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ABSTRACT: The correspondence between a high-order non symmetric difference
operator with complex coefficients and the evolution of an operator defined by a
Lax pair is established. The solution of the discrete dynamical system is studied,
giving explicit expressions for the resolvent function and, under some conditions,
the representation of the vector of functionals, associated with the solution for our
integrable systems. The method of investigation is based on the evolutions of the
matrical moments.
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1. Introduction
We consider the following special full Kostant-Toda system,

ap = bn - bn—l
bn — bn(an—i—l - an) + Cp — Cp—1 ) n e Na (1)
én = Cn(an+2 - an)

where the dot means differentiation with respect to t € R and we assume
bp =0, ¢, # 0. It is well known that these equations can be written as a
Laz pair J = [J,J_], where [M, N] = MN — NM is the commutator of the
operators M and N, and J, J_ are the operators which matrix representation
is given, respectively, by
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(1 (0

a9 1 bl 0
J=|ea b a3 |, J=]ca b 0 : (2)
0 ¢ by . 0 e b3 °

Here, and in the following, we suppress the explicit t-dependence for brevity.
Also, we identify an operator and its matrix representation with respect
to the canonical basis. For the sake of simplicity, we only consider a four
banded matrix J in this work, but the method can be extended to higher
order banded matrices J.

In [1] and [8] the authors considered some special cases of the systems
studied here, and in [4] some finite full Kostant-Toda systems is considered
and solved using bi-orthogonal systems of polynomials.

When J is a bounded operator, then it is possible to define the resolvent

operator,
n

L= =Y 2 > 1) 0

n>0
(see [12, Th. 3, p. 211]). We denote by M;; the 2 x 2 block, of any infinite
matrix M, formed by the entries of rows 2i — 1,27 and columns 25 — 1, 27.
In this way, for each n € N, J" can be written as a blocked matrix,

Ji1 I
Jr=|J3 Jin - : (4)

Moreover, we define R;(z) as the main block of (21 — J)™!, this is, R;(z) :=
(21 — J);". Then, from (3) we have

JTL
Ri(z) =) anfl =l > L (5)

n>0

As a consequence of the Lax pair representation, for (1) and other systems,
the operator theory is a useful tool and a remarkable connection between the
integrable systems and the approximation theory. Consider the sequence of
polynomials {P,} given by the recurrence relation

Cn1Pn2(2) + b, Pr1(2) + (ans1 — 2)Pu(2) + Pn+1( )=0,n=0,1,.
P(z) =1, Poi(z)=Poaf2) = 0 }@
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Taking By (2) = (Pop(2), Poms1(2))", we can rewrite (6) as

CnBn1(2) + (Boy1 — 212)Bu(2) + ABnya(2) =0, n=0,1,... } (7)
B_ 1( )—0, 23O(Z):(laz_al)T

where

00 Con—1 ban aon—1 1

A:(l 0>,Cn:< 0 C2n>’Bn:<b2n—1 a2n>,n€N, (8)
and Cj is an arbitrary 2 x 2 matrix. In (7) and in the following, we denote
for the sake of simplicity (0,0)” and 0 € R in the same way. We recall that
the polynomials P, (z) and the vectorial polynomials B,,(z) depend on ¢ € R,
when this dependence holds for the coefficients a,,, b,, ¢,.

Our main goal is to study the solutions of (1) in terms of the operator .J
and its associated vectorial polynomials B, (z). We underline that, in a
different context (cf. [2, Theorem 2]), the characterization of solutions of the
integrable system considered there was established in terms of the derivative
of the polynomials associated with J. In this work, using the sequence of
vectorial polynomials {B,}, we extend that result. Our first result is the
following.

Theorem 1. Assume that the sequence {a, , b,, c,}, n € N, is uniformly
bounded, i.e. there exists K € Ry such that max{|a,(t)|, |b,(t)|, |c,(t)]} <

M for alln € N and t € R. Assume, also, c,(t) # 0 for alln € N andt € R.
Then, the following conditions are equivalent:

(a) {an, by, cn}, n € N is a solution of (1), this is,

J=1[J, J]. (9)
(b) For each n € NU{0} we have
d n n n
a‘]ll T = T By [, ()] (10)
(c) For all z € C such that |z| > ||J||,
CRJ(Z) = :RJ(Z)(Z]2 — Bl) — I, + [:RJ(Z), (‘]—)11] , (11)

where Rj(z) is given by (5).
(d) For each n € NU {0}, the polynomial B, defined by (7) satisfies

Bp(z2) = —C, Br_y(2) — D, Bu(2) (12)
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0 0
where D,, = ( bynss O > )

Let P be the vector space of polynomials with complex coefficients. It
is well known that, given the recurrence relation (6), there exist two linear
moment functionals u', u? from P to C verifying, for all m € N,

u'|2 Py = u'[2! Pop1] =0, 7=0,1,....om—1,i=1,2
u[2" Pypy1] = 0
(see [10, Th. 3.2], see also [5, 9]).

We consider the space P? = {(q1,q2)" : ¢; polynomial, i = 1,2} and the
space Mayo of (2 X 2)-matrices with complex entries.

(13)

Definition 1. If the functionals u!,u? verify (13), then we say that the
function W : P? — Myyo given by

1 2
q1 uqi] uq]
W = : 14
(i) = ol el "
is a vector of functionals associated with the recurrence relation (6).

If W is a vector of functionals associated with the recurrence relation (6),
then the following orthogonality relations are verified

W(ZB,) =0y, j=0,1,....m—1, (15)
where Oy denotes the 2 x 2 null matrix.

Definition 2. A function W : P? — My, verifying (15) is called orthogo-
nality vector of functionals for the recurrence relation (7).

Since the above definitions, any vector of functionals associated with the
recurrence relation (6) is always an orthogonality vector of functionals for the
recurrence relation (7). As in the scalar case, it is possible to find more than
one orthogonality vector of functionals. In fact, given a such function W :
P? — Mo, and given any matrix M € My it is enough to define Wj, as

W (g;) =W (g;) M, (16)

for having another orthogonality vector of functionals. In the following, we
assume that W is a fixed vector of functionals associated with the recurrence
relation (6) such that W (By) is an invertible matrix.
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We recall that, in (7), the matrix Cy was arbitrary chosen. In the sequel

we assuime
1 0
a-(10)

Take M = (W (By)) "' Cy and define U = W), as in (16). Then, U(Q) =
W (Q) (W (By)) " Cp for any Q € P? and, in particular,

WU(Boy) = Cp. (17)
Moreover, from (7) and (15),
U(z™B,,) = Cp, W(2""'B,,—1), mEN (18)

(see Lemma 1). Using (17), (18), and again (15), for each m € NU {0} we
arrive to
- 0y, 7=0,1,... —1
U(ngm) _ 2, J y 7'777’
CmCm_l ° 'CO, j =1m.

We use the vectors P, = P, (2) = (z2m,z2m+1)T for each m € N U {0}.
The following definition extends the corresponding one to the scalar case.

(19)

Definition 3. For each m = 0,1, ..., the matrix U (2"Py) is called moment
of order m for the vector of functionals U.

In particular, since By = Cy Py, we have
U(Po) = I (20)

(see (17)).

We know U = U{t} depends on ¢, besides this dependence is not explicitly
written (as we said above). Then, it is possible to define the derivative of U
as usual,

dU
% P2 —s Moo
such that, for each B € P2,
AtH(B) — B
g o Wi+ AD(B) - U{HB)
dt At—0 At

Obviously, the usual properties for this kind of operators are verified. In
particular,
d _du

=—~(B) +U(B), BeP?. (21)
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We use Z& and (21) below. Also, we will use the matrix function R; given

in (5). We define the generating function of the moments as
Fi(2) = Cg ' Ry(2) Co, 2| > || (22)

Next, we have our second main result, related with Theorem 1. More pre-
cisely speaking, we will see that Theorem 1 follows directly from Theorem 2.

Theorem 2. In the conditions of Theorem 1, assume a1 = by. Let U be given
by (19). Then, the following assertions are equivalent:

(e) {an, by, cn}, n € N, is a solution of (1), this is, (9) holds.

(f) For eachn=0,1,..., we have

%u (an)O) =U (Zn+1j)0> — U (Zn‘.P()) u (Z{.P()) . (23)
(g) For all ¢ € C such that |C| > || /||,

F1(¢) = F(¢) (¢l — U(zPy)) — I, (24)

being F; the generating function defined in (22).
(h) For all B € P* we have

dt
(i) For eachn =0,1,..., we have (12).

< d u) (B) = U(zB) — W(B)U(Py) . (25)

Moreover, we have other consequences of Theorem 1 and Theorem 2.
In the next result, fg f(s)ds is understood to be the solution X = X (¢) of

the Cauchy problem '
X = f(#) }

X(0) =0
in the suitable space. It is well-known that, in our conditions, there exists a
unique solution of this problem (see, for instance, [6] and [11]).

Corollary 1. Under the conditions of Theorem 1, if {a,, by, ch}, n € N,
is a solution of (1), then

Ry(z) = exp (2t) Co M(t,z) (N(t)) ", (26)
where
exp (fot alds) exp (fot alds) fot exp (— fOS(aQ — al)dr) ds

N = 0 exp (f(f a2d3>
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t
M(t,z) = —/ exp (—zs) Cy P N(s)ds 4 (Cp(0)) ™" Ro(2)
0
(here, Cy(0) and Ro(z) are, respectively, Cy and R(z) fort =0).

Given a linear functional u : P — C, we may define the new functional
e“lu: P — C as

k
(e*'u) [] = Z %u[zkﬂ] : (27)
k>0

We denote by Uy = (up, ud)T our vector of functionals U when ¢ = 0 and,
similarly, by Jy the triangular matrix given in (2) when ¢ = 0. If Jj is a
bounded matrix, then

b7 < my|| Jo||F, i=1,2, k,j=0,1,...,

and the right-hand side of (27) is well-defined for u = uj, i = 1,2 (see [7,
Theorem 4]). In this case, we can define the vector of functionals e* Uy as

(ew) (8) = ({ed] 1} {0 o))

€ Uo) [@2] (e*uj

for each B = (p,q)’ € P?. Asin [3, Theorem 3], we give a possible represen-
tation for the vector of functionals U.

Corollary 2. In the conditions of Theorem 2, and with the notation used
in (16), assume that the vector of functionals U verifies

U= (e UO)M (28)
for some M € Moys. Then, {a,, by, cn}, n € N, is a solution of (1).

In section 2 we show that the study of the system (1) can be reduced to the
evolution of the main block of the matrix J", i.e. J{}. In section 3 we prove
Theorem 2. The main idea is to express (1) in terms of the evolution of the
moments. In section 4 we prove Theorem 1. The main feature of this result
is the connections between the resolvent function, R;, and the evolution of
the systems of vector polynomial, {B,}.

2. Auxiliary results

Next lemma was used for proving (18).
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Lemma 1. Let W be a vector of functionals associated with (6). Then
W(Al Q; + Ay QQ) = A W(Ql) + Ay W(QQ) (29)
is verified for any Qi, Qs € P? and A1, Ay € Moy .

Proof: 1t is sufficient to take into account that W : P? — Ma,» is given by

W (Q1> _ <U[Q1] U[Ql])
a2 ulqa] v]go]
when u, v : P — C are linear functionals. u

Lemma 2. The orthogonality vector of functionals U : P? — Moo is de-
termined by (19). This is, W is the unique vector of functionals associated
with the recurrence relation (6) verifying (19).

Proof: Given (q1,q2)" € P2, for each i = 1,2 we can write

2 2 2
gi(2) =Y o\ Pio1(2)+ Y ahPir(z) + -+ Y aliPonari(2), ol €C,
k=1 k=1 k=1

where m = max{my, ms} and deg(q;) < 2m; + 1 (we understand ozgk =0
when j > m;). This is,

(@, )" = E;B;, (30)

1M

being F; = (oz{k) € Maoyo, j=0,...,m. From (29), if U: P2 — My is a

vector of functionals associated with the recurrence relation (6), then
u<g;>:ZEju(:Bj). (31)

Moreover, if U verifies (19) we have u (Bj) =U(B;)=0,j=1,2,...,and
also U (By) = U (By) = Cy. Therefore, from (31) we arrive to U = U. |

Next result shows that it is possible to recover the entries of matrix J using
the orthogonality vector of functionals U.

Lemma 3. The entries of the matriz J are determined by the sequence {B,}
of vectorial polynomials.
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Proof: The entries of J are determined by the blocks C),, B,,, n € N. Then,

it is sufficient to express these blocks in terms of {B,}. Since Cj, k =

0,1,..., are invertible matrices, also U (szk) is invertible and, from (19),
1

C, =U(z"B,) (u (z”_lan_l))_ , o n=12....
On the other hand, from (7) and (19) we deduce
C,U(Z"B,_1) + By U (2"B,) — U (z"HBn) =0, n=0,1,....

Then, for n € N we have
1

Bn = (u (ann—l) — Cn—l U (Zn_lgn_Q)) (u (Zn—lgn_l))_ s
and the result follows. ]

Next, we determine the expression of the moment U (P,) = U (2" Py) in
terms of the matrix J.

Lemma 4. For each n =0,1,... we have
U(Zn {.P()) = Co_l Jﬁ C(). (32)

Proof: We know that U (Py) = Iy (see (20)), then the result is verified for
n = 0.
Another way to express (7) is

Bo(2) Bo(2)
B

J 1(2) = z Bl(z)
Thus,
Z Z
(2) (2) ], neN,. (33)

Comparing the first rows in (33), and taklng into account (4) and the form
of J,

> TR Bisi(z) = T Bo(z) + iy Bi(z) = 2" Bo(2) .

1>1
Then, from (19), U(Zn'BQ) = JﬁU(go) , this iS, COU(an)()) = Jﬁ C() (see
(17) and (20)), which is (32). |

The following result concerns to solutions associated with the matrix .J,
non necessarily bounded.
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Lemma 5. If the sequence {a, , b,, c¢,}, n € N is a solution of (1), then
(10) is verified.

Proof: Under the given conditions, we know that (9) holds. Then, it is very
easy to verify

d
—J'=J"J. - J_J"
dt
and, with the established notation,
d n n n
%Jll =(J J—)n — (J-J )11

From (2) and (4),

(J")y = B (o) + s (o) }
(J—Jn)n - (J—)n J1 -
Then,
T =T () = () T+ T (T2, - (34)
On the other hand, J};™ = J& Jiy + Jiy (J-),, , which, joint with (34), goes
to (10). |

3. Proof of Theorem 2

In the first place, we show (e)=- (f). Assume that (9) holds. Since Lemma 5,
we have (10). Moreover, due to Lemma 4, Jj} = CoU(z"Py)Cyt, n €
N, and, in particular, By = J;; = CoU(2Py) Cyt. Also, Cjt (J), =
(J-)1; Co = (J-);;- Then, from (34),

4 (CoU(2"Py) Cit) = CoU(2"1Pg) Cp ' — CoU(2"Po)U(2Pg) Cyy

dt
T+ CoU(="Po) (J),, — (J2), WE"Po) G (35)

On the other hand, taking derivatives (and denoting by C"O_ ' the derivative
of Cy'),

d
% (Co U(an)o) Co_l)
d

SUER) G (30

= CoU(2"Py) Cy ' + CoU(2"Po) Cyt + Cy
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Since a; = by, we can verify Cy = — (J_),, , Cy* = (J_),,. Hence, comparing
the right hand sides of (35) and (36) we arrive to (23) (we recall that Cj is
an invertible matrix).

Now, we prove (f)=- (g). Since (5) and Lemma 4,

() =3 ”(ﬁ“) L M- (37)

n>0

Then, from (23),

F,0) = ZU(Z"H%) —Cii(lz"%)wz%)

= CZ Cn+2 O Z (CiH_lO)u(Z{.PO)
n>0 n>0
= ¢ (50 - 31) ~ FAOUED).

This is, (24) is verify.
Given (24), we are going to obtain the derivative of the vector of function-
als U. For doing this, we use the linearity of U and the convergence of the

series,
1
(ZC >= (=) K> e

(Here and in the next expressions, as usual, U = U, is the vector of function-
als defined on the closure of the space P? of vectorial polynomials (g1, ¢2)7 in

the variable z.)
From (38) and (24),

iu <g i z?°> = (C i ) (¢l = U (2P0)) — I

IE(CSREIC

du(é >:u(€i2i]>o> —u(gizw())mz%). (39)

{.P() u Z{.P() —12




12 BARRIOS, BRANQUINHO AND FOULQUIE MORENO
Define the vectors of functionals U; , Uy : P*> — Mayo such that

Ui (B) = U(zB)
Us(B) = U(B)U(z%)} (40)

for each B € P2. We remark that (—%TO do not depend on ¢t € R. In (39),
denoting U = %u, we have U = U; — Uy over C_LZfPO, being

(%) = U0 + ZUEBD e, > .

Hence, we have U = U; — Uy over Tz,.this is, we have (25).
For proving (h)= (i), as in (30), B,, can be written in terms of the se-
quence {B,},

Bo(z) = D By(2) + DI By (2) + - - - + D) B, (2) (41)
If n =0, 1, the above expression is
Bo(z) = D", B, 1(2) + D™ B, (2) (42)

Let n > 2 be fixed. We are going to show that (42) holds, also, for n. Due
to the orthogonality, from (41), U(B,,) = D(()”) U (By) . In fact, using (25),

d : '
= = (WB.) = WB.) +UB,)

0,
= U(2B,) — U(B)IU(zPy) + DU (By) .

Thus, D(()") = 0. We proceed by induction on n, assuming

for a fixed j < n — 1. Using (41) and, again, (25) and (19),
d d | g
— U R j j
O dtU(z B,) (dtu> (2/B,) + U(2'B,,)

= U(z"'B,) — U(='B,)U(zPy) + D\ U (/B))
= Dj(n) u (ngj) ,

where U (2/B;) is an invertible matrix. Thus, Dj(-m = 09 and (42) is verified
for any n € N.
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Our next purpose is to determine Dj(-n) , j=mn—1,n. From (42),

U(z"1'B,) = DI U (21 B, )
Then, because of (25) and (19),
d n _
02 = —U (" 1B,) = U("By) — U (" " By) U(=P) + D" U (2" "B, 1)

and, therefore, Dé"_)l =—-C,.
On the other hand, writing

Ba(5) = FOP(2) (43)

and comparing the coefficient of 2" and 2***! in both sides of (43), we obtain

10
(n) —
= (400
(n)

Moreover, taking derivatives in (43) and comparing with (42), we see Dy’ =
™ or, what is the same,

(n) _ 0 0
2= (4 0)

where we need to determine d,,. From (25) and (42),

DY (2"B,,) = (%u (2"B,) — U (z"B,) + U (2"B,) U (szO)>

+ Cn u (Zan_l) .
Then, using (19) and (7),

D — (% (CoCos - - Co)) (CoCor - Co) !
— Byi1 + (CoCi - Co) U (2Pg) (CouCrui -+ Co) ",
thus
d

D" 4+ B, | = (E (CuChyy -+ 01)> (CoChy---C)

4 (CCoy - C) (00 ot Ju) (CoCy---C) 7. (44)



14 BARRIOS, BRANQUINHO AND FOULQUIE MORENO

The matrix C,C}, 1 --- Cy is upper triangular. Moreover, because of a1 = b
also Cy Cyy 11 Ji1 is an upper triangular matrix and, then, the matrix in the
left hand side of (44) is upper triangular and, consequently, d,, = b, +1.
Finally, we show (i) = (e). Taking derivatives in (7),
Cn Bn—l(z) + Bn—i—l Bn(z)
+C,Br1(2) + (Bus1 — 20)Bp(2) + ABrii(2) =0, n=0,1,...
Using (12) and taking into account A D,, 1 = D, A = O,
Cn Bn—l(z) + Bn—i—l Bn(z) + Cn (_Cn—l Bn—2(z) + Dn—l Bn—l(z))
+ (Bps1 — 2L) (=C, Bp1(2) + D,y By(2)) — AC,11Bn(z) = 0. (45)
Using, again, (7) for eliminating the explicit expression in z,

2Bn(2) = ChByu1(2) + Buy1 Bu(z) + ABryi(2) }
2B 1(z2) = Ch1Bro(2)+ By Bu1(z) + ABL(2).

Substituting in (45), and identifying with zero the coefficients of the vectorial
polynomials in the obtained expression, we arrive to

Bn = A Cn - Cn—l A+ Dy, 1B, — B, D,
: =1,2 46
Co = DyCp—=CoDyi+By1 Co—Cou B, [ 77 (46)
Taking into account that, with the above notation, Dy, = (J-), 1, We see
that (46) is equivalent to (9) when we consider J as a blocked matrix. W

4. Proof of Theorem 1 and Corollaries

4.1. Proof of Theorem 1. We start by establishing the equivalence between
(10) and (11). The key idea is the convergence in the respective operator
norm, for |z| > ||J||, of the series given in the right hand side of (3) and (5).
Starting by (10), to obtain R;(z) it is sufficient to take derivatives in (5) and
to substitute JJ, in

Ro2) =30 A 2l > ]
n>0
Reciprocally, if (11) holds, substituting R;(z) and R;(z) by its Laurent ex-
pansion, and comparing their coefficients, we arrive to (10).
The rest of the proof is to show the equivalence between (a), (b) and (d).
(a)= (b) is Lemma 5.
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Now, we are going to prove (b) = (d). We assume that (10) is verified.
Taking n = 1 in this expression we immediately deduce a; = b;. Moreover,
from (10) we arrive to (23) in the same way that in the proof of (e)=- (f) in
Theorem 2. Then we are under the hypothesis of Theorem 2 and, therefore,
we have (12).

Finally, (12) = (9) was proved in Theorem 2. |

4.2. Proof of Corollary 1. It is easy to see that Cy, M (t, z) and N(t) are,
respectively, the solutions of the following Cauchy problems:

X=-—(J ), X X = —exp(—2t) C;EN()
X(0) = Co(0) } X(0) = (Co(0) ™ Ro(2) }
X = (Jn—(J))X }
X0)=156L |
Taking derivatives in the right hand side of (26), and checking the initial

condition, we can prove that exp(zt) Co M(t, z) (N(t))~" is a solution of the
following Cauchy problem,

and

X =X (Z[Q - JH) - 12 + [X, (J—)ll] (47)

X(0) =Ro(2) J -
From [11], we know that (47) has a unique solution. On the other hand,
since Theorem 1, R(z) is solution of (47). Then, we arrive to (26). |

4.3. Proof of Corollary 2. Since (20), in the conditions of Corollary 2,
necessarily (28) implies

M = [(e*Ug) (Po)] .

On the other hand, for proving that {a,, , b, , ¢,}, n € N, is a solution of (1),
it is sufficient to show that (23) holds. Let a fixed k& € {0,1,...,} be. Taking
into account

d zt o zt +1
% (6 uO) (Zkg)o) = (6 uO) (Zk iP())

and

d
EM =M U(Z:P()) ,

and taking derivatives in

U(Zkipo) = (GZt UQ) (Zk{.P())M,
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see (28), we arrive to (23). H
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