Proceedings of the 12th International Conference
on Computational and Mathematical Methods

in Science and Engineering, CMMSE 2012

July, 2-5, 2012.

Memory effect in time and space in non Fickian diffusion
phenomena

J.A. Ferreira! and G. Pena'

L CMUC, Department of Mathematics, University of Coimbra

emails: ferreira@mat.uc.pt, gpena@mat.uc.pt

Abstract

Usually diffusion processes are simulated using the classical diffusion equation. In
certain scenarios such equation induces anomalous behaviour and consequently several
improvements were introduced in the literature to overcome them. One of the most
popular was the replacement of the diffusion equation by an integro-differential equation.
Such equation can be established considering a modification of Fick’s mass flux where a
delay in time is introduced. In this paper we consider mathematical models for diffusion
processes that take into account a memory effect in time and space.
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1 Introduction

The diffusion process is usually simulated using the classical diffusion equation

Jc
a—i—v-Vc—V-(DVc):fian(O,T], (1)
where ¢ denotes the diffusion concentration, v and D represent, respectively, the velocity
and the diffusion tensor, ! C R", and f denotes a source term. Throughout the paper, the
velocity v is assumed constant in space and time. Equation (1) is established combining
the mass conservation law

Odc
a—i—V-J—f, (2)
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where the mass flux is split into J = J, + Jp, J, denotes the advection flux
Jo = ve, (3)

and Jp is given by Fick’s law
Jp = —DVe. (4)

For instance, when diffusion processes occur in porous media, the diffusion tensor is given
by
D =D,, I+ Dy (5)

where D, is associated with molecular diffusion and Dy represents the dispersive tensor
that depends on the velocity v. It was observed in this case that (1) gives accurate results
in laboratory environment for perfectly homogeneous media and a deviation of Fickian
behaviour is presented when nonhomogeneous media are used (see for instance [5], [9], [8]).
The main limitation induced by (1) is the infinite propagation speed which is associated
with its parabolic character.

To overcome the deviations observed when (1) is used, several approaches have been
introduced in the literature, see [9] for some examples. In this paper we consider the use of
differential equations for the mass flux J or for Jr that replaces Fick’s law (4). We shall see
that this induces a memory effect in time or in time and space. The paper is organized as
follows. In Section 2 we consider that the memory effect is only introduced in time and we
present several mathematical models to replace the classical diffusion equation depending
on the smoothness of the data. If the memory effect is introduced is space and time then
the classical diffusion equation is replaced by a set of models presented in Section 3.

2 Memory in time

A common approach introduced in the literature to avoid the infinite propagation speed
observed when the classical diffusion equation is used, is the replacement of Fick’s law for
J by differential relations.

2.1 Non Fickian contribution

We start by considering the replacement of Fick’s law for the flux J by the following differ-
ential equation

oJ
el - D
T 5 +J Ve, (6)
where 7 is a delay parameter (see [8]). This relation leads to
1 [t s _t
gty = -2 / =5 DVe(s) ds + J(0)e - (7
T Jo

©CMMSE Page 555 of 1573 ISBN:978-84-615-5392-1



J.A. FERREIRA, G. PENA

We remark that (6) can be obtained from
J(t+71) =—-DVec, (8)

neglecting second order terms in a Taylor’s expansion of J in 7. Equation (8) means that

the dispersion mass flux is induced by the gradient of the concentration but at a delay time

which means that a memory effect in time is introduced following this approach.
Combining (6) with (2) the following integro-differential equation is obtained

t t—s t
gi—l—v-Vc—l/ e 7 V- (DVe(s)ds+V-J0)e = = f in Q x (0,7]. (9)
T Jo

The case when J(0) = 0 in equation (9) was largely studied from a mathematical point of
view. Without being exhaustive we mention [1], [2], [3], [6], [7], [10], [11] and [12].

It should be pointed out that this approach requires the smoothness in space of J at
t = 0. Moreover the integro-differential equation (9) is equivalent to an hyperbolic equation
if the initial concentration is smooth enough. In fact, it can be shown that (9) is equivalent

to
gig—i-v-vgi—i-ql_ (Z;;f—i-v-Vc) —iV-(DVc)—i-g{—i—{_ in Q x (0,77, (10)
with the initial conditions
c(0) = o
{ g(;(o) — Vet f0) ™Y (11)

where ¢y denotes the initial concentration.
In presence of nonsmooth data, the simulation of the concentration is obtained consid-
ering the coupled problem

@‘FU-VC-FV'J:]C

‘%J in Q x (0,7), (12)
—+J=-D
T + Ve
defined in 2 x (0,77, with the initial conditions
J(0) = Jy
in Q, (13)
c(0) = ¢

and convenient boundary conditions. Coupled problem (12), (13) can be easily discretized
in space and time using an implicit-explicit approach.
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2.2 Fickian and non Fickian contributions

In what follows we assume that the mass flux admits the decomposition J = Jg+ J,r where
Jr is defined by Fick’s law with a diffusion tensor Dg and a non Fickian contribution J, g
defined by (6) with a diffusion tensor D, p. In this case J admits the integro-differential
representation

J(t) = —DpVe(t) — % /0 t e~ 7 DVe(s)ds + Jup(0)e 7. (14)

and the integro-differential equation (9) is replaced by

0 L[t e
a—j +v-Ve—V - (DpVe) — 7_/ e T V- (DnrVe(s)) ds—i—V-JnF(O)e*% = f in Qx(0,7).
0
(15)
Moreover (12) is in this case replaced by
Oc
E—FU'VC—V'(DFVC)—V'JnF:f
iy in Q x (0,7]. (16)
T azF + Jorp = —D,rVec

3 Memory in time and space

3.1 Non Fickian contribution

To introduce memory in space and time, it is necessary to introduce in equation (6) spatial
derivatives. In [5] the following equation for one dimensional domain was considered

T%}{ +7(v-V)J+J=-DVe. (17)

If we neglect the two first terms of the first member of (17) then we recover the classical
Fick’s law.

Using the method of characteristics in (17) we obtain for the dispersion mass flux the
following expression

J(2,t) = e £J(0) - i/o =5 DVe(x + (s — 1), 5) ds. (18)

This equation can be obtained from

J(x+71v,t+7)=—DVec(x,t) (19)
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neglecting second order terms in a convenient Taylor’s expansion. Equation (19) reflects
the memory effect in space and time: the mass flux at x + 7v at time ¢ + 7 is related with
the gradient of the concentration at a delayed position x and at a delayed time £.

From equation (2) and (19) we obtain the following integro-differential equation

t
gi—i—v-Vc—i/ e~ V- (DVe(w+v(s—1),5)ds+V-J(0)e 7 = f in Qx (0,T], (20)
0

which requires smoothness on J at ¢ = 0. The numerical simulation of (20) imposes several
difficulties, namely, the requirement that all data from previous time levels be stored to
approximate properly the integral, as well as the shift in the space variable in Ve.

We establish in what follows an hyperbolic equation combining (17) with the mass
conservation equation (2). From (2) we obtain

V.Jz—gj—vvwf, (21)
V~((U~V)J):—U-Vgg—v-V(v-Vc)—i-v-Vf, (22)
and 0] 9% dc  of
'Ez—@—v-va—ka. (23)
Furthermore, from (17) we also have
V'J—i-TV'%Z+TV‘((U‘V)J)I—V-(DVC). (24)

Replacing (21)-(23) in (24) we obtain the following third order hyperbolic equation with
mixed derivatives

0% Ooc 1 /0c of
@—i—%-va—%;(a—l—v-VC—V-(DVC))—i—v-V(v-Vc)—E—i-%Vf—l-

in 2 x (0,7]. We point out that the establishment of (25) requires smooth data and it
should be complemented with the initial conditions

Oc 0) = v

a( in Q. (26)
c(0) = ¢

S

T

(25)

In presence of non-smooth data, the simulation of the concentration and mass flux is
obtained considering the coupled problem

%+U-V0+V-J:f
in Q x (0,7], (27)

oJ
J+T§ +7(v-V)J =—-DVec
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defined in Q x (0,77, with the initial conditions (13) and convenient boundary conditions.
Coupled problem (27), (13) can be easily discretized in space and time using an implicit-
explicit approach.

3.2 Fickian and non Fickian contributions

In what follows we assume that the mass flux admits the decomposition J = Jg+ J, where
Jr is defined by Fick’s law with a diffusion tensor Dg and a non Fickian contribution J, g
defined by (17) with a diffusion tensor D, . In this case J admits the integro-differential
representation

t a
J(,t) = €77 Jup(0) — DpVe(x, t) — 1/ €T DupVe(z +u(s —t),5)ds,  (28)
0

T

and the integro-differential equation (20) is replaced by the following one

1 t t—s
oe +v-Ve—V - (DpVe) —— / e = V- (DppVe(zr+v(s—1t),s))ds
+V - Jup(0)e 7 = f in Q x (0, 7.
In this case the hyperbolic equation (25) is replaced by
0% Oc Oc 1 [/ 0c
_of .
+v-V(v-Ve) —v-V(V-(DpVe)) = a—i—%Vf—i—; in Q x (0,7,
(30)
and (27) takes the form
Jdc
a+v-Vc—V-(DFVc)+V'J:f
Y . D in Q x (0,7]. (31)
(VT4 =T = -Lye
ot T T
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