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Abstract

The original definition of the Littlewood-Richardson (LR) rule for composing
partitions is exclusively considered, i.e., the classical combinatorial device for cal-
culating the Littlewood-Richardson coefficients. The main result is an explicit in-
volution on the set of LR tableaux which transforms an LR tableau of type [a, b, c]
into one of type [b,a,c]. On the basis of the involution definition it is a projection
of LR tableaux of order r into those of order » — 1, for » > 1. The main feature of
this projection is the decomposition of an LR tableau of order r and type [a, b, ]
into a nested sequence of LR tableaux of order s and type [a(®), (b1, ..., by); (€r_si1,
ooy ¢p)]y s=1,...,r, where (a(5>);f:1 is a sequence of interlacing partitions which
defines a decomposition of an LR tableau of type [b,a,c] into a nested sequence of
LR tableaux of order s and type [(b1,...,bs);a'®; (¢r_sy1, ... c)], s = 1,...,7.
This projection is accomplished introducing a combinatorial deletion and inser-
tion operation on a LR tableau preserving the LR conditions. This involution
yields a self-contained and direct combinatorial interpretation of the well-known
commutative property of the original LR rule, as well as of the symmetry of the
Littlewood-Richardson coefficients given by the equality N, = Ny . It is known
that the LR rule describes the Smith invariants of a product of integral matrices.
It has been proven that this rule is also describing the eigenvalues of a sum of
Hermitian matrices [13, 14, 17]. With the present involution we aim to a deeper
understanding of the structure the LR rule and its relationship with these two
problems in matrix theory.
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1 Introduction

The Littlewood-Richardson rule (LR rule for short) has many symmetries and properties [5, 6,
9, 24]. They do not seem clear from the original definition [15, 16], i.e., from the combinatorial
algorithm that calculates the Littlewood-Richardson coefficients. In this paper, our main goal is
to present an involution on the set of LR tableaux which shows up the hidden commutativity of
the LR rule. The main result is a combinatorial bijection on the set of LR tableaux transforming
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an LR tableau of type [a, b, c] into one of type [b, a, c|, which is self-inverse. This bijection stresses
that the combinatorial algorithm defining the LR rule for composing two partitions a and b
is completely symmetric with respect to ¢ and b. Our combinatorial approach relying on the
notion of a projection of an LR tableau of order r into one of order r — 1, with » > 1, is
analogous to the behaviour of the triple of Smith invariants corresponding to a triple of square
nonsingular matrices A, B, C, with C = AB, over a local principal ideal domain, under one
row and column deletion, when a special form of the matrices A, B and C'is considered, as that
one established by R. C. Thompson in [19]. In [19] it is shown that we may consider A lower
triangular, B diagonal, and C lower triangular with the Smith invariants along the diagonal.

We look mainly at the LR rule as a combinatorial object for composing partitions and focus
our attention on the structure of that combinatorial object. Our motivation comes from the
recent unified answer [13, 14, 17], given by the LRrule, for a long standing analogy between
two problems in matrix theory: the description of the invariant factors (Smith invariants)
of a product of matrices over a principal domain, and the eigenvalues of a sum of complex
Hermitian matrices. We aim to a better understanding of the relation between the structure of
this combinatorial object with these two problems in matrix theory.

In [9, 23] other descriptions of the Littlewood-Richardson coefficients are given, from which
commutativity and other properties for these numbers also follow. Also in [22], increasing LR
tableaux (or sequences) are used to point out some symmetries of the LR rule in the classical
setting. For instance, it is shown that a bijection exists between the set of LR tableaux of type
[a, b, c] and the set of increasing LR tableaux of type [b, a, c|.

On the basis of [6], we consider LR rectangular tableauz and LR rectangular triples. Given
partitions a, b and ¢ (nonnegative integral vectors by weakly decreasing order) with length
< r, an LR rectangular tableau of type [a,b,c] is an LR tableau of type (a,b,c*) [16], where
¢ = (m — ¢_it1)j—, for some nonnegative integer m > ¢;, called dual partition of c. We call
[a, b, c] an LR rectangular triple. Therefore, [a,b,c] is an LR rectangular triple iff (a,b,c*) is an
LR triple. Let N7, be the Littlewood-Richardson coefficient, ¢.e., the number of LR tableaux of
type (a, b, c). The number of LR rectangular tableaux of type [a, b, |, written N, is precisely
N gb Let V,, Vi, V.. be irreducible finite dimensional S L,-modules with highest weights a, b and
c. In [6, 24], Ny, is the triple multiplicity, that is, the dimension of the space of SL,-invariants
in the triple tensor product V, ® V, ® V. and N,p. = N gz, where c* is the highest weight of the
module V} dual to V.. In the matrix setting LR rectangular tableaux, may be interpreted as
follows. Let A, B and C r-square nonsingular matrices over a local principal ideal domain, with
invariant factors (Smith invariants) p®t,...,p%, p®1, ... p¥, and p°,...,p° respectively, where
the exponents of the p-powers are considered by decreasing order, such that ABC = pl°/I,., with
le| = Y_i—; ¢i- Then, there is one and only one LR rectangular tableau 7 of type [a, b, ¢] which
ABC = pl°/I, realizes. That is, AB = C* realizes one LR tableau of type (a,b,c*) [1, 2, 12],
and 7 is the corresponding LR rectangular tableau of type [a,b, c], where C* is the transpose
of the adjugate of C' and whose exponents of the invariant factors are given by ¢ = |¢|—¢,—j11,
fori=1,...,7.

The starting point for exhibiting the commutativity of the LR rule is to consider the fol-
lowing algebraic formulation of the LR rule. (For a similar presentation see [11, 20].) There
exists an LR rectangular tableau of order r and type [a, b, ¢|] with |a| + |b| + |¢| = rm, iff there
exists a sequence of partitions b(*) = (bgs), . ,bgs), 0"%), s =0,1,...,r, with b(") = b, satisfying
the interlacing inequalities

b < b < bl for s=1,2,.m i=1,.r =1, (i)



and the system of linear inequalities

k—1 k
as—1+ S0 =0T a0 T k=1, s -1 s =200 (i)
7j=1 7=1

as + Z(bg-s) - bg-sil)) =m—Cr_sy1, S=1,...,7. (i)
j=1

Given an LR rectangular tableau 7 of order r and type [a, b, c] with |a| + |b| + |c| = rm,
we may associate, for each s € {1,2,...,r — 1}, by deleting the r,...,(s + 1)-th rows of T,
an LR rectangular tableau of order s and type [(a1,...,as); (bgs), .. .,bgs)); (Crest1y --vsCr)]-
Indeed, this sequence of nested LR rectangular triples or LR rectangular tableaux of type
[(a1,...,a4); (bgs), . ,bgs)); (Cr—s41y+-+5¢r)], s =1,...,r, is such that the sequence of partitions
bs) = (bgs), e bgs), 0"=%), s = 0,1,...,r, with b(") = b, satisfy the previous linear inequalities
(¢), (i7) and (4i7). We call it a b-decomposition of the LR triple [a, b, ¢], and the b-decomposition
of 7. The number of b-decompositions of [a,b, c] is the Littlewood-Richardson number N,.

The bijection to be exhibited between LR rectangular tableaux of type [a, b, c| and [b, a, c]
is based on a projection P of an LR rectangular tableau of order r into one of order r — 1,
for r > 1, which defines an a-decomposition of an LR tableau of type [a,b,c]. Given an LR
rectangular tableau T of order r and type [a,b, c] with |a| + |b] 4+ |¢| = rm, the projection P
defines a nested sequence of LR rectangular tableaux TO cTW C...CcTW =7, with 7O
the empty tableau and 7(®) of order s and type [(ags), - ,ags)); (b1, bs);(Crosi1y o),
s = 1,...,r, and such that the sequence of partitions a(*) = (ags), ... ,ags),O”*s), s=0,1,...,r,
with a(") = q, satisfies
s—1)

a(s) < a(

i1 < a; Saz(s), s=1,...,r, 1=1,...,r—1, (1v)

k—1 k
bs—1 + Z(a;-SA) — a§-si2)) > bs + Z(a;-s) — ag-sfl)), k=1,..,s—1, s=2,...,r, (v)
7=1 7=1

bs + Z(ag-s) - ag-s_l)) =m-—_cr_sy1, S=1,...,r. (vi)
j=1

This decomposition defined by P is called the a-decomposition of 7 and an a-decomposition of
[a, b, c]. On the other hand, regarding inequalities (iv), (v) and (vi), [(b1, ..., bs); (ags), . ,ags));
(Cr—s41y ---5¢r)], s = 1,...,7, is also an a-decomposition of [b, a, c|. Thus we conclude that, given
an LR rectangular tableau T of type [a, b, ¢|, we may associate, by means of the projection P,
an LR rectangular tableau of type [b,a,c|, defined by the a-decomposition of 7.

Considering [19] we may assert:

Let A, B and C be r-square non-singular matrices with entries in a local principal ideal
domain, and with ABC = pl°'I,.. Let p,... p%, pb ... p", and p,...,p be the invariant
factors of A, B and C, respectively, where a1 > ... > a,, by > ... > b andcy > ... > ¢.. We
may assume that:

(i) A is lower triangular;

(i4) B is diagonal, B = diag(p",...,p");

(iii) C* is lower triangular and C* = [v;;] with v = p%, p|yi; fori > j, 1 <i <r ( the
symbol 7|7 denotes divisibility).



Let A := A, B") := B and C") := C. Now consider the sequence of product of matrices
ABYBEICG) = plelT, s = 1,...,r — 1, obtained by deleting the (s + 1)-th rows and columns
of AGTD B+ and ¢+, That is, A®), B$) and C) are the s-leading submatrices in
the first s rows of ACTY, BG+) and CG+Y respectively, for s = 1,2,...,r — 1. Since A is
in the triangular form, by the interlacing property relating the invariant factors of a matrix
with those of a submatrix, we obtain, for each s € {1,2,...,r}, one LR rectangular tableau
of type [(ags), . ,ags)); (biy.o.ybg); (Crosity - .., cr)] realized by ABBE)CE) = plelT, | where the
sequence a(®) = (ags), e ags),()’"_s), s=0,1,...,r, satisfies (iv).

We point out the analogy between the sequence of LR rectangular triples [(ags), cen ags)); (b1,

., by); (¢r—s41, - - ., cr)] where a5~V interlaces with a(®), for s = 1,2,...,r, produced by the
matrix sequence A BE)ICG) = plel[, of s-leading submatrices in the first s rows of ABC =
pllI., s = 1,...,r, and that one produced by the sequence of projections TG s =1,...,r,
of the LR rectangular tableau 7 of type [a,b,c] realized by ABC = pl¢lI,. This sequence
of projections 7, s = 1,...,r, is achieved by means of a combinatorial deletion operation
defining P, which decomposes a into a sequence of interlacing partitions. A matrix translation
of this combinatorial deletion operation in the matrix product ABC = pl‘I, is not explored
here, that is, the answer to the question whether the sequences of partitions (a(s))gzl produced
by the matrix sequence A®)B)C() = ple/ [, and the sequence of LR rectangular tableaux 7,
s =1,...,r, coincide or not. If the answer is affirmative, since by transposition, the s-leading
submatrices in the first s rows of B'A'C* = plclI,, produce the sequence of LR rectangular
triples [(by, ..., bs); (ags), ...,ags)); (Cr—s+1y ---5¢r)], s =1,...,7, we obtain an a-decomposition
of [b, a, ], and the matrix meaning of our combinatorial involution in the context of the invariant
factors is the transposition.

In the case of a sum of Hermitians matrices A+ B = C, except when A, B and C' are diagonal
matrices, our combinatorial projection P does not translate the behaviour of the sequence of
the triples of eigenvalues of the sum A®) + B) = C6) s =1,... r, where A®), B) and C®)
are, respectively, the s-leading submatrices in the first s rows of the square Hermitian matrices
A, B and C, for s =1,...,r. In the Hermitian case, other projections have to be searched.

The paper is organized as follows. In section 2 we introduce some combinatorics related
with LR rectangular tableaux as well as some polyhedral properties when looking at the set
of LR rectangular tableaux of a fixed order, as a rational polyhedral cone. We also exhibit
a bijection between the set of LR rectangular tableaux and the set of column LR rectangular
tableaux [2], [12]. This section may have independent interest.

In section 3 we introduce a combinatorial deletion operation in an LR rectangular tableau
with the aim to define a projection map P. This deletion operation acts on an LR rectangular
tableau T of order r and type [a, b, c], by deleting boxes in the diagram of a in order to decompose
T into a nested sequence of LR rectangular tableaux 7(%) of type [(ags), .. ,ags)); (b1, ...,bs);
(Cr—s+1y --+y C)], s =1,...,7, where (a(s))gzo is a sequence of interlacing partitions.

In section 4, we introduce a combinatorial insertion operation in an LR rectangular tableau.

The insertion operation acts on an LR rectangular tableau F of type [(agrfl), - ,a,(f:ll)); (b1,
.ooybr—1); (c2, ..., ¢ )] by inserting boxes in the rows of the diagram of (agrfl), - ,aY:II),O)
in order to make a prolongation to a new LR tableau T of type [(a1, ...,a;); (b1, ..., b);

(c1,...,¢)] with |a| + |b] + |¢| = rm, satisfying P(7) = F. The number of inserted boxes in
(r=1)

each row of (a%’n_1 ooy @ 0) defines an insertion sequence of F.

sy Wp—1
Deletion and insertion operations are reverse of each other. Let F(®) be of type [(ags), RN
ags)); (b1, ..., bs); (Crest1y ---5 ¢)], s=1,...,7—1, be the decomposition of F defined by the



projection map P. It is shown, in theorems 6 and 7, that a sequence of non-negative integeres

(y1,---,Yr—1,ar) is an inserting sequence modulo b,, with b,_1 > b, > 0, of F with prolongation
T iff
ain <oV <a, i=1,...,r—1,
k—1 k
br—1 + Z(ag-r_l) - a§r_2)) > by + Zyj, E=1,..,r—1, (%)
j=1 j=1
r—1
b+ Y yi+ar=m—ci.
j=1
Since, (ags) — az(-sfl))f:1 is an insertion sequence modulo by, of F~V for s = 1,...,r — 1,

considering the linear inequalities (%), we conclude that the projection P decomposes an LR
rectangular tableau 7 of type [a,b, c] into a sequence of LR rectangular tableaux of order s
and type [(ags), . ,ags)) b1y bg); (Crositseeoser)], s =1,...,7, where a®), s =0,1,...,r,
with a(") = q, satisfies the linear inequalities (iv), (v) and (vi). We call [(ags), ...,ags));
(b1,...,bs); (¢r—s41,---,¢)], s=1,...,7, an a-decomposition of the LR triple [a, b, ¢|, and the
a-decomposition of 7.

The main result of section 4 is theorem 7. This theorem asserts under what conditions,
given LR rectangular tableaux 7 and F of types [(a1...,a); (b1, ...,br); (c1,...,¢)] and
[(a)...,al_1); (b1, ...,br_1); (ca,...,c )] respectively, one has F € P~1(T).

In section 5, we define a bijection ¢ between LR rectangular tableaux of type [a,b,c] and
[b,a,c], and we show that ¢ is an involution. Given an LR rectangular tableau 7 of order
r and type [a,b,c|, we calculate, using projection P, the a-decomposition of T, [(b1,...,bs)
;(ags),...,ags)); (Cr—s41y---5¢r)], s = 1,...,7. We define ¢ by transforming 7 into the LR
rectangular tableau of type [b, a, c| whose a-decomposition is the a-decomposition of 7. Clearly,
¢ is an injection. On the other hand, if we are given an LR rectangular H of type [b,a,c]
with a-decomposition [(ags), - ,ags)) i (b1, ..y bg); (Cresi1y---56r)], s = 1,..., 7, then putting
7©) the empty tableau, (az(s) — al(s_l))le is an insertion sequence modulo by of TG~ with
prolongation 7) of type [(ags),...,ags)); (b1,...,bs); (r—st1,--.,c1)], for s = 1,...,r. This
means that ¢(7(")) = H and ¢ is also a surjection.

Finally, we give a recursive algebraic definition of the a-decomposition of 7 of type [a, b, c].
With this, we are able to prove, in theorem 10 and corollary 5, that ¢ is an involution: 7 of
type [a, b, ] has a-decomposition defined by (ags))’;zl, iff the b-decomposition of ¢(7") of type
[b, a, c] with a-decomposition defined by (ags))gzl
section with an example of this involution.

is the b-decomposition of 7. We close this

2 LR rectangular tableaux and LR rectangular triples

2.1 Combinatorics and polyhedral properties

By partition @ we mean any finite sequence a = (ay,...,a,) of nonnegative integers by (weakly)
decreasing order. The weight of a, written |a|, is the sum of of the components. The partition
of weight zero is denoted by 0. By length of a partition ¢ we mean the number of non zero
entries of a.

Let m > 0 and r» > 0 be integers. Let P, = {a € Z" : 0 < a, < ... < a1} be the set of
all partitions with r components. We write (") to mean the constant partition of P, with all



components equal to z. We define P,,, = {a € P, : 0 < a, < ... < a3 <m}. (Pro = {0}.)
Notice that, P, = U,,>0 Prm-

Given a € Py, a* = (m— Ar—i+1)j—1 € Prm is called the dual partition of a in Py .

Consider the rectangular Young diagram of (m”), i.e., a sequence of r rows of boxes with
row lengths m. If a € Py, then a C (m”). (We identify a partition with its Young diagram.)
Graphically, a* is the partition defined by the complement of a in the Young diagram of (m").
For example, if r = 5, m = 6 and a = (5,5,4,4,2) we have a* = (4,2,2,1,1) (reading from
bottom to top) represented by the blank boxes:

Clearly, (a*)* = a.

Given a,b € P,, we say that a and b are congruent, written a = b, if b = a + (M"),
for some integer M > 0. Clearly, a = (ay — ay,...a,—1 — a,,0) + (a). Therefore, when
we write a* without mentioning an upper bound for the largest component, we mean a
partition congruent to (a; — a, ;+1)5_;. Moreover, if a and b are congruent, a* and b* are
congruent. Clearly, a* € P,, for all k > a;.

Given a, b, ¢ € P,, we say that (a,b,c) is an LR triple if there is an LR tableau of
type (a,b, c) [8]. Folowing [11], we identify an LR tableau of type (a, b, ¢) filled with z;;
symbols j in row 7, for r > ¢ > j > 1, with the element (a,b,c, X) € %3”’"2, where
X = [z;j] is an, 7 X r, integral lower triangular matrix, such that the following system of
linear inequalities is satisfied [8, 11, 17]:

zi; > 0, 1<qe,5<mr. (1)
,
Yoy o= by, j=1,..m (2)
i=1
r
Z«Tij = ¢—a, t=1,...,1 (3)
j=1
k k+1
Yowip > Y wijn, 1<kj<r—1. (4)
=1 i=1
k—1 k
a; + Z Tij 2 Qi1+ Z Tit1,5, k=l,.,r—1 and i=1,..,r—1- (5)
Jj=1 j=1

The Littlewood-Richardson number, N,  is the number of lower triangular matrices
X € Z"" whose entries satisfy this system of linear inequalities for fixed partitions a, b
and c.

We may easily extend the LR rule to finite sequences of nonnegative real numbers.
Given a = (aq,...,a;), B = (B1,...,5;) and v = (7,...,7) sequences of nonnegative
real numbers by weakly decreasing order, we say (a,3,7) is a real LR triple if there
is a lower triangular matrix X = [z;;] € R"" such that (o, 3,7, X) € R> " satisfies
the system of linear inequalities above (replacing a by a, b by 8 and ¢ by ). We call
(o, B,7,X) an LR design of order r [11]. When «, 3, v and X are integral, we have an
integral LR design or, equivalently, an LR tableau of order r.



For r > 1, let LRD® be the set of elements (a, 3,7, X) € R¥;™ such that the
following conditions hold: a; > ... >0, >0, 5 > ...> 3. >0, v > ...> v >0 and
(a, B,7, X) satisfy linear inequalities (1) — (5). Let LRD, := LRDR N Z>*"" be the set
of integral LR tableaux of order r.

LRD® is a pointed rational polyhedral cone in R**"”. Therefore, LRD® has an
integral Hilbert basis [18] and LRD, is a finitely generated (additive) semigroup. Notice
that (a,b,¢, X)+ (a/,b',, X') = (a+d, b+, c+, X + X'), with componentwise sum.

Let LR, = {(a,b,c) € (P,)*: (a,b,¢, X) € LRD,,for some, r x r, integral matrix X}
be the set of LR triples of order r. Clearly, LR, is also a finitely generated (additive)
semigroup, called the Littlewood -Richardson semigroup of order r [24].

Let LRR be the set of real LR triples of order r. LRR is also a pointed rational
polyhedral cone, finitely generated by the indecomposable elements of LR, with respect
to the sum. In [14] it is shown that LR, is saturated in LRE.

Let a,b,c € P.. A rectangular tableau of type [a, b, ¢] is a tableau of type (a, b, c*).

Notice that rectangular tableaux are symmetric in some sense relatively to a and c.
Reading a rectangular tableau from right to left and from bottom to top we obtain an
opposite (or increasing) rectangular tableau of type [c, b, a], replacing each symbol i by
r—i+1 (see [4]).

Example 1 Graphically, the following

1]1 414
1 4
112]2 413(3
112]2]3 ’4332

are, respectively, a rectangular LR tableau of type [a, b, ¢] and the corresponding increasing
LR rectangular tableau of type [c, b, a], where a = (6,5,2,0), b = (4410), e ¢ = (4, 3,2,0).

For rectangular tableaux and rectangular triples, we define, respectively,
LRD, ={la,b,¢,X]: (a,b,c",X) € LRD,},

and
LR, = {[a,b,c] : (a,b,c*) € LR, }.

Clearly, if [a, b, ¢, X] € LRD, then |a| + |b] + ¢| = rm, for some non negative integer m.
Graphically, [a, b, ¢, X] € LRD, may be represented as follows:

a1 | z11 [ e
az | 221 [@22] c2
a3 | 31 [ z32 [w33 ] c1

an LR rectangular tableau of type [a,b, c|, where z;; denotes the number of symbols j
in row ¢, for r >4 > j > 1.



Let [a,b,¢,X] € LRD, with |a| + |b| + ¢| = rm. Notice that [a,b,c, X] € LRD, if
X = [x;;] satisfy the system of linear inequalities defined by (1), (2), (4), (5) and (3)
replaced by

r
inj =m-—a; — i1, 1 =1,...,1m  (%%)
j=1

Denoting by N, the number of matrices X satisfying the conditions (1) — (5) of the
above system, with (3) replaced by (xx), it is clear that N, . = Ng:‘b. Hence, studying LR,
and LRD, is the same as studying LR, and LRD,, respectively, with the advantage that
this triples and these tableaux are more symmetrical (see [6]). Extending the definitions
of LR rectangular tableau and LR rectangular triple to nonnegative real numbers, we
define m& the set of LR rectangular designs and ﬁf the set of real LR rectangular
triples which are also pointed rational polyhedral cones in R**"". The integral vectors
of these cones, LRD, and LR, respectively, are finitely generated semigroups.

2.2 Column LR rectangular tableaux

Column LR tableaux were firstly introduced in [12]. A reformulation of this rule in terms
of indexing sets was given in [2].

In this subsection we exhibit a bijection between LR rectangular tableaux and column
rectangular tableaux of the same type. The basic facts for this bijection are theorem 1 and
algorithm 1 below. Algorithm 1 establishes a bijection between LR rectangular tableaux
of type [a, b, c] and column LR rectangular tableaux of type [c, b, a]; then theorem 1, (a)
establishes a bijection between these tableaux and the opposite column LR rectangular
tableaux of type [a, b, ¢|, and, finally, theorem 1, (b) establishes a bijection between the
latter ones and the column LR rectangular tableaux of type [a, b, c|

Definition 1 [2/Let J = {x1,...,xs} and K = {y1, ..., ym} be finite sets of integers, where
we are assuming that vy > ... > xs and y; > ... > Y. Then we write J > K (or K < J)
whenever s > m and x; > y;, forit=1,...,m.

Definition 2 [2, 3, /] Let J and K be the finite sets of integers defined above, where we
are assuming that x; < ... < x5 and Yy, < ... < Ym. We write J >,, K (or K <,, J)
whenever s < m and x; > y;, fori=1,...,s.

Definition 3 [2] Let T be a column rectangular tableau of type [a,b,c] with indexing
sets Ji, ..., JJy. We say that T is a column Littlewood-Richardson rectangular tableau or
a column Littlewood-Richardson sequence if

Jy > o>

Definition 4 [3] Let T be a column rectangular tableau of type [a, b, c| with indezing sets
Ji, ..., J;. We say that T is an opposite column Littlewood-Richardson rectangular tableau
or an opposite column Littlewood-Richardson sequence if

JI Zop Zop Jt-



Theorem 1 (a) There is a bijection between the set of column LR rectangular tableaux
of type [a, b, c|] and the set of opposite column LR rectangular tableauz of type [c, b, al.

(b) There is a bijection between the set of column LR rectangular tableauz [a, b, c¢] and
the set of column opposite LR rectangular tableauz of type |a, b, c|.

Proof : (a) See [3], Theorem 2.15.
(b) See [4], pp. 75,79, 80. [

In [22] an opposite LR sequence is called increasing LR sequence.

Let us denote by mgﬂ the set of column rectangular LR tableaux of degree r. If
T is a column rectangular tableau of type [a, b, ¢] with indexing sets Ji, ..., J;, we write
T =la,b,e, Ji, ..., Jy.

Let J C {1,...,7}. We define the characteristic function x’ as (x’); = 1ifi € J,
and (x7); = 0 otherwise. If b is a partition and b= (y1,...,y:) is the conjugate partition
of b, then b =t (x”), where J; = {1,...,y;}, fori=1,..., ¢

The next algorithm defines a bijection between LRD, and LRDiOl transforming rect-
angular tableaux of type [a, b, ¢] into those of type [c, b, al.

Algorithm 1 Let T =[a,b,c¢,X] € LRD, and b= (Y1y -5 Yt)-
1. Let k=0, TO =7, b := b, O :=¢ and X© := X
Let FO :=[c,0,¢*,0,...,0].
2. Do k := k + 1. Consider the upper right most symbols 1,2,...,y, in T* D and

replace each of them by k. Let 1 <1y < ... <1, be, respectively, the indices of the
rows of these symbols. Define

Je={r—i;+1:7=1,...,y},
plk) .— plk=1) _ (1%),
X = [x('-c)], with ng) = xg.“*l) — ity b

T i [q,5®); ), X B,

and )
FW =1, 3 (19); ()5 T, i)
7=1
3. If k =t, stop and write F = [¢,b,a; Jy, ..., Ji]. Otherwise, go to 2. [ ]
Clearly F = [¢,b,a; J1, ..., J;] is a column LR rectangular tableau, since by construc-

tion J; > ... > J;.

Example 2 513 i3]

77— [t]2]2]3 ., F— [5l4]3]1

F s obtained reading the second tableau from right to left, along rows, and from up to
down, along columns.



3 Deletion, deletion sequences and projection of LR
rectangular tableaux

The main goal of this section is to define a deletion operation acting on an LR rect-
angular tableau preserving the LR conditions. We shall see that this operation acting
on an LR rectangular tableau defines a projection map on LRD, by transforming an
LR tableau of order r and type [(a1,...,a,);(b1,...,b,);(c1,...,¢)] into one of order
r — 1, and type [(a},...,a._1);(b,...,b,—1); (c2, -..,¢ )], where a;1, < a} < q;, for
t = 1,...,7r — 1. This combinatorial operation aims to decompose an LR rectangular
tableau of order r and type [a,b,c] into a sequence of LR rectangular tableaux of or-
der s and type [(ag ),..., ¥ (bl,..., bs); (Crosity ---56)], s = 1,. — 1, such that

al®) = (ags), . 0"%), s .7, is a sequence of mterlacmg partltlons

3.1 Paths, path chains and deletion path chains. The poset of
interior paths of length at least » — k of an LR rectangular
tableau of order r

A skew-diagram is called a vertical k-strip, where k > 0, if it has k£ boxes and at most
one box in each row. We let the vertical O-strip equals to the empty set. For example,

is a vertical 4-strip.

For convenience, in what follows, we assume that the blank boxes of rectangular
tableaux are numbered by 0.

Definition 5 Let r > 1, T = [a,b,¢,X] € LRD, and k € {1,...,r}. An (r, k)-path Z
of T is a numbered vertical k-strip of T containing exactly one nonzero numbered box of
each rowi € {r —k+1,...,r}, such that

1. if (zp, .-, Zr—ky1) 18 the k-tuple of positive integers numbering the vertical k-strip,
then
rT> 2 > > Zpofrg > L.

2. 0f (ry -+ s Jretoar) With jeyo ooy jrpyr € {ar +1,... ar_} is the k-tuple of column
indices of the vertical k-strip, from bottom to top and from left to right, then

i
a; + 1 gjz-§min{ar,k,ai—i—int},fori:r—k—i—l,...,r
t=1

(When k = r, we convention that ag := a; + 11.)

We let the (r,0)-path equals to the empty set O, and we call it the empty path

10



The strictly decreasing sequence (z,...,z._g1) of positive integers is called the
numbering sequence of Z, and (jy, ..., Jr—k+1), where a, < j, < ... < jopr1 < Qp_p, 18
called the column indexing sequence.

An (r, k)-path Z is completely identified by its numbering sequence and its column
indexing sequence. We write

Z = ((zrajr)a SRR (Zr‘—k—l—la.jr‘—k—l—l)) € %216-

All (r, k)-paths Z of T, for k € {1,...,r}, have the bottom cell in the r-th row, and
the top cell in the (r — k + 1)-th row of 7. Condition 2 of the previous definition means
that the top cell of Z is always under a cell numbered by 0 when r > k > 1. Clearly,
1<k<z<randl1<z 1 <z-k+1<r—Fk+1.

Two paths are said disjoint if the supporting strips do not have cells in common.

The maximum number of pairwise disjoint (r,r)-paths of T = [a,b,¢, X] is b, =
Zr,. That is, the maximum number of pairwise disjoint vertical strips with numbering
sequences of the form (r,r —1,...,2,1) is b,. These paths are called the border paths of
T.

Clearly, if the bottom cell of an (r, k)-path is numbered with 2z, < r, then k£ < r and
zi<i,foralli=r—k+1,...;,7. Wehavealsol1 <z ;1 <z —k+1<r—Fk+1.

Definition 6 Let r > 1 and k € {0,1,...,r —1}. An (r,k)-path Z of T is called an
interior (r,k)-path of T if its numbering sequence (2., ...,z k1) satisfies r > z,.

If k£ > 0, an interior (r, k)-path is an (r, k)-path whose bottom cell is numbered with
2. < r. Therefore, an interior path has length k£ < r and does not have the top cell in
the first row of T.

The set of interior paths of 7 may be reduced to the empty path. This happens when
Tpl = ... = Tppq = 0.

Example 3 Let

1[1]1]1]1
1]1]2]2]2]2
2[3[3]3]3
2] 4ala]afa
1]2]3]3]5]5
1]2]3]4]5]6(6
7— [1]3]4]5]6]7

The following numbered vertical strips of T

2 2
8
o- Wz [ a4 m o owe B w6 v-
[5] o 6 - 5
[7]

are paths of T: the first four Q, Zy, Z5, W are interior ones, V is a border path and U

15 neither interior or border.
The vertical strips

> w (N

11



are not paths of T.

We shall omit ”7” in the prefix (r, k)— of these notations since "r” is always the order
of the rectangular LR tableau, and we write only (interior) path or k-path if we want to
stress the length of the strip.

Definition 7 Let r > 1, T € LRD, and k,s € {1,...,r}. Let Z be a k-path and W
be an s-path of T. We say that Z is less than W, written Z < W, if k < s and the
supporting strip of VW is strictly to the right of the supporting strip of Z. That is, for all
i < min{k,s}, the cell of W in the (r — i+ 1)-th row is strictly to the right of the cell of
Z in the (r — i+ 1)-th row. We write ) < W, where () is the empty path.

If Z < W, then Z and W are disjoint. In particular, distinct paths with cells in
common are not comparable.

We say that Z is less than or equal to W, written Z < W, if either Z < W or Z = W.

Let P be a non empty subset of the set of (interior) paths of 7 then (P, <) is a finite
poset.

Definition 8 Let r > 1, T € LRD, and k,s € {1,...,r}. Let Z be a k-path and W be
an s-path of T. We say that W is to the right of Z, written Z < W, if k < s and the
supporting strip of W is to the right of the supporting strip of Z possibly with cells in
common. We write ) <0 and ) < W.

Clearly, if Z < W then Z < W. We write Z < W when Z < W and Z # W.
Clearly, if Z < W and Z, W do not have cells in common, then Z < W. Let P as before
then (P, <) is a finite poset. (P, <) has maximum (minimum) if there is the right (left)

most path of P, and, in this case, it is the left (right) most minimal (maximal) element
of (P, <).

Example 4 In example 3, the least interior path and greatest interior path with respect
to” =7, are Q and 2, respectively,

o - U %

= , 22 = 5

6]

Definition 9 [7, 10] Let (P, <) be a poset.
(a) A chain C in P is a non empty subset, which, as a subposet is a chain.
(b) The length of a finite chain C is #C — 1.
(¢) A chain C in P is maximal if for any chain D in P, C' C D implies C' = D.

12



(# stands for the cardinal of a set.)
We say that C' = {xy < 21 < ... < x4} is a connected chain in P if z; covers z;_; for
all 7. If C is maximal then C'is connected.

Definition 10 [10] Let (P, <) be a finite poset. The dimension of P, written d[P], is

mazr{q:zy <z <...< x40 a connected chain in P}.

Let s> 0and 2y < 21 < ... < Z,, Wy < W) < ... < W, two s-chains of paths
of T with respect to ” < ”.. We say that W, < W) < ... < W is to the right of
Zy < 21 < ... < Z, written (2o, 21,...,2) < Wo, W1,..., W), if Z; < W, for
1=0,1,...,s

If C is a non empty set of s-chains (2, Z1,...,2Z;) of T, then (C, <) is a poset.
A chain ) < 2, < ... < Z; is called the right most s-chain of C if, for all s-chains,
D<W <...<W,inCitholds W; X Z;, fori=1,...,s.

Definition 11 Let r > 1 and T € LRD,. For each k € {0,1,...,r — 1}, let T, be
the set of all interior paths of T having one cell in the (k + 1)-th row, plus the 0-path.
Equivalently, the set of all interior paths whose top cells are in the first k + 1 rows, plus
the 0-path.

For k € {0,1,...,7 — 1}, (Z)41, <) is a finite poset. (Zy,1, <) is the poset of interior
paths of length at least r — k of T, plus the O-path. Clearly, {0} =7, CZ, C ... C Z,
and 0 = d[7;] < d[T,] < ... <d[Z,].

Let ) < Z < W in Z,1. Then W covers Z iff Z and W have at least two adjacent
cells, and Z covers () iff ) < X < Z implies X ¢ T; 4.

Let Wy < Wy < ... < W; be a chain in Z ;1. Then, Wy < W) < ... < W, is a
maximal chain only if, Wy = 0, and, for each i € {1,...,d — 1}, W;, Wi, have at least
two adjacent cells. In particular, if Wy < W) < ... < Wj, is a connected chain such that
Wy = 0, and the bottom symbols of the paths Wi, ..., W, are the d-right most symbols
< r of the r-th row, then the chain is maximal and it is the longest right most one.

In the following we determine the dimension of the poset (Z; 1, <) and we characterize
the right most longest chain in order to define a deletion operation on an LR tableau.

Wy < W <...<W,isachain in (Z,4, <), then {Wy, Wy, ..., W,} is a subset of
Ti41 of pairwise disjoint interior paths. In general, if Wy < W, < ... < W, is a maximal
chain in 7,1, it is not true that {Wy, Wi, ..., W,} is a maximal subset of pairwise disjoint
paths of Zj; with respect to set inclusion (see example 5). But if Wy < W) < ... < W,
has maximum length next proposition shows that {Wy, Wi, ..., W,} is a maximal subset
of pairwise disjoint paths of Z, ., with respect to set inclusion. Furthermore, we show
that d[Zj] is the maximum cardinal of a maximal subset of Z;; \ {0}, with respect to
set inclusion. Equivalently, d[Zy,] is the maximum number of pairwise disjoint interior

paths of Z.,1 \ {0}.

Proposition 1 Let r > 1, T € LRD, and k € {0,1,...,r — 1}. Let D C Zy4; be a
mazximal subset of Ty of pairwise disjoint interior paths, with respect to set inclusion,
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that is, X € T, 1 \ {0} only if XNY # 0, for some Y € D. Then, there exists D' C Ty
such that

(a) #D' = #D;

(b) D' is a mazimal chain of (Zj41,<);

(c) the set of cells defining the paths of D and the set of cells defining D' respectively,
are the same.

Proof: Clearly, if there exists a chain D’ satisfying (a) and (c), then D' is a maximal
chain of (Zy41,<). Let d := #D. We prove by induction on d that there exists a chain
D’ satisfying (a) and (c).

If d =1,2, then D' = D. In particular, D' = D = {0}, if d = 1.

Let d > 2 and suppose the claim true for d — 1. Let D = {0, W,,..., W;} and
<< fy) the bottom symbols of W, ..., W;, respectively.

1st case. Wh, ..., W,_1 are comparable with W, with respect to ” < ”. Since fl(r) <
e < fd(r), this means W, < Wy, for i = 1,...,d — 1. Let D := {W1,..., W, 1}. By
induction hypothesis, there exists D" = {) < W] < ... < W/ ;} where the cells of D"
and D are the same. Therefore D' = D" U {W,} satisfies the required conditions.

2nd case. Let W,,..., W, with @ < ... < 7, be the elements of D which are not
comparable with W, with respect to 7 < 7 (that is, W; < W, iff i & {d,a,...,7}).

Suppose the numbering sequence of W, and Wy are f7 < ... < f¥ and f; < ... <
fi respectively. To fix ideas let v > v. We define the interior path W; < W) with
numbering sequence (max{fl, fi},...,max {f2, f§}, f**,..., f*)} and the interior path

W, 2 W, with numbering sequence (min {f], fi},...,min{f}, fi}). Clearly, W, <Wj,
and W NW; =W;NW, = (0, for i # d,~, since the sets of cells involved in the paths
of W, Wy and W,, Wjy respectively, are the same. We have therefore W; < W, for
i¢{d,a,....v}, and W < W,

Now, we repeat the same reasoning for W} and {W,,..., W, } \ {W,}, etc. At the
end of the process we obtain: W; < W, < Wy, for i € {1,...,d — 1} \ {a,...,7},
Wy 2 Wy oo W, 2 W, and W,,... ., W, < W,. Moreover, the cells involved in
Wa, - s Wy, Wyt and {W,,..., V., W,} respectively, are the same.

Let D := {W,,.... W, Wy} U{O Wy, ... Wai} \ {Wa,..., W, }). D is also a set
of disjoint interior paths and the set of cells involved in D and D are the same. We get
reduced to the first case.m

Corollary 1 Let 0 < 2, < ... < Z, be a chain of (Tpy1. <).
(a) If ¢ = d[Zg 1], then {0, Z1,. .., 2,} is a mazimal subset of Ty41 of pairwise disjoint
paths,
X €Ty, X#0 onlyif XNZ;#0, for some je{l,...,q}.
(b) ¢ = d[Ti1] iff {0, 21,...,2,} is a mazimal subset of T4y of pairwise disjoint paths,

with maximum cardinal.

Proof: (a) Suppose that X € Ty, X # 0 and {X,0,2,...,2,} is a subset of
pairwise disjoint paths of 7, ;. By previous proposition, there would be a chain in Zj 4
of length at least ¢ 4+ 1, wich contradicts ¢ = d[Zy 4]

(b) Follows from (a) and the previous proposition.m.
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Corollary 2 Suppose ) < Z, < ... < Z, is the right most q-chain of (Zyy1,<). Then,
the following conditions are equivalent

(a) ¢ = d[Zps1].

(0) {0, 24,...,2,} is a mazimal subset of Ty11 of pairwise disjoint paths,

X €Thi, X#0 onlyif XNZ;#0, for some je{l,...,q}.
() X #0, X < Z onlyif X ¢ Tj,, .

Proof: (a) = (b). It is corollary 1, (a).

(b) = (c). Suppose that ) < X < Z; and X € Zyy. Then {0, X, Z4,..., Z,} is a set
of pairwise disjoint paths of X € Zy,, which contradicts (b).

(¢) = (a). Suppose d[Zy11] =t >qgand let 0 < W) < ... < W11 < ... < W, be
a chain of maximum length of Zy,;. In particular, ) < W, ;41 < ... < W; is a ¢-chain,
then W41 2 Z1.. W, X Z,. Since W, < ... < W,_441 this implies W, < Z; with
) < W, and W, € Z; ;1. This contradicts (c). m

The last corollary says that to find a chain of maximum length in (Zq, <) it is
enough to choose among the right most ¢-chains 0 < 2, < ... < Z, in T}, that one
satisfying Z; covers (.

Example 5 Let

1]1]2]3
T— 2334

The following paths of T

(0, g . 3] ) form a maximal subset of pairwise disjoint paths of I3 and therefore

a mazimal chain of Iz but not a mazximal chain of maximum length. On the other hand,

1
1]
0,F,7) = O [3] , H 2 ) form a a mazimal chain of I3 but does not form a

mazimal subset of pairwise disjoint paths of Iz. (0, Fy,F2) is a maximal chain but not
of maximum length. In this case,

o

©, [2 . I3 , |i2 ) 45 a maximal chain of marimum length of I3 and

d[Z3] = 3. This means that not all connected chains between fized end points have the
same length.

The following definition aims characterizing the right most maximal chain of maxi-
mum length.
Let r > 1 and T = [a,b,c,X] € LRD,. Tet 1 < a < f < ... <y <r, and
0<u<u,40<v<24...,0<w<uz, Wesay that A = {ay,...,ay, B1,..., 5,
cey Vs - Yot 18 A list of symbols < r in the r-th row of T, if oy, ..., c, By oy Buy-- -,

15



Y1, ...,V are, respectively, the right most u symbols «, v symbols 3, ..., and w symbols
v of the r-throw of 7. If u = v = ... = w = 0, we have A = (), the empty list of symbols.
When u+...+v+w = ;;i zr;, we have the full list of symbols < r of the r-th row of
T.

Definition 12 Let A = {z; < ... < 2z}, s > 0, be a list of symbols, not necessarily the
full list, of the r-th row of T. We denote by Cx (or Cs,,. ., if s > 0) the set of all tuples
(0, Z1,...,25) of s-chains ) < Z; < ... < Z, of interior paths of T, where the bottom
cells of Z1,..., 2, are numbered by z1, ..., z,, respectively. When, s =0, A = 0, and we

have Cy = {(0)}.

For every list of symbols A in the r-th row of T, (Cy, <) is a poset.
Let A ={z,...,2s}, s > 0. The maximum of C, is characterized in the following

Proposition 2 The mazimum (Zy, 21, ..., 2Z5) of (Ca, =) is such that Zy =0, Z, is the
right most path with bottom symbol z,, and for 1 < j <'s, Z; is the right most path with
bottom symbol z;, satisfying Z; < Zjiq.

Proof: If A = {(}}, the maximum of C, is ().
We assume 7 € LRD,, with r > 1. We recall that the cells with nonzero symbols of
a tableau are numbered along columns, from down to up, by strictly decreasing order.
The maximum element of (Ca, <) may be determined as follows:

We start the process in the r-th row of 7. Write zzm =z, forte =1,...,s. Let
0< zg’"_l) < ... <2 < — 1 be the right most s symbols (possibly zeros) of the
(-

S

1)-th row of 7 such that

0< zY‘” < zY’, 20 <0 <

S S

Delete the symbols 0 among 0 < zY*l) < ..o <2 < — 10 If they are all

0, then the maximum is the chain ) < Z; < ... < Z; of interior 1-paths containing

the symbols zY’, ..., 2" respectively. Otherwise, nonzero symbols are left, let us say,

»~s 9
0<Zz([:11)<---<Z§r_1)<7"—1,Wheres>u20.

Let 0 < zfﬁf) < ... <22 < r—2 be the right most s — u symbols of the (r —2)-th

row of T such that

0< 20 <2l 20D <) e 2,

Delete the symbols 0 among 0 < zg:f) <...< zg’"_Q) < r — 2. If they are all 0, then
the maximum element of Cy is the chain ) < 2, < ... < Z, < Z,41 < ... < Z,, where
Z; < ...< Z, is the chain of u interior 1-paths containing the symbols z%r), ..,2" and
Zyt1 < ... < Zgisthe chain of s—u interior 2-paths containing the symbols zfgl, o 2,
Otherwise, nonzero symbols are left, and, as before, proceed up, to the next rows, until
nothing is left. The process will end up in the first row or before since the initial step
starts in the r-th row with symbols < r and, in each row, the symbols are at least one

unity lesser than in the previous row. At the end of the process we arrive at the chain
(Z1,..., Z).
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Let (0, Wy, ..., W) € Cx. We claim that (0, Wy,..., W,) < (0, Z4,..., Z). Clearly,
W, < Z,. By construction, Z,_; is the right most path < Z;, therefore W,_; < Z,_;. Let
1 < j < s, and suppose that W;; < Z;;,. Since W; < W,y it follows that W; < Zj4,.
By construction, Z; is the right most path < Z;,,. Therefore, W; < Z;. The claim is
proved. m

Definition 13 Let s > 0 and A = {z1,..., 25} be a list of symbols. Let Z = (0, Z4, . ..,
Z,) be the mazimum of Cn. Z = (0,21, ..., Zs) is called the deletion path chain of T
generated by the list of symbols N = {z1,..., 2z}, or the symbols zy, ..., zs, with s > 0.

(If s=0, A=0 and Z = (0).)

Fori=1,...,r —1, let yrzZ be the number of interior paths in Z = (0, 2y, ..., Z5)
with length r — i. Equivalently, the number of interior paths in (0, Z1,..., Z;) with top
cells in the (i + 1) — th row of 7. Clearly, /-1 yZ = sand, for k=1,...,r =1, >F | y,;
is the number of interior paths of Z = (0, Z4,..., Z,) with top cells in the first k + 1
rows of 7.

Notice that yfi is precisely the number of zeros deleted in the i-th row of the diagram
of a during the process of calculation of the maximum element Z described in the previous
proposition. Thus, we call (y2,, y%,, ..., y%, ) the Z-deletion sequence of T or the deletion
sequence generated by the symbols zy,...,2,. When there is no ambiguity we omit the
supraindexation ”Z” of each yrzZ in the notation of the Z-deletion sequence, and writing

only (Yr1, Yr2s vy Yrr—1)-

Definition 14 Let T € LRD, withr > 1 and Y/=} 2,; = s > 0. Let A = {2 < ... <
25}, 8§ > 0, be the full list of symbols < r in the r-th row, and Z = (0, 21, ..., Zs) the
mazimum of Cx. Let (Yr1, Ypa, ..., Yrr—1) be the deletion sequence generated by the symbols
7 < .. <z, s > 0. We call (yr1,Yr2, - Yryp—1) the r-deletion sequence of T, and
Z=0,24,..., Z) the r-deletion path chain of T.

Note that if A =0, (0,...,0) is the r-deletion sequence of T.

—_——
r—1

Example 6 In example 3, the maximum element of Csg s

7

Z:(07ZI’Z2):(0’ |i ’ 5 )7

[6]

and the Z-deletion sequence is (0,0,1,1,0,0). The 7-deletion path chain of T is

o, 1 &2 : &3 : &4 . 5 )
6]
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and the deletion sequence is (0,0,1,3,1,1).

Considering proposition 2 and the definition of Z-deletion sequence, we have

Observation 1 Let r > 1, T = [a,b,¢, X]| € LRD,. Let A = {z,...,25}, s >0, be a
list of symbols and A;j = {z;,...,z}, forj=1,...,s.

1.(0,2,...,2,) = max Cy iff (0, Z;,...,2,) =maxCy,, for j=1,...,s.

2. Let Z be the mazimum of Cx with Z-deletion sequence (Y1, ..., Yrp—1). Let (0, Wy,
.., Ws) € Ca, and my; the number of interior paths in (0, W, ..., Ws) with top
cells in the (i + 1)-th row of T, fori=1,...,r— 1. Then,

(a) aiy1 < a; —yri < a;, fori=1,...,r—1

() (Yr1s Yr2s ey Yrp—1) magorizes (My1, My, ..., My r—1), that is,
k k

Zyrj > Zmr]-, fork=1,....,r—1,
7=1 7=1

with Z;;i Yrj = E;;% my; = s. Among the chains in Cx, Z is the one which
have more top cells in the first k +1 rows, fork =1,...,r — 1.

Lemma 1 Letr > 1, T € LRD,. Let (2, Zy,..., Z) be the r-deletion path chain and
(Yr1s - - Yrr—1) the r-deletion sequence of T. Let k € {0,1,...,r—1} and m = Z?Zl Yrj-
Then

1. Fori = k+1,...,r, Ele Yrj < ;;llxi,j and E§:1 Yrj + b, < Z;lem. In

particular, when k =r — 1, Z;;% Yrj = Z;;% Ty j-
2. d[Z,] = Z;;% yr; and Zy < Zy < ... < Zg is the right most longest chain of Z,.
8. Zi €Ly iffje{s—m+1,...,s} orj=0.

4. If X € Tjyq and X # 0, then X < Z; and there exists j € {s—m+1,...,s} such
that X N Z; # 0. That is, X #0, X < Zs_ppi1 only if X & Tpyq.

Proof: (1) and (2) are obvious.
(3) Let Z; # 0. By definition of r-deletion sequence and m, if j < s—m+1, Z; ¢ Zy41.
(4) Suppose that X #0, X < Z, 41 and X € T;,;. Since Z, ,,, < ... < Z, is the
right most (m + 1)-chain of Z,, it holds X < Z, ,, < Z, ,,11. But then ) < Z, ,, <
Zs mi1 < ... < Z;is a chain in Zy, ;. This is a contradiction with (3). m

Theorem 2 Letr > 1, T € LRD, andk € {0,1,...,r—=1}. LetZ = (2o, 24, ..., Zs) be
the r-deletion path chain of T with r-deletion sequence (Y1, ..., Yryp—1). Letm = 2?21 Yrj-
Then

1. (Zy41, <) is a poset of dimension Z?Zl Yrjs and 0 < Zg_ i1 < ... < Zs is the right
most longest chain of Ty, 1.
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2. If ar, — agy1 > 0, d[Z41] < ap — agy1 only if d[Z,] < a, — a,.
3. Ty = {0} only if d[Z,] < apqq — ar.

Proof: (1) By construction, § < Z,_,,11 < ... < Z, is the right most m-chain of
Tr11 and satisfies condition (4) of the previous lemma. By corollary 2, this means that
0 < Zs_ i1 < ...< Z is the right most maximal chain of Z;; of maximum length.

(2) Let ¢ == ar, — agr1 > 0. If ap < a, + Z;;i T,j, there is a chain W, < ... < W, €
Ty+1 with top cells exactly in row &k + 1 of 7. Now the conclusion follows from (1).

(3) If a, + Z;;% T;j > apy1 there is a path in Zy; with the top cell in some row
i€{2,....k+1}. m

3.2 Deletion, projection of LR rectangular tableaux and inter-
lacing conditions

Based on the notion of deletion path chain and deletion sequence of an LR rectangular
tableau introduced in the previous subsection, we are led to a deletion operation in LR
rectangular tableaux. Given an LR rectangular tableau 7 of type [a, b, ¢] with deletion
sequence (yi, ..., y,—1) and deletion path sequence (0, Z1,. .., Z;), the deletion operation
is defined as follows: moving one step up the cells along each path Z;, j > 0, of the
deletion path sequence, insert in each row ¢ of the diagram of a, the y; top cells of the y;
paths in (0, Z1, ..., Z) whose top cells are in row i+ 1 of 7, and remove equal number of
cells in the row 7 of a; eventually, delete the last rows of a, b and the first row of ¢. This
combinatorial operation defines a projection P of LRD, on LRD,_y, for r > 1. The map
P on LRD, transforms an LR tableau T of type [(a1,...,a.); (b1,...,b);(c1,...,¢)]
with |a|+|b|+ |c| = rm into one of type [(a], ..., a._1,0); (b1, ...,b._1,0); (m,ca,...,¢)],
such that the partition o' interlaces with a, that is, a;41 <al < a;, fori=1,...,r — 1.

Lemma 2 (Elementary deletion) Let r > 1 and T = [(a1, ...,a,), (b1,...,0:), (¢1, ..., ¢r),
X] € LRD,. Let A be a list of symbols such that 0 < #A < 1 and Z the maximum of
Ca. IFA=0,1let X2 =XO =X. IfN#0, let Z = (0, Z1) with (kp, kp_1, ..., kr_s11)
the numbering sequence of Zy, and X% = (XENO) yhere X (1) = [x};] € Z"" is such
that x| T Lr=1<i<r—s o, =z —1L,r<i<r—s+1, and
xi; = Ty, otherwise. Then TZ = [(ay, .- 0, s — #A,...,ar 1,0,), (b, ..., 0,), (c1 +
#A,...,c,), X% € LRD,.

= Tik

Proof: If A = (), there is nothing to prove. Let r > 1 and A = {k,}. The proof
imitates the calculation of the maximum element Z of Ci, in proposition 2. Recall that
r > k. > k.1 > ... > k._s1 and that k; is the right most symbol of the i-th row
such that ki > k;y fori € {r—s+1,...,r}. ( We let k.1 := k + 1.) Insert the
symbol k, of the r-th row in the (r — 1)-th row by shoving the symbol &, ;. Then insert
k, 1 in the (r — 2)-th row by shoving the symbol k, 5. We shall get z,., = .5, — 1,
Ty gy = Troik, +land g =2k — 1,2 oy = Tr_op,_, + 1. Proceed up,
in this way, until reaching the (r — s)-th row, where the symbol k._,.; is inserted by
deleting the right most symbol zero in the (r — s)-th row of the diagram of a. Eventualy,
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!
r—8,kr—_s+1

[(a1,..-yar s—1,...,a, 1,0a,), (b1, ..., by), (c1+1,...,c.), X %], that is the nonzero symbols
strictly increase along columns, from up to down, and do not decrease along rows, from
left to right.

Let us prove that 72 is in LRD,. We have only to check that X% satisfies inequality
(4), in the definition of LR rectangular tableau given in section 2, for k, > j > k,_4
and r > >r —s.

Lette {r—s+1,...,r—1}and t +1 > u = k;;; > v = k;. The basic operation in
the previous process is as follows: the right most symbol u of the (¢+1)-th row is inserted
in the ¢-th row by shoving the right most symbol v, which on its turn, is inserted in the
(t — 1)-th row by shoving a symbol < v. Therefore x}, = x4, + 1, 7}, 1, = Ti41u — 12> 0
and z}, = @y, for i #t,t+ 1.

Ifv<u-—1,12;, =i 1, for all 4, and, in particular, ; , | = 4, 1 = 0.

fo=u—-1,21, 1 =%tu1—1>0andz} ;, | =2 1,1+ 1.

It is sufficient to prove that
f;% l‘;,u—l 2 ZE:I l‘;u
Case 1: v<u—1& x4, =0.

In this case,
i Tiy 1 = M i1 = X i1 > X i = X0 T + Ty A1+ Ty — 1
2 Ef;i xi,u + o + 1= E:l l‘;,u‘
Case 2 :v=u—1& z4,_1 >0.

. t—1 I t _ ot
In this case, 35,212, 1 =221 Ciw 1+ 1 23w+ 1 =202, m

x = Ty_sk. .., + 1. It is clear, that the output is a rectangular tablean 7% =

We say that T2 is obtained from 7 by Z-deleting zeros or, by abuse of language, by
Z-deleting zeros when Z = (), Zy).

Remark 1 In the previous lemma, let A # O be the full list of symbols and k the right
most symbol < r in the r-th row. If (0, 2y, ..., Z;) is the r-deletion path chain of T then
(0, Z5) is the mazimum element of Cy. Suppose the top cell of Z is in the (t + 1)-th row
of T, then the r-deletion sequence is (0,...,0,yp # 0, ..., Yrp—1). If T?* is obtained
from T by Zs-deleting zeros, then the r-deletion path chain of T2 is (0, Z1,..., Zs_1)
and the r-deletion sequence is (0,...,0,yre — 1, ..., Yrr_1)-

Example 7 Let Cg of T (example 3) with mazimum (0, Z5) and Z5 = ((kr, j7); (ks, Jo);
(k57j5); (k4aj4)) = ((67 6)’ (57 6)’ (37 7)’ (27 7)) The ((b, Zg)-d@l@tlbn sequence i8 (07 Oa 17 Oa
0,0).

T[1[1]1]1 T[1[1]1]1
1[1[2]2]2]2 1[1|2]2]2]2
2[3]3[3]3 2[2]3]3]3]3
24444 3[4]4]4]4

112[3]3]5]5 112[3]5|5]5
12]3[4[5|6]6 1|2[3/4|6]6](6

- [1[3]4]5]6]7 7= [1[3]4]5]7

T' is obtained from T by Zy-deleting zeros. X' is such that xb = w76 — 1, 55 = x5 — 15
! _ . ! . ! _ el _ . ! . ! —
T3 = T3 — 1] Tyo = Tuo — 1; Tgg = Tee + 13 T55 = @55 + 1, Ty3 = Tu3 + 1; 259 = w32 + 1.
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Theorem 3 Let r > 1 and T = [(a1, ...,a,); (by, ..., b,); (c1, ..., ¢,;); X] € LRD,. Let A =
{on < ... <y}, p>0, bealist of symbols of the r-th row of T and Z = (Qy, Qi ..., Q)
the mazimum of Cy with Z-deletion sequence (g1, .- .,qrr—1). Let X (@) be as in lemma
1, and X(20:91-%) ¢ 7" defined inductively by X (Qv=i»9) = (X (Qp=i+1::2))(Qp-i)
fori=1,....p. Then, T? = [(a1—Gs1y- -, Qr 1 —Qry_1,0r), (b1, ..., b.), (c1+D,C2, ..., ),
X (Q0,Q15me QP)] € LRD, and aj1 1 < a; —qr < ag, fori=1,...,r—1.

Proof: Observe that the maximum (Qp, Q1, ..., Q,) of Cs is such that: (), Q,) is the
maximum of C,, of T if 79~ is the LR rectangular tableau obtained, according to lemma
1, by Q,-deleting zeros on T, and X 9 is the matrix defined as in lemma 1, then (), Q, 1)
is the maximum of C,,_, in 7°; again, if 7919 is the LR rectangular tableau obtained,
according to lemma 1, by Q,_;-deleting zeros on 7%, and X (%-1:2) = (X 2)(%-1) then
(0, Qp—») is the maximum of C,,_, in 7<»=1:9». Therefore, applying successively lemma
1 p-times, we obtain 7 20912 m

We say that 790912 ig obtained from T by (Qg, O, ..., Q,)-deleting zeros.

Remark 2 (a) In the theorem above, let o, ...,c, be the p right most symbols <
r. Let (0,21,...,2;) be the r-deletion path chain of T and (Yr1,...,Yrr—1) the 7-
deletion sequence. Let TZ20Zs-v+12s e the rectangular LR tableau obtained from T
by (0, 25 pi1, ..., 2Zs)-deleting zeros. Then (0, 24, ..., 25 ) is the r-deletion path chain
of T20Zs=vt12 and the r-deletion sequence is (0,...,0,Yby Yrit1s - - - Yrp—1) where t €
{1,...,r— 1} is such that p — E;;ll Yrj = Yy, and E;;ll yri <p< Z§:1 Yri-

(b) Let Aj :=={cy,...,op}, J=1,...,p, Npy1 == 0 and Ny := Ay. The lemma and
theorem above give another characterization of (Qo, Qu,-.., Q) the mazimum of Cy,
namely: (0, Q,) is the mazimum of Cy\a,,, in T; and, if T is the LR rectangular
tableau obtained by Q,-deleting zeros, then, for i > 1, (0, Q,—;) is the mazimum of

Example 8 LetCs¢ of T, defined in examples 3, 4, with mazimum element Z = (0, Z4, Z2),
as defined in example 4, and with Z-deleting sequence (0,0,1,1,0,0).
Applying theorem above to T, we obtain

ifi]1]1
1[1]2[2]2]2
2[2[3]3]3]3
3|3[4[4]4]4
1]2]4]5]5]5
1[2[3[5]6]6]6
- [1]3]4]7

by (0, Z1, Z5)-deleting zeros on T.

Theorem 4 Let v > 0 and T = [(a1, ...y ary1), (b1, .y bpg1), (€14 ooy Cry1), X| € LRD, 4y
with (r + 1)-deleting path chain (24, 2,,...,2). Let o' = (a},...,al.) € P, such that

a1 < a; <ay;, fori=1,..,r. If (ag —dal,...,a. —al) is the (r + 1)-deleting sequence of

T, then T =[d', (by,...,b.), (2, ..., cr41), X'| € LRD,, where X (202125 = X' @ [b,].
(When r =0, we let T be the empty tableau.)
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Proof: Applying theorem 3, by (r + 1)-deleting zeros on 7', we obtain the rectangu-

lar LR tableau 720212 = [a' = (a},...,d., ar41); (by, ..y by, byyt), (€1 + 8, oy ey Crpt),
X (202129)] ¢ TRD, ;. After deleting the (r 4 1)-th row of T720%1% ¢ TRD, ., we
obtain 7 € TRD, as desired. m

T is obtained by (2, Z1,. .., Z,) deleting zeros and the (r + 1)-th row of T

If (Yrs11s---»Yrs1,r) is the (r+1)-deletion sequence of T = [(ay, ..., @r41), (b1, vy bri1)s
(¢1y ooy Cry1), X] € LRD, 1y, we shall call (y,411,- .-, Yri1r Gry1) the (r+ 1)-full deletion
sequence of T. In particular, when r = 0, the 1-full deletion sequence is (ay).

We say that 7() is obtained by (r + 1)-full deletion .

Corollary 3 Let r > 0. [(a1,-..,ar11), (b1, ..., br11), (cl,.. ,eri1)] € ETH only if
there exists a partition (al, ..., a.) € P, satisfying a;41 < a, < a;, fori=1,...,r, such

that [a', (by,...,b,), (ca,...,¢ri1)] € LR,.

Proof: Let (a},...,a.) € P, such that (ay —dal,...,a, —a.,a,41) is the (r + 1)-full
deletion sequence of some LR rectangular tableau of type [(ai,...,ars1), (b1,--.,br11),
(Cla---;cr+1)]- |

Example 9 Applying to T the full deletion operation we obtain T'.

1[1[1
1]2]2 1[1]1]1
1[2]2]3 12]2]2

7— [1]2]2]3]4 — 7= [1[2][2]2]3]3

In particular, the rectangular LR triple [(6,5,2,0); ( ,4,1,0); ( , 3,2 , 0)] of degree 4 is
transformed into the rectangular LR triple [(5,4,0); (5,4,1);(3,2,0)] of degree 3.

A map P on a set A is called a projection if P? = P.

If [(a, .-y ar1); (b1, b 1); (c1,- .- 0r1); X'] € LRD,y, with |a|+ |b] +|c| = rm,
then [(ai, ..., ar,l,()), (bi,... b, 1,0); (M, c1y...y ¢r1); X' @ [0]] € LRD,. So, we may
look at LRD,_; as a subset of LRD, and the r-full deletion operation as a projection of
LRD, on LRD,_y, r > 1, as shown in the next theorem.

Theorem 5 Let r > 1 and P : LRD, — LRD, defined by P([a,b,c, X]) = T', where
T =[(a1—=Yr1s- vy Gro1 —Yrr—1,0); (b1, ..., 0p—1,0); (M, oy ..., ¢); X' ®]0]], is such that
rm = |a| + |b] + |c|, XZ0Z1-2) = X' @ [b,], with (2o, Z1, ..., 2Z5) and (Ypas - Yrr_1)
respectively, the r-deletion path chain and the r-deletion sequence of [a,b, ¢, X]. Then, P
is a projection on LRD,_;.

Proof: It is a consequence of the previous theorem. Since the r-deletion sequence of
T"is (0,...,0), P(7") = 7" and P is a projection on LRD, ;. Therefore, in LRD, | we
-1
may identify 70~ with P(7).m
The next remark shows that given an LR rectangular tableau 7 of type [a, b, ¢] and

order 7, not all sequences of nonnegative integers (4,1, . . ., ¥r,—1) satisfying the conditions
a;—Qiqr1 > yri,@i =1,...,r—1,and such that [(a;—yr1,- -, @Gr—1=Yrr—1); (b1, -, br_1);
(c2y...,¢)] € LR, are r-deletion sequences of 7. In the next section we shall see that

a deletion sequence has to satisfy further conditions.
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Remark 3 (a) Let [(da},...,a.), (b1,...,b.), (¢2,...,crp1)] € LR, and [(a1,...,a,41),
(b1, .. bpg1), (c1y. ooy ¢rq1)] € LRy such that a;q < af < a;, i =1,...,r. In general,
it is not true that there exvist X' € Z"" and X € Z" "t such that T' = [(a},...,d.),
(by,...,b.), (coy ... ¢rs1), X'] € LRD, may be obtained from T = [(ai,...,a,41), (b1,

ybei1), (c1y-- - ¢ry1), X] € LRD, .y by the (r + 1)-deletion operation, that is, P(T) =
T'. So, if we are given T € LRD,.,, interlacing conditions are not sufficient for T’
to be a projection of T by P. For example, consider [(4,3,0);(4,1,1);(3,2,0)] € LRs.
There is only one LR tableau of this type which is

1]1

7— [1]1]3

Let [(3,2);(4,1);(2,0)] € LRy. We have (a1, a2,a3) = (4,3,0) and (a',a}) = (3,2)
such that a3 < al, < ay < a} < ay. On the other hand, the projection of T is

1]1

T — 1[1]2
which is of type [(4,1); (4,1); (2,
therefore of none LR table au of t

(b) Also [(4,2,0);(5,4,0); (6,
az) = (4,2,0) and (al,a2) (2,

0)]. In fact (1,1) is not the deletion sequence of T and
ype [(4,3,0);(4,1,1);(3,2,0)]. e

3,0)] € LR3 but [(2,2);(5,4);(3,0)] ¢ LRy, with (a1, as,
2) stisfying ay < ay < aj < ay.

Let r > 1, [(a1,...,ar,app1); (b1,...,bp br41); (C1y... ¢y ¢oq1)] € LRy;y and [(a,
coy @)y (b1, .oy by); (Coye ey 0y )] € LR, such that a;1q < af < ag, fori=1,...,r.
Given T € LRD,,, of type [(ai,...,ar, ary1); (b1,---, by bry1); (c1,---, ¢y ¢rp1)] and
T' € LRD, of type [(a!,...,a.); (bi, ...,b.); (c2,- .., ¢, cry1)], under what conditions do
we have P(T) =T'?

This question will be answered in the next section.

4 Insertion and insertion sequences of an LR rect-
angular tableau

The main goal of this section is to answer the question addressed at the end of the previous
section. Since every elementary deletion operation on an LR rectangular tableau can be
reversed downwards, we are led to insertion path chains and insertion sequences of an
LR rectangular tableau. Here we introduce an insertion operation on LR rectangular
tableaux preserving the LR property.

Given an LR tableau 7' € LRD, of type [a',b, c], the insertion operation is defined
by inserting zeros (cells numbered with zeros) on the diagram of a, and by adjoining one
bottom row to a and b, and one top row to c such that the obtained tablean 7 € LRD,
of type [(a1,...,ar, ary1); (b, .. bpybry1), (c1, .. )] With @i < af < a1 <i <,
satisfies P(7) = T".

Recall that if &k € {0,1,...,7r—1}, Zj4 is the set of interior paths which have the top
cells in the first £ + 1 rows of 7, plus the empty path, and that any maximal subset of
pairwise disjoint interior nonempty paths has cardinal less or equal than Z?Zl Yrj, Where
(Yr1, - -+ Yrp—1) is the deleting sequence of 7. Therefore, the number of zeros which may
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be inserted in each row of a will depend on the deletion sequence of 7. More precisely,
the length of a maximal chain (with respect to ” <) of interior paths with the top cells
in row k£ + 1 of 7 should be lesser or equal than the dimension of the poset (Zj1, <).

Theorem 6 gives necessary and sufficient conditions for a sequence of non negative
integers to be an insertion sequence. These conditions relate insertion sequence with the
deletion sequence of the given LR tableau. Finally, since every insertion operation can
be reversed upwards, every deletion sequence is an insertion sequence of the projected
LR tableau and our question is answered.

4.1 The poset of the paths of length » — £ of an LR rectangular
tableau of order r

Definition 15 Let r > 1 and T € LRD,. For each k € {0,1,...,r — 1}, let C**L be the
set of interior paths whose top cells are in row k +1 of T, plus the empty path. That is,

C' =7, = {0}, and C*"' =T, \ T, U {0}, fork > 0.

Definition 16 Letr > 1 and T € LRD,. For each k € {0,1,...,r—1}, let CH+1 be the
set of paths of T with top cells in row k + 1 whose bottom cells are numbered with r, plus
the empty path, and = ok UCKL, the set of paths of T with top cells in row k +1,

plus the empty path.

CH1 C T;41, and so (CF'1 <) is a subposet of (Zj,1, <) with d[CF™] < d[Z}.].
(C*+1, <) is finite poset of dimension < b, and, therefore, (C**, <) is a finite poset of
dimension < d[Zy.1] + b,

In the following, we determine the dimensions of (C*+!,<) and (C''', <) and relate
them with the dimension of (Zj 1, <). Since we want to determine the left most longest
chains of those posets in order to define insertion paths chains and insertion sequences
of an LR rectangular tableau, we also consider the posets(C¥*!, <) and (CF*!, <).

Lemma 3 Let r > 1 and T = [a,b,¢, X] € LRD, with r-deletion path chain (2o, 2,
v Zs). Let k €{0,1,...,r — 1} and m = d[T};1]. Let (C**', <) and (C**',<). Then

1. CFH# {0} iff min{ag — apy1, d[Zi1a]} > 0.

2. CH1 £ (B} iff min{ay — agi1,a — a, — d[L,],b,} > 0. In particular, when C*+' =
{0}, it holds CF1 #£ {0} iff min{ay — agi1,b,} > 0.

5. ¢ {0} iff min{ay — apr1, d[Tiya] + by} > 0.

4. IFC™ £ {0}, the numbering sequence (v, > ... > vpy1) of min (CE+1\ {}) s
defined as follows: vyy1 is the left most nonzero symbol in the (k + 1)-th row of T,
and, for i > k -+ 2, v; is the left most nonzero symbol in the i-th row of T such that
v; > v; 1. We have v, < r if CF™1 £ {0} and v, = r if C*! = {0}. Moreover,
if CET1 £ {0}, min (CF1\ {0}) = min (CF'\ {0}) = min{Z e C*' : D < Z <
2y it} and if C541 = (), min (G441 {0)) = min (G0 (0)).
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Proof: (1) By definition C*™' = 7, ., \ Z,, U {0}. We claim that Zy, \ Zj, # 0 iff
ar — agry > 0 and Zp .y # {0}. The “only if” part is obvious. If ay — axy; > 0 and
Ty 1 # {0}, consider the (r — k)-path B with numbering sequence (v, > ... > vg,1) such
that vy is the left most nonzero symbol in the (k + 1)-th row of 7, and, for i > k + 2,
v; is the left most nonzero symbol in the i-th row of 7 with v; > v;,_;. By construction
B < W, for all path W of length at least (r — k) in 7. Since Z5 < Z;_py1 < ... < Zis
the right most longest chain of Zj 4, then, in particular, B < Z;_,,,1. Therefore, v, < r,
and Z € Ik-i—l \Ik Hence, Ck+1 7é {@} iff a, — Apt1 > 0 and Ik-i—l 7é {@}

(2) The 7if” part. If b, > 0, ay — agy1 > 0 and a, + Z;;{ zr; < ai, we may define

an (r — k) -path with column indexing (j,,. .., jk+1) where j; = min{a; + Z;Zl Tij, Qg }
fori = k+1,,...,r. Since b, > 0, then x; > 0, for all 7, and it follows that j; €
{a; +1,...,ax}, for i =k +1,,...,r. The bottom cell of this path is numbered with r

because a, + Z;;{ Ty < jr < ag. So, Ck+1 £ {0}.

The ”only if” part. If C¥** # 0, by definition there exists an (r — k)-path with bottom
cell numbered with . So, b, > 0, and considering the definition of path (definition 5),
ap — Q41 > 0, a, + Z;;l Trj < Q.

Notice that theorem 2, (3) implies a, + Z;;% Ty < agi1, when Ty = {0}. Therefore,
when C**! = {0}, min{ay — ap1,ar — a, — ;;i Tpj, b} = min{ay — a1, b}

(3) By definition CF+! % {0} iff C**1 #£ {0} or CF+! % {0}. We claim that CF+! £
{0} v CF £ {0} iff ag — agry > OA (Tpey # {0} Vb, > 0).

From (1), C**' £ {0} iff ap — ap1 > 0 and 1 # {0}. From (2), C**! = {0} and
CukJrl 7é {@} iff a;, — Ap41 > 0, Ik-i—l = {@} and b, > 0.

(4) Follows from (1) and (3). I

Lemma 4 (Elementary insertion) Let r > 1, T = [(a1,...,a.), (b1,...,b,), (c2,..., Cry1),
X] € LRD,, with |a| + |b] + |c| = rm, and k € {1,...,7}. Suppose C* # {0} with left
most non empty path B = ((vr,Jr), ..., (v, Jx)). Let X = [a};] € Z™" be such that
T = Ti; =L, Wiy = Tigap+ L E<i<r—1, 2., = —1, 27, =1, 241, =0,
for j # v and xi; = x5, otherwise. Then ®T = [(a,...,ax +1,...,0a,,0), (b1, ..., by, 0),
(m —1,¢9, ..., ¢,41),2 X] € LRD,,,. Moreover, the (r + 1)-deletion sequence of BT is
0,..., Yrp1k = 1,...,0) and the (r + 1)-deletion path chain is ((v,,1), (Vr—1,71),-- -,

(Vks Jrg1))-

Proof: Let v, > v,_; > ... > v, be the numbering sequence of B. Recall that
vp > Up_1 > ... > v and that vy is the left most nonzero symbol of the k-th row
and, for i > k 4+ 1, v; is the left most symbol in the i-th row such that v; > v;_;, for
i € {k+1,...,r}. Insert one symbol zero in the k-th row by shoving the symbol v;. Then,
insert vy, in the (k + 1)-th row by shoving the symbol vy, which, on its turn, is inserted
in the (k+2)-th row by shoving vg 3. We shall get ), = g, —1, 2411 = Trp1,, +1
and Ty, = Thtiw, — Ly Thyou,,, = Thi2u,,, + 1. Proceed down, in this way, until
reaching the r-th row, where the symbol v, ; is inserted by shoving v,, which, on its
turn, is inserted in the row r + 1. We shall get x;.,,, = 1. It is clear, that the output is
a rectangular tableau T = [(a1,...,ax + 1,...,a,,0), (b1, ..., b, 0), (c1, 2, oy cry1),5 X7,
that is the nonzero symbols strictly increase along columns, from up to down, and do
not decrease along rows, from left to right.
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Let us prove that 57 isin LRD, ;. We have only to check that 5 X satisfy inequality
(4), in the definition of rectangular LR tableau give in section 2, for v, < j < v, and
kE<i<r.

Let t € {k,...,r — 1} and u = v;1; > w = v;. The basic operation in the previous
process is as follows: the nonzero symbol w of the ¢-th row is inserted in the ¢ + 1-th row
by shoving the symbol u, which on its turn, is inserted in the (¢ + 2)-th row by shoving
a symbol > u. Therefore, 7}, = x4, =120, 73\, = 11w + 1, Thyyy = Tp1u — 120
and z}, = x;y, for i #t,t+ 1.

Ifu>w+1, 2}, = Tiws, for all 4, and, in particular, xj,; .1 = Tep1w1 = 0.

fu=w+1, 2, =T —land 2}, = Tiwi, 1 <0 < T

It is sufficient to prove that

t ! > t+1 .1
i=1Tiw Z 2izi T wt1-
Case 1: u>w+ 16 x4q1 41 = 0.
In this case,
t r_ t—1 -1 t _ t /
i=1 Tiw = 22im1 Tiw T = 21 Tigw T 00w —1 2 21 Tiwp1 000 —1 = 251 @ g1+
! _ t+1 .1
Tyt w1 = >imi T wt1-
Case 2: u=w+1E x4 > 0.
In this case,

t ! _ t—1 t+1 _ t _
i=1 xi,w - Ei:l xi,w + LTtw — 1 Z Zi:l xi,w+1 - 1 - Zi:l xi,w+1 + xt+1,w+1 - 1 -

t ! 1
im1 Tips1 T Tertwrr — 1 =220 @ 0q
The remain claim it is obvious. ]

We denote by 57 the rectangular tableau in LRD,; obtained from 7 in LRD, by
B-inserting zeros. We call this operation an elementary insertion operation.

The insertion of one symbol 0 in the row k of the diagram of a yields to a sliding
move in X described as follows: let v, be the index of the column of the first nonzero
entry in the k-th row of X, and, for s = k+1,...,r, let vg; be the index of the column
of the first nonzero entry of the s-th row of X such that v,_; < v,. Then, 5X is

z1,1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0... 0 Thoy — 1 *x ok ok * Tk k 0 0 0 0 0 0 0
* * Tp41,vp +1 0 . 0 mk"’rlka-{-l -1 . Th41,k+1 0 0 0 0 0 0

: R : : : : Do : 0

* * * *x ok ok * * * * Trw,._;+1 0. 0 Tpy,—1 % xpp

L O 0 0 .. 0 0 0 0 0 0 0 0 0 1 0 0

Note that, if C¥ # {0} and C* = {0}, v, = r and 2!, = z,, — 1. We say that 5X is
obtained from X by inserting (0¥, 1,07*,0). By reversing the operations we say that X
is obtained from 5X by deleting (0*~',1,0"7% 0). When C* = {0}, we let °X := X ®[0] €
Z' o and °T = [(ay, ..., ag, ..., ar,0), (by, ..., b, 0), (M, c, .y cri1),? X] € TRD, ;.
We say that X was obtained from X by inserting (0", 0).

Notation Let r > 1. Given 7 € LRD,, we denote by T the rectangular tableau in

LRD,_, obtained by suppressing the last row of 7. Note that 7 = 7.

Lemma 5 Let r 271 and T € LRD, with r-deletion path chain (24, 21,...,2;). Let
ke{l,....r} and C* # {0} with left most non empty path B,. Let m = d|T;]). Then:
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(a) If C’“(B1 T) # {0} and By is its left most non empty path, then By € C*¥ and
B, < B,.

(b) If m >0,

(1) (20, Zs-mi2- - -, Z5) is the right most longest chain ofIk(B/l})

(id) d[Z(5rT)] = d[T] — 1, and d[T, (BT)] = min{d[Z,], d[Z;] — 1}, for u < k.

Proof: (a) Let By = ((vr,Jr), (Vr—1,Jr—1)s ---, (Vk,Jr)) and take into account the
construction of 1T as shown in the previous lemma. Then, by lemma 3, B, is defined
as follows. Let wj, be the symbol immediately to the right of vj in the k-th row of 7.
We have v < wy. Since the left most symbol in the (k + 1)-th row of BT is vy, and BT

has at least one (r — k + 1)-path, there is a symbol wy; in the (k + 1)-th row of BT
such that w1 > wg. So, wgy1 > v, and the cell labelled with wy,; is to the right of
the cell (jxi1,vg). On the other hand, the left most symbol in the (k + 1)-th row of 7 is
Vkt1. SO, W1 > Vpy1. Again, since the left most symbol in the (k + 2)-th row of 57 is
vkt and BT has at least one (r — k + 1)-path, there is a symbol wy» in the (k + 2)-th
row of 1?’7\’ such that wgio > w1 > vgy1. SO, Wryo > Vgi1, and so on. So, By < By and
therefore By € C*.

(b) If m > 0, we have C* # {0}. (i) We claim that (Zy, Zs_m19, ..., 2Zs) is the right
most m-chain of Z;, and Z; (3/17’) Let X € Ik(@') such that ) < X < Z,_,,42. Since

B, is its left most non empty path of C* (3/17’), it follows By < X. On the other hand,
B, € C* and therefore X € T,. But then ) < B; < By < X < Z,_,,.9 in I;,. This
contradicts m = d[Z].

(i7) It is a consequence of (a).m

The next propositions characterize the left most maximal chains with maximum
length of (C¥+!, <) and (C¥*!, <), respectively, and, therefore, the dimensions of (C¥*!, <)
and (CF1 <).

Proposition 3 Let r > 1 and T € LRD, with r-deletion path chain Z, < Z; <
< Zs. Let k € {0,1,...,r —1}. Then,

1. d[C**Y] = min{ay, — api1, d[Zpi1]}-

2. (a) The left most longest chain By < By < ... < By of C**', where | = d[C*T1], is
defined inductively by setting, for 1 <t </,

B, = min {B € CF*}(BoB1- B T) : B > (1},

with BoBL-BT € TRD, obtained from B (BmBl;BFlT) € LRD, .1 by sup-
pressing the last row. Moreover, By < By < ... < By is such that

Bt = mln{B € Ck+1 . Btfl <B j Zsfm+t}, fO'f't = 1, ceey l,

where m = d[Tj4].
(b) Forte {0,1,...,1} andu < k+1,
i d[Tj] =t + d[Ty g (BoBrBeT)).
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ii. d[L,(BoBr--BeT)] = min{d[Z,], d[Tj+1] — t}.
iii. d[CHH(BoBrnBeT)| = d[CEH] — t.
. d[C“(BmBI/’"\"BtT)] = min {ay_1 — ay, d[Z,], d[Zp 1] —t}.

Proof: Let [ := min{ay — ag1, m}. The proof will proceed by induction on .

1, 2,(a). If I = 0, by lemma 3, Ck¥*! = {(}}. In this case, d[C¥*'] = 0 and the longest
chain is (B, = 0).

Let [ > 0 and suppose the veracity of the statement for / — 1. Since I > 0, Ch+1l £
{0} and we may consider B; = min(C*™ \ {#}). Let 57 € LRD,. By lemma 5,
Zy < Zsmit < ... < Z is the right most longest chain of Zj4 (51T, d[Tpri (B T)] =
d[Tp1] — 1 and d[Z,(5T)] = min{d[Z,],d[Zj] — 1}, u < k + 1. So, BT is in the

—

conditions of induction hypothesis. By induction hypothesis we have: d[C**}(B1T)] =
min{a, — agy1,d[Zy1]} — 1 =1 — 1, and d[C“(B/l})] = min{a,_; — au,d[Iu(B/l})]} =
min{a,_1—ay, d[Z,],d[Zi+1]—1}, u < k+1; the left most longest chain By < By < ... < B
of CF+1(B1T) is such that, for 2 < ¢ < I, B, = min{B € CH'(BoBi-BiaT) : B > ()} =
min{B € C* : B,_y < B = Z,_1nit}-

On the other hand, since ) < By < ... < B; is a chain in C**' and 0 < B, < B, <
... < By is the left most [-chain of C¥*!, then ) < B, < ... < B, is the left most longest
chain of C*¥*!. Otherwise there would be a chain () < Q; < ... < Q; 4, with d > 0, in
Ck*' such that Q\< By < Qy < ... < Q. This implies ) < Qy < ... < Qpyy is a
I-chain in C¥+*1(B1T) which is absurd. Therefore, d[C**!] = | = min{ay — aj 1, d[Zp11]}
and ) < B, < ... < B satisfy the required conditions. -

Concerning 2, (b), if [ = 0, recall that Z, C Ty for u < k+1, and BoT =T. If [ > 1,
the equalities (i) — (iv) follow easily by induction on /. m

Remark 4 Let d[Ck™'| =1 and By < By, < ... < B, the left most longest chain of CF*1.
(a) ar — agr1 > d[CF'] and b, > 0 iff CH+! (BoB-BiT) £ {(}.
(b) If ag — apsr > d[CEY), then d[C*+Y] = d[Ty11] and T, (BoB-BT) = {0}, u < k+ 1.
(¢) d[C**1] > d[CF ] iff d[C**] = d[Tk41] < ar — agy1 and b, > 0.

The following lemma relates the dimensions of C**! and C¥*!.

Lemma 6 Let r > 1 and T = [a,b,c,X] € LRD,. Let k € {0,1,...,r — 1} and
d[Zy+1] = 0. Then
(a) d[CF*'] = min {az — ag41, by }-
(b) The left most longest chain (By, By, ..., B;) of C¥*1, with [ = d[C*+Y), is such that,
for1<t<l, N
B, = min {B € C**!(BoBi-Bi1T) - () < B},

Proof: In this case, by lemma 2, Ck*! # {0} iff min {a); — azs1,b,} # 0. Since
Ck+l = CF+1. the claim follows from successive applications of lemma 5. m

We are now in condition to calculate left most maximal chain of maximum length
and the dimension of (Ck*!, <).

Proposition 4 Let r > 1 and T = [a,b,¢,X]| € LRD,.. Let k € {0,1,...,r —1}. Then,
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1. d[C**1] = d[C**!] + min{max{0, a, — ary1 — d[Txs1]}, by}
2. d[C"""] = min{ay — arsr, d[Tpsn] + b, }-

3. If (By, By, ..., By) is the left most longest chain of C**1, and (By, Bi11, . . . ,ByLp) is

(a) (Bo, By, .., B, Biyy, ..., B,.y) is the left most longest chain of CH+1.
(b) Forte{0,1,....14+1},
i. d[T,(BoBr--B:T)] = min{d[Z,], max{0, d[Tp 1] — t}}, u < k + 1.

ii. d[CHHL(BoBLBT)] = d[CHY] — ¢ and
d[Ct(Bo-Br-BeT)| = min{a,_i —ay, by+d[Z,], bp+d[ Ty 1] —t}, foru < k+1.

Proof: We consider two cases:

1st Case: CF1 = {}.

In this case, d[C*!] = 0 and CF+! = Ckt1. Therefore, Zj1 = {0} or ax — agsy = 0.

If a — appr = 0, CFH1 = CF1 = {0} and d[CF'] = d[CF'] = d[CF+'] = 0.

If Zj1 = {0} it holds d[Z,,] = 0, and, by previous lemma, d[CF+'] = d[CF+] =
min{ay, — a1, b, } = min{maz{0, ay — ary1}, b, }.

If [ = d[C¥*1], then (By, By,...,B;) is the leftmost longest chain of CF*'.

2nd Case: C*+1 £ {(}.

In this case, [ := d[C¥™'] > 0. Let (By,Bi,...,B;) be the leftmost longest chain of
Ck+1.

We claim that d[C¥+] = d[CF+1]+ d[CE+! (BoBr-BiT)).

For, let BoBL, BT = [d,lA), ¢, X] where ay 1 = agy1 + 1, a; = a;, for i # k+ 1, and
b, = b,. By proposition 3, [ = min{ay — ax11,d[Zx1]}. So, ap —ag1 > 0iff ap —ag1 > 1,
and ay = ap4q iff Cﬁz-kJrl] > Q — Q41 e -

Since CF+1(Bo.5i-BiT) = {(} it follows that Ck+!(Bo:Br-BiT) = ék+1(31---BlT).

By previous lemma, d[Ck+! (50-81-BT)] = min {ay—éy41, b, }. Let [ 1= d[Cr+! (BoBr-BT)].
Notice that, ay — axr1 = max{0,ar — ary1 — d[Zr11]}. So, [ = min{maz{0, ay — ag;1 —
d[Z+1]}, 0, - 5 .

1st Subcase: If [ = 0, then CF*! = C**1 and, either b, = 0 or d[Zy1] > ap — apy1.
In both cases, d[C¥*!] = d[C*"!] and (1), (2) hold. The leftmost longest chain of C**! is
leftmost longest chain of C¥*1.

2nd Subcase: Iflu > 0, let By < By < ... < B, be the leftmost longest chain of

CHHL(BoBL-BIT). Then, CK+1(BosBrsBeT) # {Q}, for [4+1 < t < [+, and Ck+1(BosBr-BiirT)
{@}. Therefore, the leftmost longest chain of C**!'is By < By < ... < B < B <...<
B,,; and d[C**'] = [ + 1. So, (1) holds.

On the other hand, if [ > 0, C¥+!(5051-BT) 2 {@}. By remark 4, it follows that
ap — Qg1 > d[C’““] = d[Ik+1] SO, [+1 = d[Ik-H] + min{ak — Qpp1 — d[Ik+1]abr} =
min{ay — axi1,d[Zx+1] + b }. We have proven 1,2, 3(a).

3, (b), (i) It follows from proposition 3 and remark 4.
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(i1) For t < I, it follows from 2 and (i). For t > [, we have | = d[Z},,] and
Cu(BoB1-BeT) = Cu(BoB-BiT). Now the result follows from lemma 6 taking into account
that BoBr—BT = [a,b, ¢, X] is such that b, = b, + d[Tjs1] — ¢ < by + d[Z,]. m

As a consequence of this proposition, we obtain the following corollary, which will be
useful in the next subsection.

Corollary 4 Letr > u>v >w > 1, (B, By, ...,By) the left most p-chain of C*, and
(Bo, Bpii,- -, Byyy) the left most g-chain of CY(BoB1-B»T). Then,

d[éw(3031®+0T)] = min{a,_1 — ay, by + d[L,], b, + d[Z,] — ¢, b, + d[Z,] — p — q}.

Proof: Let T :=BB1-B» T where T = [a, b, ¢, X] is such that b, = b, if p < d[Z,], and
b, = b, — d[T,] — p if p > d[T,]. Note that BoBi-- “Byig T = Bpi1- Bp+q7' )

By 3,(b) of the previous proposition, and considering the fact that d[Z,(7)] =
d[Z,(T)] = 0 if p > d[Z,], we have

—

d[C¥ (Be+i--Br+aT)] = min{ay, — ay-1, by + d[Z,,(T)], by + d[Z,(T)] — ¢}
= min{a, — ay 1,0, + d[Z,], b, +d[Z,] — ¢, b, +d[Z,] —p—q}.m

4.2 Definition of insertion path chain and insertion sequence

Let v+ > 1 and T = [(a1,...,a,); (b1,...,b);(c2, ..., cr41), X] € LRD,, |a| + |b] +
|>i—cil = rm. Let k € {0, 1,...,r —1} and [ = d[C’“H]. We may conclude from
the previous section that the leftmost longest chain By < By < ... < B of C¥*! may be
determined as follows.

For uw = 1,...,I, the numbering sequence (v* > ... > vi;) of B, is such that:
Vpsy < ... < U£+1 are the l_left most nonzero symbols in the (k + 1)-th row of 7T and,
fori=Fk,...,r, v} <. < vl are the [ left most nonzero symbols in the i-th row of 7~
satisfying v} > v} ,..., vt >0l .

Let y € {0,1,..., l_}. We may define the LR rectangular tableau 50-Bt-5vT = [(ay,

gyt Yy, 0); (by, .. b, 0); (M — Y, ey, Cpy);P0B B X € LRD, ;. ob-
tained from 7 by (By, B, ..., By)-inserting zeros, in the following way: In the (k+ 1)-th
row of 7 insert y symbols 0 by shoving the nonzero symbols v}, < ... < v/ ;. These
y shoved symbols are inserted in the (k + 2)-th row by shoving the nonzero symbols
Vo < ... < wfi,. The shoved symbols vy, < ... < v}, are inserted in the (k + 3)-th
row as before. Proceed down, inserting and shoving, until reaching the (r + 1)-th row.

When reaching the (r + 1)-th row, the symbols v} < ... < v¥ shoved from the r-th
row and inserted in the (r 4 1)-th row.

Notice that, for + = 1,...,y, if we delete the last row of Bo,BiBi T we obtain
Bo, 51,5 T the rectangular LR tableau defined above by suppressing the last row of

(30731, SBi- 1T)
Fori =1,...,y, BoBi--Bi X is defined inductively by BB X = Bi (30731’:’73i—1X) +

[ £m (0) ] , where [w;_1,0] = [0F 14 — 1,0 %1, 1 x (r + 1), is the (r + 1)-th row
i—1
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of BoBLBi-1 X and BoBi.Bi1 X is the r-square matrix obtained from Bo-Bi-Bi-1 X by
deleting the (r + 1)-th row and column. We say that 50515 X was obtained from X by
inserting (0¥~ y, 0"7%,0).

The number of symbols r in the (r + 1)-th row of 55T is maz {0,y — d[Zy 1]}

So, after inserting y symbols 0 in the row k + 1 of T, b, is reduced to min{b,, b, +
d[Zi+1] — y}. That is, the number of symbols r in the r-th row of Bu-BvT is b, if
y < d[Zy41], and it is b, + d[Zg11] — v if vy > d[Ti41]. I (Y1, .- -, Yrr—1) is the r-deleting
sequence of T, b, is reduced to min{b,, b, + Z?;ll Yri — Y}

Given the non negative integers a, 1 < a, and b,,; < min{b,, b, + f;ll Yri — Y}, by
inserting a,,; symbols 0 in the bottom of the diagram of a and b, symbols r +1 in the
(r + 1)-th row of Bo-Bt--BvT  we obtain the LR rectangular tableau 7' = [(a1, ..., ap 11
FUy ey @y Grg1); b1y ooy brybrgt); (C1ycay vy cogy); BoBLBy X 4 ([0] @ [by41])]. We say
that BoBL--By X+ ([0] @ [b,41])] was obtained from X by inserting (0¥~1,y, 0"=% b, ).

We can go backwards to 7 by deleting zeros on 7', and by suppressing the last rows
of (a1,...,ak_1,ar + Y, Qpy1, - Qp, api1), (b1, ..., bey1) and the first row of (cq, ..., ¢p1).
Notice that if B; = ((vf,j0), ..., (Vjir, dpsr)s (VhsJk)), for i = 1,...,y, then, by lemma
4, the (r + 1)-deleting path chain of T is (2o, Z4,..., 2Z,) where Z; = ((v,a,41 +
0, (Vi1 gh)y ey (Vs Jhy)), for i = 1,...,y. We say that Z; is obtained from B; by one
step down.

This leads us to the definition of insertion set of an LR rectangular tableau.

Let r > 1 and T = [(ay,...,a,), (b1, ..., b.), (¢2, ..., Cri1), X] € LRD,

Definition 17 Let k € {1,...,r}, dy = d|C*] and (By, By, ..., By,) the left most longest
chain of C¥. A nonnegative integer y such that y < dy, is called a k-insertion number of T,
and (By, By, ..., By) is the corresponding insertion path chain. We call {y} a k-insertion

set of T.

Definition 18 Let K = {i;,..., 19,41} be a subset of {1,...,r}, where we are assuming
r>dp> ... >0 > 1. Let y =Y cxys- A set of non negative integers {ys}sex is called
a K-insertion set of T with insertion path chain (Bo, By, ..., By), if {Us}tsckr=fir, .is} 5
a K' = {iy, ..., ix}-insertion set of T with insertion path chain (By, By, ..., B,) where

Y = Neexr Ys; and y;, is an iy-insertion number of BoBtBy T with insertion path chain

(Bo, By 41, ...,B,). We let the emptyset be an insertion set with insertion path chain
(By = 0).
We say that a sequence of non negative integers (yi,...,y,) is an insertion sequence

of Tif {y,,...,yn} isa {r,..., 1}-insertion set of 7. Clearly, if {y;}scx is a K-insertion
set. of T, then {y,}scqi,...r}, With y, = 0 for s € K, is also a {r,...,1}-insertion set, and,
thus, (yi,...,y,) is an insertion sequence of 7.

Given b1 < by, we say that (yi,...,y,) is an insertion sequence mod(b,41) of T
if (y1,...,yr) is an insertion sequence of 7 = [(a1,...,a.), (b1,..., bp — bry1), (c2 +
br+1,...,cr+1),)~(], where Z,, = x,, — b41 and Z;; = wx;;, otherwise. Given a,4; < a,,
we say that (yi,...,Yr, ar11) is a full insertion sequence mod(b,,; of 7.
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Theorem 6 Let (y,1,...,Yr,—1) be the r-deletion sequence of T, and b,y < b.. Then,

(y1, -, yr) 18 an insertion sequence mod(byy1) of T iff
ap—1 — ap > Yp, k=1,..,7, (6)
k
br +Zyr]_ r+1+2yj, kzl,...,T. (7)
j=1

Proof: Let T = [(ai,...,a,), (b1,..., by — byy1), (€2 + bri1, ..., Cry1), X], where ., =
Ty — 41 and T = x5, otherwise. Attending to definition 18, (y1,...,¥,) is an insertion
sequence if y, < d[C"] and, forj = 1,...,r—1,y, ; < d[C"~7 (FoBrBurttvsjini T)] where
(Bo, By, _; 015+, Byt g1 ) is the left most y,_;,1-chain of Cr—i(BoBroBurttur_jia T,
By an inductive argument, corollary 4 says that (yi,...,¥,) is an insertion sequence iff
fors=1,...,r,

k—1

k
ys < mln{as 1 — s, mln {b - br—i—l + Z Yrj — Z yj}}

j=1 Jj=s+1
This is equivalent to

ak 1—ak2yk, k:]-a"'a,ra
by +Z] 1y7'] Ebr+1+Z?:5yj, s=1,..,r1, k:S,...,T.

When s = 1 we obtain (7). For s = 2,...,r, we obtain particular cases of (7). m

Let P be the projection of LRD,,; on LRD,.

We are now in condition to show that a full deletion sequence of an LR tableau 7T is
a full insertion sequence of the projected LR tableau P(T).

Let 7 > 0 and F € LRD, of type [d; (bi,...,b); (ca, ..., ¢rp1)] with |a'| + 30, (b +
Cri2-i) = rm. As usual, we write P~'(F) = {T € LRD,, : P(T) = F}.

Theorem 7 Let (y,1,...,Yrr—1) be the r-deletion sequence of F. Let T of type [a, (by,
. b,«, b,«+1); (Cl, Coyonny Cr-l—l)]- Then, T € Pil(f) fo

1. a1 <a; <a;, 1 <i<r,
2. Fork=1,...,7, b, +Z] L Y Zbr+1+Z] 1(a; —df),
3. arp1 + X0, (ay —a})+br+1+cl =m

Proof: When r = 0, F is the empty tableau and T = [(a1), (b1); (c1),[b1]], with
a1+b1+01 =m. Let r Z 1.

Proof of the ”if” part. Let y := |a| + |a’| — a;4+1. From theorem 6, conditions (1)
and (2) mean that (a; —d!,...,a, —al,a,11) is a full insertion sequence mod(b,,1) of F.
If (By, By, ..., By) is the corresponding insertion path chain, then we have BoBuy-By F =
[(a1, .y ar 5 0), (b1, .oy by, 0),(M — Y, Coy ey Cry); BOBL-Br X,

Let 7 be obtained from 30’31""’31'.7-" by inserting a,,; zeros in the bottom of the
diagram of a, and b,,; symbols 7 + 1 in the bottom row of Bo-Bi--By F  Then, T =
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[(CLl,...,CL,« ,CL,«+1), (bl,..., br,br+1),(61, CQ,...,C,«+1),X’] S mr+1, where X' =BoBi,By
X + ([0] ® [by41]) and m — y — b1 = ¢1. Moreover, T has (r + 1)-full deletion sequence
(a —dal,...,a, —al.,a,41) and (r+1)-deletion path chain the one obtained from (B, ...,
B,) by one step down. Therefore P(7) = F.

Proof of the "only if” part. Let T = [(ai,...,ar41); (b1,-.., 0r11); (C1, C2y.oey Cryn),
X] € LRD,; with (r + 1)-deletion sequence (yi,...,%,), such that P(7) = F. Then,
applying theorem 4 to T, we obtain F = [d’, (b1,...,b,); (ca,...,crt1), X'] € LRD, such
that |a'| + YI_ (b + ¢rao—i) = m, a1 < a) < a;, 1 < i < r, where a; — a} = y;, for
1=1,...,7.

We claim that (y1, ..., Yr,ar11) @5 a full insertion sequence mod(b, 1) of F.

Let dyyq :=0and d; :=dj1 +yi;, i = 1,...,r. Suppose (20, 21, ..., 24, Zd4,11,-- -,
24y Zagyit,- -+, Zq,) 18 the (r 4+ 1)-deletion path chain of 7, where, for i = 1,...,r, and
di-i-l <t< dia Z, = ((Zf"—l—laji-i-l)a Tt (Zf—l—lajf-i-l)'

Fori=1,...,r,and dipq <t < dj,let By = ((2f 1, 5), ..., (2h1.50), (2, ai+t)). Then,

1971

(Bo, By, ..., By, Ba, 11, Bayy -y Bayi1, - .., Bay) is an insertion path chain. Note that,

for each i € {1,...,7}, (Bo, Ba 111, - - Ba;) is the left most y;-chain of C?(%0F1-Paii ),
Therefore, by theorem 6, conditions 1 and 2 follow. [

5 An involution on the set of Littlewood-Richardson
tableaux

5.1 The deletion-insertion matrix of an LR tableau and the
commutative property of the LR rule

In section 2.1, we have defined an LR rectangular tableau of order r > 1, as being
2

an element [a,b,c, X] € Z* " satisfying a certain system of linear inequalities. That

is, by definition, there is an LR rectangular tableau of order r and type [a,b, ] with

la| + [b] + |¢| = rm, iff there is a lower triangular matrix X = [z;;] € Z"" satisfying the

system of linear inequalities (1), (2), (4), (5) and (x*).

Now, notice that, given a,b,¢ € P,, with |a| + |b] + |¢| = rm, and X = [1] €
Z"", la,b,c,X] € LRD, iff b*) = (Xizj w5, 077°)3_, for s = 0,1,...,7, is a sequence of
partitions with b(") = b, satisfying the interlacing inequalities

B <o < b for s=1,..,r i=1,..,r—1, (8)

2

and the system of linear inequalities
k—1 k
a1+ S0 =0y > a0 oY) k=1, s =1, s =2,...,7,(9)
j=1 j=1
r
a5+2(b§-s) —bg-s*l)) = M—Cr g1, S=1,...,1. (10)
j=1

We may therefore reformulate the definition of LR rectangular tableau in the following
way: There exists an LR rectangular tableau T of order r and type [a,b,c] with |a| +
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b] + || = rm iff there exists a sequence of partitions b®) = (b, b® 07=%), s =
0,1,...,7, with b") = b, satisfying the interlacing inequalities (8) and the system of
linear inequalities (9) and (10). The sequence b®), s = 0,1,...,r, defines the sequence
[(a,...,as); (bgs), o b (egin, .. 6)], s = 1,...,r, of LR triples, called the b-
decomposition of T .

Applying the material developped in the previous sections, we shall see that the LR
rule for composing two partitions a and b is commutative. According section 3, theorem
5, we claim:

Let 7 > 1. Given an LR rectangular tableau T of order r and type [a, b, ¢] with |a| +
b]+ |c| = rm, we may decompose T into a sequence of LR rectangular tableaux 7), s =
0,...,r, such that 7( is the empty tableau, and for s = 1,...,r, T is of order s and
type [a®), (by,...,bs), (Cr_sq1s--.,¢)], and T = T, where a(®) = (ags), o, al® om0,
s=0,1,...,r, with a\") = q, satisfy

o) <a YV <ad s=1,2. 0 i=1,. .01 (11)

For s =1,...,r, let Tt~ be obtained from 7 by s-full deletion, that is, 7¢~1) =
P(T®).

For s = 1,2,...,7, let (ys1,---, Yss—1,Ys,s) be the s-full deletion sequence of T,
then

aEs) - az(s_l) =ys, i =1,...,s. (12)

Attending to theorem 7, for s = 1,...,r, T is obtained from 71 by full insertion-
mod(b,) the sequence (ags) —a el — ey, al). So, for s =1,...,r, (ags) —
a™™, L al? — ol al) s also a full insertion sequence mod(bs) of TG, Hence,

by (11) and by theorems 6 and 7, we have,

(s)

(s—=1)
a; iy < a;

< aES)a7;:17-.-77“_178:172""’7/.7 (13)

k—1 k
bt + 3 (@ —al™) > b+ (0 —al ) k=1, -1, 5 =2, 1(14)
7=1 7j=1
— () (s=D)y _ . _
bs+Y (a7 —a™) = m—cgp, s=1,...,1. (15)
7j=1

Notice that, by (12), the s-th row of the diagram a(®) is given by a{*) = a, — st Yts
for s = 1,...,7. When passing from 7®) to 7¢~1) we suppress a{*) = a,— 2i—st1Yts, the
bottom row of a'®), and when passing from 7~ to 7) we add one bottom component
of length a; — >3/_, . 41,5 to the diagram o~ Y,

Finally, we may conclude that if we are given an LR rectangular tableau 7 of order r
and type [a, b, ¢] with |a| 4 |b] 4 |c| = rm, then there exists a sequence of partitions a'®) =
(ags), c,al®,077%), s =0,...,7, with a”) = a, satisfying the interlacing inequalities (13)
and the system of linear inequalities (14) and (15). The sequence a(®), s = 0,1,...,7,
defines the sequence [a'®); (by,...,b); (Cr_gy1,---,¢)], s =1,...,7, of LR triples, called
the a-decomposition of 7.

Therefore, the LR rule for composing partitions is commutative.
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The following r X r lower triangular matrix records the deletion/insertion steps of T,
equivalently, the a-decomposition of 7T

i a; — ZZ:Q Y1 0 0 0 0 0
Yo1 ay — i3 Yi2 0 0 0 0
v yfn y.32 a3 — -4 Yz 0 0 0 (16)
0 0
Yr-1,1 Yr—1,2 Yr-1,3 coe Qo1 = Yrpo1 O
L Yr1 Yr2 Yr3 ce- Yror—1 ay |

For s =1,...,r, the first s entries (ys1, ..., Yss—1,Ys,s) Of the s-th row of Y, define the full
deletion sequence of 7()/ the full insertion sequence of 7¢~Y. We call Y the deletion
-insertion matrix of 7.

By construction Y is completely determined by 7. The r-th row of Y is the r-full
deletion sequence of 7 = 7 which is unique (recall proposition 2), and the principal
(r —1) x (r — 1) matrix of Y is the deletion -insertion matrix of 7"=". So by induction
on r, we may conclude that there exists one and only one deletion-insertion matrix.

The above discussion, namely (13), (14), (15), leads to

Theorem 8 If [a,b,¢, X| € LRD,, and Y is its deletion-insertion matriz, then [b,a,c,
Y] € IRD,.

On the other hand, if [a,b, ¢, X] € LRD,., then b(*) = ( i, 0770)3,, 0 < s <,

i=1
with b(") = b, satisfy conditions (8), (9) and (10). In particular, the sequence of partitions

b®), 0 < s < r, satisfy the interlacing inequalities, and this implies bgs)—bgi)l > x4, for s =

1,...,r,i=1,...,5s—1. Let W be the LR tableau of order 0. Therefore, by theorem 6,

for each s = 1,...,7, (Te1,-..,Tss 1,Ts) is an insertion sequence mod(a,) of W= So,
by theorem 7, for s = 1,...,r, we may associate an unique tableau in LRD; of type [b(*),
(ai,...,as), (Cr—st1,--.,¢)], by inserting mod(a,) the sequence (z4,...,%ss-1,%ss) ON
W(sfl).

Given [a,b,c, X] € LRD,, we may perform the following steps by full insertion. We
start with W@ the LR rectangular tableau of order 0 and we pass to the LR rect-
angular tableau W) = [b(M) = (z1;), a®) = (a1),cM = (c,), WH = [a1]] of order 1.
Then we pass to the LR rectangular tableau W® of order 2 and type [b®, (a1, ay),
(¢;—1, ¢)] by inserting-mod(ay) the sequence (z21,by) on W1, Repeating the pro-
cess with W@, we may pass to the LR rectangular tableau W®) of order 3 and type
[b®), (ay, as, as), (cr_2, ¢r_1,¢.)] by inserting mod(as) the sequence (w3, 23, b3) on W@,
and so on. Eventually, by inserting mod(a,) the sequence (7,1, ..., % _1,b,) in W=,
we get the LR rectangular tableau W of type [b, a, ¢|, whose deletion-insertion matrix is
X. We say that W was obtained by insertion of X mod(a).

We have proved

Theorem 9 If|a,b,c, X| € LRD,, then there exists one and only one rectangular tableau
in LRD, of type [b,a,c] whose deletion-insertion matriz is X.
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Let 7 > 1. We are now in conditions to exhibit a bijection on LRD,, transforming
an LR rectangular tableau of type [a, b, ¢| into one of type [b, a, c].

We consider the map ¢ : LRD, — LRD, defined by é([a,b,c, X]) = [b,a,c,Y],
where Y is the deletion matrix of [a, b, ¢, X]. Clearly, ¢ is well defined since Y is unique.
[t remains to show that ¢ is a bijection.

We may define 7 : LRD, — LRD, such that 7([a, b, ¢, X]) is the rectangular tableau
of type [b, a, ¢] whose insertion matrix is X. That is, 7([a, b, ¢, X]) is defined by insertion
mod(a) of X. Clearly, 7 is well defined since, by definition of insertion matrix, two LR,
tableaux with the same insertion matrix are equal.

Since the insertion matrix and the deletion matrix of an LR rectangular tableau are
the same, it is clear that 7¢ = ¢7 = id and thus ¢ and 7 are both bijections on LRD,.
Therefore, these inverse bijections allows one to give a combinatorial interpretation of
the equality of the Littlewood-Richardson numbers NJ, = Ny . In the next subsection
we shall show that m = ¢ and that we have, in fact, an involution on LRD,.

5.2 ¢ and 7 are the same involution

In the previous sections we have given an algorithmic characterization of the deletion-
insertion matrix of an LR rectangular tableau 7. That is, we have used the combinatorial
deletion and insertion operations to define the sequence a®), s = 0,1,...,r, of the a-
decomposition of 7. Here, we give a recursive algebraic characterization. With this
inductive definition we are able to prove

Theorem 10 [a,b, ¢, X] is an LR rectangular tableau with deletion-insertion matriz Y
iff the deletion-insertion matriz of [b,a,c,Y] is X.

Therefore,

Corollary 5 Considering the bijections ¢ and w defined above, we have ¢ = 7w and
¢? = w2 =id. That is, ¢ and 7 are the same involution on LRD,.

We start by observing (e.g. [1]) that, if 7 = [a,b,¢,X] € LRD,, then F = [(a; +
Ti)o; (bay...,by); (c1,...,¢21); X'] € LRD,_y, where X' is the (r — 1) x (r — 1)
principal submatrix of X obtained by suppressing the first row and the first column.
Also observe that if Y = [y;;] € Z"" is the deletion-insertion matrix of 7, then the
principal submatrix in the first 7 — 1 rows of Y is the deletion-insertion matrix of 70~ =
[(ag’"_l), o a,(n:l)); (bi,...,b—1); (cay...,¢,); X"V € LRD,_, obtained from 7 by r-
full deletion, where a\" ™" = a; —ypi, i = 1,...,7 — 1.

Lemma 7 Let T = [a,b,c, X] € LRD, and T~ = [(aYﬁl), e a,(fll)); (by,...,br1);
(cay...,c); XUV € LRD,_, obtained from T by r- full deletion. Let F = [(a;+x4)i_y,
(ba,...,by), (c1,...,¢o21),X'] € LRD,_y, where X' is the (r — 1) x (r — 1) principal
submatriz obtained from X by suppressing the first row and the first column, and let

F' € LRD, 5 obtained from F by (r — 1)-full deletion. Then
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1F = (@Y + 28k by, be1)i (o, rq); X'OD] € TRD, 5, where

X'0=1 s the (r — 2) x (r — 2) matriz obtained from X" by suppressing the first
row and the first column.

2. If (zr2, - ., 2ry) is the (r — 1)-full deletion sequence of F and HZ(T) = min{wz;1, 2},
for i =2 ...,r, it holds xﬁ_l) =z + Hér), xg_l) =z — 91(7") + 92(:)1, for i =
2,...,7, and the r-full deletion sequence (Y1, -..,Yryr) of T is defined by y,4 = Hér),
Yri = Zri — 92(7«) + 92(:)1, 1=2,...,1

Proof: Let (z.9,..., 2, = a, + x,1) be the (r — 1)-full deletion sequence of F. That

is, 2, is the number of deleted zeros in row ¢ — 1 of F, for ¢ = 2,...,r. Equivalently, it is

the number of deleted cells in row i of the Young diagram (as + x5)"_;, fori =2,...,r.
Then, a; + z;; is reduced to a; + x;; — 24, for e =2,...,r, and

F'=[(a; + 7 — 20)i9; (bay -5 br 1) (Cay e ooy 1); X'V € LRD, . (17)

Let 0" := min{z;1, 2z}, i = 2,...,r, and 01"), := 0. (Note that ) = z,,.)

When we apply the (r — 1)-full deletion operation to F we are applying the r-deletion
operation to 7. So, if z,; is the number of deleted cells in row ¢ of the Young diagram
(a; +,;)i_,, then, when we consider the Young diagram (a;+ 4 )"_; marked, from rlght
to left, in each row 7 with a; zeros and z;; symbols 1, it follows that z,; — 9Z- + 9Z- 2 is
the number of deleted zeros in row ¢ of 7.

Therefore, the r-full deletion sequence (y1,...,yr) of T is defined by y.1 = 95’"),
yr,izzri—9§)+92(+)1, i=2,...,T.

Thus, 701 = [(aﬁ’" v ,a(r 1)) (biy...,be—1); (c1y...,c—1); XU V] € LRD,_; is

=1,.

r

such that az(r_l) =a; — Ypi, 1 = 1, — 1, and
ZL‘Ylil) =11 + Gg), (18)
o = a0 16 i=2, (19)

Note that x,(fi_l) = 0. On the other hand, taking into account (17) and noting that,
fori=2,...,r,a" ™+ 20 =g, — g + 207 = 4 — [z -0 +9Z(i)1] + 2y — 6
+9§:)1 = a; — zy; + T;1, the lemma is proved. m

Theorem 11 Let T = [a,b,¢, X| € LRD, and F = [(a; + zi1)"_y; (bay...,b.); (c1y...,
¢r1); X'] € LRD, 1, where X' is the (r — 1) x (r — 1) matriz obtained from X by
suppressing the first row and the first column. Let Z = [z;] € Z"" such that the (r —
1) x (r — 1) submatriz in the last r — 1 rows and columns is the deletion-insertion matriz
of F, and z1; = zn =0, fori € {1,...,r}. Then, Y = [y;;] € Z"" the deletion matriz of
T is defined inductively by setting:

2 =, i=1,.

For k =, 2,

Ql(k) = rnln{:zrz(1 ,zkz} i= ,k, and 9,2421 =0,
xl(kl 2 ::xl('f)—ﬁi +9i+1, zzl,...,k—l,

Yki = ki — Ql(k) + 91(_]?1, 1=1,...,k, and y11 = a1 — 5:2 Qéj).
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Proof : The proof will be handled by induction on r. For r = 1, we have T =
[(al), (1‘11) (Cl) [1‘11” Then F = @, J = [0] and Y = [al]

For r = 2, we have T = [(a1,a2); (®11 + @21, 222); (c1,¢2); [7i5]] and F = [(a2 +
Ta1); (T22); (¢1); [x92]] with deletion-insertion matrix F' = [ay + 2;]. By previous lemma,

the second row of the deletion matrix Y of 7 is defined by 49 = 052) = To; and g9 =
as + Toy — 952) = ay. On the other hand, [y;] is the deletion matrix of 70 = [(agl));
(x11 + 221); (2); [xgl)]] € LRD, where a( ) Z = ay — 1yo; and xﬁ) =x + 952) = X1 + Tog.
Therefore, y11 = a1 — 221 = a1 — 9& ), Yo1 = 291 — 951) + 9&2) and yo2 = 229 — To1 = as.

Let r > 2 and suppose the truth of the theorem for » — 1. By previous lemma the
r-th row of the deletion matrix Y of 7 is defined by v, ; = z; — 92(7«) + 91(1)1, i=1,2,...,7,
where HZ(T) = min{z;, 2}, =1,...,7, and 9,(121 = 0.

Again by previous lemma, when we apply the r-full deletion operation to 7, we are
applying also the (r — 1)-full deletion operation to F. We obtain, therefore, 701 =
[(a§’"‘1), . ad )) (biy..., by_1); (cay...,¢); XUV € LRD,_; with deletion matrix
Y" = [y;]i;1, (the principal submatrix in the first r — 1 rows of V), and F' = (e +
2 1))l o; (boy ..oy by_1), (e2,...,¢o1), X' V] € LRD,_,, with deletion matrix F' =
[fi;])i ;L (the principal submatrix in the first 7 — 2 rows of F)). Let Z' = [2;]7;1, be the
matrix obtained from Z by suppressing the last row and the last column.

By induction hypothesis and taking into account (18), (19), the matrix Y = [y;;]7 ;1
is defined as follows

For k=r—1,...,2, define

o = min{xz(-]f),zki}, i=1,...,k and 0k+1 =0,

xl(ﬁ_l) = xglf) - 95’“’ + 92(_]?1, P = 1, ok —1
Yki = Zki — Hl(k) + 01(_]?1, t=1,...,k,and y1; == a1 — X\ _, Géj).
: j

The theorem is proved. m
Note that 00 = 7). Yryr = 2y — O = a, and o) =0, yp, = 92k Jfor k=2,...,r
Futhermore, by previous lemma, 2 = a,(gk) + :E,(fi), for k =2,...,7. So, 0} k) — x,g ) and

_ _9(’9)_ (k)f k=29
Ykk = Zkk L= a, ,tor k=2,...,r

According to previous theorem, the matrix Y, defined in (16), equals to

o=, 08 0 0 0 0 0]
9(2) - 0
0(3) — 08 + 0¥ 233 — 05 0 0 0
: : 0 0
957'—1) Zr_1o — 957'—1) + 9:(?)7'—1) Zr13 — 9:(?)7'—1) + 04([—1) o Zr1g—1 — g(r—l)
i o) zp2 — 05 40" zra — 05 + 087 ez — 0 4 9(’“) ar |

In what follows we need

Remark 5 (a) 6" = z,; = y.; = 01"
In particular, z,; =0 = 92(“) =0= yu = 91(1)1, and
Zu—1i = Zui = 0= Yy i1 = 0.

(6) 6 =) = otV =01

In particular, quf) =0= 331(?—1) = 91(1)1.
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(u=1)

(€) 0% £ 0= 2" > 0 and y,; > 0.

Let # > 1 and 7 € LRD, of type [a,b,c], with deletion-insertion matrix ¥ €
Z"", and b-decomposition defined by b, s = 0,...,r. Let TV € LRD,_, of type
[V (by,...,b—1); (¢r—s41, .- -, )], the LR tableau obtained from 7~ by r-full deletion,
and Y the principal submatrix in the first r — 1 rows of Y, the deletion matrix of 7~
Since Y records the a—decomposition of 7. This means that if we delete the last row of
&(T) = [b,a,¢,Y], we obtain ¢(TU V) = [(by,...,br—1);a" Vs (Crogyr, .o )5 Y]

Now, we address the symmetric question: Let T be the LR tableau obtamed from
T by suppressing the r-th row. Let Y be the deletion-insertion matrix of 7. May we
conclude that [¢(7)]" = ¢(T) and (b — b, ... by — b, byyq) is the (r + 1)-full
deletion sequence of ¢(7)? This would mean that Y is obtained from Y by inserting
(by — B b = b, br11), and that the b-decomposition of ¢(T) of type [b, a, c],
defines the b-decomposition of 7. In other words, if T = [a, b, ¢, X], the deletion-insertion
matrix of ¢(7) = [b,a,c,Y] is X. We shall prove that this is the case.

Lemma 8 Letr >0,k € {0,1,...,7} ande, = (01, 1,0"%). Let H = [(a4,...,ar,ar1);
(bla"'abk+17"'7brabr+1);(611027"'JCT+1);H]ELRDT+1 where H = [ f bo ]7
k r+1
with deletion-insertion matriz Y. Let T € LRD, obtained from H by suppressing the
(r+1)-th row, with deletion-insertion matrizY. Then, Y is obtained from'Y by inserting

(0%, 1, 0%, apy1). (We let eg := (07).)

Proof: The proof will be handled by induction on k. Let & = 0, then YV =
[ }(; ao ] which is obtained from Y by inserting (07, a,41) -
r+41
Let k > 1 and suppose the result is true for k—1. Let F = [(a;+x:1)i_g; (0:)i_y; (¢i)s;
X'| € LRD,_; where X' is obtained from X by deleting the first row and column of X,
and G = [(as + Ta1, ..., ap + Xp1,app1 +1)5 (oo b+ 1,00 by besr); (61,005 6); HY| €

— X' 0 5 . 1 s .

LRD,, where H' = . Let Z = [2;] € Z'U T with 2y = 2y =
€k—1 br—i—l

Zry1i =0, for i =1,...,7 + 1, where [2;]] ;_, is the deletion-insertion matrix of 7. Let

Z = z;) € Z" ! with 2z = 2, =0, fori = 1,...,r+1, where [2;]7t., is the deletion-

insertion matrix of G. By induction hypothes1s [zzj]” _, is obtained from [Z;]} ;_, by
inserting (0%72,1,0"%*! a,.1). Equivalently, Z is obtained from [Z;;]},_, by inserting
(0k_27 17 0r_k+1; ar+1)-

Without loss of generality, it is enough to consider Z: Zkjjte > 0,forj =0,1,...,r—
k.

Therefore, Z is such that zpy; 10 = Zkyjjt0 — 1 and zpqj41,542 = Zkyjr1, 42 + 1, for
J=0,1,....7 =k, Zry1,41 = ar41 and z;; = Z;;, otherwise.

Let Z as defined above. By previous theorem, given [2ij]} j—o the deletion-insertion
matrix of F, the deletion-insertion matrix ¥ of 7 is determined recursively as follows

(r+1) ._ C_
x%I )—.Z‘il,l—l,...,T,
r+1) |
Tpypp o= 0.

Foru=r+1,r,...,2,
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o) = min{xz(-f), Zui}, i =1,...,u, and 91(;21 =0,
e =gl 0™ 0 i =1, u—1,

2y

gu,i = ZA/uz - Hz(u) + 01(1)17 L= 17 s Uy and gll =a; — ;’:2 9&])
Fori=1,...,r+1, we have 0" =0, 2\ = 2™ and i1, = 0.

Again, by previous theorem, given Z the deletion-insertion matrix of G, the deletion-
insertion matrix Y of #, is determined by setting
(r+1) _ _
hy 7 i=xp, t=1,..0,1,
h(r+1) .
r+1,1 - —

Foru=1r+1,. ..,2,

)\Eu) = rnln{hZl Zuit, 1=1,...,u, and )‘1(221 =0,

P = b =AY N =1, e

Yui = Zui — )\Eu) + )\Z(ft)l, 1=1,...,u, and Y11 = aq — Z’"H AW

We want to relate the deletion insertion matrix Y € %’"“ 4 of H with the deletion-
insertion matrix Y € Z"" of 7. We shall relate Y @ [0] with Y by comparing each
rOW.

Foru=r+1, zrp1,-kt2 = Zrgrp—by2 + 1, Zrg1,i = Zrgr, for i £Fr —k+ 2,7+ 1.

We have A" = 0™ for i £ — k +2, and

)‘7(5;22 = min{qu_?l?,l, Zrp1r—ky2 + 1}

Here, we have to distinguish two cases:
+1 +1
(Zr+1) )‘Ef—le = 97(~r—k422 +1

and
r+1 r+l1
(IL1) M3, =003 = vy pian.

Case (To1): A5, = 051, + 1.

(r+1) (r+1) (r+1) .. . (r)
Clearly, 0,_, [y = Z, 41,42 and 1‘7, k+2 L > HT k+2 This implies z, 7, > 0.

Attending to remark 5, it follows

(r+1) (r+1)
01" k+2 — Zr+1 r—k+2 = yr+1 r—k+2 — 9r k+3 -

Now notice that we have the followmg implications

x,(n)k+21>0and Zrp_ k+2>O:>0T k+2>0

gi)k+2>0:>$1(~ k-|)-11>oandyrr k+1>0
x,(nrkllll>Oandzr L k+1>0:>9r k+1>0

l‘glfl-'_l) > 0 and 2k+1,3 > 0= 9§k+1) > 0,

0 > 0= &) > 0 and i1 > 0,
28] > 0 and 2415 > 0= 65 > 0.
This means that

ke ls Uht1,25 - - > Ur—10—ks U1 > 0. (20)
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Then,
hg) =z, t#Fr—k+1,r—k+2,
hf«r_kﬂ,l = Tr—kt1,1 + 1,

h£2k+2,1 = Tr pi21 — 1.
The (r 4+ 1)-th row of Y is, therefore,

Yrp1i =Urp1;, =0, fori #r—k+ 1,7 —k+ 2,7 +1,

Yr+1r—k+1 = 17 Yr4+1,r—k+2 = 0 and Yr+1,r+1 = Qpy1-
Proceed to the r-th row of Y.
Since the r-th row of Z is defined by z,; = 2, fori #r —k+1,r —k+2, 2,,_jp11 =
Zrp—kt1 + 1 and 2z, ,_pyo = 2 p_pyo — 1, we have
A =0 foriFr—k+1,r—k+2,
)‘1("7;)k+1 = 1(~1;)k+1 +1,

)‘E:)fk+2) - gr(«r—)kﬂ — 1.

Hence,

hﬁ{‘” = :Eg_l), fori #r—k,r—k+1,
W =25 + 1, and

WD =l 1.
Finally, we get
Yri = Ypi, for o #r —k,r =k +1,
Yrop—k — gr,r—k + 1, and Yrpr—k+1 = gr,r—k-l—l — L
Proceeding to the (r — 1)-th row of Y, we verify that we are reduced to the previous
situation. So, by an inductive argument, we conclude that Y is defined by

Ykl = Qk,1 -1,

Yet1,1 = Yk+110 + 1, Ybr12 = Uky12 — 1,

Yr—1r—k—1 = gr—l,r—k—l + 17 Yr—1r—k = gr—l,r—k - 17
Yrr—k = gr,r—k +1, Yrg—k+1 — gr,r—k—l—l -1,
and
Yratr—k41 = Ly Yri1,p41 = Qg1
and

Yij = Ui j, otherwise.

Considering (20), Y is obtained from Y™ by inserting (051, 1,0" %, a,1).
C II . )\(r-i-l) . 9(7"—1—1) _ (r+1)

ase(Il,1): r—k+2 = Yr—k42 = Tr_f42,1-
First notice that 074", = xfﬁfju and

(1) (r41) () YCES
Or—kio = Tp_gio1 = Tp gy = Op_pizn =0,
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x1("7;)k+2,1 =0= 91(nr—)k+2 =0, (21)

97(«7;)“2 =0and 2, k42 > 0= Grp_ps2 > 0.
In this case the (r + 1)-th row of Y is defined by
Yritr k+2 = Ly Yrytr41 = Gry1, and Ypy1; = Yry14, Otherwise.
Proceeding to the r-th row of Y, we start by checking
)\Z(r) :91(7"), fori #r—k+1,r—k+2.

Considering xffjkw,l =0= 9£’2k+2, we have

)‘1(}‘7“2) = 91(nr—)k+2 = 0.
Now,
)\Sf"_kﬂ) = min{xff_)kH’l, Zrr—kt1 + 1}

So, here, we have again to distinguish two cases

(Zr) )\S;)kﬂ = 97(1)“1 + 1,

and

(11,) )\f« )k-i—l = 97(« )k—i—l = 375« )k—i—l 1

Subcase (I,): )\Eﬁkﬂ = 9,(qr_)k+1 + 1.

Clearly, Hir)kJrl = Zr41,r—k+1 and xff)

Considering remark 5 and (21), £ )k+2 L= 97{ )k+2 = 0, it follows

k11 > H,Er)kﬂ This implies ngkﬁll > 0.

91(~T—)k+1 = Zror—k+1 = Yrp—kt1 = 91(~T—)k+2 = 0.

Now, notice that we have the follovvlng implications
—

0£Tk211>02>x5, kll>0andyr Lr k>0

xékfrl) >0andzk+13>0:>9

>0
H(HI) >0;»:c§1) >Oandyk+12>0
()

T31 >0 and Zp113 > 0= 02
This means that

(k+1)

gk,la gk+1’27 cee 7?21‘—1,7‘—/6 > 0. (22)
We have
hg*l)—xl yfori#r—kr—Fk+1,
Wi = £_,€j +1 and
r—1 r—1
hfuk,i = xfukll,l -1
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Finally, we get the r-th row of Y
Yri = ri, for i #£r—k,r—k+1,r—k+2,

Yrr—k = gr,r—k + 17 Yrgr—k+1 = gr,r—k—l—l = 07 and Yrr—k+2 = gr,r—k+2 — 1.

Proceeding to the (r — 1)-th row of Y, we verify that this situation has been already
studied in case (I,,1). So, Y is defined by

Ykl = Qk,1 -1,

Yet1,1 = Yk+110 + 1, Ybr12 = Uky1,2 — 1,

Yr—1p—k—1 = Yr—1,r—k—1 + 17 Yr-1r,—k = Yr—17-k — 17

Yrrk = Urr—k + Ly Yrp—kr1 = Yrp—kt1 — 1,
and
Yrr—kt1 = 0, Yrp—k2 = Yrr—kt2 — 1,
Yrt1r—k+2 = 1, and gr+1,r+1 = Gpy1,
and y; ; = v, j, otherwise. A
Considering (22), Y is obtained from Y by inserting (071, 1,0" % a,,).

It remains to consider
Subcase(IL,): )‘S;)kJrl = 01("1;)k+1 = xgi)kJrl,l'

First notice that 9,(qr_)k+1 = 5«7;21421,1 and
+1 -1
gf(i)kﬂ = 55&#1,1 = xy(ikll,l - 9rck+2a1 =0,

r—1 r—1
xfukll,l =0= 01("4%21 =0, (23)

-1 ~ ~
97(119421 =0and Zr—1,r—k+1 > 0= Yr—1,0r—k+1 > 0.

In this case, the r-th row of Y is defined by

Yryr—k+1 = gr,r—k—l—l + 17 Yrgr—k+2 — gr,r—k+2 - 17
and y,; = ¥, otherwise.
Proceeding to the (r — 1)-th row of Y, we start by checking that

A — gD v £ — ke — K+ 1

2

Considering fy__kll1,1 —=0=0"3"),, we have

(r=1) _ plr=1) _
)\(rfk+1) - 0r7k+1 = 0.
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Now,
)\(T—k)

(r—=1) — mln{xg“r—_]cl,ia 27"—1,1"—]@ + ]-}

We verify that this situation has been already studied, and, therefore, we have two
possibilities for Y: either it is defined by

Ykl = Qk,1 -1,

Yet1,1 = Yk+110 + 1, Ybr12 = Uky12 — 1,

Yk+uut+l = gk-l—u,u—l—l + 17 Yk+tuut+2 = 07 Yk+uut+3 = gk—l—u,u-i-?) - 17 for some 1 <u<r— k— 17

Yktut1ut+3 = Uktuttuts T 1y Yrtutiuss = Uktutiuss — 1

and
Yryr—k+1 = gr,r—k—l—l + 17 Yryr—k+2 = gr,r—k+2 - 17 Yr41,r—k+2 = 17 and Yr4+1,r+1 = Ap41,
and y; ; = ¥; j, otherwise; or by
Yk+ij+2 = Yrtigre = L Uksjrrgre = Yrjrgee + 1, for g = 0,1, .0 — K.
YUr+1lr—k+2 = ]_, and Yis = gi]‘, otherwise.
In both cases, we have ¥ obtained from Y by inserting (051, 1,0"% a,,,). =

Proposition 5 Let v > 0 and k € {0,1,...,r}. Let H = [(ay,...,ar,ars1); (b1, ..
b+, ... b, bei1); (er,¢0, ..o Crq1); H € LRD, oy, wherea > 0, H = l X 0 ]

)

aep by
with deletion-insertion matriz Y. Let T € LRD, obtained from H by suppressing the
(r+1)-th row, with deletion-insertion matrizY. Then, Y is obtained from'Y by inserting
(Ok_la «, Or_ka aTJrl) :

Proof: When k = 0, this situation has been already studied in the previous lemma.
Let k£ > 1. The proof will be handled by induction on «.
By previous lemma, the result is true for o = 1.

Let @ > 1 and suppose the result is true for « — 1. For i = 1,...,a — 1, let
Hi = [(a1,...,ar,0); (b, bp + 4y brybryy); (61 + @ — 4o, .., Cry); Hi], where
i = [ zf bO ] Let Y; be the deletion-insertion matrix of H;, fori=1,...,a — 1.

k r+1

Let Y] be the principal submatrix in the first r rows of Y;. We shall show that
Y € Z'YH is obtained as follows: (i) by inserting (0F~1,1,0" %) to ¥V, we get
Yy € Z' 1 then (i4) by inserting (0F~!, a—1,0""% a,,,) in Y/, we get an (r+1)x (r+1)
matrix, let us say, W; and eventually (i77) by adding the (r + 1)-th row of Y; to the
(r + 1)-th row of W, we get Y. This means that Y is obtained from Y by inserting
(Okil, «, Orik, ar+1).
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By previous lemma, the deletion-insertion matrix Y; of H;, is obtained from Y by
inserting (0F~',1, 0"=%+1,0). Let (#;) be the LR rectangular tableau obtained from
H, by (r + 1)-full deletion. The deletion-insertion matrix of (H;)" is Y.

Let us denote by kq,...,kq 1, ka, from left to right, the o symbols k in the (r + 1)-
th row of H. Let Kq,..., Ky 1, K, be the deletion paths generated by ki, ..., ko 1, ka,
respectively.

Now, let H"*= be the LR rectangular tableau obtained from #H by deletion generated
by the symbol k,, and HXe the one obtained from H** by suppression of the (r + 1)-th
row. Therefore, 7%« = (H;)™) and the deletion-insertion matrix of HX« is Y7.

Let W be the deletion-insertion matrix of #**. By inductive hypothesis, W is ob-
tained from Y/ by inserting (0¥~! o — 1, 0"7% a,, ).

0, O

We claim that Y = W + [ w0 ] , where [w,0], 1 X (r+1), is the (r +1)-th row of

Y.

Let W’ and Y’ be the principal submatrices in the first r» rows of W and Y, respec-
tively.

Let H) and (%)™ be the LR rectangular tableaux obtained, respectively, from
H and H" = by (r + 1)-full deletion. Then, H") = (H*)") and the deletion-insertion
matrix of H") is V' = W'

Finally, note that the (r 4+ 1)-deletion sequence of H is the (r 4+ 1)-th row of W plus
the (r 4+ 1)-th row of Y;, wich, by definition of deletion matrix, is precisely the (r + 1)-th
row of Y. Hence, the claim is true. This means that Y, the deletion-insertion matrix of
H, is obtained from Y by inserting (0*~', a, 0"%, a,,).m

Proposition 6 Let r > 0 and H = [(a1,...,ar,ar11); (b1 + a1, ..., b + a,bry1); (e,

_ X 0
C2y---yCry1); H| € LRD,.y 1, where H = o b
Y be the deletion-insertion matriz of H. Let T € LRD, obtained from H by deleting the
(r+1)-th row, with deletion-insertion matrizY. Then, Y is obtained from'Y by inserting

(ala <oy Oy a?‘-l—l)-

,a; >20,1=1,...,r. Let

Proof: Let m :=#{i € {1,...,7}: a; > 0}. The proof will be handled by induction
on m. By previous proposition the result is true for m =0, 1.

Let m > 1, and suppose the result is true for m — 1. Without loss of generality, we
may assume that aq,...,q, > 0. Let H,, = [(a1,...,a,,0);(b1y... by + @y ..., by,
bri1); (1 +ar+ ...+ Qm 1,62, .., ¢r11); Hy] € LRD, . with deletion-insertion matrix
Ya,,. Let (Ha, )™ be the LR rectangular tableau obtained from H,, by (r + 1)-full
deletion. Then, the deletion-insertion matrix of (H,, )™ is the principal submatrix in
the first r rows of Y, _, denoted by (V,,,)".

Let Z be the deletion path chain generated by the o, symbols m. Now, let HZ
be the LR rectangular tableau obtained by deletion generated by the a,, symbols m
in the (r + 1)-th row of H. Let W be the deletion-insertion matrix of HZ. Since,
HZ = (Hz)™ it follows by induction hypothesis that W is obtained from (Y, )" by
inserting (a1, ..., Qm_1,0""™ apq1).
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Let (#%)) and (H)™ be the LR rectangular tableaux obtained, respectively, from
HZ and H by (r + 1)-full deletion. Let W’ and Y’ be the principal submatrices in the
first r rows of W and Y, respectively.

Then, (#%)") = (H)") and the deletion-insertion matrix of (#)™ is W’ = Y’. But
the (r+ 1)-deletion sequence of H is precisely the (r + 1)-th row of W plus the (r + 1)-th
row of Y,, . m

Proof of theorem 11.

We claim that if [a,b,c,X] € LRD, has deletion- insertion matriz Y, then the
deletion-insertion matriz of [b,a,c,Y] € LRD, is X.

We prove the claim by induction on r. For r = 1, we have [(a1), (b1), (¢1), X = [b1]] €
LRD, with deletion-insertion matrix Y = [a4]. So, [(b1), (a1), (c1),Y = [a1]] € LRD,
and the deletion-insertion matrix is clearly X = [b].

Let r > 1 and suppose the claim is true for r — 1. Let 7 = [(a1,...,a.); (b1, ..., b.);
(c1,...,6); X = [z;5]] € TRD, with deletion-insertion matrix V. Let 7 = [(a1,...,a, 1);
(by —a1,...,b, 1 —a, 1); (c2y...,¢); X'] € LRD, ; obtained from 7 by suppressing

X' 0
o ... Qpq by
ap—1 + Z?;ll Tp_1; > Qp + Zle aj, fork=1,...,r —1.

Let Y be the deletion-insertion matrix of 7. According to previous proposition, Y is
obtained from Y by inserting (aq,. .. 00 1,bp).

Now, let H = [(b1,...,b.); (ai,...,a.); (c1,...,¢.); Y] € LRD, and H' = [(b; —
a1y b1 —p1); (a1, ... a,1) (¢a,...,¢); Y] € LRD,_;. By induction hypothesis,
the deletion-insertion matrix of #' is X’ and, in particular, (z,_11,...,Zp_1,_2) is the
(r — 1)-deletion sequence of H'.

By theorem 6, (ay, ..., . 1,b,) is a full insertion sequence mod(a,) of H'. Therefore,
by inserting mod(a,), (aq,...,0, 1,b.), on H' we obtain an LR rectangular tableau.
Considering the relationship between Y and 17, this LR tableau is precisely H, and
considering the definition of insertion matrix, the deletion-insertion matrix of H is X.
The claim is proved. [

the last row. Therefore, X = , and, in particular, recall that

5.3 An example

Here we give illustrations of the algorithm of insertion defining 7 and of the algorithm

of deletion defining ¢.
The following example is an illustration of 7 in LRD,. Let

2 0 0 O
1 0 0 O 7
T:[(675’2’0);(5;471’0);(4737270);)(: 1 2 0 0 } € LRDy,
1 2 1 0
graphically represented by
11
1
112(2
11223
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To calculate the image of this LR rectangular tableau under m, the algorithm of
insertion runs as follows.

We consider the following rectangular numbered diagram, where the boxes of length
x;; can be thought as being z;; unitary boxes labelled with 0,

T11 1 1 1 1 1 1
T2 | 2 2

32 31| 3 3
43| w42 |za1

Now, the row insertion and column sliding operations are going as follows.

The first row of this numbered diagram defines an LR rectangular tableau of type
[.’L’H, ay, 0]

Insert x9; = 1 symbol 0 in the first row by sliding down, to the second row, the left
most z9; = 1 symbol 1

T11 T21 | 1 1 1 1 1
12222712

32 31| 3 3
T4z | ma2 |74

The two first rows of this numbered diagram define an LR rectangular tableau of type
[(z11 + @21, 0); (a1, az); (c3, 0)].

Insert x32 = 2 symbols 0 in the second row by sliding down, to the third row, the left
most 232 = 2 symbols which are strictly larger than 0 (one symbol 1 and one symbol 2);
insert x3; = 1 symbol 0 in the first row by sliding down, to the second row, the left most
x31 = 1 symbol 1; on each turn, this x3; = 1 slided symbol 1 is inserted in the second row
by sliding down, to the third row, the left most x3; = 1 symbol which is strictly larger
than 1 (one symbol 2),

T11 T21 | 31 1 1 1 1
32 1 2 2
1 2 2 3 3
T43 T42 Ta1

The first three rows of this numbered diagram defines an LR rectangular tableau of
type [(352; i1, 232, 0); (a1, az, as); (c2, ¢3,0)].

Insert x43 = 1 symbol 0 in the third row by sliding down, to the 4th row, the left most
x43 = 1 symbol which is strictly larger than 0 (one symbol 1); insert z45 = 2 symbols 0
in the second row by sliding down, to the third row, the left most x4 = 2 symbols (one
symbol 1 and one symbol 2) which are strictly larger than 0; on each turn, these slided
49 = 2 symbols are inserted in the third row by sliding down, to the 4th row, the left
most x4 = 2 symbols which are strictly larger respectively than 1 and 2 (one symbol 2
and one symbol 3),

tin [@afza] 1 [ 1 ]1 1
T32 Ta2
T43 | 1 2 2 3
1 2 3 [ Ta
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Now, insert x;; = 1 symbols 0 in the first row by sliding down, to the second row, one
symbol 1; this symbol 1 will be inserted in the second row by sliding down to the third
row, one symbol 2; and this symbol 2 will be inserted in the third row by sliding down
to the 4th row one symbol 3; finally, the symbol 3 is inserted in the 4th row,

t1n [@afzaioa| 1 [ 1] 1
32 Z42
43| 1 2 2
1 2 3 3
3 0 0 O
: 1 1 0 O :
The output is [b,a,c,v = L3 0 o |I-Now applying 7 to
1 1 2 0
Y11 1 1 1 1 1
y22 (w21 2 [ 2
Y32 Y3l | 3
Y43 [ya2 [ ya1

we obtain [a, b, ¢, X].

Now, we illustrate the mapping ¢. To calculate ¢(7) we have to perform the following
projections starting with 7.

1[1
1 111
1[2]2 ]2 L[i]i]1
1[2]2]3 , 11[2]2]2]3 7 1]2]2]2]2 L[ [ufufefufr]
We obtain the following sequence of deletion sequences (yg = 1,y = 1, ys3 =

2,y14 =0); (y31 = 1,y32 = 3,433 = 0); (Y22 = 1, y21 = 1); (y11 = 3).
So we have 7(T) = &(T).
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