy, F3).

(b) The sequence Fy > Fy > Fy has a decomposition Fy = U?:lA{, F, = U?:3Ag,
F3 - Ag U A?)’,

.
Al AS
Py, Fy, Fy= A3 A3 (27)
A A
A} A3 A3

26



satisfying:

1. AY > A3 > Al > A3, with |Af] = |Ay| = [A]| = |4]],
Ay > A3 > A3, with |A]| = |A3] = | A3,
Al > A3, with |Af| = |A3].

2. ALNA] =0, ifi # ],
ALN AL =0, if i # j,
AZn A} = 0.

3. Fin A C A%
(Fi\ A}) N A3 C A,
[\ (A7 U A})] N A3 C A,
[FoU (A2 U A} N A2 C A2 and
[F, U (ATU AN A3 C AS.

such that the sets FY, Fy, FY, with o € {s1, S2, 5152, $251, $S15251}, are obtained from
Fy, Fy, F3 as follows:

B oa -
A7 A A} A3
LB =AY Ay LR =AY A, (28
i Yo
Al A2 A3 Al A2 AS
Ay
Ar 4
F18152817F281S281,F§18281 — Ai{’ Ag , (29)
A A
Ay A 4
Al Al
A2 A2 A2 A2
Fy? B2 Fy? = Ai{; , A3, YRR E = ) Ai A3 (30)
i i
Al A2 A3 Al A2 AS

Proof: (a) = (b) Let F = {(F{,FJ,FJ) : 0 €< s1,8y > be generated by the sequence
(Fy, Fy, F3), and consider the involutions v, , s, defined in corollary 4.3.
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Since g, (Fy, Fo, F3) = (FyY, F5* L F3Y) and 4, (Fy, By, F3) = (FY?, Fy2, Fy?) we find
that Flsl Q Fl, F1 ﬂFQ Q Flsl, F;l = F2 U (Fl\Flsl), and F2S2 Q FQ, F2 ﬁFg Q FQSQ,
F? = FyU (Fy \ F3?).

Consider now the sequence (Fy2%, F5*° F3?°t) = b, (FV*, F5*, F5'). We have Fy*™ C
F;' = F, U (Fy\ F}'). Note that Fy and Fy \ F}* are disjoint, since Fy N Fy C F7'. So we
may write

Fy2t = A3 U AL (31)

where A5 C Fy and A2 C Iy \ I} Let A == Fy \ (F}' U A2).
JFrom (31), since Fy?™ > F3 and |F3?™| = | F3|, by we may factorize Fj as

where A5 > A3, A? > A3, |AS| = |A]|, |A2| = |A%], and A5 N A3 = A7 N A} = (). Recalling
that Fy' N Fy' C F32™ = A3 U A2 we find that F;' N A3 C A5 and Fy' N A2 C A2
NOW <F1515251 F2315251 F;lSQSl) — ws (FfQSI F23251 F;QSI) Since F1815251 > F25251 — Ag U
) ’ ) 1 ’ ) : =
A, we may define A} := min 45 F7**" and A} := Fy"*" \ A7, Since Fy***" C F}", define
A3 = Fy1\ Fy*?°1. Then we obtain

Fislsgsl — Ai) U Azll, and Flsl — A? U Alll U A:l)), (32>

where A} > A3, A} > A5 |AY| = |43, |A3| = |A3], and F7'**" N A5 C A}, Note
that F} N A} C A3, since Fy N Fy, C F' and Fy' N 2% C FPY2°0 Since FR*2%t =
F25v U (FyY\ F72°1), we have

Fyreet = AU AT U AT (33)
Consider the sequence (F}'°2) Fy'%2 Fyt®) = b (F?, F32, F5?). We have F7'% C Fy,
FPr*2 > F3? and Fy'°2 = F32 U (Fy \ F;'°?). Finally, consider
ws F51527F5152 F5152 — F315251 F515251 F515251
2\t'1 2 » 43 1 2 » 3
Thus, we have
Fpo = Fpeest — Ay Al

JFrom (33) and the inclusion A5 U A2 U A3 = F;2°1%2 C Fy'*2 = F2 U A3 U A2 U Af it
follows that A3 C F3? U A]. But since the sets A5 and A} are disjoints, we have A5 C Fy2.
Let A5 := F32\ AS and A3} := F, \ F32. Thus,

F? = AU AS.

Since |Fy?| = |F}**?| we have |A]| = |A3| and |A3| = |A3]. Moreover, from the inequality
F1*2 > F3? and the definition of A3, we obtain A} > Aj.

JFrom the inequalities Fy? > F3?*' and F;'*? > F5') we get A3 > A? and A3 > A3

(b) = (a) Let F:= {(F7, F§,FJ) : 0 €< s1,82 >} be the set defined in (27), (28), (29)
and (30). Clearly, F is generated by (Fi, Fy, F3). O
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We show now that the transformations O}, k = 1,2, may be used to obtain a decom-
position of a sequence F; > F, > Fj according to the rules of the previous theorem.

Proposition 4.5 Given Fy > F, > F3, there exists a set F* generated by (Fy, Fy, F3) such
that, for all o € S3, and j = 1,2, ©;(F7, F{,,) = (Fjsja, Fjsj:) and F,’7 = F,p#3j,j+1
F* is uniquely determined by Fy > Fy > Fj.

We say that F* is the set x-generated by (Fy, Fy, F3).

Proof: We have to show that conditions (I), (II), (III) and (IV) of theorem 4.2 are fea-
sible with s,. Let (Fy*, Fy', Fy'), where Fy' = F3 and s.(Fy, Fy) = (F', F'), and
(Fy?, F3? Fy?), where F? = Fy and s, (Fy, Fy) = (F}?, Fy?).

Define now (Fy2°', Fy2% F32%), where F7?%' = FV* and (F3*°', F5?°') = s (Fy', F5').
Since F5* = F, U (Fy \ Fy') and Fy? = ming, Fy, by theorem 2.8, we have

3 = ming,[F, U (Fy \ F')] = ming [F5? U (Fy \ FY)] = X UY, (34)

and ;> = X UZ, where X C F)2, Y C )\ F{' and Z > Y.
Recalling that Fy? = Fy; > Fy?, define (F7'%2, F5**2, F5'®2), such that F3'** = F3? and
(Fy1™2, F5°2) = s, (F)?, Fy?). By corollary 2.12, we have

Flsl — miangFl U min(FQ\ngz)(Fl \ F15152), (35)

Thus, since F7'™ = ming:Fy, we must have F7** C Fy'. By corollary 2.6, F7** =
mings: FT', and from (35), FY*\F7** = min g, pe2) (F1\FT**). Hence FY'\F7** > Fo\ F32.

Finally, define (F52% F12 p5ist) where F5129 = [ and (FFet, Fies) =
s« (F7%", F5**Y). Notice that FT'** = mings: Fi = minxuz 7", and FT*2 = mingeos I
= minyxyy F7', where Z C F52 Y C Fy \ F{' and Z > Y.

Using theorem 2.10, we have F7"***" = mingss 7' = F7'*.

dNote that s,(F5**, F5'%2) = (F327%, Fy2212). In fact, ming2F3'™ = mings Fy*™
an

minps: F5'% = mingg, g peey[F57 U (BT \ FTP22) U (1 \ BT, (36)

where min g gy [(F7* \ F72) U (Fy\ FYY)] = BT\ B2
Then, by theorem 2.14,

(36) = (Flsl \F18182> U minF3[F252 U (Fl \ Flsl)] — F;lSQSI.

By theorem 4.2 we conclude the proof.

Therefore, the set F* := {(F7, Fy,F{) : 0 €< s1,52 >}, is generated by (Fy, Fy, F3),
and satisfy, for all 0 € Sz and j = 1,2, ©3(F7, F7,,) = (F;'°, F;i7) and F,”° = F7,
p#J,J+1 O
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Corollary 4.6 Let F* be the set x-generated by (Fy, Fy, F3). Then, for j = 1, 2,
@:<F'a)§=1 = (F}"7)1, 0 € < 51,89 >, satisfy:

(a) (©)* =1id, j=1,2.
(b) ©10507 = ©36765.
That is, S3 acts on F*.

Proof: Use previous proposition. O

Let us consider the canonical words of Sky1, & > 1, (20), written as : 6,w, with
0, :=5.0,11, Oy :=1d, and w € Sy, forr=1,... k.

Deﬁnition 4.3 Let k > 1 and Fy > ... > F, > Fp.1. We define, recursively, the set
= {(F7,.. ., F{.1): 0 €< 51,.., 5, >} x-generated by (Fy, .., Fy, Fiy1) as follows:

o Ifk=1F = {(F17F2)7S*(F17F2)}'

o Ifk>1,F = {(F)" :we S} U{(FI)Ml 1 <r <k, we S}, where

(i) {(F)E, © w € S} is *-generated by (F,...,Fy), and F¢,, = Fiia, for all
w e Sk,'

(i) for each r =1,....k, and w € S,

(FQT'HW Fr_z_Jilw) (Fjr9r+lw’ F:—T_917"+1W)’ and F;r9r+1w — F;r%—lw) P 7é r,T + 1. (37)

Proposition 4.7 Let k> 1 and Fy > ... > F}, > Fy.1. The following statements hold
ey

(I) There exists always F* x-generated by (F;);

(II) If F* is x-generated by (F;)*}, then, for each r € {1,...,k + 1}, and w € Sy, there
exist GY C FY, with |G¥| = |Fy11]|, for 1 <i <r, such that

GY>..>G% | >Fr > > Fk > F,,

where F C F¥,

= |Fys1|, fori=r,... .k, and Fyp.1 C Fkil

Proof: By double induction on k and r. When k = 1, this is definition 4.1 with s,.When
k = 2, this is definition 4.2 with s,, and this set was constructed in proposition 4.5. We
have to show that (37) is feasible, for k¥ > 3. By induction, there exists a set F = {(F*)~_, :
w € 8} xgenerated by (F;)X_,, satisfying (II) above. Fix w arbitrarily in Sy. Then, there
exist, for i =1,...,k, GY C F¥, with GY = F}, and |G¥| = |F}/|, such that

GY>..>GY=F,> Fy.
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Since G = Fy, C Fy, it follows that Fy* > Fj,. So, putting F*,, = Fj1,, we may define
s.(F, F¢oy) = (FP, FEY) and F2 = F2 op # k k+1. We have F** = ming,_, F and

¥ = Fr U (B2 \ F). Thus, GY > Fp* and GY > ... > GY_ > F* > Fjq, with

Fr CEFXY, Fp2 C FY, and |FF| = |Figq|. Clearly we may consider |G| = |Fjyq], for
i=1.. k-1
Suppose we have already defined (F;"*'**“)* ! for 1 < r+ 1 <k, such that

Sp4-1...SpW
GY > .. >G> Fit™ > > P> B

. Sj. SpW Si41.-.SpW Sj.SpWwW| - . Sp+41...SpW
with F; C F, , | F; | = |Fypal, i = r+1,..,k, GY C F¥ = F, :
w| ) —
|G¥| = |Frqal, i=1,...,r.
So we must have F = Fr+1-5: > 1 “and we may define

Sp41...SpW Sp41..SpWY\ __ SrSr41...SEpWw SrSr41...SpW
S*(Fr 7F7“+1 )_(Fr 7F7“+1 )

SpSp41.SpW — JSr41.-SpW
and F}; F; ,pFr,r+ 1. L e
Sp..SpW __ : Sp41...SpW T SEW 1 Sp41...SpW Sp...SpW
As F¥r = AN i1y BT and F ;% = F U (Fsr \ Efrsw))

r41
then, G¥ | > G¥ > [ and

GY > .. > Gy > Fro > > PR > Fiog,

with Fsrsk@ C Fér+1-8:0 = F@ and |F"1""| = | Fj41|. By induction, the result follows.
U

Next we show that the operators ©;, k = 1,...,t — 1, may be used to decompose a
sequence [} > ... > F;, t > 3, such that we have an action of S;.
Theorem 4.8 Let Fy > ... > Fi, > Fpyy, k > 2, and F* = {(FP)) 0 € Spya} #-
generated by (F})f_,. For each t,t +1,t +2 € {1,...,k+ 1} and 0 € Spy1, let G =
{(FP, F20, FR%) t o €< 54,8041 >} CF*. Then,

O (F7, FY)) = (Fjsjw, Ffﬁg), forall a €< 84,841 >, j=1t,t+1,

and Fy’* = F2, forp# j,j+ 1.

Proof: By induction on k. When k = 2, we have {ao : a €< s1,59 >} =< 51, 59 >, for all
o € 8y, and this is proposition 4.5.
Let k > 3 and F = {(F*)Y, : w € S} x-generated by (Fy,..., F;). By induction

hypothesis, for each w € S, and i, +1 € {1,...,k — 1},
OF (F, Fity) = (17, F25), (38)

)

and FJ*“ = F7, p #i,1+ 1.
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Fix w € S, arbitrarily. If ¢ + 1 = k, since F¥ > Fj,; and
i (B FY) = (B5 R,
it follows , by (38),

Fy =2 B> Fra, or (39)
F5Y 2 B 2 Fea. (40)

Notice that {asp_1 : o €< 551,85, >} =< 541,58 >. Then, G = {(F*,, F2¥, F2¥) -
0 €< sg_1,Sk >} is *-generated by (39) or by (40). Again, by proposition 4.5 the claim is
true.

Now, let 0 = 0,w, where 0, = s,0,11, 1 <r <k, with 0,1 = id, and suppose the claim
is true for all 6;, with r <1 < k.

If t + 2 < r, by induction hypothesis, the claim is true.

Ift > r, then 5, ...s,w = 8, ... 8w, with W' = s, 1w € Sk. So it is enough to analyze
the casest =r,t+1=randt+2=r.

Case t +2 = r. We have F7 = F, F7,, = Fy,. Then by previous theorem, (II),
Fy7, > F7, and, by induction, @;<nga ijg-&-l) = GI(FLSU7 Eﬁ—l) = (Ftsw7 Eﬂi‘i)) So,

Fr2 > Fr? > F7 or (41)
F2,>F7 > FY. (42)

Then G = {(F%, F*%, F*) : a €< $,_9, S,—1 >} is *-generated by (41) or by (42). Again
proposition 4.5 shows the claim.

Case t + 1 = r. We have by previous theorem, (II), F7, = F* |, > F? >,, F7,
and O (F7,F7.,) = (F7, F79). So, F57 = F¥ and F*9 = F’1'**°. By induction,
@;fl(Fvﬁilv F;u) = (F::?w’ Ffrilw)' Hence,

EY > FP > FIv™, or (43)
FPrt > Frae > Frahet (44)

Then G is *-generated by (43) or by (44). Again apply proposition 4.5
Case t = r. By previous theorem, F? >,, )7 | and

OL(F7, FY ) = (FF7, Fr9).

Then, using previous theorem, (II), F* > F> " > Fo = F78 " and

r+2
Oy (FET3o8, Fryh o) = (FTyon, Byt os) = (Fy, FE5 ),
By induction ©(F¥, F,.,) = (F>*, FY). Hence,
F > iy = B o (45)
Fre = By 2 Bl (46)

Therefore, G is x-generated by (45) or by (46). Again proposition 4.5 shows the claim. O
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Corollary 4.9 Let k > 2, F} > > Fy, and F* =
(Fz)le Then, for j =1,...k—1, @;«FU)z:l) ( F

)

{( Nk o € S} x-generated by
ey, 0 €8y, satisfy:

(a) (@;)QZid, 1<j<k-1.

(b) ©:0; =650, [j —r| > 1.

(c) ©50;,,0;=0;,,0507,,, 1 <j<k-2
That is, Sy acts on F*.

Proof: Use previous theorem. 0

In view of the results above, we may give the following definitions.

Definition 4.4 Given Ji,...,J; C{1,...,n} and o € &, we say that (Jy,...,J;) is a 0-LR
sequence of sets if there exists Fy > ... > Fy such that (Jy, ..., J;) = (F7, ..., F7) € F*, with
F* x-generated by (Fi, ..., F}).

Proposition 4.10 Given Jy, ..., J; C{1,...,n}, the sequence (Ji, ..., J;) is a 0-LR sequence
of sets if and only if ©F ©;5,...0; (J1,..., J;) is a LR sequence of sets, where s;,8;,...5;, is a
word of o in the alphabet {31, ey St—1}

Proof: Use previous corollary. O

Now we shall characterize o-LR sequences of lenght 3, with ¢ € S3, and we show
that the elements generated in a set F, by an LR sequence, may also be generated by the
transformations ©j, k = 1,2, by some other LR sequence.

Theorem 4.11 Let Jy,Jo, J3 C {1,...,n}. Then,
(a) (J1,J2, J3) is a s1-LR sequence iff 3A C Jy with |A| = |J1| such that J, > A > Js.
(b) (J1,Ja, J3) is a so-LR sequence iff

(i) A} C Jy, AL C J3 with |A}| = |AL| = | Jo| such that A} > Jo > AL,
(ii) A3 C Jy \ A with |A2] = |J3 \ A} such that A2 > J3\ Al

(c) (J1,Jo,J3) is a s1s9-LR sequence iff

(i) AL C Jy, AL C J3 with |Ji| = |AY| = |AL| such that J, > AL > Al
(ii) FAZ C Jy \ AL with |A3] = |J3 \ A} such that A2 > Js3\ Al

(d) (J1,Jo, J3) is a sas1-LR sequence iff
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(i) 3A] C Jy, AL C Js3 with |A}| = | Jo| = |AL| such that Al > Jo > Al
(ii) FAZ C J3 \ AL with |A3] = |J; \ Ai| such that J; \ A} > A3.

(e) (J1,Ja, J3) is a s15281-LR sequence iff

(i) AL C Jp, AL C J3 with |J;| = |A}| = |A}| such that J, > A} > AL,
(ii) FAZ C J3 \ AL with |A3] = |Jo \ A} such that J, \ A} > A3.

Proof: The only if part. If (J;, J2, J3) is a 0-LR sequence, then there exists F} > F, > F3
such that (Jy, Ja, J3) = (F7,Fy,FJ) € F*, the set %-generated by (F}, Fy, F3). Using
theorem 4.4, the conclusion follows easily.

The if part. (a) and (b) are obvious.

(c) It is enough to prove that ©7(J1, Ja, J3) is a s»-LR sequence.

Define A := maz{X C Jo : | X| = ||, /s > X} and let F, := A and F, := J,U(J,\ F»).
Clearly, @T(Jl, JQ, Jg) = (Fl, FQ,Fg) with F3 Jg

Since J; > A > A}, we may write A=X,Un,UZ, Al = X;UX,UX3, and A3 = Y UYs,
union of pairwise disjoint subsets, with Z C J, \ (AL U A2), |Yi| = | Xy|, and |Z| = | X3
such that Y} > X,, Z > X3. Let A3 := J3\ AL. Since A} > Al and A3 > A2, we may
also write A} = X U X} U X} and A2 = Y/ U YY), union of pairwise disjoint subsets, where
X = [Xi|, Xi > X' i 2 1,2.3, and [Y/| = V)|, Vi > Y/ i = 1,2.

We have: (i) J; C F and Ay = X{UX,uY/ C Fs with || = |F2| = |A3| such
that J, > F, > gg, and (i) Xo UYy C Fy \ Jyp with | Xy UYs| = |F35\ Ag\ such that
X,UYy > Fy\ As. Hence, by (b), ©5(J1, Ja, Js) is a so-LR sequence.

(d) It is enough to prove that ©3(Jy, J2, J3) is a s;-LR sequence. Let Fy := Jy, Fy :=
max{X C J3 : |X| = |J|,Js > X} and Fy := Jo U (J3 \ F3). Clearly, ©3(J1, Jo, J3) =
(Fy, Fy, F3). Since A} > J, > Al and J; \ A] > A2, we may write [y = X; UY/ U Z,
Jo=XUXoUX;3, Al = X{U X, UXY, Ji\ Al = Y1 UYs,, and A3 = Y/ UY;, union
of pairwise disjoint subsets, with |X;| = |X[|, X; > X[, i = 1,2,3, |Yi| = |Y/|, Yi > Y/,
i=1,2, and |Z] = | X3, such that X3 > Z > X} and X, > Y] > X/.

Therefore, [} = AjUY;UY, > JLUXUY;, with JLUX,UY, C Fy and | LUXUY,| = |Fy.
Hence, by (a), ©3(J1, J2, J3) is a s;-LR sequence.

(e) It is enough to prove that ©F(Jy, Ja, J3) is a s251-LR sequence. If Fy := J3, Fy :=
max{X C Jo : |X| = ||, /1 > X} and F} := J; U (J2 \ Fy), then clearly, O7(J;, Jo, J3) =
(Fl,FQ,Fg). We may write Jl = X1 U Xg, A% = Yi U }/27 J2 \ A% = Y:fg U YZ;, Aé = Zl U 227
A% = 73U Zy, and Fy = Y; UY3, union of pairwise disjoint subsets, with | X;| = |Y;| = |Zi],
X, >Y, > Z,i=12 and |Yi| = |Zl|, Y > Z;, i = 3,4, such that |Y3| = |Y3| and
Xo > Y3 > Y.

Therefore, (i) X,UXy C Fy and Z,UZ3 C F3 with | X1UX;5| = |Fy| = |Z1UZ3], such that
X1UX2 Z F2 Z 21UZ3, and (ZZ) ZQUZ4 Q Fg\(ZIUZ3), with ’ZQUZ4| = |F1\(X1 UXQ)‘7
such that F; \ (X7 U Xs) > Zy U Zs. Hence, by (d), ©1(J1, J2, J3) is a s381-LR sequence. [
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Definition 4.5 Given o € S;, we say that T is a o-LR tableau of type (a,om,c), with m
a partition, if its indexing sets are a o-LR sequence.

Let a,m,c be partitions of length < n with a,m C ¢. Given ¢ € §;, we denote by
LR,(a,om,c) the set constituted by the indexing sets of all 0-LR tableau of type (a,om, c).
If {(A) L, (B, ..., (F;)i_,} are the indexing sets of all LR tableaux of type (a,m,c),
let F%,F%, ..., be, respectively, the sets *-generated by those indexing sets. Then,

LRU(av om, C) = {(A?)Z:b (qu)Z:la Tty (F‘U)E:l}'

)

Hence,

U LRs(a,0m,c) =F3 UF, U .. UF;.

oeS;
If Ji,...,J; are the indexing sets of a o-LR tableau of type (a,om,c), then ©(Jy,..., J;)
are the indexing sets of a s;0-LR tableau of type (a, s;om,c), for all ¢ = 1,... ¢t. Hence,

given a tableau 7 of type (a,om,c) with indexing sets Ji,...,J;, 7 is a 0-LR tableau if
and only if ©; ©;,...0;] (Ji, ..., J;) are the indexing sets of an LR tableau of type (a,m,c),
where s;,8;,...8;, is a word of ¢ in the alphabet {si,...,s;1}.

Given e,0 € S, and s;, 8i,...s;, a word of o~ ! in the alphabet {s1, ..., 5,1}, 6} O} ...0F

defines a bijection between LR, (a,om,c) and LR.(a,em,c).

Theorem 4.12 The nvolutions ©F, i = 1,....t — 1, define an action of the symmetric
group S; on Uyes, LRy (a,om, c).
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