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ABSTRACT: We derive closed formulas for the condition number of a linear function
of the total least squares solution. Given an over determined linear systems Az = b,
we show that this condition number can be computed using the singular values and
the right singular vectors of [A,b] and A. We also provide an upper bound that
requires the computation of the largest and the smallest singular value of [A, b] and
the smallest singular value of A. In a numerical example, we compare these values
with the condition estimate given in [17].
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1. Introduction.

Given a matrix A € R™" (m > n) and an observation vector b € R™,
the standard over determined linear least squares (LS) problem consists in
finding a vector x € R" such that Az is the best approximation of b. Such a
problem can be formulated using what is referred to as the linear statistical
model

b=Ar+e AcR™" beR™ rank(A)=n,

where € is a vector of random errors having expected value E(e) = 0 and
variance-covariance V (¢) = o°1.

In the linear statistical model, random errors affect exclusively the observa-
tion vector b while A is considered as known exactly. However it is often more
realistic to consider that measurement errors might also affect A. This case
is treated by the statistical model referred to as Errors-In-Variables model
(see e.g [17, p. 230] and [5, p. 176]), where we have the relation

(A+ E)x =b+e.

In general it is assumed in this model that the rows of [F, €] are indepen-
dently and identically distributed with common zero mean vector and com-
mon covariance matrix. The corresponding linear algebra problem, discussed
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originally in [12], is called the Total Least Squares (TLS) problem and can
be expressed as:

min (2, 6)]lr, (A+E)x=b+e. 1)

where ||| denotes the Frobenius matrix norm. As mentioned in [17, p. 238|,
the TLS method enables us to obtain a more accurate solution when entries
of A are perturbed under certain conditions.

In error analysis, condition numbers are considered as fundamental tools
since they measure the effect on the solution of small changes in the data.
In particular the conditioning of the least squares problem was extensively
studied in the numerical linear algebra literature (see e.g [5, 7, 8, 10, 15, 16,
18, 19, 23]). Recently, the more general case of the conditioning of a linear
function of an LS solution was studied in [2, 4, 9]. Also one can find in [3]
algorithms using the software libraries LAPACK [1] and ScaLAPACK [6] as
well as physical applications.

As far as we are aware, there is no closed formula for the conditioning
of the TLS problem. In this paper, we propose to derive an exact formula
for the condition number of the TLS problem when perturbations of (A, b)
are measured using a product norm. To be as general as possible, we con-
sider again here the condition number of LTz, linear function of the TLS
solution. The common situations correspond to the special cases where L is
the identity matrix (condition number of the TLS solution) or a canonical
vector (condition number of one solution component). The conditioning of
a nonlinear function of a TLS solution can also be obtained by replacing in
the condition number expression L by the Jacobian matrix at the solution.

2. Definitions and notations.

2.1. The total least squares problem. Let A € R"*" and b € R™, with
m > n. Following [17], we consider the two singular value decompositions
of A, and [A,b] : A = U'S'V'T and [A,b] = USVT. We also set ¥ =
diag(oy,...,0n41), X' = diag(ol,...,0.), where the singular values are in
nonincreasing order, and define \; = o2, and X, = o2,

We consider the total least squares problem expressed in Equation (1) and
we assume in this text that the gemericity condition o], > 0,1 holds (for
more information about the "nongeneric” problem see e.g [17, 20]). From [17,
Theorems 2.6 and 2.7], it follows that the TLS solution x exists, is unique,
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and satisfies
v = (ATA =\, 1L,) " AT, (2)

In addition, [_:1: is an eigenvector of [A, b]T[A, b] associated with the simple

1
eigenvalue \,y1, i.e 0, > 0,1 guarantees that A,,; is not a semi-simple
eigenvalue of [A, b]T[A,b]. As for linear least squares problems, we define the
total least squares residual » = b — Ax, which enables us to write

1 T ATA ATh] | rlr
)\TL+1 - 1—|—ZUTQ7 [.I ) _1} [bTA bTb] [_1] - 1—|—Q?TZIS' (3)

As mentioned [17, p. 35|, the TLS solution is obtained by scaling the last
singular vector v,+1 of [A,b] until its last component is —1 and, if v;,11
denotes the ith component of v, .1, we have

1

[Ul,n+1> e avn,n—&-l]T- (4)
Un+1,n+1

r = —

The TLS method involves an SVD computation and the computational cost
is higher than that of a classical LS problem (about 2mn?+12n3 as mentioned
in [13, p. 598], to be compared with the approximately 2mn? flops required
for LLS solved via Householder QR factorization).

2.2. Condition number of the TLS problem. To measure the perturba-
tions on data A and b, we consider the product norm defined on R™*" x R™

by [[(A,b)||r = \/HAH% + ||b]|3 and we take the Euclidean norm ||z||, for the

solution space R". In the following, the n x n identity matrix is denoted by
I,.

Let L be a given n x k matrix, with £ < n. We suppose here that L is not
perturbed numerically and we consider the mapping

g : RW"xR" — R”
(A, D) — g(A,b) = LTa(Ab) = LT(ATA — \, 1 1,) LAT),

Since \,.1 is simple, g is a Fréchet-differentiable function of A and b, and
the genericity assumption ensures that the matrix (ATA — X\, 11,)"! is also
Fréchet-differentiable in a neighborhood of (A,b). As a result, g is Fréchet-
differentiable in a neighborhood of (A, ).
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Then the condition number as defined in [11, 21] of LT x, linear function of
the TLS solution can be expressed as

19'(A, b).(AA, Ab)||,
K(L,A,b) = max : 5
( ) (AA,Ab)£0 |(AA, Ab)|| ¢ (5)

In the remainder, the quantity K (L, A,b) will be simply referred to as the
TLS condition number, even though the proper conditioning of the TLS
solution corresponds to a special where L is the identity matrix.

Remark 1. The case where g(A,b) = h(x), with h being a differentiable
nonlinear function mapping R” to R¥ is also covered because we have

§/(A,B).(AA, AB) = 1 (2).(/(A,5).(AA, AB)),
and LT would correspond to the Jacobian matrix h'(z).

3. Explicit formula for the TLS condition number.

3.1. Fréchet derivative. In this section, we compute the Fréchet dérivative
of g under the genericity assumption, which enables us to obtain an explicit
formula for the TLS condition number in Proposition 2.

Proposition 1. Under the genericity assumption, g is Fréchet differen-
tiable in a neighborhood of (A,b). Setting By = ATA — X\,411,, the Fréchet
dérivative of g at (A,b) is expressed by

g(Ab) : R™" x R" — R
(AA,Ab) — LTB;! (AT + 11—5) (Ab— AAx)+  (6)
LTB'AATy.

Proof: The result is obtained from the chain rule. Since A1, expressed in
Equation (3), is a simple eigenvalue of [A, b]T[A,b] with corresponding unit

eigenvector \/1+1W [mT —1} " we know that, up to first order in AA and Ab,
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An+1 can be written [22] A\,.1 + A\, where
1

M= L g [ ATAa AA§b+ATTAb] [_:c]
e TAA+ADTA  AVTh+BTAD | |1
= (TAAT A — T AT — AT A+ 1T A)
T (AT T — AT
= (A A,

yielding
AN =

2rT(Ab — AAx) )
1+ 2Tz '
Considering B;l, using (7) and applying the chain rule, we obtain a first
order expansion B;l + AB~! with

AB™' = —B' (AATA+ ATAA - AML) By
2rT(Ab — AA
_ gt (aatay atan - A AAY) A
1+ 2Tz

The chain rule now applied to g(A, b) leads to g(A,b) + LT4§, with
§ = —B' (AA"A+ ATAA - ANL) Bi'ATb+ BT AATb 4+ BT AT Ab
= —B' (AATA+ ATAA - ANL) x + B (AATD + AT AD)

o 2arT 1A 4T
= B (AT + o ) (Ab— Ade) + B AATY,

and left multiplying § by LT gives the result.
O

We now introduce the vec operation that stacks all the columns of a matrix
into a long vector: for A = [a1,...,a,] € R™", vec(A) = [a],... al]T €
R™>1 Let P € R™>™" denote the permutation matrix that represents the
matrix transpose by vec(BT) = Pvec(B). We remind also that vec(AX B) =
(BT® A)vec(X), where ® denotes the Kronecker product of two matrices [14,
p. 21].

Let us now express the matrix representing ¢'(A, b), denoted by M. Since
g'(A,b).(AA, Ab) € R*, we have ¢'(A,b).(AA, Ab) = vec(g'(A,b).(AA, Ab))
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and setting in addition D), = LTBA_1 (AT+ M) € R¥™_ we obtain

1+2Tx
from (6)

g'(A,b).(AA,Ab) = vec (D) (Ab— AAz)+ L"B'AA™Y)
= (—2" @ D)) vec(AA) + (r" @ (L"By")) vec(AA") + DyAb

vec(AA)} |

— [—xT ® Dy + (TT ® (LTB)Tl)) P, D/\} [ Ab

Then we get

My = [-2T @ Dy + (rT ® (LTB')) P, D,] € RF*(mmim),

But we have ||[(AA, Ab)||r = ‘ and then, from Proposition 1

vec(AA)

Ab
and using the definition of K (L, A,b) given in Expression (5), we get the
following proposition that expresses the TLS condition number in terms of
the norm of a matrix.

Proposition 2. The condition number of g(A,b) is given by
K(L, A,b) = Mg,
where

My = [-2"@Dy+ (rT® (LTBY)) P, D, € RF*tmmtm),

3.2. Adjoint operator and algorithm. Computing K (L, A, b) reduces to
computing the spectral norm of the k& x (nm + m) matrix M. For large
values of n or m, it is not possible to build explicitly the generally dense
matrix M. Iterative techniques based on the power method [16, p. 289]
or on the Lanczos method [13] are better suited. These algorithms involve
however the computation of the product of /\/lgT, by a vector y € R¥. We
describe now how to perform this operation.
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Using successively the fact that B, = B!, (A® B)T = AT @ BT,
vec(AXB) = (BT @ A)vec(X) and PT = P~! we have
—z@Di + P (r® (B;TL))]
DT Yy
A
—(z ® DY)vec(y) + P* (r ® (B/\_lL)) vec(y)
DTy
A
[P (Pvec (—=Diya™) + vec (B/\lLer))]
Dyy
P~ (vec ((=Diyz™)T) + vec (By ' Lyr?))
_ D3y
[ P~ vec (—xyTD)\ + B;lLer)
DTy ’

T, _
Myy =

and since for any matrix B we have P lvec(B) = vec(B!), we get

MEy = vec (—Dfyz” + ryTLTBA_l)}
g ny :

(8)
This leads us to the following proposition.

Proposition 3. The adjoint operator of ¢'(A,b) using the scalar products
trace(AT Ay) + bTby and yTy respectively on R™™ x R™ and R* is

g*(A,b) :RF — R™*m x R™ (9)
Y — (—DgyxT + ryTLTB/(l, Dgy)

In addition, if k = 1 we have

K(L A = \/I=Dfa +7L7 B 3 + | Dall (10)
Proof: Let us denote by < (Ay, by), (As, by) > the scalar product trace( AT As)+
bI'by on R™" x R™. We have for any y € R¥,

vec(AA)]

7A0.(B4,80) = ity |

S vl

= vec (—Djyz" + ryTLTB/\_l)T vec(AA) + (Diy)T Ab.
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Using now the fact that, for matrices A; and A, of identical sizes,
vec(A;)Tvec(Ay) = trace(AT Ay), we get

y' (¢'(A,0).(AA,Ab)) = trace ((—Dyyz" +ry" L' By")' AA) + (Dyy)" Ab
= < (=Diyz" +ry"L"B;', Dly), (AA, Ab) >
= < g*(Ab).y, (AA,Ab) >,

which concludes the first part of the proof.
For the second part, we use

[vec (—=Diya™ + ryTLTB/\l)] ‘
D3y
, = max
y70 yll2
vec (—Dia® +rLT B )]
vec(Drf), 1l
and the result follows from the relation vec(A;)!vec(A;) = traceATA; =

1AL 17

K(L,Ab) = [|Myll, = | M

Since k = 1, we have y € R, and K (L, A,b) = |

(]

Remark 2. The special case k = 1 recovers the situation where we compute
the conditioning of the ith solution component. In that case L is the ith
canonical vector of R” and, in Equation (10), LT By is the ith row of B}

and D, is the ith row of B;l (AT 4 2ors )

1+2Tx

Using (6) and (9), we can now write in Algorithm 1 the iteration of
the power method ( [16, p. 289]) to compute the TLS condition number
K(L,A,b).

Algorithm 1 : Condition number of TLS problem

cy=(1,...,1)T

: repeat
(A, b,) = (—ny:rT +ry' LT B, Diy)
v =||(An, bl r

y=L7B; (AT + &) (by — Ayz) + LBy ATy

14+2Tx
: end

: K(L, A b) =+/v
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3.3. Closed formula. Using the adjoint formulas obtained in Section 3.2,
we now get a closed formula for the total least squares conditioning.

Theorem 1. We consider the total least squares problem and assume that
the genericity assumption holds. Setting B) = (ATA — )\n+1In), then the
condition number of Lz, linear function of the TLS solution, is expressed
by 1

K(L,A,b) = [|C]]3
where C' s the k X k symmetric matrix

2 T 15—1 T 2$$T 1
C=(1+ |2)HL Bt [ ATA+ Ar (I — ———) | B;'L.
1+ [z

Proof: We have K(L, A,b)? = HMST,, = max|,|,—1 HM?@/
vector in R¥, then using Equation (8) we obtain

IMEyll, = |[vec (—=Diya” +ry" LB, + + | DIy
= ||-DYya" + ry L' B3 + || DIy,
= HDiFy:(:TH% + HryTLTB/\_lH% — 2trace(:vyTD,\ryTLTB;1) + HnyHg .

; ‘z If y is a unit

For all vectors u and v, we have |Juv? ||p = ||u|, ||v]l,. Moreover we have
trace ((zy’ Dar)(y" L' By")) = trace ((y' L' By ") (xy' Dar)) = y' L' By 'zr' Dy y.
Thus

2 2 2 2 || p— 2 _ 2
[Mgyll, = Nzl || DXyl + 71z [ By Lyll, — 29" LT By far Dy + || DYy,
= (1+2"2)y" DADYy + |3y L7 B * Ly — 2" L" B, 'ar” DSy
. ((1 +2T2)DADY + ||r|2 LT B 2L — 2 LTBglerDf) y,
. 2 .
e [ME = C1l, with
C=(1+2T2)DyDY + |r|l5 L* BY2L — 2 LY By tar™ DY (11)

Replacing D, by LT B} (AT 4 2o ), Equation (11) simplifies to

1+aTz
C=L"B;! ((1 42 ) ATA+ |2 L, + 2ATmT) BI'L.  (12)

But ATra? = AT(b — Az)aT = ATbaT — AT Az’ and, since from Equa-
tion (2) we have ATb = Bz, we get ATra’ = Byza? — AT Aza? = (ATA —
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A1l za’ — AT Aza” = =\, 122" . From Equation (3) we also have |75 =
Mit1(1 + 272) and thus Equation (12) becomes

C = L'B'(1+a"2)A"A+ N1 (1+ 2" 2) L, — 2X\,q22”) BY'L

— (1 2Tt (AT A (1 — 2 V) g
= ( + H$H2) A + n+1( n 2) A L
1+ [|z]5

4. TLS condition number and SVD.

4.1. Closed formula and upper bound. Computing K(L, A,b) using
Theorem 1 requires the explicit formation of the normal equations matrix
AT A which is a source of rounding errors and also generates an extra compu-
tational cost of about mn? flops. In practice the TLS solution is obtained by
Equation (4) and involves an SVD computation. In the following theorem,
we propose a formula for K (L, A,b) that can be computed with quantities
that may be already available from the solution process. In the following 0,, ;
(resp. 01,) denotes the zero column (resp. row) vector of length n.

Theorem 2. Let V' and V' be the matrices whose columns are the right
singular vectors of respectively [A,b] and A associated with the singular values
(01,...,0041) and (o},...,00). Then the condition number of LTz, linear

function of the TLS solution is expressed by

K(L, A b) = (14 |Jz|3)2

L'vV'D’ [V/T, On,l} V [D, OnﬂTHQ, where

D' = diag (( 2—a2. )Y (02— 02,.1)7") and D = diag ((O% + UTQLH)%, (0t 4o

When L is the identity matriz, then the condition number reduces to

K (L, Ab) = (14 |Jz|3)?

D'[V'T, 0,4]V D, on,l]THQ.
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Proof: From [A, b] = USVT, we have [A,b]7[A, b] = V2VT = S o2p0!
and

n+1 n+1

[Aa b]T[AJ b] + )‘n+1[n+1 = Z O-zzviviT + /\n+1 Z UiviT
i=1 1=1

n+1

= Z(‘%‘Q + Aps1)vivd
i=1

2 2 T T
- E ,(Uz + 0n+1)vivi + 2/\n+1vn+1vn+17
=1

leading to

n

[A B TA B + A Tosr — 2Xi1vnvp = Y (07 + ony o] (13)

1=1

x
—1
Then Equation (13) can be expressed in matrix

From Equation (4), we have v,11 = —Upt1541 [ ] and, since v is a unit

2 _ 1
VeCtOI', Un—f—l,n—i—l = m

notation as

ATA AT I, Ona 2An1 [zt —x ., 5 -
[bTA bTb] A [()m L T e o ;(Ui + o)UY,
(14)

The quantity ATA + N\, 1(I, — ffn—‘rTQ) corresponds to the left-hand side of
Zll2

Equation (14) in which the last row and the last column have been removed.
Thus it can also be written

)

- 2xx! N, v\ | In
At A + /\n+1([n — —) — [Ina On,l] Z(Uz + an—i—l)vivi Oln ’

2
1+ Htz i=1

and the matrix C' from Theorem 1 can be expressed

C

n ~1
A+ alL” By 0ui] [ S0+ o2 vl | |4 |20 (15)
Oln

1=1
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Moreover from A = U'S'V'T, we have ATA = V'S2V'T = > 0{21)2’.1)? and

7

By = ATA— )11,

n n
. 2 1T 2 1T
= E 0; UV — 0p g E :Uz'vi
i=1 i=1
n

= D (07 —on)vly!

1=1
— le/f]_V/T.
Hence By' =V - TD'V "1 =V'D'V'T and [B', 0,.1] =V'D' [V, 0,1].
We also have Y " (02 + 02, vl =V [011)”] (D, 0,1] VT

Then, by replacing in Equation (15), we obtain C' = (1 + [|z[2)VVT with
vV =LTV'D [V/T, On1] V [D, On,l}T. As a result, using Theorem 1,

s 12
K(L AR = [l = (1+ el [777)], = L+ 12 7]

When L = I,, we use the fact that V' is an orthogonal matrix and can be
12
removed from the expression of HVH .
2

O

In many applications, an upper bound would be sufficient to give an estimate
of the conditioning of the TLS solution. The following corollary gives an
upper bound for K (L, A, b).

Corollary 1. The condition number of LTx, linear function of the TLS so-
lution is bounded by

(of + 0—T2L+1)%
(0 —oni1)
Proof: This result comes from the inequality ||AB||, < ||A]l5 || B||5, followed

by [|Dll, = maxi(0 — op,4)"" = (0,7 — opy)"" and || Dlf; = max;(oF +

07%+1) = (U% + 072L+1)'

K (L, A,b) = (1+ l5)? |||,

g
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4.2. Numerical example. We consider A € R3*1Y and b € R3® whose
values are random numbers (uniform distribution). x is the TLS solution
computed with Matlab (machine precision 2.22 - 1071%) using an SVD of
[A, b] and Equation (4). We study here the condition number of z (i.e L is
the identity matrix).

In Table 1, we compare the exact value of K (L, A,b) given in Theorem 2,
the upper bound K (L, A,b) given in Corollary 1, and the upper bound ob-
tained from [17, p. 212] and expressed by

IQ(A, b) _ 90, 1+ HbHQ 1
1],

; .
On — Onp+1 Op — On+1 — On+1

As observed in Table 1, K (L, A, b) is an estimate of better order of magnitude
than x(A,D).

TABLE 1. Exact value and estimates for the condition number
of the TLS solution.

Computed quantity | K(L, A,b) | K(L,A,b) | k(A,b)

Obtained value 6.22-10° | 5.97-10! [4.21-10°
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5. Conclusion.

We proposed sensitivity analysis tools for the total least squares problem
when the genericity condition is satisfied. We provided closed formulas for
the condition number of a linear function of the TLS solution when the per-
turbations of data are measured normwise. We also described an algorithm
based on an adjoint formula and we expressed this condition number and an
upper bound of it in terms of the SVDs of [A, ] and A.
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