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STABILITY OF FINITE DIFFERENCE SCHEMES FOR
COMPLEX DIFFUSION PROCESSES

ADERITO ARAUJO, SILVIA BARBEIRO AND PEDRO SERRANHO

ABSTRACT: Complex diffusion is a common and broadly used denoising procedure
in image processing. The method is based on an explicit finite difference scheme
applied to a diffusion equation with a proper complex diffusion parameter in order
to preserve edges and the main features of the image, while eliminating noise. In
this paper we present a rigorous proof for the stability condition of complex diffusion
finite difference schemes.
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1. Introduction

Diffusion processes are commonly used in image processing in order to
remove noise. The main idea is that if one pixel is affected by noise, than the
noise should be diffused among the neighboring pixels in order to smooth the
region. In this way proper diffusion partial differential equations have been
considered to achieve this end. Taking the heat equation

ou(z,t)
ot

where u(x,t) represents the denoised image at time ¢ with the initial noisy
image u(z,0), the choice of the diffusion parameter D plays a very important
role for the purpose of denoising. Roughly speaking, one wants D to allow
diffusion on homogeneous areas affected only by noise and to forbid diffusion
on edges to preserve features of the original denoised image. In this way,
several expressions for D have been suggested. The first approaches indicated
that D should depend on the gradient of v with an inverse proportion [5, 9,
10]. However, this approach had a few handicaps. For instance, within
a ramp edge the diffusion coefficient is similar along all the edge delaying
the diffusion process, not distinguishing between the end points and interior
points of the ramp edge where diffusion should differ. Therefore, the use of
the laplacian was suggested as being more appropriate since it has a higher

=V - (D(z,t,u)Vu(zx,t))
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amplitude near the end points and low magnitude elsewhere, namely by

considering
1

b= 1+ |Aul?
The drawback is that the computation of a higher order derivative is needed
leading to higher ill-posedness in the first steps while the image is strongly
affected by noise. To overcome this problem, Gilboa et al. [3] suggested to
use complex diffusion. The use of a complex diffusion coefficient turns the
partial differential equation into some sort of combination between the heat
and the Schrodinger equation. Having our goal of preserving image features
in view, Gilboa et al. [3] suggested
i

D=—o' (1)

29
1+ (III;E;J))

with ¥ =~ 0 and x > 0 a normalization constant, involving an approximation

to the laplacian of the image, namely by using the identity

lim Im(u(., 1))

90 t
where G is a gaussian and therefore the convolution with G represents a low
pass filter. We note that the right hand side is a low-pass filter of the structure
of edges of the initial image u(.,0) given by its laplacian, and therefore the
choice of D as in (1) penalizes diffusion across edges.

Complex diffusion proved to be much better conditioned numerically and
successfully applied in medical imaging despeckling and denoising [2, 6].
More recently an improvement of D by making « adaptive was also strongly
suggested [1]. However, to the best of our knowledge a theoretical gap as
been open since, having in mind that explicit finite difference schemes for
the discretization of the equation are usually considered in order to obtain
fast computational methods: a stability condition for complex diffusion. It is
known that for a real positive diffusion parameter D in the one-dimensional
case, the method is stable if

= G x Au(.,0)

2

At< ——
~ 2max D’

where At and h are, respectively, the temporal and spatial discretization
steps. This upper bound has generally been used by engineers when imple-
menting complex diffusion, though no rigorous proof of stability condition
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was presented in this case. Moreover, the generalization seems not to be
straightforward, since the von Neumann stability analysis approach seems
to fail due to a non-constant D, as well as typical approaches using the
Gershgorin theorem ([8]).

The main result of this paper is the proof of a stability condition for com-
plex diffusion. We only present in detail the proof for the Neumann case.
Remark 2 in section 4 is devoted to the generalization of the proof for the
easier Dirichlet case. The papers is organized as follows. In section 2 the
complex diffusion equation is presented. In section 3 the details on the con-
sidered numerical scheme are also given. In section 4 the stability condition
is proven for Neumann boundary conditions. Finally we present numerical
examples in section 5 to illustrate the stability condition.

2. Complex diffusion equation

Let Q be a bounded open set in R?, d > 1, with boundary I' = 9%.
Typically €2 is the cartesian product of open intervals in R, i.e.,

d
H @,
with a;,b; € R. We consider a diffusion process with a non-constant complex
coefficient D = D(x,t,u), where
0 <|Im(D(z,t,u))| < Re(D(x,t,u)), retel0, T,ueC, (2)

T > 0. Let Q = 2x]0,T]. We define the initial boundary value problem for
the unknown function v : Q = Q x [0,7] — C
( Ou

(e t) = V- (Dl )Vl 1), (5,0) € Q

< u(z,0) =u'(z), z¢€Q, (3)

| au(z,t) + B3%(z,t) =0, z€el, tel0,T],

where % denotes the derivative in the direction of the exterior normal to I'.
With a complex parameter D, the equation can be seen as a combination of
the Schrodinger equation with the second Fick’s Law or the Heat Equation,
depending on the science field.
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For the boundary conditions we consider that

af=0 and a4+ #0. (4)

3. Numerical method

Let us construct a mesh on Q. Let h = (hq,. .., hy), where h; denotes the
mesh-size in the kth spatial coordinate direction, such that hy = (by —ay)/Nk,
k=1,...,d, with N, > 2 an integer. Let At =T /M be the mesh-size in the
t-direction, where M > 1 is an integer. We define a mesh in Q by

— At m . . .
Qn, = {(z;,t"):x; = (a1 + j1h1,. .., a0+ jaha),0 < jpr < Ny, k=1,....d,
t" =mAt,0 <m < M},

—=A . . 1™
Note that @), " could be viewed as the cartesian product of a space grid €2, and
cq . . —A —A
a grid in the temporal domain. Let Q4! = thﬂQ and T2t = thﬁf‘ x [0, T].
With the coordinate (j,m) = (j1, ..., ja, m) is associated the point (z;,t™) €
—At
Q, of the form

(ZL’]‘, tm) = (CL1 + g1hi, ..., aq + jaha, mAt)

We denote by V™ the value of a mesh function V, defined on @ﬁt, at the
point (z;,t"). We define the forward and backward finite differences with
respect to (x;,#™) in the kth spatial direction by

ym o _ym ym_ym
SV = _Jrer 9 o, V" = Jh—kj_ek’

h. ’
where e;. denotes the kth element of the natural basis in Re.

—A . . . .
On @, " we approximate (3) by the one-parameter family of finite difference
schemes

( pmtl _m d ) -
A =D 0 (DF e, 5 U i QR
k=1
< UJQ:U()(ZL‘]') n ﬁh, (5)
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where U]mw = QUJ?”H +(1=0)Ui", 0 € [0,1], UJ" representes the approxima-
tion of u(z;,t™),

-  D(aj, " UM) + D(w)e,, ", U,
j_(1/2)@l~c o 2 )

we use the notation Qﬁt for the set th or @ﬁt, respectively, in the case
of Dirichlet or Neumann boundary conditions, and 1, represents the kth
component of the normal vector v.

Assuming enough regularity for the solution of (3), it is not difficult to
prove that this method is consistent with the differential problem of order

(h?, At), if 6 # 5, and of order (h?, (At)?), if 6 = 3.

Remark 1. If the diffusion coefficient D = D(x,t) does not depend on the
field u, than the differential equation is linear and Lax equivalence theorem [4]
tells us that to prove convergence one only needs to prove the stability of the
method. However if D = D(x,t,u) - as in our case of interest - the proof
of stability might not imply convergence, since the fact that the differential
equation is non-linear does not satisfy the hypothesis of Lax equivalence the-
orem. Howewver, the proof of a stability condition is of importance in order
to guarantee that the solution stays bounded.

4. Stability of the numerical scheme

In this section we investigate the stability of the finite difference scheme (5).
The approach we use here has some analogies with strategies more commonly
used in the context of the finite element method but it has already been used
in the context of the finite difference method (see e.g. [7]).

Theorem 1. Suppose that (2) and (4) hold. Then, if 6 € [5,1] the method
(5) is unconditionally stable and if 6 € [0, 3] the method (5) is stable under
the condition
At < (min{hy, ..., hq})? |
d(2(1 — 20)) max (Dg + |Dyl)

To prove this result we will consider the unidimensional case and consider-
ing Neumann boundary conditions (a = 0). For d > 2 or Dirichlet boundary
conditions the proof follows the same steps.

We rewrite (5) as a system by separating the real and imaginary parts of
the main variable U = Ui + U and the diffusion coefficient D = Dy + 1 Dj.
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We shall then study the stability of the family of finite difference schemes:
find U" ~ u(x;,t"), j =0,...,N, m=0,..., M, such that

f Um—|—1 _ Um y —
Rj Rji _ s+ipm s—prm+0 +pm s—pmtoy J=0,..., N,
A7 =0, (Dg;-0, Ug;™") — 6, (D=0, U™), m=0,...,M—1,
U}?—H - UEL +/ym s—yrm+0 +(pm._ s—prmto j=0,...., N,
— ;= D50 Upy ) + 0, (D=0, U ™)y 3 g0y — 1,

Upy = up(;), Upy = uj(x;),5 = 0,..., N,

SEUm 45 UM =0, 67U + 6, UMy =0,m=0,...,M,

L 0TUR+ 0, Uy =0, 65U +0, Ul =0,m=0,..., M,
(6)

where

m D(Ij_l,tm,Ujﬂll)—f-D(Z'j,tm,Ujm)

ij —
2

In (6) we need the extra points x_; = g — h and 41 = oy + h and we
define D", = D", ﬁl(NH) = D7

We consider the discrete L? inner products

7j:17"'7N7 mzo,,M

N N-1
" — h — — h —
UV =) WUV = SUVo+ D hUVj + 5UnV
j=0 j=1

and
N
(U, V)pe = Z hUV j,
j=1
and their corresponding norms
(U= @.U)* and Uy = (U, U),/2

Multiplying both members of the first and second equations of (6) by,
respectively, Un ™ and U™ according to the discrete inner product (-, )y,
and using summation by parts we obtain

Uptt - Uy
(—R AL Rﬂ?”) +[(DR- )20, UR I3 = (Do U™, 6, UR™),,
h
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and
U}H_H_Ulm m+0 m \1/2 s—7rm+6 |2 m s—7rm+0 s—7rm+6
— Ar , Ur h+H(DR) 0, U5 = — (Do, UR™?, 6, U} )h
Then
Um+1_Um - - S
(550 ) -+ DR U =0
h

Since we can write

Um+9 _ At <9 B 1) Um+1 —_ym N Um+1 4 um

At 2 ’

2 m m
I s — 0™ 115
) 20t

we obtain
1 Um+1_Um m 1/2c—711m+60112

At (9— 5) H A7 +H|(DE )2 U2 = 0.

(7)

Let us now consider two different cases. First, we suppose that 6 € [3,1].
In this case §# — 3 > 0 and from (7) we immediately obtain that

o™ < U™ g, m=0,....M —1,

which proves that the scheme is stable without any limitation in the time
step.
Now, let us consider that 6 € [0, %[ In this case,

2
lom I = U™

2At

1 gl _ g
D 1/25— m-+0 2* — At Z—-0¢6 z
DU = o =

A~
oo .
~—

We recall that

2

H Um—H —_ygm

R
At

_ o [/
At ||,

At

h h
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Using the right hand side of the difference equations and the boundary con-
ditions in (6), and applying the iniquality (a — b)? < 2a® + 2b%, we obtain

Um—l—l_Um E 4 e e
[P < g g - Dps U,
h
4 m —J7m m S—fJ7m
= 35 (IDR-0, UR*Il%- + [ D0, U715
] N
— > DR 6, U Do, U, (10)
j=1
Likewise,
Um+1_Um i 4 m S— m m - m
|| < prau DUy,
h
4 m S—J7m m —7JT7m
) (HDI_éx UR+9H%L* + [|Dg-0, Uj +9||i%*)
8 N
+ > D6, U D s, U, (11)
j=1

From (9), (10) and (11), using the assumption (2), we obtain

pygmtl _pgm 2 4 -
HT < o max (Dg + D)) [ (Dy-) 6, U™ |5

h
Then, (8) implies that
o™i = vl
2At
2At(1 — 26) max (Dg + | Dy])
+ 1 - h2

)WD%V@ZW“W%SO

If we assume that
h2
At < 12
o 2(1—29) maX(DR—i— |D]D ( )

then

[ ;< 1U™f;, m=0,....M ~1.
We conclude that, in the case 6 € [0, 5[, the scheme (6) is stable provided
that the condition (12) holds.
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Remark 2. In the case of Dirichlet boundary conditions (8 = 0), we obtain
a similar stability result defining the following discrete L? inner product

N-1

(U V) =) _ hU;V;.

j=1
5. Numerical results

We have implemented the explicit scheme (5) in 1D and 2D to illustrate the
stability condition in Theorem 1, considering homogeneous Dirichlet bound-
ary conditions. We considered ¢ = 7/180, x = 10 for the complex diffusion
filter (1), which is commonly used to remove noise while preserving edges in
image processing.

5.1. Examples in 1D. To this end, we considered a characteristic function
scaled to the image color scale (that is, 255) as initial condition

255, 8 < <15
U(x,0) = { 0, otherwise.

We considered the discretization points x; = 7, 7 = 1,2,...,25, thatis, h = 1.
From Theorem 1, the stability condition is achieved if At < 0.50865.

In figure 1 we present reconstructions with several time steps At in order
to illustrate the stability condition in Theorem 1. It is clear that the re-
constructions with time steps larger than the stabily condition allow (dotted
lines) present instability, while the ones that satisfy the stability condition
(full lines) do not. In this case, it is the first iteration that presents the
higher value for the right hand side of the stability condition (1) therefore
the instability is attenuated as the diffusion time increases.

To illustrate this, we plot the first two iterations with time steps around
the cut-off for stability At = 0.50865.

We also considered a profile with ramp edges, namely considering a initial
condition of

255, 100< 2 <15
Uz, 0) 125, 15 <2 <20AN30 <2 <40
r,V) = 255%(30—2)+125%(2—20)
10 , 20 < x < 30
0, otherwise.

and discretization points z; = j, 7 = 1,2,...,51, again with A = 1. The
stability condition stays the same in this case. It is again clear in figures 3
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F1GURE 1. Numerical solution for the explicit method with dif-
ferent time step and diffusion times of 7" = 1 (left) and T" = 2
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FIGURE 2. First (left) and second (right) iteration for the ex-
plicit method with time steps close to the cut-off value for sta-
bility At = 0.50865.

and 4 that the instability arise again in areas with strong edges whenever the

stability condition is not fulfilled, while the scheme is stable if the condition
is satisfied.
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Fi1cURE 3. Numerical solution for the explicit method with dif-
ferent time step and diffusion times of 7" = 1 (left) and T" = 2
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FIGURE 4. First (left) and second (right) iteration for the ex-
plicit method with time steps close to the cut-off value for sta-

bility At = 0.50865.

5.2. Example in 2D. We considered

240, Tl = Ty = 10
U(z,0) =< 150, B<r <14N13< 2 < 14
0, otherwise.

and discretization points x = (i,j), 4,7 = 1,2,...,21, again with unitary
spatial spacement hy = hy = 1, that give rise to an image that we affected by
additive noise. Reconstructions using the explicit finite difference scheme are
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FIGURE 5. Approximation with the explicit method with differ-
ent time steps for a diffusion time of T = 1.

presented in figures 5 and 6, illustrating the stability condition At < 0.25432
given by Theorem 1 for this case.

The figures clearly illustrate the stability condition. In fact, when a time
step greater than the cut-off is used, the image has pixels with negative
values, which do not occur in the original noisy image. These examples
in 1D and 2D might even suggest that the stability condition obtained in
theorem 1 additionally to be sufficient is actually also necessary, considering
that the spatial step is equal in all directions.

Two more remarks should be made in what concerns the numerical appli-
cation of this scheme to image denoising. The first is that the time step used
should not be close to the cut-off value for stability. The examples illustrate
that in this case, though stability is assured in the sense that the L?-norm
of the image does not explode, the image features are not preserved. In this
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FIGURE 6. First iteration for the explicit method with time steps
close to the cut-off value for stability At = 0.25432.

way, a time step around half of the cut-off value seems to be a better choice
to this purpose. The second remark is that it seems also profitable to use
an adaptative time step along iterations, since the cut-off value for stability
seems to be smaller at early iterations and may allow the numerical scheme
to take higher steps in time as iterations go by. In this way, the time step
should be computed at each iteration having in mind the stability condition
in Theorem 1.
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