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“It is paradoxical, yet true, to say, that the more we know the more ignorant we become in the
absolute sense, for it is only through enlightenment that we become conscious of our limitations.
Precisely one of the most gratifying results of intellectual evolution is the continuous opening
up of new and greater prospects. We are progressing at an amazing pace, but the truth is that,

even in fields most successfully exploited, the ground has only been broken.’
(Nikola Tesla, 1856-1943)






Abstract

The electromagnetic properties of the materials directly available in Nature do not
always provide enough flexibility to obtain a desired electromagnetic response.
However, this limitation can be surpassed by using a new class of materials called
metamaterials. Metamaterials consist of artificial structured media that may interact in a
controlled and desired way with the electromagnetic radiation. In the last decades, this
new class of materials has attracted the interest of the scientific community due to its
applications in emerging fields such as nanophotonics and plasmonics, and a significant
effort has also been made to extend the same concept to systems dealing with matter
waves.

This thesis is devoted to the analytical and numerical study of novel electromagnetic
phenomena in structured materials formed by arrays of parallel metallic wires,
commonly known as “wire medium”, and novel electronic behaviors in graphene based
nanomaterials.

Regarding the study of electromagnetic phenomena in metamaterials, the main topics
are the emission of Cherenkov radiation in the wire medium, the scattering engineering
in nested wire media and the formation and propagation of spatial solitons in an array
of nanowires embedded in a nonlinear dielectric medium.

The study of Cherenkov radiation is focused on the characterization of
electromagnetic field emitted by an array of moving charges propagating inside the wire
medium. We show that unlike in more conventional materials, the emission of
Cherenkov radiation in the metamaterial is not limited by any charge velocity threshold.
Moreover, it is demonstrated that the anomalously high density of photonic states of the

nanowire array can enhance the emission of radiation by several orders of magnitude.
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On the subject of the scattering engineering in a nested wire media, we derive an
effective medium model for the metamaterial formed by two sets of parallel metallic
wires. It is shown that the electromagnetic coupling of the two sub-arrays may result in
sharp Fano-type resonances when a metamaterial slab is illuminated by a plane wave.

We also study the formation of three dimensional bright and dark spatial solitons in
an array of nanowires embedded in a nonlinear dielectric medium. We derive the
conditions required for the formation of each type of solitons. Parametric numerical
studies reveal the influence of the metamaterials structural parameters and strength of
nonlinear effects in the confinement of the solitary waves.

Finally, we investigate the possibility of extending some phenomena typically
associated with electromagnetic metamaterials, such as negative refraction and
propagation with no diffraction, to systems dealing with matter waves. It is shown that
properly tailored graphene superlattice slabs may allow for the perfect transmission of
electron waves with a specific energy, mimicking a wormhole that effectively bridges

the input and output interfaces as if the region in between was nonexistent.
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Metamaterials, Wire Media, Cherenkov Radiation, Fano Resonances, Nonlinear Wire
Media, Spatial Solitons, Graphene Superlattices, Negative Refraction, Diffractionless

Propagation, Wormhole.

viii



Resumo

A resposta electromagnética dos materiais directamente disponiveis na Natureza nem
sempre proporciona flexibilidade suficiente para obter uma resposta electromagnética
desejada. No entanto, esta limitagao pode ser ultrapassada utilizando uma nova classe de
materiais denominada metamateriais. Metemateriais sdo meios artificialmente
estruturados que podem interagir de forma controlada e previamente estipulada com a
radiagdo electromagnética. Devido as suas aplicacdes em areas emergentes tais como
nanofotdnica e plasmonica, nas Ultimas décadas esta nova classe de materiais tem
atraido o interesse da comunidade cientifica, tendo-se efectuando também um esforco
significativo para estender o mesmo tipo de conceito para sistemas que utilizam ondas
de matéria.

Esta tese ¢ dedicada ao estudo analitico e numérico de novos fendmenos
electromagnéticos em meios estruturados formados por agregados de fios metalicos
paralelos, comummente conhecidos por wire medium, € novos comportamentos
electrénicos em nanomateriais a base de grafeno.

Em relagdo ao estudo de fendmenos electromagnéticos em metamateriais, oS
principais temas s3o a emissdo de radiacdo de Cherenkov no agregado de fios, a
manipulagdo da dispersdo num agregado de fios emparelhados ¢ a formagdo e
propagagdo de solitdes espaciais num conjunto de nanofios embebido num meio
dieléctrico ndo linear.

O estudo da radiacdio de Cherenkov foca-se na caracterizagdo do campo
electromagnético emitido por um conjunto de cargas que se propaga no interior do
agregado de fios. Neste estudo demonstra-se que a emissdo de radiacdo de Cherenkov
no agregado de fios ndo tem esta limitada por qualquer limiar de velocidade das cargas,

contrariamente ao que se verifica nos materiais convencionais. Para além destes
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resultados, demonstra-se também que a densidade de estados fotonicos anormalmente
elevada do agregado de nanofios pode aumentar a emissao de radiagdo por varias ordens
de grandeza.

Quanto ao tema da manipulacdo da dispersdo do agregado de fios emparelhados,
deduz-se um modelo de meios efectivos para o metamaterial formado por dois
conjuntos de fios metalicos paralelos. Demonstra-se também que o acoplamento
electromagnético entre os dois subconjuntos de fios pode originar ressonancias de banda
estreita do tipo Fano quando uma lamina deste metamaterial ¢ iluminada por uma onda
plana.

Nesta tese também ¢ estudada a formagdo solitdes espaciais tridimensionais do tipo
claro e escuro num agregado de nanofios embebido num meio dieléctrico ndo linear.
Deduzem-se as condig¢des necessarias para a formagao de cada tipo de solitdes e estudos
paramétricos mostram a influéncia na escolha dos pardmetros estruturais do
metamaterial e intensidade dos efeitos nao lineares no confinamento dos solitdes.

Por fim, investiga-se a possibilidade de estender certos fendmenos tipicamente
associados a metamateriais electromagnéticos, como a propagacdo sem difraccdo e a
refraccdo negativa, para sistemas que usem ondas de matéria. Demonstra-se também
que laminas de super-redes a base de grafeno devidamente projectadas poderdo
possibilitar uma transmissao perfeita de ondas electronicas com uma energia especifica,
imitando um tunel espacial que liga a interface de entrada e saida como se a regido entre

elas ndo estivesse presente.

Palavras-Chave
Metamateriais, Wire Media, Radiagdo de Cherenkov, Ressonancias de Fano, Wire
Media ndo-linear, Solitdes Espaciais, Super-redes de grafeno, Refraccdo Negativa,

Propagacdo sem Difracc¢ao, Ttnel Espacial.
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METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 1

I. INTRODUCTION

I.1. Overview

The advent of the semiconductor industry in the 1960°s revolutionized the technological
world. Since then, the continuous development of electronic devices commanded an
exponential increase of the complexity and functionality of its components, contributing
largely to the present era, which is punctuated by many breakthroughs and major
technical developments. Bridging advances in fields that go from telecommunications
and sensing systems to medical sciences and diagnosis tools, a common denominator is
found in the quest for electrically small functional devices, where the precise control of
the electromagnetic and electronic response of each component is of paramount
importance. This scientific progress created new and challenging demands for the
materials of the technological devices, and currently the complete knowledge of the
electronic, optical, mechanical and even thermal properties of the materials at the
atomic level is of vital significance.

Crucially, the palette of materials directly available in Nature does not always
provide enough flexibility to obtain a desired electromagnetic or electronic response,
ruling out many interesting applications. Motivated by the continuous development in
nanotechnology and nanoscience, the answer to this limitation arrived in the form of
artificial structured media, namely electromagnetic metamaterials and its electronic
counterpart, the superlattices.

Metamaterials are artificial structured media formed by properly tailored metallic or

dielectric inclusions, typically arranged in a periodic lattice. Remarkably, the
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mesoscopic response of metamaterials depends not only on the chemical composition of
the constituents, but also on its geometrical arrangement (size, shape, direction,...),
introducing numerous degrees of freedom in the design of a unit cell. Microstructured
composites may enable a precise manipulation of the electromagnetic field, allowing for
unprecedented control over the propagation of electromagnetic waves, and thus offering
a tremendous opportunity to realize response functions that were previously
unattainable using solid-state materials.

An important milestone in the study of metamaterials was set in 1968, when Victor
Veselago suggested in Ref. [1] that media with simultaneously negative electric
permittivity and magnetic permeability (Double Negative Media — DNG media) would
allow for left-handed propagation of light and an anomalous Cherenkov effect, different
from what is observed in common materials [2, 3]. Still, metamaterials research was
only brought into the spotlight after Sir John Pendry, in year 2000, theoretically
predicted that a slab with a negative refractive index n =—1 would make a perfect lens,
allowing for perfect imaging that is not limited by diffraction constraints [4]. The
theoretical concept of DNG media was later experimentally verified by other groups in
[5-7].

Motivated by this research, but also with the promise of the miniaturization of
photonic and microwave devices, the continuous progress in the characterization and
fabrication of metamaterials has led to important findings and significant potential
applications. For instance, it was found that epsilon near zero (ENZ) metamaterials may
enable the tunneling of the electromagnetic field through narrow channels, with a huge
field enhancement [8, 9] and that spatially dispersive (nonlocal) metamaterials can
permit broadband superlensing and anomalous dispersion of light with reduced loss [10-

12]. It was also proposed that metamaterials can be used to obtain a response
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characterized by an extreme optical anisotropy, allowing to manipulate the
electromagnetic field in the subwavelength scale [13-20]. Enhanced nonlinear
phenomena [21-25], together with “Transformation Optics™ applications [26, 27], can
also be counted amongst the many outstanding new possibilities that metamaterials
created.

An important property of metamaterials is that provided the lattice period is much
smaller than the wavelength of operation, the waves flowing through a metamaterial do
to not feel the granularity of the unit cell and interact with the medium as if it were a
continuous material. In these circumstances, metamaterials can be accurately described
using homogenized constitutive parameters, i.e., effective permittivities and
permeabilities [28-31] with precise physical meaning. In fact, this is quite similar to the
electromagnetics of bulk solid-state materials wherein, in case the propagation
wavelength is much larger that the atomic distance, effective parameters such as the
electric permittivity and the magnetic permeability can model the electromagnetic wave
propagation. Dealing with effective parameters instead of the granular details of the unit
cell is useful, in the sense that it drastically simplifies the characterization of the
electromagnetic response of the metamaterial.

It is well known that effective medium theories may accurately describe the
electromagnetic response of many classes of metamaterials, particularly the nanowires
array metamaterial [32, 33], commonly known as “wire medium”. The wire medium
consists of a periodic arrangement of infinitely long parallel metallic wires embedded in
a dielectric medium [34]. Nanowire structures have recently attracted considerable
attention, mainly due to their unusual properties, such as an anomalously high density of
photonic states, as compared to natural media [35, 36], and a negative permittivity

response below an engineered plasma frequency [34, 37, 38]. Moreover, because
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infinitely long metallic wires are much larger than any fixed wavelength of operation,
the effective response of this material is characterized by a strong spatial dispersion
[32], even in the quasi-static limit [39].

Numerous intriguing electromagnetic effects have been obtained using this structure,
as wire media may allow to transport and manipulate the electromagnetic radiation in
the subwavelength scale [13-15, 17, 40], and permit phenomena such as superlensing
[11, 41, 42] and negative refraction [43, 44]. Moreover, nonlinear responses in a
metallic nanowires array can be obtained by embedding the wires in a nonlinear Kerr-
type dielectric. In fact, it has been suggested that this configuration can support the
propagation of stable spatial solitons [45-49]. This may enable obtaining a
subwavelength confinement of light guided by the metallic nanostructures and help us
to reduce the characteristic size of photonic devices. Particularly in Ref. [50], an
effective medium framework has been proposed for the characterization of the
electromagnetic response of this nonlinear wire media. Based on this theory, the
conditions required for the formation and propagation of two-dimensional unstaggered
(i.e. modes that vary slowly in the scale of the period of the unit cell) bright spatial
solitons were put forward in Ref. [47].

Several modifications of the standard wire medium configuration, e.g. the periodic
insertion of metallic plates in the wires, that aim to reduce the spatially dispersive
effects have been proposed throughout the years [51-55]. The homogenization of double
and triple perpendicular arrays of connected and non-connected wire-media has also
been discussed in the literature [41, 56-59], and in particular it has been shown that
double wire media may support highly confined guided modes [57, 60].

The extraordinary control over the propagation of radiation using metamaterials

opened up numerous inroads into new and exciting electromagnetic phenomena [61-63].
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Quite interestingly, despite the fundamental differences between light and electron
waves, there are similarities between some wave phenomena in photonics and
electronics. For instance, the propagation of light and matter in periodic structures [64]
is described by a “band structure” [64-66]. Importantly, the concept of using artificial
structured media to manipulate the way electron waves propagate in a medium was
introduced by Esaki and Tsu [67] in 1970. They proposed that superlattices would allow
engineering the conduction and valence bands of a semiconductor into many subbands
and to control in this manner the transport properties of electrons. Superlattices are the
electronic counterpart of modern electromagnetic metamaterials, and consist of a
periodic arrangement of layers of distinct materials, typically semiconductor alloys.
Similar to the pioneering works of Veselago [1] and Sir John Pendry [4] in the
electromagnetic metamaterials field, the work of Esaki and Tsu was groundbreaking in
electronics. In particular, the ability to modify the energy spectrum and, ultimately,
tailoring the transport properties of the material [68-76] has attracted major interest in
the study of these structures.

In the context of semiconductor physics, a material that has also been under the
spotlight is graphene. This two-dimensional carbon based nanomaterial is characterized
by very unusual properties such as a high crystal quality and an electronic “relativistic”
spectrum, enabling to mimic some quantum relativistic phenomena in a condensed-
matter system [78-83]. Particularly, it has been shown that graphene superlattices
(GSLs) may be used to tailor the transport properties of electrons [84-86] and support
the propagation of electron beams with virtually no diffraction [87, 88], mirroring the
behavior of a metamaterial with extreme anisotropy.

The propagation of the charge carriers in pristine graphene and in graphene

superlattices is governed by the massless Dirac equation. It was proven in [89] that the
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“low energy physics” in graphene can be accurately characterized using an effective
medium approach that describes the dynamics of the wave function envelope. Quite
importantly, these homogenization techniques bridge some ideas and methods
developed in the context of metamaterial systems to the characterization of systems
dealing with matter waves. Interestingly, using this effective medium framework it was
recently proposed in [89, 90] that it may be possible to have the electronic counterpart
of the perfect lens for photons proposed by Sir John Pendry [4] based on the superlattice
concept.

This thesis is devoted to the study of new emerging phenomena arising from the
interaction between electromagnetic waves with metamaterials and matter waves with
graphene superlattices.

The electromagnetic study is focused on unconventional applications of wire media.
All the theoretical studies are conducted using effective medium models, and in most
cases they are numerically validated with full-wave electromagnetic simulators.

The interaction of matter waves and graphene superlattices is analyzed using a
theoretical model under a microscopic approach, where all the granular details of the
superlattice are taken into account, and using an effective medium framework. Both
methods will be used to unveil new and intriguing phenomena for electron wave
propagation in graphene superlattices, with the intent of bridging some phenomena
typically associated with photons to electron waves.

Throughout the thesis we assume a time variation of the type e in stationary

states regimes.
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I.2. Organization of the Thesis

The thesis is organized in 6 chapters.

Chapter II develops an effective medium model for a nested wire media, such that
the unit cell of the structure has two inequivalent sets of parallel metallic wires. Using
this model, we develop a formalism to calculate the scattering properties of a slab of the
metamaterial. Since the electromagnetic coupling between each set of wires may
strongly influence the overall response of the medium, we study the effects of changing
the wires material on the scattering properties of the metamaterial. All results are
compared with full-wave electromagnetic simulations.

In Chapter III we study the emission of Cherenkov radiation by an array of electric
charges propagating in the wire medium. Motivated by the anomalously high density of
photonic states of the wire medium, we investigate the possibility of enhancing the
Cherenkov emission as compared to more conventional materials. Based on effective
medium techniques, we derive an analytical model to calculate the radiation patterns of
the emitted radiation and the energy loss rate of the moving charges. This model is used
to study the influence of the structural parameters of the metamaterial in the
directionality of the emitted light beams and in the amount of emitted radiation.

In the fourth Chapter of this thesis, we investigate the formation and propagation of
bright and dark three-dimensional spatial solitons in a nanowire array embedded in a
nonlinear Kerr-type dielectric. Using the effective medium model introduced in Ref.
[50], we study the conditions for the formation of solitary waves in the metamaterial. In
this Chapter we also develop a formalism to characterize the propagation of spatial
solitons in the metamaterial. This formalism is used to calculate the profile of dark and
bright solitary waves. Parametric studies are presented to show how the confinement of

the solitary waves is affected by the hiperbolicity of the isofrequency contours of the
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metamaterial, by the absorption in both the nonlinear dielectric and metal, and by the
strength of the nonlinear effects.

Chapter V studies the electron wave propagation in graphene superlattices using an
effective medium framework. The first part of the Chapter is dedicated to the numerical
validation of the effective medium model. The scattering properties of a cascade of GSL
slabs are calculated with the macroscopic approach and compared to the exact
microscopic theory. The main objective of this Chapter is to extend some phenomena
typically associated with electromagnetic metamaterials, such as negative refraction and
propagation with no diffraction, to systems dealing with matter waves. Moreover, we
also study the possibility of engineering a GSL slab to effectively “short-circuit” the
input and output interfaces, extending the concept of light “wormholes” to electron
waves in graphene.

Finally, in Chapter VI, the main conclusions of this thesis are presented, as well as

some suggestions for future work.

I.3. Main Contributions

The key contributions of the present thesis are:

e Development and validation of an effective medium model for the nested wire
media structure.

e Proof that the coupling between each set of sub-arrays in the nested wire media
allows for the emergence of Fano resonances in the scattering response of a
metamaterial slab.

e Use of effective medium techniques to characterize the emission of Cherenkov
radiation in nanowire arrays.

e Demonstration that the wire medium allows for a massive Cherenkov emission

with no charge velocity threshold.
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Macroscopic approach to investigate the formation and propagation of three
dimensional unstaggered bright and dark spatial solitons with cylindrical
symmetry in nanowire structures embedded in Kerr-type nonlinear media.
Effective medium model for electron wave propagation in graphene
superlattices.

Demonstration of new phenomena in GSLs such as diffractionless propagation
of electron waves.

Proposal of a graphene based heterostructure that mimics a “wormhole” for

matter waves.

Throughout the thesis each of the aforementioned topics is expanded, and the new

contributions are compared with the open literature.
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II. SCATTERING ENGINEERING WITH WIRE
MEDIA

I1.1. Introduction

In the context of metamaterials research one of the most relevant structures is the
uniaxial wire medium. The wire medium consists of a set of infinitely long wires
oriented along the same axis and embedded in a dielectric medium [1-2]. As discussed
in Chapter I, nanowire materials have been recently on focus due to their unusual
electromagnetic properties, some of which are the anomalously high density of photonic
states, as compared to more natural media [3-5], and a negative permittivity response
below an engineered plasma frequency [6-8]. Because of these properties this artificial
media gained an increasing importance, and it was proven that wire media may be
useful in many applications in the microwave through mid-THz frequency band [9-15].
The use of effective medium techniques to describe the behavior of this material, e.g.
[16, 17], soon became of invaluable importance. As discussed in Sec. 1.1, it was found
that the effective medium response of this material is characterized by a strong non-
local (spatially dispersive) response [16, 17]. It has been shown that the nonlocal
response may be tamed by periodically inserting metallic plates in the metallic wires
[18-22]. Other wire medium topologies, such as double and triple perpendicular arrays
of connected and non-connected wire-media, have also been discussed in the literature
[23-27]. In fact, a significant effort has been dedicated to the homogenization of such

complex media, as it may enable new exciting electromagnetic phenomena [14, 24].
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Nevertheless, the homogenization of a metamaterial formed by two nonconnected
perpendicular wire arrays [24] in the scenario wherein the two wire arrays are parallel,
so that each unit cell of the material contains two parallel wires, remains an open
problem. From here on, the metamaterial formed by two inequivalent parallel metallic
wire arrays will be designated by “nested wire medium”. The effective response of the
nested wire media is quite peculiar. The key feature is the hybridization of the modes
supported by the individual arrays, which is a consequence of the interactions between
the nested wire arrays. In particular the number of natural modes (plane waves)
supported by the metamaterial (within an effective medium description) is greater than
in conventional wire media, making it challenging to describe the wave propagation
with effective medium techniques.

In this chapter, we develop an effective medium model for the nested wire media.
The effective dielectric constant of the bulk metamaterial medium is derived and the
photonic modes supported by the bulk medium are characterized.

Using this effective medium model, we propose a formalism to solve scattering
problems. Namely, we introduce a set of boundary conditions necessary to characterize
the scattering by a metamaterial slab. The purpose of this study is to show that the
transmission and reflection properties of the nested wire media may be drastically
modified if there is some structural asymmetry in the system, for instance if each sub-
array is made of a different metal. In fact, it will be shown that the electromagnetic
coupling of the two sub-arrays may enable one to engineer the scattering response in
such a way that sharp Fano-type resonances [28, 29] appear in the transmission and
reflection coefficients of the nested wire media.

The Fano resonances are characterized by a sharp asymmetric line shape and were

named after the renowned Italian physicist Ugo Fano. In 1935 Ugo Fano successfully
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derived a theoretical formalism [30] to explain the asymmetric peaks seen in the spectra
of radiation absorbed by atoms observed by Hans Beutler in 1935 [31]. A few decades
later, in 1961, U. Fano developed his first work to predict the shape of spectral lines
[28]. This new model became very important in a variety of subjects such as nuclear,
atomic, molecular and condensed-matter physics. The reason for this lies on the
fundamental fact that these resonances originate from the interference of two or more
oscillators, hence they can be observed in quite distinct physical systems. In particular,
Fano resonances have been recently demonstrated in plasmonic structures and
metamaterials [29-34]. Because of its narrow lineshape, Fano resonances have
promising applications in sensing, e.g. in the development of novel chemical or

biosensors.

I1.2. Effective Medium Model of the Nested Wire Media
11.2.1. Effective Permittivity

In this section, we characterize the effective medium response of the nested wire media.
The wires are oriented along the z-direction, such that the unit cell of the bulk material

contains two inequivalent metallic wires, denoted by 4 and B in Fig. 2.1.
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Fig. 2.1. Geometry of the two nested wire media denoted by 4 and B. The two arrays are arranged in a
periodic square lattice with period a and the wires are embedded in a dielectric host material with
permittivity &, .

This structure is manifestly different from the standard wire medium structure, which
is formed by a single set of infinitely long metallic wires arranged in a periodic square
lattice. Assuming that the wires are oriented along the z-direction, it has been shown

[16, 17] that the wire medium is characterized an effective permittivity tensor that reads:

&y (0k.) =2, {5, (38 +97)+4.22) @.1)

p o |

where &, is the permittivity of the dielectric, ¢_ =1+ h ——h — 1,
(gm_gh)fV kp

k, = o\J&, 1, is the wave number in the dielectric host medium, f, =z (r/a)’ is the
volume fraction of the metal, &, is the complex permittivity of the metallic wires and
k, is a structural parameter with the physical meaning of a plasma wave number.
Within a  thin  wire  approximation it can be  checked  that

(k,a) = 2;{0.5275 +1n [L

-1
5 ﬂ and the transverse permittivity satisfies & ~1 [16,
r
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17]. The explicit dependence of the dielectric function on the wave vector k_ <> —idi
zZ

implies a strong non-local behavior [16, 17].

In order to derive an expression for the effective permittivity of the nested wire
media, it is important to realize that provided the two sub-arrays are not very strongly
coupled in the near-field, so that the influence of one array on the other can be regarded
as a macroscopic excitation, the contribution of each array to the electric polarization is

related to the macroscopic electric field as [27]:
= .d =
P, :{8%,(0), —i d—j-ghl]E, [=A,B. (2.2)
% .

and ¢

where £ 5

Yy are the effective permittivities of each set of the nested wires,

defined as in Eq. (2.1), with pertinent structural parameters dependent on the considered

sub-array, and 1 is the identity matrix. The requirement that the two sub-arrays interact
with one another as macroscopic sources is better satisfied when the two wires in the
unit cell are as far apart as possible, which is the case represented in Fig. 2.1.

The effective permittivity of the nested wire arrays describes the response of the total

polarization vector P, + P, to the macroscopic electric field. Therefore, it must satisfy

Eyas (@K )=5, (0,k)+E, ,(0.k )-¢,1. (2.3)
The permittivity tensor &, ,,, (@,k,) is also of the form of Eq. (2.1), but now the zz

component is given by:

-1 -1
2 2 2 2
_k, -k g, _k -k

i : | 4

n

. =1+ 2 + 2
(gm,A _8h)fV,A kp,A (gm,B _gh)fV,B kp,B

In what follows, the metal is assumed to be described by a lossless Drude dispersion

model such that ¢ (a)) =&, (1 -w/ a)z) , being @, the angular plasma frequency of the
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o &£ N
electron gas within the metal. In such a case, the term k can be simplified
(¢,—€,)f
m h Vv
. &, g o k; : :
into ~— —=-——, with k =, &, . Hence, after simple
(gm _gh)fV gOfV o kam
mathematical manipulations, it is found that
k. k2
e (o )=1-——2L1 g4 (2.5)

K-k n -k

2

N
where n] =1+—2—

V,"%m,l

with /=A,B is the so-called slow-wave factor [21] that

characterizes the plasmonic behavior of each set of wires, and k;,,

2 2
=k,,/n; is the
effective plasma wave number of each array, that takes into account both the geometry

of the unit cell and the plasmonic response of the metallic wires. In case the wires are

made of a perfect electrical conducting (PEC) material, the slow-wave factor is equal to
unity, so that n/ =1 and therefore k.., =k .
Next, we derive the photonic modes allowed in the bulk nested wire media. The

characteristic equation for the photonic modes can be found substituting the permittivity

tensor given by Eq. (2.4) into the Maxwell equations and calculating the plane-wave

solutions (eigenmodes) with a spatial variation of the form ¢**, being k =k, + k.2 and
k,=kXx+ky the transverse part of the wave vector. This yields the following

dispersion relation for TM (Transverse Magnetic)-polarized eigenwaves

2 2

kZ+ ky
2 2
kef,A kef,B

K-k /n’ k—-kn

- (2.6)

1—

and k? =k, —k. -k for the TE (Transverse Electric)-polarized waves. For a given

value of the transverse part of the wave vector, the dispersion equation for TM-

polarized waves given by Eq. (2.6) corresponds to a cubic equation, and therefore yields
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three different solutions. Thus there are three distinct propagating eigenmodes: two
quasi-Transverse Electromagnetic (q-TEM ) modes and a TM mode. From here on these
modes will be designated by qT1, qT2 and TM modes. Remarkably, this property
contrasts with the standard wire medium which only supports two distinct extraordinary
waves, the g-TEM mode and the TM mode [17, 21].

Clearly, each g-TEM mode is associated with a different array of wires [17, 21, 27].
This result can be generalized, so that for a metamaterial formed by N distinct wires
arrays, there will be N different propagating q-TEM waves, provided the influence of

each array on the others can be regarded as a macroscopic excitation.

11.2.2. Additional Boundary Conditions

In what follows, the theory developed in the previous section is applied to derive a
formalism that allows one to characterize the scattering of electromagnetic waves by a
slab of the nested wire media metamaterial with thickness 4. A representative geometry
of the system is sketched in Fig. 2.2. The slab is excited by a TM-polarized plane wave
(magnetic field is along the y-direction) so that the plane of incidence is the xoz plane.

The angle of incidence is 6, and the relevant field components are H, E  and E..

This monochromatic incoming wave can excite plane waves in the wire medium with

transverse wave vector k, =k X+kYy such that k =k sind, and k =0, with

mnc

k, = ®/c and c the light speed in vacuum.
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Fig. 2.2. Side view of the wire media slab formed by two nested sets of parallel wire arrays. The cells are
arranged in a periodic square lattice with period a and both sets of wires are severed at the interfaces,
forming a slab of thickness % . The structure is illuminated by a TM-polarized plane wave with incidence
angle 6,

inc *

The electromagnetic field inside the nested wire media may be written as a
superposition of six plane waves: two counter-propagating waves (propagating along +z
and —z directions, respectively) for each of the qT1, qT2 and TM modes. Thus, the

magnetic field distribution in the whole space can be expressed as:

(e”’z—Re%Z) z>0
. EinC C e;/TM(erh) + C e—yTM(z+h) +B e}/qrz(z+h) + B e—}/q”(z+h)
H, (z,a)):elk"x— : ? , ! , ? —h<z<0,2.7)
Mo + Aley‘l”(z+ ) + Aze*y"“(z+ )
Te =" z<-—h

where 4, and B, stand for the amplitudes of the q-TEM modes, C, for the
amplitude of the TM modes, E™ is the complex amplitude of the incident field and
7, :\/T/g0 . The reflection and transmission coefficients are R and 7, and
7, =k} —@’u,e, is the free space propagation constant along the z-direction. The
propagation constants along the z-direction in the metamaterial (y°>=—k’ with
Y =7V Yqr2s Ve ) are obtained from the solution of the dispersion characteristic

equation (2.6) with k =k, +k.Z and k, =k X.
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To determine the unknowns 4,,, B,, C,, R, and T a set of suitable boundary

conditions need to be imposed at the interfaces between the metamaterial slab and the
air regions. The boundary conditions depend on the manner in which the metallic wires
are terminated at the interfaces. In this thesis, it will be assumed that the wires are cut at
the interfaces.

The classical Maxwellian boundary conditions establish a relation between the
tangential components of the electric and magnetic fields at the interfaces. In the
considered configuration, the tangential electric field is continuous at the interface
because there is no effective surface magnetization (or higher-order surface multipole
densities) at the interface. Moreover, the tangential magnetic field is also continuous
since no electric surface currents are present.

It is well known that due to the strong nonlocal behavior of wire media, additional
boundary conditions must be specified at the interfaces of a material slab [22, 35-38].
However, since in a unit cell of the nested wire media there are two independent sets of
wires, two additional boundary conditions are required at each interface. The
formulation of these boundary conditions will be based on the ideas of Ref. [27].
Because we assume that the wires are severed at the interfaces, the microscopic current

flowing on each of the metallic wires /,, with / = 4, B representing each set of wires,
must vanish at the interface, i.e. at an interface z =z, one should have /, = 0. Since the

contribution P, of the sub-array / to the total polarization vector may be written as a

. . L 17, .
function of the current flowing on each of the metallic wires so that P, =———L7, it

—iwa’

follows that the boundary condition /,=0 at z=z; is equivalent to P,-z| _ =0.

20
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Importantly, from Eq. 2.2, the previous boundary condition may also be rewritten as

In summary, the boundary conditions at the interfaces between the metamaterial slab

and the air regions are:

LB ], =0, (2.8a)

|H,| =0, (2.8b)

=0,1=A,B. (2.8¢)

Here LF JZ:Z =F__ —F__ stands for the field discontinuity of the generic function

z=z)

F at the pertinent interface. The electric field distribution may be obtained using
-1
1 |= .d o
E=—-/|¢| o,-i— || -VxH, and it satisfies:

7o(e"" +Re ) z>0,

I z+ — + & z+ —¥,ra(z+h
707/7“/[ (Cle}/m( h) —Cze 7ru ( h))+70yqrz (Ble?’qrz( h) —Bze V(/T.( h)

" Einc 1 & r
E (z,0)=e"" - " ! ~h<z<0,(2.9)
LE, &, ri(z+h ~Ygri(z+h
My 0 +;07qu(141€” ( )—Azey ( ))
h
y T z<-h
eVoZ _ Re—;/nz z> 0
Eim‘ k (:7‘3[,[ (Cleh,w(”/’) +Cze—7m (”h))+ g‘j?'z (Bleyqrz(””) +Bze*7qrz(”h)
E (z,0)=—""——0 7 = ~h<z<0 .(2.10)
770 wgo + ‘i(;l (Ale%,n(z”’) + Aze‘;/.,rl(z*h))
Te ") z<—h

™ __ . qT1 __ . qT2 __ -
In the above &' =¢,¢_ (w,iy,, ), &% —ehezz(a),z;/qn) ,and &% =¢ & (a),z;/qn)

where ¢_(w,k,) is given by Eq. (2.5).
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Imposing the boundary conditions (2.8a), (2.8b) and (2.8c) on the each of the sub-

arrays (/= A4,B) at the top and bottom interfaces, allows us to obtain a set of eight

linear equations that can be numerically solved to obtain the value of all unknowns and
therefore solve the scattering problem.

It is important to stress that in agreement with the findings reported in Ref. [25], for
lossless structures these boundary conditions are consistent with the conservation of
energy and with continuity of the real part of the Poynting vector component normal to
the interfaces (please see Appendix B of the article [J2]). Moreover, it is worth
mentioning that in the article [J2] we also derived boundary conditions for the
configuration where the wires are connected to square metallic patches, so that all the
wires in the same sub-array are terminated in the same manner at both interfaces, but

wires in different arrays can be terminated differently.

I1.3. Fano Resonances

In order to demonstrate the validity of the proposed effective medium model and prove
that the coupling of the wire arrays results in the emergence of Fano resonances, next
the transmission and reflection properties of nested wire media are calculated for
different examples. The wires are embedded in a dielectric medium with thickness #

and permittivity ¢,, and the set wires of sub-array 4 have radius R,, whereas the wires
of sub-array B have radius R, . The geometry is shown in Fig. 2.3.

We suppose that the slab has thickness 4 =3a and that the wires stand in air so that

g, =¢&,. The wire radii are R, =0.05a and R, =0.025a, for each of the sub-arrays. The

slab is illuminated by a TM-polarized plane wave with incidence angle 8, = 60°.

mnc
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Fig. 2.3. Geometry of the wire media slab formed by two nested sets of parallel wire arrays (a) Side view:
the cells are arranged in a periodic square lattice with period «a . Both sets of wires are severed at the
interfaces. The wires are embedded in a dielectric with permittivity &, and thickness /4 . The structure is

illuminated by a TM-polarized plane wave with incidence angle &, . (b) Top view of the unit cell of a

inc *

2D lattice of wire medium slab with one wire with radius R, in the middle and another wire with radius

R, placed in the corners of the cell.
11.3.1. Nested Wire Wedia with Perfect Electric Conducting Wires

To begin with, it is supposed that the wires of both sub-arrays are made of an ideal PEC
material. In this case the propagation constants associated with the two q-TEM modes
become identical such that y . =y, =—ik,. As a consequence, it is clear that

71 T2
el =¢g!

zz zz

=0, and hence the system of equations obtained by imposing the boundary

conditions (2.8a), (2.8b) and (2.8c) on the each of the sub-arrays at the top and bottom
interfaces of the slab is ill-defined. This difficulty can be circumvented simply by
slightly numerically perturbing the complex permittivity of the materials. The numerical

perturbation was modeled in such a way that the slow wave factor of the sub-arrays was

2 _
n,;=1+6,,,

with 6, , <<1. It was checked, both numerically and analytically, that
independent of the considered perturbation, the reflection and transmission coefficients

converge to the same result independent of the form of the perturbation when 6, , — 0.

In general, one may need to adopt this perturbative approach when the propagation
constants of the two q-TEM modes are identical, even if each set of wires is terminated

asymmetrically.
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Figure 2.4 depicts the amplitude and phase of both the transmission (panel (a)) and
reflection (panel (b)) coefficients of the nested wire media slab as a function of the
normalized frequency hw/c, calculated using the developed homogenization model

and using the commercial full-wave electromagnetic simulator CST Microwave Studio

[39].
(b)
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Fig. 2.4. Amplitude (blue curves) and phase (red curves) of the (a) transmission and (b) reflection
coefficients for PEC wires and an incident TM polarized wave with €, _=60° as a function of the

normalized frequency A@/c. The solid lines represent the results calculated using the homogenization
model and the dashed lines represent the full wave results obtained with CST Microwave Studio.

The results show that there is a good agreement between the results obtained using
the homogenization model and the full-wave simulations, indicating that the proposed
effective medium theory accurately describes the electromagnetic response of the nested
wire media when the wires are made of a PEC material.

Importantly, even though there is some asymmetry in the system, since both sub-

arrays have different radii (R, =0.05¢ and R, =0.025a), this is not sufficient to

observe Fano resonances in the scattering properties of the nested wire media. For
reasons that will be discussed ahead, to observe such a phenomenon, it is necessary to
increase the asymmetry between both sub-arrays, for instance connecting metallic plates

to one set of wires at the interface [J2].
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11.3.2.  Nested Wire Media with Dispersive Metallic Wires
In the next example, we suppose that the permittivity of the metals ¢, (a)) is described

by the lossless Drude dispersion model such that ¢, (@)= ¢, (1 -, /a)z) . It 1s assumed

that the wires of array A4 have a plasma frequency that satisfies

k, ,a= (a)m’A/c)a =19.5, which for a lattice period of a =273 pm corresponds to the
plasma frequency of indium antimonide at 225 K [40]. Moreover, it is considered that
the wires of array B are made of a material such that &, ,a= (a)m’B/c)a =10.0,
consistent with the plasma frequency of 0.92Q cm p-type doped silicon [41]. As in the
previous example, the remaining structural parameters are 42 =3a, R, =0.05¢ and
R, =0.025a, while the slab is illuminated by a TM-polarized plane wave with
incidence angle 6, =60°.

A comparison between the results obtained with the homogenization model and full

wave simulation is shown in panels (a) and (b) of Fig. 2.5.

(a) (b)
1.
150¢ A L || 150 A |
= 100} : 08 2 100} i\ 08
gy H —~ b A
e i 06 x X 4 0.6
o0 : g 0 Ny
‘? —50F N 0.4 I —50F ﬂ: 04
B i
—100¢ 02 100} ‘3' 02
150/ 150 .
05 10 15 20 25 05 10 15 20 25
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Fig. 2.5. Amplitude (blue curves) and phase (red curves) of the (a) transmission and (b) reflection
coefficients as a function of the normalized frequency hw/c, for a nested wire media slab where the
wires of sub-arrays 4 and B are made of metals such that for a lattice period of a =273 um the

normalized plasma frequencies satisfy k, ,a=19.5 and k, ;a =10.0 under the excitation of an incident

TM polarized wave with 6,

inc

=60°. The solid lines represent the results calculated using the

homogenization model and the dashed lines represent the full wave results obtained with CST Microwave
Studio.
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Apart from a frequency shift, the results show a reasonable agreement, further
validating our theory when the metallic wires are made of distinct materials. An eye
catching feature in the plots is the presence of a sharp resonance in the transmission and

reflection coefficients near the normalized frequency hw/c ~1.0, whose asymmetric

shape is consistent with a Fano-type resonance and is markedly different from the more
common Lorentzian resonance [28, 29]. The emergence of this resonance is related to
the interference between a narrow quadrupole-type resonance and a broad dipole-type
resonance [34]. In fact, it can be checked that to a first approximation electrically short
(subwavelength) wires behave as electric dipoles, such that their scattering strength
typically increases with the frequency. Therefore, the scattering of the wire arrays is
dominated by the strongly radiative collective dipolar mode originated from the in-
phase interference of the fields that are scattered by the two wire sub-arrays, and in
particular, for long wavelengths, the transmission of the structure tends to decrease with
an increasing frequency, as shown in both Fig. 2.4(a) and Fig. 2.5(a). However, in the
nested wire medium, where there are two distinct wires in the unit cell, the currents in
the wires may have opposite signs over a narrow frequency range, resulting in a narrow
anti-bonding mode. The Fano resonance emerges precisely at the frequency wherein the
dipole moments of each array oscillate out of phase. At this frequency the net dipole
moment is null, which results in a sub-radiant mode and in nearly 100% transmission of
the incoming wave.

These ideas are illustrated in Fig. 2.6, where it is shown the phase and normalized

amplitude of the z-component of the polarization vector P. of each sub-array of wires,

calculated at the midpoint of the wire media slab using Eq. 2.2, as a function of the

normalized frequency.
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Fig. 2.6. Normalized amplitude (solid curves) and phase (dashed curves) and of the z-component of the
macroscopic polarization vector of each sub-array of wires at the middle of the slab as a function of the
normalized frequency: polarization vector of sub-mesh A4 (blue curves) and polarization vector of sub-
mesh B (red curves). The amplitude of the incident wave is constant.

It is seen that at the peak of transmission corresponding to the Fano resonance,
occurring at the normalized frequency hw/c ~1.0, not only the polarization vectors are
out of phase, but also that they have nearly the same amplitude, confirming that the net
polarization vector vanishes at the Fano resonance. For slightly different frequencies,
the amplitudes of the polarization vectors are not the same, causing the dips in the
amplitude transmission coefficient.

Interestingly, the results show that for frequencies slightly above hw/c~1.0 the
amplitude of the polarization vector is higher in the sub-array of wires with larger
radius, whereas at frequencies smaller than hw/c ~1.0 the amplitude of the polarization
vector is typically larger in the sub-array of wires with smaller radius. In fact, for
slightly smaller operating frequencies the sub-arrays are characterized by a very strong
dipolar response, and the currents flowing through the wires do not oscillate in
opposition of phase, forcing the dip in the amplitude of the transmission coefficient.

These ideas are substantiated in Fig. 2.7, where we show the phase and normalized

amplitude of the z-component of the polarization vector P. of each sub-array of wires,

calculated inside the wire media slab at fixed frequencies hw/c ~1.0 (solid blue curves
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for sub-mesh A4 and long dashed red curves for sub-mesh B) and at hw/c ~ 0.987 (green

dotted curves for sub-mesh A4 and dot-dashed brown curves for sub-mesh B).
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Fig. 2.7. Phase and normalized amplitude of the z-component of the macroscopic polarization vector of
each sub-array of wires inside the wire media slab at hw/c ~1.0 (solid blue curves for sub-mesh 4 and

long dashed red curves for sub-mesh B) and at hw/c ~ 0.987 (green dotted curves for sub-mesh 4 and
dot-dashed brown curves for sub-mesh B).

In fact, while at the normalized frequency hw/c~1.0 the z-component of the
polarization vector of each sub-array of wires has nearly the same amplitude but

opposite signs across the slab, at a slightly smaller frequency hw/c ~0.987 this does

not happen and the amplitude of the z-component of the polarization vector of the sub-

mesh B is always larger than in the sub-mesh 4, i.e. |P, ;| is always larger than ‘PZ, A‘ .

To further demonstrate that the nature of the Fano resonance lies in the asymmetry of
the structure, we depict, in Fig. 2.8 normalized microscopic current density flowing
through the wires in the unit cell at the normalized frequencies iw/c=1.15 and at
hw/c=2.06. These normalized frequencies correspond to peaks of transmission

calculated with Microwave Studio [39] that are depicted in Fig. 2.5.
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Fig. 2.8. Normalized microscopic current density distribution in a unit cell of the nested wire medium
structure for the normalized frequencies: (a) hw/c=1.15 and (b) hw/c=2.06. Panel (c) shows the

geometry of the unit cell.

Figure 2.8(a) reveals that the currents in the two wire arrays have nearly the same
amplitude and are out of phase, demonstrating in this manner that the narrow-band Fano
resonance is rooted in the counter-flow of microscopic currents in each set of wires.
These results also allow concluding that the narrow anti-bonding mode is related to
quadrupole/magnetic resonances, and that nested wires slab may mimic an array of
magnetic dipoles that oscillate along the y-direction. In fact, since the Fano resonance is
originated from the interaction of an electric-type resonance and magnetic-type
resonance (more rigorously a mix of magnetic and quadrupolar resonances), the nested
wire medium may be roughly pictured as a material with an effective permittivity and
an effective permeability that resonate at nearby frequencies.

In this system the Fano resonance emerges from the interaction of two different
resonators (two different wire arrays), but it has also been proposed that Fano
resonances may appear due to the interaction of different modes of the same resonator

[34, 42].



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 37

On the other hand, at the second resonance, corresponding to the normalized
frequency hw/c=2.06, the currents do not flow along a single direction in each wire,

so that the wires cannot be regarded as a short dipoles.

I1.4. Summary

In this chapter, we investigated the effective medium response of two nested arrays of
parallel metallic wires. Under the assumption that the two sub-arrays are not very
strongly coupled in the near-field, we derived an explicit formula for the effective
dielectric constant of the bulk metamaterial which depends on both the geometry of the
cell and the plasmonic behavior of the permittivity of the metallic wires. It was also
shown that the dispersion relation for TM-polarized waves in the nested wire media
yields three different solutions, corresponding to two q-TEM modes and a TM mode,
which contrasts with the standard wire medium that only supports two distinct
extraordinary waves, the -TEM mode and the TM mode [17, 21].

One of the main contributions of this Chapter is the development of a formalism to
solve scattering problems in a slab of nested wire media when the wires are severed at
the interfaces. This formalism was successfully applied to the study of the scattering of
electromagnetic plane waves by a slab of the metamaterial. It was shown that the two
arrays can be strongly coupled and that the currents in the two sets of wires may flow in
opposite directions. The aforementioned phenomenon enables the interference of a
narrow quadrupole-type resonance and a broad dipole-type resonance, resulting in a
Fano-type resonance in the transmission and reflection coefficients of the slab.
Remarkably it was shown that it is necessary to have some degree of asymmetry in the
structure for this resonance to appear, and that a possibility is to consider wires made of

distinct materials.
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It is important to stress that this work was further developed in [J2] for a
configuration wherein the wires are connected to square metallic patches, so that all the
wires in the same sub-array are terminated in the same manner at both interfaces but

wires in different arrays can be terminated differently.
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III. CHERENKOYV EMISSION IN WIRE MEDIA

II1.1. Introduction

Cherenkov radiation [1] is emitted whenever a charged particle moves inside a

transparent medium with a velocity v larger than the phase velocity v, = c/n of the

electromagnetic waves inside the medium, where n is the refractive index of the
medium. If the velocity threshold is surpassed, the emitted radiation forms a cone of

rays inclined at an angle 6 with respect to the direction of motion such that

0= arccos(vph / v). Hence, the particle velocity can be determined based upon the angle

of the emitted radiation. This phenomenon was discovered by P. A. Cerenkov in 1934
while studying the effects of radioactive substances on liquids, as he noticed that the
water surrounding certain radioactive substances emitted a faint blue glow. Soon after
this discovery, in 1937, I. M. Frank and I. E. Tamm put forward a theoretical
interpretation of Cerenkov’s observations [2]. Since then, Cherenkov radiation has been
extensively studied due to its many applications, particularly in particle detection in
high-energy physics [3].

Quite interestingly, this phenomenon is intimately linked to the beginning of
metamaterials research. The history of modern metamaterials can be traced back to
1968, when Victor Veselago published a pioneering study [4] proposing that DNG
media would allow for left-handed propagation of light and an anomalous Cherenkov
effect, where the cone of the radiation would be directed backward relative to the

motion of the particle, different from what is observed in usual materials [1, 2, 5].
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It took nearly forty years for the anomalous Cherenkov effect to be experimentally
verified [7], even if in an indirect manner. Recently the study of Cherenkov emission
gained a new breath with the emergence of novel functional materials with tailored
electromagnetic response [7-17]. For instance, it has been suggested that metamaterials
enable the emission of Cherenkov radiation with no velocity threshold [8, 9, 12, 13].

In Chapter II it was shown that a nanowire metamaterial may support Fano
resonances and this can have exciting applications in sensing. Here we explore the
potentials of nanowire arrays in context of Cherenkov emission. The main motivation to
study this problem is related to the recent finding [18-20] that an array of nanowires in
the long wavelength limit A >>a (a is the period of the structure) [21] is characterized
by an extremely large density of photonic states, allowing to boost the Casimir
interaction between two bodies embedded in a nanowire environment. It is important to
mention that singularities in the density of photonic states have also been associated to a
significant increase in the Purcell emission rate [22-26] of indefinite media (such that
the permittivity tensor is indefinite). Therefore, it is natural to wonder how would the
large density of photonic states affect the Cherenkov emission.

Here, based on an effective medium framework, an analytical model is developed to
calculate the Cherenkov radiation emitted by a linear array of charges moving with
constant velocity inside an infinite nanowire structure. The model is used to prove that
the Cherenkov emission in nanowire materials has maximal intensity along a very
specific direction, and that unlike natural materials it has no velocity threshold.

The enhancement of the Cherenkov emission is discussed in detail. Explicit
analytical formulas are derived to compare the radiation losses associated with the
emission of Cherenkov radiation in an unbounded nanowire structure and in a natural

material. It is shown that the wire media may greatly enhance the emission of radiation
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as compared to water, a dielectric widely used in the context of Cherenkov radiation

detectors [27-28].

I11.2. Pencil of Charges Moving Inside the Nanowire Structure

111.2.1. Analytical Model

In what follows, an analytical model is developed to calculate the field distribution of
the Cherenkov radiation emitted by a linear array of charges, or “pencil” of charges,
moving inside an unbounded wire medium, and whose movement is confined to the
v =0 plane, as shown in Fig. 3.1. In the proposed configuration the pencil of charges is
oriented along the z-direction, so that at a fixed instant of time, all charges have the
same y coordinate and move along the x-direction with a constant velocity v. The
nanowire structure consists of a set of infinitely long wires arranged in a periodic square
lattice with period a, and oriented along the y-direction. The metallic wires have radius

r and are embedded in a dielectric medium with relative dielectric permittivity &,, as
depicted in Fig. 3.1. The relative complex permittivity of the metallic wires is ¢, .

From the discussion in Sec. II.2, the effective permittivity tensor of the wire medium

may be written as:

e 0 0
Ey=6,10 ¢, 0 (2.1)
0 0 ¢

p K-k
where &, :1+{( b - y} and ¢, ~1 [29, 30].
) c :
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(a) (b)

Fig. 3.1. (a) Geometry of the infinite wire medium with period a, embedded in a dielectric host material
with permittivity ¢, . (b) A linear array of charges moves inside an unbounded wire medium with a

constant velocity v.

The spatial distribution of the electromagnetic field in the wire medium can be

obtained from the solution of the Maxwell equations:

0B/ot+VxE =0, (2.2)
OE

VxH-g,—=J,, 2.3
0 (2.3)

and allows for the complete characterization of the Cherenkov radiation in the structure.

The source term J, =J_, +J,  represents the total current density in the system, taking

into account the contributions from the moving charges J_ , and the current that is

ext

induced in the structured material J, . In this problem, the current density of the

moving charges is given by:

Jext(x,y,t):—enZS(y)S(f—t)ﬁ (2.4)

v
where n_ is the number of charges per unit of length along the z-direction and —e is the

electron charge. The volumetric charge density is determined by the divergence of this

current. Since the electromagnetic fields can be found most easily in the frequency

domain, it is useful to calculate the Fourier transform of J (x, Vs t) :
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J,  (x,y,0)= j I (x,p,t)e”dt =—en 3(y) % (2.5)

where k= w/v. The current density J , is the average current induced in the nanowire
metamaterial, and hence is defined as J, =1/ a®, where I, is the microscopic
current in a nanowire [31]. As proven in Ref. [31, 32], it is possible to write /, directly

in terms of the macroscopic fields as:

ik, | . OE, (o A
I, :azk_g-{—lwgogha—y’—lr[c—zgh —ktz}(nyt)} (2.6)

t
where k,, H, and E, stand for the transverse components of the wave vector, magnetic

and electric fields, respectively. Due to the geometry of the problem (see Fig. 3.1), the
magnetic field has a single component, oriented along the z-direction, hence it is evident
that H =H=H 2z, while k,=kX and E,=FEX. In the frequency domain the

magnetic field satisfies the following second order differential equation in the y #0

region:
2 2 a‘] wn a‘]vext
V'H_ +o ye.e,H, = —————+—. (2.7)
ox oy

Since in the region y # 0 the external current vanishes, the magnetic field in the wire
medium region must be a superposition of the so-called q-TEM and TM waves [30].

Therefore it is possible to write the electromagnetic field distribution as:

(]’i-%—e—}’mwy + ]"2+e—7m4)’ ) eik"‘x y >0
H. (x,y,0)= ‘ (2.8)
(Ti_e}/n;‘My + ]"2—67/”,1,\/ ) elkxx y <0

where T* and T, stand for the amplitudes of the g-TEM and TM modes under a plane

wave excitation scenario with the incident wave characterized by the transverse wave
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number k_. The propagation constants of the TM (y,,, ) and q-TEM (y,,,,) modes are

given by [21, 30, 33, 34]:

1
2
7. = —i[k,f —%[kj vk —k? J_r\/(kj +kI -k )2 +4k2k ﬂ (2.9)

k’ 1
where ¥, =V., Vi =7. and kCZ A

Sy (gm/gh)_l .

To determine the unknowns 7;° and 7", a set of boundary conditions needs to be
enforced on the general solution at y=0. Due to the flow of charged particles, the
magnetic field is discontinuous at the plane y =0, where the charges are confined to.
However, the tangential component of the electric field £ remains continuous at this

plane. Moreover, given the geometry of the system, since the flow of charges along the
wires is perpendicular to the flow of external charges, it seems reasonable to assume
that / , given by Eq. (2.6), is continuous at y =0. The remaining boundary condition is
obtained from the behavior of the electric charge in the nanowires in the vicinity of
y=0. It was shown in Ref. [31] that the density of charge in the nanowires per unit of

length (p.u.l.) ¢ may be written in terms of an average electrostatic potential drop

measured from the nanowire to the boundary of the associated unit cell ¢ [31], such
that ¢ = Ce, where C is a capacitance (p.u.l.) that depends on the geometry of the wire
medium. Similarly to the current in the nanowires, this additional potential ¢ may also

be written directly in terms of the macroscopic fields [31, 32]. It can be shown that it

satisfies:

a week, |O°E, (o
= L. L+| —¢&, -k’ |E, |. 2.10
¢ la)C ktZ 6)}2 C2 h t t ( )
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Since the tangential component of the electric field is expected to be continuous at

y =0, it follows that the additional potential ¢, and consequently g, must also have the
same property. In summary, the set of boundary conditions necessary to find the

unknowns 7 and 7, is the following:

|H. ], =—ene™, 2.11a)
LE.],=0, 2.11b)
Unyzo =0, 2.11¢)
Le],,=0. 2.11d)

Here, the operator L Jy:o has the same definition as in Chapter II. Using the

boundary conditions (2.11a)-(2.11d), together with Egs. (2.6), (2.8), (2.10) and

1 OH : .
E =- =, allows us to write a system of equations that can be solved to find

iweg,e, 0Oy

the unknowns. Interestingly 7© and 7, have an exact analytical solution [J1] that

permits writing the spatial distribution of the magnetic field as:

ikyx 2 2 2 2 2/ 2 2 2
ene™ g0 /¢ + ki . &0 /c+ kI _, 0
HZ (x,y,a)): 22 sgn(y)( h 7/TM X e YthH _%h }/TEM X e }//M}j.(z'lz)

y?EM_j/?M Vren ~ Yiu
To characterize the radiation pattern of the moving charges, it is necessary to
calculate the magnetic field in the time domain. The time-domain evolution is

determined by calculating the inverse Fourier transform
17 4 . . :

H_ (x,y,t)= g I H_(x,y,w)e"”dw . Provided the charges are moving for a long time
T —o0

(for instance since ¢ =—o0) and the source of charges is at a very distant point from a

certain region of interest, it is expected that the time evolution of H_ is simply

described by the translation x, — x, +v¢, along the x direction of the signal calculated
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at t =0, being #, a generic instant of time. Hence, a snapshot of the magnetic field at

t =0 is sufficient to characterize the Cherenkov emission at an arbitrary time instant.

111.2.2. Examples and Discussion

Next, the Cherenkov emission is numerically studied.

111.2.2.1 Radiation Patterns

In the first example, we consider an unbounded nanowire structure with PEC wires

(&, =—) standing in vacuum (¢, =1). The wires have a radius r=0.05a, with

a=100nm being the lattice spacing, which is fixed hereafter in all examples of this
subsection. Figure 3.2(a)-(b) shows the spatial distribution of the magnetic field
intensity at =0, so that the pencil of moving charges is at x=0, for two values of
velocity, v=0.2¢ and v=0.5c.

Quite interestingly, in both plots the magnetic field is non-zero for x> 0. This is
consistent with the fact that the electromagnetic radiation propagates faster in the
vacuum host region (with velocity equal to c) than the charged particles do. Moreover, it
can be checked that there is a nodal line wherein the magnetic field vanishes at the plane
y=0. The snapshots of the magnetic field intensity also reveal another eye catching
property, namely that the field inside the wire medium has maximal intensity along a
specific direction @, measured with respect to the x-negative axis as illustrated in Fig.

3.2(c).
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(c)

4 -3 -2
x/a

Fig. 3.2. Snapshot (at # =0) of the magnetic field intensity (in arbitrary logarithmic units) radiated by a
linear array of charges moving inside an unbounded wire medium with vacuum as the host and PEC
nanowires with radius »=0.05a. The velocity of the charges is: (a)v=02c (b) v=0.5¢. (c)
Representation of the radiation emitted when a beam of moving charges propagates inside a wire medium
along the x-direction. Because the main radiation channel is associated with the g-TEM mode of the wire
medium, most of the emitted radiation is launched along the direction & measured with respect to the
direction —x.

As shown in Fig. 3.2(a)-(b), for PEC wires the value of € decreases with increasing
velocity, and it can be verified with an excellent accuracy that 8 = irarctan(c / (v g, )) .
This can be understood by noting that as the moving charges pass above a certain row of
wires, they will induce currents in these wires, which will mainly excite the q-TEM
mode in the wire medium. In the PEC limit, this mode propagates with velocity c/ \/5
along the direction of the wires [29, 30]. As the radiated field propagates in the wire
medium with a velocity c/ \/5 along the *y direction, and the charges move with
velocity v in the x-direction, it follows that the maximal intensity of the field is along a

specific direction Hziarctan(c/(v g, )), as shown in Fig. 3.2(c). This property is

also easily explained within the proposed analytical model. Since the PEC nanowires
are embedded in a non-dispersive dielectric host, the inverse Fourier transform of the
TEM mode contribution to the total radiated field (first addend in Eq. (2.12)) can be

analytically calculated, and it is given by:
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x_ Pl
en ke
4ngn(y)e . (2.13)

H™ (x,y,t)=—k,v

Clearly, the intensity of the TEM contribution to the magnetic field is maximal along

the lines v —x =, /ghvm, which have a slope 6 = iarctan(c / (v &, )) , consistent with
c

Fig. 3.2(c).
In order to study the influence of the nanowire structure in the emitted radiation, it is
useful to compare the field diagrams of Fig. 3.2, with what would be obtained in the

absence of the wire medium. In that case, the self-field of the moving particles reduces

to [J1]:

n_ev VI=v?/¢?

2z (x—tv)2 +(1—v2 /cz)y2 .

(2.14)

<

HZ,Se!f (X,y,t) - _

Importantly, even though the magnetic field is discontinuous in the frequency
domain, it is — with the exception of the singular point corresponding to the
instantaneous position of the array of charges — continuous in the time domain. The
expression of the self-field also confirms that the magnetic field at a generic instant of
time differs only from the magnetic field at an earlier instant by a translation along the
x-direction of the distance x, = vz, .

It is interesting to note that Eq. (2.14) could have also been obtained simply by
applying a Lorentz transformation to the electromagnetic fields [35, pp. 558],
considering that in the co-moving frame (where the charges are at rest) the self-field is

—en, 1

such that H’(x’,y',t’)=0 and E'(x’,y',t')= (x'f('+y'§"). A time

2mey X+ "7
snapshot at =0 of the magnetic field intensity associated with a pencil of charges

moving at a constant velocity v =0.5¢ in a vacuum is depicted in Fig. 3.3.



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS

33

Fig. 3.3. Snapshot (at ¢ =0) of the magnetic field intensity (in arbitrary logarithmic units) for a linear
array of charges moving in a vacuum with velocity v =0.5¢ . The trajectory of the moving charges is
confined to the plane y=0.

Comparing the results of Fig. 3.3 and Fig. 3.2, particularly with Fig. 3.2(b) where the
velocity of the charges is the same, it is seen that the presence of the wire medium
significantly perturbs the near field. The most significant difference between both cases
is that the magnetic field no longer has a maximal intensity along a specific direction 4.
Since in the example of Fig. 3.3 the charges propagate in a vacuum, the Cherenkov
velocity threshold is not satisfied, and in contrast to what is observed in the nanowire
structure there is no Cherenkov radiation.

In the wire medium, the main radiation channel is associated with the g-TEM mode.

When the nanowires are made of a PEC material (&, =—o0) the dispersion relation of
this mode is simply ‘ky‘ =k, . Therefore, the dispersion of the TEM mode is independent

of k , and hence also independent of the velocity of the charges v=w/k . An

immediate consequence of this type of dispersion is that it may always be possible to
couple the moving charges to a propagating mode, ensuring the conservation of the
momentum, no matter how small the velocity is. This indicates that in the nanowire

structure there is no Cherenkov threshold.
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This is a well-known property of periodic gratings [36-38]. As a consequence of the
periodicity of such structures, they are able to generate waves with spatial wavelengths
different from those imposed by the velocity of the moving particles. Specifically,

because of the umklapp processes [38], the wave number k_(determined by the charges
velocity v) is equivalent to k_+27n/a, with n being an integer and a the period of the
grating. Hence, even for very small velocities, where k=@ /v may be very large as
compared to k,=w/c, the periodic structure can generate waves with k| <<k,

(associated with a negative n and a proper tuning of the period @), which may permit us

to have a better electron-photon momentum match, i.e. match k. with &, and allow for

the emission of radiation.

It is important to stress that within the analytical model described in Sec. II1.2.1 the
wire medium is regarded as a continuous medium. Since there is no intrinsic periodicity,
the aforementioned explanation for Cherenkov radiation with no velocity threshold does
not directly apply. However, due to the explicit dependence on the frequency of the
effective dielectric function given by Eq. (2.1), the effective medium model introduces
another crucial characteristic: time dispersion. Consequently, the phase velocity of the
electromagnetic waves supported by the effective medium is frequency dependent, and
hence the Cherenkov condition may be satisfied in the effective medium, consistent
with the property enunciated above for the q-TEM waves. In fact, the dispersive
response of the effective medium retains the ability of the wire medium to tailor the
characteristic spatial wavelength of electromagnetic radiation, but instead of taking into
account all the generated spatial harmonics as in the microscopic theory, it provides an
effective medium response based on a few spatial harmonics. It should be noted that the
effective medium theory is valid provided the characteristic wavelength of interaction of

the moving charges with the periodic structure is significantly larger than the lattice
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period. As the effective medium response is defined over scales considerably larger than
the period of the structure, the medium is not able to distinguish the harmonics with

various k_+27n/a, and all these harmonics contribute to the same principal mode of

propagation in the medium.

Since the proposed analytical model relies on the effective medium theory, the
validity of the calculated radiation patterns requires some discussion. Our effective
medium theory models the response of the wire medium in terms of only a few
eigenmodes: the TE, TM, and q-TEM waves, each characterized by its own dispersion
[30, 33]. For this model to be physically valid, we must ensure that only these principal
modes may propagate in the medium for a given excitation. As detailed in [J1], the
model is valid provided most of the spectral content of the fields radiated by the pencil

of moving charges is within the frequency range w < @,, = 7v/a.

For a fixed lattice period, the previous condition is comfortably fulfilled up to
velocities on the order of 0.84c¢, which introduces an upper bound for the velocity of
the charges. To investigate the validity of the effective medium model in presence of
loss and dispersion in the wires, it was assumed that the nanowires are made of silver,

whose permittivity is characterized using the Drude dispersion model

m

£ (a)) = l—a)f,/a)(a)ﬂ'l“), with parameters a)p/277 =2175 [THZ] and
/27 =435 [THZ], consistent with the experimental data reported in the literature [39].

Interestingly, when the effects of loss and dispersion in the metal are taken into account,
the spectrum of the field is narrowed (due to the absorption effects at high frequencies)
and the model becomes valid over a broader range of velocities. Using the same criteria
as in the PEC case, it was checked in [J1] that the model may be valid up to velocities

on the order of 0.97¢.
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Similar to Fig. 3.2, in Fig. 3.4 we show the spatial distribution of the magnetic field
intensity inside a silver nanowires array, for charges moving at two distinct velocities,
v=0.2c and v=0.5¢, but over a much more extended region of space. Although the

field pattern is less defined than in the previous case, the main beam remains directed

along the direction 6 ~ arctan(c/ (v\/g )) , but it is now less directive than in Fig. 3.2.

Moreover, the value of @ is now slightly smaller than predicted by the formula, so that
for charges moving at a velocity v =0.5¢, the maximum of the magnetic field intensity

is  directed along 6, ~%59°, while the theoretical formula  gives

arctan(c/ (v &, )):i63°, and for v=02c the theoretical slope is

arctan(c/(v &, )):i78.7° whereas in the calculated field pattern for the silver

nanowires, the maximum is directed along 6, ~+72.5°.
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Fig. 3.4. Snapshot (at 7 =0) of the magnetic field intensity (in arbitrary logarithmic units) radiated by a
linear array of charges moving inside an unbounded wire medium with vacuum as the host medium and
silver nanowires with radius R = 0.05a . The velocity of the charges is: (a) v=0.2¢, (b) v=0.5¢ .

An interference pattern can also been observed in the results depicted in Fig. 3.4. The

differences between the results of PEC nanowires and silver nanowires are caused by
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the distinct velocities of the q-TEM mode in both scenarios. This can be easily
understood from Eq. (2.9) by noting that the frequency dispersion in the metal causes

the velocity of the q-TEM mode to depend on k . Consequently, different spectral

components of the field travel along the y-direction with different velocities, and the

beam becomes more diffuse as compared to the PEC case.

111.2.2.2 Secondary Radiative Channel

Having established that the main radiative decay channel is associated with the q-TEM
mode, even in the presence of losses and dispersion in the nanowires, it is important to

mention that the TM mode can also contribute to the Cherenkov emission. In the case of

2
PEC nanowires, this requires the dispersion equation —-¢, = k; +k>+k> to generate a
c )

k, real valued. Using k, = o/v in the previous equation it is found that:

2

® c?
k}% :_2(8}1_‘;_2]_1{;. (215)

c

Hence the condition (@/c)’ (gh —(c/ v)z) > k> must be satisfied for the TM mode to

contribute to the Cherenkov emission. Quite importantly, if the dispersion of the host

material is neglected, it is seen that the charge velocity is required to be greater than the

light velocity in the host material, i.e. v>c/,/¢g, , which corresponds to the usual charge

velocity threshold in the host medium. This is a sufficient condition to produce a &, real
valued, because if it is fulfilled the term (w/c)’ (gh —(c/v)z) can be made larger than

2 . .
k, for sufficiently large frequencies.

To illustrate how the TM mode may provide a secondary radiative decay channel for

the moving particles, competing with that associated with the q-TEM mode, we
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consider a scenario wherein the charges travel with a constant velocity v=0.7¢ in a

PEC nanowire array. The wires are embedded in a host material whose dielectric

e(0)-¢
constant follows the Debye dispersion model ¢, (®)=¢, +% with parameters
—iot

5(0) =11, 7 =30[as] and ¢, =1. The value of ¢, =lim_ ¢, (a)) was chosen to be

unity so that the spectrum of emission of the host material had a high-frequency cutoff
[5]. This property is consistent with the fact that the dielectric response of realistic

media ceases for sufficiently large frequencies. It can be checked that k, becomes

dominantly real-valued at the normalized frequency wa/c =0.645, which corresponds

to wa/c = \/ki/(g(O)—(c/v)z) . Figure 3.5(a) shows the time snapshot at # =0 of the

magnetic field intensity for the considered geometry.
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Fig. 3.5. (a) Snapshot (at # = 0) of the magnetic field intensity (in arbitrary logarithmic units) radiated by
a linear array of charges moving inside an unbounded wire medium at a velocity v=0.7¢ inside an
unbounded wire medium formed by PEC nanowires with wire radius » =0.05a, for a host medium

permittivity described by a Debye model with parameters, 7=30[as], ¢, =land &£(0)=11. (b)
Representation of the normalized spectrum of the magnetic field H_(x, y,a)) produced by the moving
charges (v=0.7c) at the point (x,y)=(-3a,-3atané), along the direction wherein the contribution of

the TEM mode is maximal, for a wire medium such that the host is: i) (green curve) the dielectric material
considered in (a) and i) (blue curve) vacuum.
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The most striking difference between Fig. 3.5(a) and the results depicted in Fig.
3.2(a)-(b), where the TM mode is not excited, is that there is an interference pattern
inside the wire medium (particularly for x <0). The interference pattern is caused by
different propagation characteristics of the waves associated with the q-TEM and TM
modes. Moreover, there is not a well-defined direction along which the magnetic field
has a maximal intensity, but instead the field pattern is more diffuse and the region of
maximum intensity appears to be adjacent to a nodal line. On the other hand, it is
observed that the magnetic field completely vanishes in the region x>0 at =0
(assuming that the position of the charges at =0 is x=0). Indeed, as the dielectric

constant of the host material may be greater than unity, the emitted photons can travel at
a smaller velocity than the charges provided v>c/,/¢,, i.e. when the velocity
threshold for Cherenkov emission in the host material is satisfied.

In order to confirm that due to the excitation of the TM mode new spectral

components may be present in the radiation field, figure 3.5(b) depicts the spectrum of
the magnetic field calculated at the point (x,y)=(-3a,—-3atan) inside the wire
medium, along the direction € of maximal radiation of the TEM mode, for the same
host material considered in Fig. 3.5(a) (green curve) and for a vacuum as host material
(blue curve). The results of Fig. 3.5(b) reveal that when the dielectric constant of the
host material is characterized by the Debye model, the radiated field intensity is
enhanced at the normalized frequency wa/c =0.645 as compared to the vacuum case.
As aforementioned, at the normalized frequency wa/c =0.645 the dispersion equation
of the TM mode generates a k, with a real component, and the TM mode starts

contributing to the spectrum of the radiated field. Hence, for larger frequencies the total

field has new spectral components, resulting in an enhancement of the magnitude.
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111.2.3. Stopping Power

When a charged particle emits radiation it loses energy in the process. However, so far
it was assumed that all charges move with a constant velocity v. In fact, the velocity
may only remain constant at the expense of an externally applied force. The amount of
energy extracted from the particles can be calculated through the stopping power,
defined as the average energy loss of the particles per unit of path length.

There are two main contributions to the stopping power: the losses associated with
the absorption in the medium (also called “ionization losses” by some authors, see Ref.
[5], chapter XIV) and the radiation losses, associated with the emitted Cherenkov
radiation [5]. In natural materials, particularly in solid materials, there is also another
contribution to the stopping power, associated with radiation emitted by accelerated
charges when colliding with surrounding atoms, the bremsstrahlung [5]. As the
Cherenkov radiation appears when the charges move with a constant velocity, the
bremsstrahlung is a completely unrelated effect, and hence it will not be discussed in
this thesis. Although for natural materials the Cherenkov radiation losses are usually
calculated using the Frank-Tamm formula [2, 41], next we develop a formalism to
calculate the total energy loss rate that is valid for both natural and structured media.

It is well known [5] that the total instantaneous power extracted from the charges

moving at a constant velocity is given by £, = —IE -J d’r, where E,, represents the

loc

local electric field that acts on the charges. As the charges are not accelerated, the self-

field does not contribute to the stopping power [5]. Using the expression of the current

density of moving charges given by Eq. (2.2), it follows that P, = evE

loc,x

(vt,O,t)n L

z77z

where E

loc,x

is the x component of the local electric field (scattered by the wire
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medium) and L_ represents the width of the current pencil along the z direction, so that
N_ =n_L_ is the total number of moving charges.

From the analytical model framework proposed in Sec. II1.2.1, the x-component of

the electric field may be easily obtained in the frequency domain using

1 OH (x,y,w L )
E (x,y,0)=—- :(v.,0) , where H_ is given by Eq. (2.12), and it reads:
' e, &, oy
ene™" g 1 +yn, —kl £, 1+ iy k2 1
Ex (x,y,a)) =—— ~Vrens h > 7;M B YrEM ‘)‘ +7TM h > TEM B Yrm M (216)
diws,é,, TEM ~ VTm TEM ~ V1M

Within this approach it is not a simple matter to separate the local electric field from
the self-field. As previously mentioned, the self-field does not contribute to the stopping
power [5], and hence the total energy loss rate of the moving charges may also be

calculated using:

%:evEx (vt,O,t). (2.17)

z

Substituting x=v¢ and y=0 in Eq. (2.16) and calculating the inverse Fourier

transform of the corresponding formula, one obtains the total instantaneous power

extracted from the charges in the form of the integral:

B) ev +o0 o
2= (E “deo . 2.1
- 27[] L (vt,0,0)e " d e (2.18)

The above expression can be trivially generalized to a scenario wherein the charges
move with constant velocity inside an unbounded dielectric medium with permittivity

&, . For that case, the x-component of electric field in the frequency domain reads:

H _ ,
E (xy.0)= - T M _Tignligh, 2.19)
iwe e, Oy 2 iwe,E,

To assess the influence of the wire medium on the amount of emitted Cherenkov

radiation, we consider a nanowire metamaterial with a lattice period @ =100 nm formed
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by nanowires with radius R =0.05a standing in a vacuum (&, =1). The stopping power
of the nanowire array ( £,,, ) is compared with that characteristic of a natural unbounded
dielectric (P,). The dielectric material used in the calculations was water, as this

material is widely used in the context of Cherenkov radiation detectors [27-28]. The

dielectric constant of the water was characterized using the Debye dispersion model

e(0)-¢

g (0)=¢,+ = with parameters 7=9.36[ps], £(0)=80.21 and &, =5.6 at

l-iot
20°C, chosen accordingly to the experimental data reported in Ref. [40].

The computed ratio of the stopping powers is depicted in the red curve of Fig. 3.6,
and confirms that the nanowires typically boost the stopping power. Particularly, for
velocities close to v/c ~0.35, the stopping power of the wire medium can be more than
200 times larger than in water. This demonstrates that the wire medium can dramatically
enhance the level of emitted Cherenkov radiation. Obviously, as the velocity of the
particles increases the Cherenkov velocity threshold for the chosen dielectric is satisfied
over a broader frequency spectrum [41], and therefore more radiation is emitted and
absorbed. This causes an increase of the stopping power of the dielectric material,

which in turn leads to a decrease in the ratio B,,, /P, . The velocity range considered in
the calculations takes into account that the permittivity of water does not approach unity
as the frequency tends to infinity [5], i.e. &, #1. As discussed in Sec. 111.2.2.2 if the
value of ¢, =lim,__ ¢,(®) is larger than unity, the spectrum of emission of the host

material does not have a high-frequency cutoff [5]. If such a cutoff is not considered,

the stopping power is infinite. Due to this reason the stopping power analysis is

restricted to velocities smaller than v, < c/ JE, =0.42c.
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Fig. 3.6. Ratio between the stopping powers of the nanowire structure and water as a function of the
charges velocity for: i) the host medium is a vacuum and the nanowires are made of silver. ii) the host

medium is a vacuum and the nanowires are PEC. iii) the host medium is water and the nanowires are
made of silver.

It is interesting to study the influence of the effects of dispersion and loss in the
metallic nanowires on the amount of extracted radiation. In order to do so, the PEC
wires are replaced by silver nanowires and the value of the stopping power is re-
calculated for this structure (blue curve in Fig. 3.6). Despite the response of silver
nanowires is qualitatively similar to that of PEC wires, the former typically extract more
power from the moving charges than the PEC wires, likely because of the enhanced
absorption loss by the metal. It is relevant to stress that when the wires are made of a
PEC material, all the energy extracted from the charges is associated with emitted
Cherenkov radiation, because in such case there is no absorption.

The Cherenkov emission was also studied in the nanowire structure when the host
material is water (brown curve in Fig. 3.6). Also in this scenario there is a significant
enhancement (~ 45) of the emitted Cherenkov radiation, even though not so dramatic as

in the cases discussed before.
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111.2.4. Density of States

It was discussed in Sec. III.1 that an array of nanowires in the long wavelength limit is
characterized by an extremely large density of photonic states. This may allow for the
enhancement of the Purcell emission rate [22-26] and also to boost the Casimir
interaction between two bodies [18-20]. From Fig. 3.6, it is clear that the stopping
power of the wire medium can surpass by two orders of magnitude the stopping power
of natural media. Thus, it is natural to ask what is the influence of the large density of
photonic states in the amount of emitted radiation. In this section we study the effect of
varying the density of the wires (number of wires per unit of cross sectional area) on the
value of the stopping power, and its relation with the density of electromagnetic states.

In Refs. [18, 19, 22] it was shown that the density of electromagnetic states in the
wire medium is nearly independent of the frequency and non-zero in the low frequency
limit. This is due to the contribution of the g-TEM mode to the radiated field which, as
discussed in section I11.2.2, is the main radiative decay channel. Without any loss of
generality, the following discussion is focused on the density of states associated with
the TEM mode for a wire medium composed of PEC wires embedded in a vacuum.

The density of photonic states in the wire medium may be obtained by considering a

material volume V' =L xL, xL, within wire medium bounded by PEC walls. Since

each wire can be set to a unique electrostatic potential, the total number of independent
oscillators (standing waves) at a given frequency associated with TEM modes in the
cavity is exactly equal to the number of nanowires N =L L. / a’ . From the dispersion
relation of the TEM waves it follows that in the frequency axis these modes are spaced

by Aa):ﬂc/L ,» therefore, the density of electromagnetic states is

Dy, (@) =N/(VAw)=1/(za’c), which is independent of the frequency. Therefore,
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even at low frequencies, the number of electromagnetic states per unit of frequency is

always non-zero and is roughly proportional to the density of wires (1/a”).

The density of states may also be calculated from the phase space volume between
the neighboring isofrequency surfaces in the wave vector space [19]. For the TEM mode
it is given by:

1

(27)

Dy (@)= [6(0-m )k (2.20)

where @, is obtained from the frequency dispersion of the TEM mode w/c = ‘ky , for

PEC nanowires. The transverse wave vector associated with TEM waves must be
restricted to the first Brillouin zone [18], as shown in Fig. 3.7(a). It can be easily

checked that Eq. (2.18) gives the same result as obtained before.

&
N
b

2L
AV/IING —

27Tl a

Fig. 3.7. Isofrequency surfaces for (a) the wire-medium and (b) conventional dielectric material. The
density of states can be calculated through the phase space volume between the neighboring isofrequency
surfaces.

On the other hand, in a vacuum the dispersion of the photonic states is given by

* where k = kX+k)y+k.z,and the isofrequency surfaces are spheres with

(wfe) =k

radius @/c, as shown in Fig. 3.7(b). Similarly to the wire medium, the density of states

for a vacuum can be calculated from the phase space volume between the neighboring

isofrequency surfaces. From the isofrequency surfaces shown in Fig. 3.7(b), it can be
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easily checked that N/(VAw)=w’/(27%c*) [19]. Importantly, the density of states

scales with @, and thus vanishes in the zero-frequency limit. This contrasts with the
wire medium, where the number of photonic states is roughly proportional to the
number of wires and independent of the frequency, thus much larger than in free space
in the long wavelength limit.

Because the density of states in the wire medium is proportional to 1/ a’, one may
expect that an increase in the density of wires (1/a increases) will result in an increase
in the number of available radiative channels, therefore causing the enhancement of the
Cherenkov emission. To investigate this, the total energy loss rate was calculated for
different values of the lattice spacing [Fig. 3.8]. In all the examples, the PEC nanowires
have a radius R = 0.05a and stand in a vacuum. It is important to stress that the effective
medium model may yield less accurate results for large values of a, as discussed in [J1].
To circumvent this, the energy loss rate was calculated using Eq. (2.18) by truncating
the integration range to the frequency spectrum where the effective medium model is

valid, i.e. to w<w_, =7v/a.
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Fig. 3.8. Total energy loss rate (in arbitrary units) of an unbounded wire medium with &, =1 and PEC

nanowires as a function of the velocity of the charges, for different values of the lattice spacing: a)
100nm , b) 200nm , ¢) 425nm .

As is seen in Fig. 3.8, as the lattice period decreases (the number of wires per unit
area increases) the value of the energy loss rate, and thus the stopping power, increases.
This happens because the density of states increases with the density of wires, and, as
discussed before, a larger number of photonic states results in a larger number of decay
channels available for radiation. This will evidently boost the amount of extracted

Cherenkov radiation and therefore enhance the value of the stopping power.

II1.3. Summary

Based on an effective medium framework, in this chapter we proposed an analytical
model to characterize the Cherenkov emission by charged particles travelling within a
nanowire metamaterial. This model was used in Sec. II1.2.2 to calculate the radiation
patterns associated the Cherenkov emission, and it was shown that the magnetic field
has a maximum along a very specific direction, which depends on the velocity of the
charges and on the dielectric constant of the host medium, even when loss and

dispersion in the metal are taken into account. In addition, it was shown that the g-TEM
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mode is the main radiative decay channel in the structure and that contrary to natural
materials, the Cherenkov emission in such structures has no velocity threshold.

In Sec. II1.2.3 the stopping power due to the emission of Cherenkov radiation was
calculated for both the wire medium and natural media. It was shown that the amount of
energy extracted from the particles in the nanowire metamaterial may be more than two
orders of magnitude larger than in natural media, even in the limit where the nanowires
are perfectly conducting, where there is no absorption of electromagnetic energy by
matter. Importantly, it was revealed that contrary to natural media, the density of states
of the wire medium in the long wavelength regime is independent of the frequency and
that increasing the density of wires will result in an enhancement of the Cherenkov

emission.

References

[1] P. A. Cerenkov, “Visible radiation produced by electrons moving in a medium
with velocities exceeding that of light”, Phys. Rev. 52,378, 1934.

[2] I M. Frank, and I. E. Tamm, “Coherent visible radiation of fast electrons passing
through matter”, Dokl. Akad. Nauk SSSR 14, 109, 1937.

[3] Yu. K. Akimov, “Cherenkov detectors in particle physics”, Physics of Atomic
Nuclei 67, 1385, 2011.

[4] V. G. Veselago, “The electrodynamics of substances with simultaneously negative
values of € and p”, Sov. Phys. Usp. 10, 509, 1968.

[5] L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii, Electrodynamics of Continuous
Media, Elsevier Butterworth-Heinemann, Oxford, 2nd ed., 2004.

[6] J.Lu, T. M. Grzegorczyk, Y. Zhang, J. P. Jr, B.-1. Wu, and J. A. Kong, “Cerenkov
radiation in materials with negative permittivity and permeability”, Opt. Express
11, 723, 2003.

[7] S. Xi, H. Chen, T. Jiang, L. Ran, J. Huangfu, B.-1. Wu, J. A. Kong, and M. Chen,
“Experimental Verification of Reversed Cherenkov Radiation in Left-Handed

Metamaterial”, Phys. Rev. Lett. 103, 194801, 2009.



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 69

[8] C. Luo, M. Ibanescu, S. G. Johnson, and J. D. Joannopoulos, “Cerenkov Radiation
in Photonic Crystals”, Science 299, 368, 2003.

[9] V. S. Zuev, and G. Ya. Zueva, “Vavilov—Cherenkov Like Effect in Metal
Nanofilms”, Opt. Spectrosc. 108, 640 (2010).

[10] S. N. Galyamin, T. A. V. Tyukhtin, A. Kanareykin, and P. Schoessow, “Reversed
Cherenkov-Transition Radiation by a Charge Crossing a Left-Handed Medium
Boundary”, Phys. Rev. Lett. 103, 194802, 2009.

[11] J. Zhou, Z. Duan, Y. Zhang, M. Hu, W. Liu, P. Zhang, and S. Liu, “Numerical
investigation of Cherenkov radiations emitted by an electron beam bunch in
isotropic double-negative metamaterials”, Nucl. Instr. and Meth. Phys. Res Sec. A
654, 475, 2011.

[12] V. S. Zuev, and G. Ya. Zueva, “Particular features of a Vavilov-Cherenkov-like
phenomenon with emission of surface plasmons”, Opt. Spectrosc. 112, 159, 2012.

[13] J.-K. So, J.-H. Won, M. A. Sattorov, S.-H. Bak, K.-H. Jang, G.-S. Park, D. S. Kim,
and F. J. Garcia-Vidal, “Cerenkov radiation in metallic metamaterials”, Appl.
Phys. Lett. 97, 151107, 2010.

[14] Viktor V. Vorobev, and Andrey V. Tyukhtin, “Nondivergent Cherenkov Radiation
in a Wire Metamaterial”, Phys. Rev. Lett. 108, 184801, 2012.

[15] A. Tyukhtin, and V. Vorobev, “Cherenkov radiation in a metamaterial comprised
of coated wires”, J. Opt. Soc. Am. B 30, 1524, 2013.

[16] V. Ginis, J. Danckaert, I. Veretennicoff, and P. Tassin, “Controlling Cherenkov
Radiation with Transformation-Optical Metamaterials”, Phys. Rev. Lett. 113,
167402, 2014.

[17] S. N. Galyamin, and A. V. Tyukhtin, “Dielectric Concentrator for Cherenkov
Radiation”, Phys. Rev. Lett. 113, 064802, 2014.

[18] S. I. Maslovski, and M. G. Silveirinha, “Ultralong-range Casimir-Lifshitz forces
mediated by nanowire materials”, Phys. Rev. A 82, 022511, 2010.

[19] S. I. Maslovski, and M. G. Silveirinha, “Mimicking Boyer’s Casimir repulsion
with a nanowire material”, Phys. Rev. A 83, 022508, 2011.

[20] T. A. Morgado, S. I. Maslovski, M. G. Silveirinha, “Ultrahigh Casimir Interaction
Torque in Nanowire Systems”, Opt. Express 21, 14943, 2013.

[21] M. G. Silveirinha, P. A. Belov, and C. R. Simovski, “Ultimate limit of resolution
of subwavelength imaging devices formed by metallic rods”, Opt. Lett. 33, 1726,
2008.



70

1Il. CHERENKOV EMISSION IN WIRE MEDIA

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Z. Jacob, I. Smolyaninov, and E. Narimanov, “Broadband Purcell effect: Radiative
decay engineering with metamaterials”, arXiv:0910.3981v2, 2009.

Z. Jacob, J.-Y. Kim, G. Naik, A. Boltasseva, E. Narimanov, and V. Shalaev,
“Engineering photonic density of states using metamaterials”, Appl. Phys. B:
Lasers Opt. 100, 215, 2010.

M. A. Noginov, H. Li, Y. A. Barnakov, D. Dryden, G. Nataraj, G. Zhu, C. E.
Bonner, M. Mayy, Z. Jacob, and E. E. Narimanov, “Controlling spontaneous
emission with metamaterials”, Opt. Lett. 35, 1863, 2010.

A. N. Poddubny, P. A. Belov, and Y. S. Kivshar, “Spontaneous radiation of a
finite-size dipole emitter in hyperbolic media”, Phys. Rev. A 84, 023807, 2011.

L. Torsh, A. N. Poddubny, A. Orlov, P. A. Belov, and Y. S. Kivshar, “Spontaneous
emission enhancement in metal-dielectric metamaterials”, Phys. Lett. A 376, 185,
2012.

G. B. Yodh, “Water Cherenkov detectors:MILAGRO”, Space Sci. Rev. 75, 199,
1996.

K. Nakamura, “Hyper-Kamiokande - A Next Generation Water Cherenkov
Detector”, Int. J. of Mod. Phys. A 18,4053, 2003.

P. A. Belov, R. Marques, S. I. Maslovski, I. S. Nefedov, M. Silveirinha, C.
Simovski, and S. A. Tretyakov, “Strong spatial dispersion in wire media in the
very large wavelength limit”, Phys. Rev. B 67, 113103, 2003.

M. G. Silveirinha, “Nonlocal homogenization model for a periodic array of &-
negative rod” Phys. Rev. E 73, 046612, 2006.

S. 1. Maslovski, T. A. Morgado, M. G. Silveirinha, C. S. R. Kaipa, and A. B.
Yakovlev, “Generalized additional boundary conditions for wire media”, New J.
Phys. 12, 113047, 2010.

M. G. Silveirinha, “Additional boundary conditions for nonconnected wire media”,
New. J. Phys. 11, 113016, 2009.

M. G. Silveirinha, P. A. Belov, and C. R. Simovski, “Subwavelength imaging at
infrared frequencies using an array of metallic nanorods”, Phys. Rev. B 785,
035108, 2007.

S. I. Maslovski, and M. G. Silveirinha, “Nonlocal permittivity from a quasistatic
model for a class of wire media”, Phys. Rev. B 80, 245101, 2009.

J. D. Jackson, Classical Electrodynamics, John Wiley, New York, 3rd Ed., 1999.



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 71

[36] S. J. Smith, and E. M. Purcell, “Visible Light from Localized Surface Charges
Moving across a Grating”, Phys. Rev. 92, 1069, 1953.

[37] F.J. Garcia de Abajo, “Interaction of Radiation and Fast Electrons with Clusters of
Dielectrics: A Multiple Scattering Approach”, Phys. Rev. Lett. 82,2776, 1999.

[38] F. J. Garcia de Abajo, “Optical excitations in electron microscopy”, Rev. Mod.
Phys. 82,209, 2010.

[39] M. A. Ordal, R. J. Bell, R. W. Alexander, Jr., L. L. Long, and M. R. Query,
“Optical properties of fourteen metals in the infrared and far infrared: Al, Co, Cu,
Au, Fe, Pb, Mo, Ni, Pd, Pt, Ag, Ti, V, and W.”, Appl. Opt. 24, 4493, 1985.

[40] U. Kaatze, “Complex permittivity of water as a function of frequency and
temperature”, J. Chem. Eng. Data 34, 371, 1989.

[41] L. Filop, and T. Biro, “Cherenkov radiation spectrum”, Int. J. of Theor. Phys. 31,
64, 1992.



72

1Il. CHERENKOV EMISSION IN WIRE MEDIA




METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 73

IV. SPATIAL SOLITONS IN METALLIC NANOWIRE
ARRAYS

IV.1. Introduction

This history of the previous century shows that the quest for increasingly small
functional devices runs in parallel with new technological advances and breakthroughs.
Importantly, the downscaling of photonic devices poses serious challenges, as the
spatial confinement of light in natural materials is fundamentally limited by diffraction.
A nonlinear response may be instrumental to surpass these limitations.

In the context of nonlinear phenomena in photonic systems, the formation and
propagation of optical solitons is a subject that has fascinated the scientific community
for a long time. Although several definitions can be used to describe the soliton, a
simple picture of this phenomenon is a wave that maintains its shape while it propagates
at a constant velocity in a medium. In optics, there can be two distinct types of solitary
waves: temporal and spatial solitons. In the first case, the nonlinear response of the
medium compensates the effects of dispersion in the propagation of a confined optical
field [1]. This phenomenon allows sending pulses that do not change its shape as they
propagate in the nonlinear medium. On the other hand, spatial solitons are often
associated with the propagation of an optical field where the nonlinearities of the
medium balance the effects of diffraction [1]. In these circumstances, the refractive
index of the medium is changed by variations of the amplitude of the optical field, and
the structure resembles a graded-index fiber. The tailoring of the refractive index of the
medium allows the optical field to remain confined and maintain its shape while

propagating in the medium.



74 1V. SPATIAL SOLITONS IN METALLIC NANOWIRE ARRAYS

As discussed in the previous chapters of this thesis, artificial media, and in particular
metallic nanowire arrays, can open new inroads in photonics and enable the scattering
engineering, enhancing the light emission by electrons, as well as many others, such as
manipulating the electromagnetic radiation on a subwavelength scale [2-5].
Remarkably, it was predicted that the subwavelength manipulation of radiation in the
wire media can also take place in the nonlinear regime, such that metallic nanowire
arrays embedded in a nonlinear Kerr-type dielectric material may allow the formation
and propagation of subwavelength spatial solitons [6-8] and other families of plasmonic

lattice solitons [9,10]. A nonlinear Kerr-type dielectric medium is characterized by an

electric permittivity that, for a fixed frequency, can be expressed as &=g¢, (1+5¢),

where J¢ =ae’-e is a nonlinear function of the microscopic electric field e and
a=3 ;((3) / g,?J is a constant that determines the strength of the nonlinear effects and is

6

proportional to the third order electric susceptibility y ) of the material.

The findings of Refs. [6, 7, 9, 10] rely on a theoretical framework based on the
coupled mode theory, which provides a somewhat limited physical understanding of the
solitons formation mechanism in the metamaterial. More recently, Ref. [11] proposed an
effective medium model for the nanowires metamaterial embedded in a Kerr-type
dielectric material, which regards the structure as a continuous medium characterized by
a few effective parameters. Using this effective medium framework, in Ref. [8] it was
investigated the conditions for the formation and propagation of two-dimensional (2-D)
unstaggered bright spatial solitons, i.e. modes that vary slowly in the scale of the period
of the metamaterial.

In this Chapter it will be shown that the findings of Ref. [8] can be further extended
to characterize the formation and propagation of three-dimensional (3-D) bright and

dark spatial solitons with cylindrical symmetry. As the terminology of the latter
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suggests, the physical behavior of dark solitons is much different from the bright
solitons. In fact, stable dark spatial solitons consist of dip-like shapes in the amplitude
of a constant wave background [12-14]. This is the opposite of the more typical bright
solitons that are self-trapped localized states with a “pulse-like” shape. Depending on
the amplitude of the dip in the constant wave and on the phase of the dark solitons
profile, they can be classified as “black” dark spatial solitons — when the dip goes to
zero and the phase is flat with an odd symmetry — or “gray” if the dip does not go to
zero and the phase has odd symmetry but it is not flat [13, 14]. Dark spatial solitons
have interesting properties such as the possibility of being created without a threshold in
the input power [15, 16], amongst others.

Because our study uses the effective medium model of Ref. [11], the corresponding
formalism will be briefly reviewed in Sec. IV.2. Using this framework, in Sec. IV.3 the
conditions for the formation of solitary waves in the metamaterial will be discussed,

particularly the type of nonlinear host medium required for the formation of bright and

dark solitons: either a self-defocusing material, where ;((3) <0, or a self-focusing

material, for which ;((3) >0. In Sec. IV.4 and IV.5 two families of 3-D spatial solitons

with cylindrical symmetry will be characterized, and parametric numerical simulations
will be presented to highlight the impact that structural parameters and losses have in

the propagation of such solitary waves.
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IV.2. Effective Medium Model for Nonlinear Nanowire Arrays

In this section, the effective medium model introduced in Ref. [11] for the uniaxial wire
medium embedded in nonlinear Kerr-type dielectric is reviewed. Similarly to what was
considered in Chapter II and Chapter III, the wire medium is formed by a set of

infinitely long parallel metallic wires with complex permittivity & and radius r that

are arranged in a square lattice with period a, as shown in Fig. 4.1.

Fig. 4.1 Geometry of the periodic array of metallic nanowires embedded in a nonlinear Kerr-type host

material.

However, in this case the host medium is a nonlinear Kerr-type dielectric material

such that for a fixed frequency the electric permittivity can be expressed as

e=¢ (1 +ae ~e) . In the homogenization model proposed in Ref. [11], the dynamics of

the electromagnetic field is described by an eight component state vector (E,H,(o,l )

that in the absence of external optical sources, satisfies the following nonlinear first-

order partial-differential system of equations:
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VxE=iouH, (4.1)
VxH =—iwe E+L2+LY (4.2)
ef,h AC AC ?, :

%9 _iwLs I+E., (4.3)
0z

[
a_ iwC p-Y-E,. (4.4)
0z

Within this approach, E and H represent the macroscopic electromagnetic field (after
spatial averaging of the microscopic fields e and h), / is the current that flows through
the nanowires (interpolated in a such a manner that it is defined over all the space) [17]

and ¢ is a quasistatic potential defined as the average potential drop measured from the

Z,
iol’

center of the wire to the boundary of the unit cell [17]. Moreover §, =1-

ZW=—(ia)7zr2(gm—g,?))_l is the p.ul self-impedance of the nanowires [17],

2
L :ﬂlog — % |is the p.u.l. inductance of the wires [17] and 4, =a’ is the
2 4r, (a —r )

area of the unit cell of the metamaterial. The parameters ¢, ,, C, and Y are nonlinear

functions of the macroscopic state variables and read [11]:

typ =6 1+a(E-E +kpp)], (4.5)
C =C° [1+a(E-E* +z§k;¢)¢*)], (4.6)
Y =—ioC’ %(ngj +¢'E, ) , 4.7)

where &, = a'\Ju,/L is the geometrical component of the plasma wave-number of the

effective medium [17], E, = E X+ Ey is the transverse component of the electric field,
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4
C’ =k’c)a’ and from Ref. [11], B = 27zk4a6r L _ 1 pdp . As expected,
i A 2mp 27(a—p)

if the nonlinearity is removed from the host medium, i.e. if & =0, the effective medium
model reduces to that used in the Chapter II and Chapter III for the standard wire
medium structure.

From Ref. [8, 11] it is known that paraxial optical beams propagating along the z-

direction are expected to be quasiplane waves that barely penetrate into the metallic

wires, so that the electric field is quasi-transverse (|EZ|<< |E;|) In fact, since ¢

corresponds to a potential that is created by the electric charge density induced in the

metallic wires, it is also expected that |(p/ a| < |Et| Therefore, in the paraxial
approximation, the nonlinear dynamics arising from contributions of ¢ and E. may be
neglected, so that Y =0 and the state variables (E,(p) satisfy the following second-

order nonlinear partial-differential system:

K 6(0
VxVxE-k,fnff’hE=—p(g—Ezji, (4.8)

0’ OE
Tk = (49)

where the parameter njf.’h is the effective (squared) normalized refractive index of the

host medium defined by:

n,,~1+ak, -E,. (4.10)

Importantly, even for paraxial light beams, where |EZ| < |Et , it is not possible to

neglect E_ because in wire media the permittivity along the z-direction can be

extremely large [17, 18], and thus the normalized z-component of the electric

displacement D, / g, typically has a magnitude comparable to |Et| .
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Assuming that the electromagnetic waves have a variation along the z-direction of
the form ¢’ , Eq. (4.8) can be simplified to:

VxVxE-0 1,8, (0,k,)-E=0 (4.11)

where £

o (,k,) has the meaning of a nonlocal dielectric function that satisfies:

1 = = 1 ko,
g_l?gejf (a),kz)Zn;,hI—é/—meZ. (412)

The parameter n. ~ ¢ anf,h is the slow-wave factor with the same physical meaning

as in Chapter II. Note that ?eﬁ. (w,k.) is a nonlinear function of the transverse electric

field because of the dependence on nff,h (see Eq. (4.10)). In this level of approximation,

the nonlinear effects in the host medium are manifested in the macroscopic response

simply by replacing the microscopic expression of the host permittivity

g, =& (1+ ae’ ~e) by the macroscopic formula ¢, = &/ (1 +aFE, -E,).

IV.3. Trapped States

In this section, we derive the conditions required for the formation of both bright and

dark spatial solitons in the metamaterial.

1V.3.1. Photonic Modes

Similarly to what was done in Chapter II, the characteristic equation for the photonic
modes can be obtained substituting the permittivity tensor (given by Eq. (4.12)) into the
Maxwell equations and calculating the plane-wave solutions (eigenmodes) with a spatial
variation of the form e"", being k =k, +k.z, k, =k X+k y the transverse part of the
wave vector, and the direction of propagation corresponding the z-direction. This yields

the following dispersion relation for TM-polarized eigenwaves [11]:
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k.

2
22 g2 s _ ﬂp
—“r‘kz —l’lef’hkh,Wlth 8ZZ=I_W'
& gw”ef,h n - Mz

zz

(4.13)

The dispersion of the photonic states depends on njf, , and thus on the intensity of the

optical field. For a fixed value of k, =k,

, the dispersion relation (4.13) can be reduced

to a quadratic polynomial equation in k. Consistent with Sec. I1.2.1, the bulk wire

medium supports two distinct propagating eigenmodes for TM-polarized excitations: a
q-TEM mode and a TM mode [17, 18]. In this Chapter the focus will be on the q-TEM
mode, as it has no cutoff frequency and is the only mode that propagates below the

plasma frequency of the effective medium (frequency wherein ¢_(w,k,)=0).

The isofrequency contours of the g-TEM mode may be obtained from the solution of
Eq. (4.13) and correspond to hyperbolic contours [18, 19]. Therefore, to a first
approximation, the effective medium can be regarded as a hyperbolic medium whose

frequency contours depend on the structural parameters of the metamaterial [11] and
also on the strength of the nonlinear effects (n;,’h is a function of the electric field
amplitude). Hyperbolic metamaterials are of great interest due to their numerous
applications such as the negative refraction of light [20], optimization of radiative heat

transfer [21], enhancement of Casimir interaction [22], novel light sources based on the

Cherenkov effect [J1, 23], amongst many others [24].

1V.3.2. Formation of Solitary Waves

Next we explain the physical mechanisms involved in the formation of solitons in wire

media.
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1V.3.2.1 Bright Solitons

To begin with, we discuss the formation of bright solitons in a standard nonlinear
isotropic dielectric. It is well known that the formation of those trapped states requires
that the nonlinear material is of the self-focusing type [1]. The profile of the spatial
solitons changes the refractive index of the medium. Thus, the formation of the trapped
states may be explained as a consequence of the total internal reflection caused by self-
induced refractive index changes. The formation of trapped states can also be
understood from the dynamics of the isofrequency contours of the photonic states as a
function of the nonlinear effects. For a fixed frequency, a trapped state associated with a

generic z-propagation constant k_, is allowed if the medium supports a photonic state
with k =k , for strong electric field amplitudes and for weak electric fields there are
no photonic states with k_ = k_, available for propagation. In other words, the radiation

needs to be trapped for sufficiently strong electric field intensities and it is not coupled
to photonic states associated with weak field amplitudes.

This can be better illustrated if we calculate the dispersion of the photonic states of a
standard Kerr-type dielectric. The dispersion of the photonic states in conventional Kerr
media reads:

k*c* =w’n®, (4.14)
where 7 is the refractive index that grows with the amplitude of the electric field if it is a
self-focusing medium or decreases if the medium is of a self-defocusing type. For both
types of media the isofrequency contours are spherical surfaces whose radius varies

with the field strength, as shown in Fig. 4.2.
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T — — —
Nk

\
\

-1.0 -05 00 05 1.0
kelw

Fig. 4.2 Isofrequency contours of a conventional self-focusing Kerr dielectric for weak field amplitudes
(solid blue line, n=1.0), for strong field amplitudes in self-focusing media (long dashed brown line,
n=1.2), and for strong field amplitudes in self-defocusing media (dashed gray line, n=0.8). The red
dots correspond to a trapped state associated with k, =k_, that is allowed only in case of sufficiently
strong fields. For clarity, in the figures we considered large variations of # .

The results of Fig. 4.2 reveal that in self-focusing media the radius of the spherical
isofrequency surfaces increases with the amplitude of the electromagnetic field.

Therefore, according to the previous discussion, a trapped state associated with a

generic k_, is required to satisfy k_, >n,w/c, being n, the refractive index for weak

field amplitudes. This is shown in Fig. 4.2 as the green dashed horizontal line (photonic

states with k =k ;) intersects the isofrequency contour associated with a strong field

intensity (red dots in the picture) but does not intersect the surface of allowed photonic
states for low field amplitudes.

Understanding the formation of spatial solitons in natural media is useful, since the
same concepts can be extended to the formation of spatial solitons in the nonlinear
nanowire metamaterial. To this end, the first step is to study the impact of the nonlinear

response on the dispersion of the effective medium. Using Eq. (4.13) the isofrequency

2

contours of the ¢-TEM mode can be calculated for several values of n,,

. It is supposed

that the nanowires are made of silver, so that in the infrared domain the complex
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2
permittivity &, of silver may be described by a Drude model ¢, —¢&, ~ 5()#’”.
o(w+il)

with a plasma frequency @, /27=2175THz and a collision frequency
[/27 =4.35THz [25]. Without any loss of generality it was considered that the wires
have radius » =0.1la, for a lattice period a =200nm, and are embedded in a dielectric

background with &, = ¢, for an operation wavelength 4, =1550nm. Figure 4.3 shows
the hyperbolic isofrequency contours of the photonic states for the case of a weak field

intensity (i.e. in the linear regime - curve with n:f’h =1.0), and for a strong field
intensity in a self-focusing host medium (curve with nff , >1.0) and in a self-defocusing

host medium (curve with nff,h <1.0). For the sake of simplicity in these plots the

material loss was neglected.
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Fig. 4.3 Dispersion of the photonic states associated with the -TEM mode in a silver nanowire material
at A, =1550nm . The nanowires are embedded in a dielectric background with &, = ¢, , the lattice period

is @ =200nm, and the wire radius is » =0.la. The contours are calculated for: a self-focusing host

material (dashed brown curves, ”5/-,111 =1.2), a self-defocusing host material (long dashed black curves,
"2/,;12 =0.8) and for a linear host (blue curves, njf’h =1.0). The red dots correspond to a trapped state
associated with k_ = k_, that is allowed only in case of sufficiently strong fields. For clarity, in the figures

we considered large variations of # and positive values of £, .

As seen the topology of the isofrequency contours of the wire medium is completely

different from those of Kerr-media depicted in Fig. 4.2. The differences between the
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spherical isofrequency surfaces of conventional media and the hyperbolic isofrequency
contours of the metamaterial influence the formation of spatial solitons in the nonlinear
wire media. Importantly, the formation of bright solitons in the metamaterial is only
possible if the radiation is trapped for a sufficiently strong optical field and no radiation
is coupled to photonic states associated with weak field amplitudes. This means that a

trapped state associated with a certain k_, is only allowed if the metamaterial supports a
photonic state with k =k , for strong electric field amplitudes and there are no
photonic states with k_ = k_, available for propagation in case of a weak electric field.

Using the isofrequency contours depicted in 4.3 , we can see that to fulfill these

conditions it is necessary that the line k =k _, is below the vertex of the hyperbola

(point of the hyperbola where k, =0 and k =k,n,,) associated with the weak

ef h
nonlinearities (solid blue line). In this case, the green dashed horizontal line (photonic

states with k =k ;) only intersects the isofrequency contour associated with a strong

field intensity in a self-defocusing medium (red dots in the picture). Therefore, under an
effective medium framework, self-trapped states corresponding to bright solitons can
only be formed when the dielectric host is a self-defocusing material [8]. Interestingly,
it is seen that even though the dielectric host is a self-defocusing material, the effective
medium behaves as a self-focusing material. However, it should be mentioned that it is
possible to have staggered bright solitons when the host is a self-focusing material, but
such solitary waves vary quickly on the scale of the unit cell of the metamaterial [7],

and thus cannot be described using effective medium techniques.
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1V.3.2.2 Dark Solitons

Next we discuss the formation of dark solitons. Similar to the previous subsection, first
we consider simple isotropic Kerr-type dielectrics.

As discussed in Sec. IV.1, a dark soliton consists of a dip-like shape in the amplitude
of a constant wave background. Thus, one may perceive the dark soliton as a weakly
guided mode where most of the field energy is concentrated in the “cladding” region.
Since in the “cladding” region the refractive index is smaller than in the “core”, this
type of behavior is consistent with a self-defocusing nonlinear medium, where the
refractive index is depleted for strong optical intensities. In fact, it is well known stable
dark solitons can only be formed in isotropic nonlinear media if the medium is of a self-
defocusing type [13-16]. Although not as common as the self-focusing media, examples
of self-defocusing materials include sodium vapor, some organic compounds and also
certain polymers [26-28].

The formation mechanism of dark spatial solitons may also be understood from the
isofrequency contours of Kerr-media depicted in Fig. 4.2. Since these trapped states are
weakly guided by the “core”, it becomes mandatory that for low field intensities (core
region) there are allowed photonic states, while for strong field intensities (cladding
region) all photonic states are forbidden. This corresponds to imposing that a trapped

state associated with a generic k_, satisfies the condition & , <n,@w/c, being n, the
refractive index for weak field amplitudes. From Fig. 4.2 it follows that the line k., =k

needs to intersect the surface associated with weak nonlinearities (solid blue curve),
while it cannot intersect the curve associated with a strong optical field. Crucially, this
is only satisfied in case of self-defocusing materials (gray dashed line in Fig. 4.2).

The conditions required for the formation of dark solitons in nonlinear nanowire

metamaterials can also be studied using similar ideas. As previously discussed, it must
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be ensured that for low field intensities there are allowed photonic states, while for
strong field intensities there are no photonic states available for propagation. The two

conditions can be satisfied simultaneously only if the line k, =k, is above the vertex of

the blue hyperbola in Fig. 4.3 and below the vertex of a hyperbola associated with a
strong field intensity. Evidently, this is only possible when the host is a self-focusing
material (brown hyperbola). Thus, to have dark spatial solitons it is necessary that for

k,=0 the condition k, <k, <k,n,, is satisfied. Again, even though the dielectric

host medium is a self-focusing material, the effective medium behaves as a self-

defocusing medium.

IV.4. Bright Spatial Solitons

Based on the effective medium model introduced in Sec. IV.2, in this section we
characterize a family of 3-D bright spatial solitons with cylindrical symmetry. We study
the effects of the isofrequency contours on the confinement of the solitary waves, and
the impact of dielectric and metal absorption on the propagation of such solitons.
Without any loss of generality, it is supposed that the wires are made of silver and the

losses in the dielectric are modeled by the loss tangent tan¢d, such that
&, =& (1+itand).

Because of the interest in solitary waves with cylindrical symmetry, it is convenient
to use cylindrical coordinates, such that the transverse part of the electric field is given
by E,=Ep+E ¢$ , where E ,E, are the radial and azimuthal components of the
electric field (see Fig. 4.1). The family of solitons studied in this section is characterized

by a transverse electric field which only has a radial component and a radial variation,

i.e. the solitons have E, =0 and ai =0. For this family of spatial solitons it can be
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checked that the electric field satisfies p-V’E=V’E —E, /p*. Using this result,

together with the inner product of both sides of Eq. (4.11) with the radial unity vector

p, it is found that:

0
%V E-V’E, +E | p*=kn E,. (4.15)
Moreover, from Eq. (4.11) it follows that V-[feﬁr(a),kz)E] =0 with £, :—iag.
% .

Neglecting the spatial variation of nff’h , this implies that the divergence of the electric

field is equal to:
4 0 _
V-E=p 1g(PEp)(l—gZ;), (4.16)

where ¢_ (@,k.) is defined as in Eq. (4.13). Substituting this result into Eq. (4.15), and

ik.z

writing the radial component of the electric field as £, = E ., ( p,z)e , where the
E ., ( p,z) is an envelope function supposed to vary slowly compared to the propagation

factor, one finally finds that the field envelope is satisfies:

O’E, 10k, E i i
! 2 L0 Pl ion LE —(k2-kn2,)E,. (4.17)
gzz(a),kz) op° pop p oz * fh ) p

This second order nonlinear differential equations can be numerically solved to
calculate the profile of the soliton and its spatial evolution. To determine the spatial

solitons profile, the material loss parameters are set to zero (in both dielectric host and

metallic wires) and the solution of Eq. (4.17) is calculated with 9 =0, i.e. assuming
zZ

that the field envelope is independent of the z-coordinate. It is important to mention that

consistent with the hypothesis that the field envelope is slowly varying in space, the
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2

standard paraxial approximation % — 2ik, ai—kf was used in the derivation of Eq.
Z z

(4.17).
Crucially, since Eq. (4.17) is a second order differential equation, two suitable

boundary conditions must be specified to numerically solve the equation. The first

condition is E p‘ . =0, because the cylindrical symmetry of the solitary waves with
e

E; =0 implies that the radial component is also null at the origin. The second boundary
condition is determined by the value of the radial derivative of the electric field at the

OF

P

origin = A, where A is a constant that depends on k. and on the structural

p=0
parameters of the metamaterial. This constant is calculated iteratively by imposing that

the field vanishes as p — +o.

In summary, the profile of bright solitons with £, =0 and 6%15 =0 can be obtained

by solving Eq. (4.17) with § =0 and no material losses, and imposing the boundary

iz
conditions:
3 OF
Ep =0 and £ =4. (4.18)
p=0" 6,0

Using these ideas, the profile of bright spatial solitons was calculated for an array of

silver nanowires embedded in a self-defocusing medium, for &k, =0.995k, and different

frequencies of operation and structural parameters. The results are shown in Fig. 4.4(a),
where it is depicted the electric field envelope normalized to the strength of the
nonlinear response (¢ ). The numerical simulations confirm that bright solitons are

allowed when the host medium is a self-defocusing material. The cylindrical symmetry
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of the solitary waves together with the initial condition E ol = 0 forces the electric
p=

field maximum not to be centered at p =0. Consistent with the self-defocusing host it

is seen, in Fig. 4.4(b), that the refractive index is depleted in the regions of strong field

intensity.

(a) (b) 1.000
_ 05y 0.995
£,| NE , 0.990
0.10- My n 0.985"
0.980
0.05- 0.975"
0.970

0.00t 0.965

tp/4 tp/ 2,

Fig. 4.4 Normalized field envelope ‘E p‘\/m (panel (a)) and profile of the refractive index (panel (b))

associated with a spatial soliton with k, =0.995k, . The silver nanowire array is embedded in a dielectric
host with ¢ = ¢, , the nanowires radius is » =20nm and the lattice period and wavelength are such that:
Long dashed green lines: r,/a=0.15, 4, =1550nm ; Solid black lines: » /a=0.1, A, =1550nm ; Dashed-
dotted brown lines: r /a=0.1, A, =1300nm ; Dashed blue lines: r /a=0.15, 4, =1300nm .

The results shown in Fig. 4.4(a) also reveal the influence of the structural parameters
and the oscillation frequency on the characteristic beamwidth of the trapped states. It is
seen that the confinement of the solitons is worse for dilute systems, i.e. system with

small 7 /a (thin nanowires), and for short wavelengths of operation, two scenarios for

which the isofrequency contours of the wire media have a more pronounced
hyperbolicity. This is consistent with the findings of Ref. [8], where it was shown that
the spatial confinement is determined by the degree of hyperbolicity of the isofrequency
contours, such that for the same optical field intensity the confinement is poorer for

metamaterials with more pronounced hyperbolic dispersion. Ultimately, when the

metallic wires are made of a PEC material such that { =1.0 and n:f’h =1.0, the

isofrequency contours correspond to two flat parallel lines and it is possible to have

spatial-solitons with a vanishingly small nonlinear response [8]. Indeed, it is well
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known that for PEC nanowires the metamaterial supports diffractionless propagation of
light beams even in the linear regime [3, 8, 19]. The strength of the electric field
required to have a subwavelength modal size (W < 4,)) in the nonlinear wire media will
be discussed further ahead.

To characterize the effect of losses in the propagation of the solitary waves, the term

2ik282E , and the parameters associated with dielectric and metal dissipation in Eq.

(4.17) are retained, and this equation is now solved subject to a new set of boundary

conditions. The pertinent boundary conditions are such that £ Y ( P,z = O) is taken equal
to the profile of the spatial soliton calculated in the absence of loss, and E Y (Pa-2)=0

where p_ >>W and W is the characteristic half-power beamwidth of the soliton [8],
which ensures that the profile of the soliton vanishes for a very large radial distance.
Figure 4.5(a) reports the spatial evolution of a self-trapped wave associated with

k. =0.990k, at A, =1550nm, after a propagation distance of 124, in the z-direction in

a nonlinear wire media characterized by a self-defocusing host, silver nanowires with

r =20nm and lattice period a =200nm, for several lossy scenarios. As previously

discussed, the dissipation in the silver nanowires is modeled by the collision frequency
parameter of the Drude model, that is equal to I'/27 =4.35THz [25], whereas the
dielectric loss is modeled by the loss tangent tan & which is set to tan 6 =0.01.

The results depicted in Fig. 4.5(a) reveal that the dominant absorption mechanism of
the optical field is dielectric heating. Indeed, the effect of metallic loss may be

negligible at A4, =1550nm, at least for the considered level of dielectric loss. This type

of behavior is consistent with the fact that the light beam is a -TEM beam, such that its

energy is mostly concentrated in the dielectric region. Therefore, the optical field is
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much more sensitive to absorption in the host medium rather than to the absorption in

metal.

(a) o2s-

7 \/@ 0.20

’ 0.15"

+p/ 2

Fig. 4.5 Panel (a) Normalized ficld envelope |Ep|\/m for a spatial soliton with &k =0.990%, in a

nanowire metamaterial with a dielectric host with &/ =&, (I+itanS) and silver nanowires with radius

7 =20nm, lattice period a =200nm, after a propagation distance of 124, with 4, =1550nm . Solid blue

curves: lossless case; Black dotted curves: with metallic loss; Dot-dashed brown curves: dielectric loss
tangent tan & = 0.01 and no metallic loss; Green curves: with dielectric and metallic loss. Panel (b) Profile
of the spatial soliton as it propagates along the z-direction and both metal and dielectric absorption are
considered. The remaining structural parameters are as in panel (a).

This is emphasized in Fig. 4.5(b) where it is depicted the profile of the spatial soliton

calculated as it propagates along the z-direction considering both metal and dielectric

absorption.

IV.5. Dark Spatial Solitons

Next, the study of the previous section is extended to dark spatial solitons of the same

family, i.e. dark solitons with cylindrical symmetry and with £, =0 and ai:O.

Consistent with the findings of Sec. IV.3.2.2, now the host medium needs to be of the
self-focusing type with o > 0.

The formalism used to characterize the dark solitons is the same as in Sec. IV.4. In
particular, the electric field associated with the dark spatial solitons satisfies the same
nonlinear second order differential equation, i.e. Eq. (4.17), and the boundary conditions

listed in Eq. (4.18) are also the same. However, since stable dark spatial solitons consist
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of dip-like shapes in the amplitude of a constant wave background [12-14], the constant
OE,
op
P

= A is now iteratively tuned so that the electric field tends to a non-zero

—0*
constant value as p — +.
Using this effective medium framework the profile of the dark solitons associated

with &k =1.005k, was calculated for different structural parameters and wavelengths of

operation. The results are depicted in Fig. 4.6.

(a)o.10f (b) .
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Fig. 4.6 Profile of (a) the radial electric field envelope |E B | \/M and (b) refractive index associated with
a spatial soliton with k_ =1.005k,. The silver nanowire array is embedded in a self-focusing dielectric
host with &, =¢,, has a lattice period a=200nm and the nanowire radius and the wavelength of
operation are such that: Dot-dashed green lines: » =20nm, A, =1300nm; Dotted black lines:

r =30nm, A;=1300nm; Solid blue lines: » =30nm, A, =1550nm; Dashed brown lines:
r =20nm, A, =1550nm .

As expected, the solitons consist of a dip-like shape in a constant wave background
[12-14] and this type of behavior also extends to the refractive index profiles shown in
Fig. 4.6 (b), where consistent with the self-focusing host, the refractive index increases
in the regions of strong field intensity. The specific type of dark solitons, either “gray”
or “dark”, is related to the behaviour of the dip in the constant wave and to the phase of
the dark solitons. Since the electric field is null at the origin and the profile of the
envelopes phase is flat, these solitons are of the “black” type. Moreover, the results of
Fig. 4.6(a) also reveal that the characteristic size of the solitary waves is strongly

influenced by the hyperbolicity of the isofrequency contours of the wire medium.
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Similar to the results shown in Fig. 4.4(a) for the 3-D bright solitons, it is seen that
structural parameters that originate a more pronounced hyperbolic dispersion, such as
dilute systems and smaller wavelengths of operation, also increase the characteristic size
of the solitary beams.

The strength of the nonlinear effects required to obtain a “black” dark soliton is also
comparable to what is required for the formation of bright solitons. In fact it is

interesting to compare the half-power beamwidth  of the spatial solitons as a function
of the peak value of the normalized squared amplitude of the electric field |05||E|2 for

both dark solitons and bright solitons. This is shown in Fig. 4.7 for 3-D spatial solitons

propagating in an array formed by lossless silver nanowires with radius » =30nm,
lattice period @ =150nm, embedded in a dielectric host with &, =g, at an operating
wavelength A4, =1550nm. As seen, the beamwidth W is very similar for both types of
solitons.

Moreover, since |a||E |2 is equal to the maximum variation on the refractive index
profile (n,,=1+aE;-E, with E,=Ep) it can be checked that to have a
subwavelength modal size (W < 4,) it is necessary that njf,h ~1.0146 for the dark
solitons and nff’h ~0.983 for the bright solitons, which in practice may be rather

challenging to obtain.
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Fig. 4.7 Normalized half-power beamwidth # of 3-D spatial solitons as a function of the peak value of

|0:||E|2 . The nanowire array is formed by lossless silver nanowires with radius » =30nm, lattice period

a=150nm, embedded in a dielectric host with &, =g, at the wavelength 4, =1550nm. Solid curve:

bright solitons family; Dashed curve: dark solitons family.

The effect of dielectric and metal loss in the propagation of the dark solitons is
studied in Fig. 4.8. In this figure it is represented the spatial evolution of a dark spatial

solitary wave associated with &, =1.005k, at A, =1550nm, propagating in a nonlinear
wire media characterized by silver nanowires with radius » =30nm, lattice period
a=150nm and a self-focusing host, after a propagation distance of 54, in the z-

direction, for several lossy scenarios. The numerical technique used to obtain these

results was the same as described in Sec. IV.4 for the effect of losses in the spatial

evolution of bright solitons, i.e. solving Eq. (4.17) with the term 2ikzazl:? , and the

parameters associated with dielectric and metal dissipation. However, the pertinent

boundary conditions are now slightly different. Similar to what was done for the bright

solitons, the function E Y ( P,z = 0) is taken equal to the profile of the spatial soliton
calculated in the absence of loss. In addition, we impose that aiE B (Pax-2) =0, which

ensures the characteristic constant wave background of dark solitons.
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Fig. 4.8 Panel (a) Normalized field envelope ‘E" p‘\/@ for a dark spatial soliton with £, =1.005k, in a

nanowire metamaterial with a dielectric host with &, = ¢, (1+itand) and silver nanowires with radius

7 =30nm, lattice period a=150nm, after a propagation distance of 54, with 4, =1550nm. Solid blue

curves: lossless case; Green curves: with metallic loss; Dot-dashed brown curves: dielectric loss tangent
tan o = 0.01 and no metallic loss; Black dotted curves: with dielectric and metallic loss. Panel (b) Profile
of the spatial soliton as it propagates along the z-direction and both metal and dielectric absorption are
considered. The remaining structural parameters are as in panel (a).

The results depicted in Fig. 4.8 are qualitatively analogous to the bright solitons

studied in Sec. IV 4 (see Fig. 4.5), as it is seen that the dissipation in the metamaterial is

dominated by losses in the dielectric host rather than in the metallic wires.

IV.6. Concluding Remarks

In this chapter we studied the formation and propagation of three dimensional bright
and dark unstaggered spatial solitons with cylindrical symmetry in a nanowire array
embedded in a Kerr-type nonlinear medium. The analysis was performed based on an
effective medium theory introduced in [8, 11], and it was found that unlike conventional
nonlinear dielectric media, within an effective medium framework dark (bright) solitons
can be formed only when the host medium is a self-focusing (defocusing) Kerr
dielectric.

In Sec. IV.4 we developed a formalism that allowed for the complete
characterization of the spatial solitons. The proposed theory applies to both bright and
dark spatial solitons, with the only differences being in the boundary conditions used to

numerically solve the problem. Using this framework, we performed a numerical
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analysis to study the influence of the structural parameters of the metamaterial and the
oscillation frequency on the confinement of the solitary waves. It was checked that for
both dark and bright solitons, variations of the structural parameters that increase the
hyperbolicity of the isofrequency contours of the metamaterial, will be detrimental to
the confinement of the solitons.

It was also confirmed that the main decay channel of the solitons is associated with
absorption in the dielectric host rather than metallic loss, which typically is of secondary
importance. Moreover, it was shown that for sufficiently large optical field intensities,

the spatial solitons can, in theory, have a subwavelength modal size (W < 4;). However,

the required field strength may be rather difficult to achieve.

As a final remark, it is important to mention that in Ref. [J3] we investigated another

family of bright solitons, characterized by a transverse electric field E, = E p + E ¢$ and
an azimuthal derivative ai: im, with m ==%1. It was checked that spatial solitons of

this new family have an optical field with a maximum at p =0, i.e. at the beam center.

The dependence of the solitons with respect to variations of structural parameters,

operating frequency and losses are qualitatively similar to what was reported in Sec.

IV.4.
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V. GRAPHENE SUPERLATTICES

V.1. Introduction

As discussed in Chapter I, despite the fundamental differences between electrons and
photons, there are important similarities between the wave propagation of light and
matter in periodic structures [1]. For instance, since an electron is characterized by a de
Broglie wavelength, it can interfere with itself, similar to the interference phenomena in
electromagnetism. The parallelism also extends to the influence of the band structure in
the motion of electrons in semiconductors and light propagation in photonic crystals [1,
2, 3], amongst others [4].

In 1970, Esaki and Tsu [6] set an important milestone in using artificial media in
electronics. In their seminal work, they suggested that superlattices obtained by
variations in the composition of certain alloys or by periodically doping a
monocrystalline semiconductor, might allow engineering the conduction and valence
bands into many sub-bands and permit a negative differential conductance in the
medium. This work ultimately proved to be invaluable to numerous advances in
electronics, including the invention of quantum cascade lasers [7], the realization of
semiconductor superlattices with an ultra-high mobility [8, 9], amongst many others
[10].

Aside from some isolated studies [11, 12] the parallelisms between electromagnetic
metamaterials and superlattices received little attention in the scientific literature.
However, a significant effort was recently made to bridge these two fields of physics,

particularly extending the concept of transformation optics to matter waves [10],
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proposing several designs to obtain the electronic analogs of the Veselago-Pendry lens
[12, 13], and in the development of the effective medium techniques to characterize the
propagation electron waves in semiconductors [4], artificial graphene [14] and graphene
superlattices [15]. This Chapter follows this paradigm as we study the electronic
analogs of some phenomena typically associated with photons in metamaterials in the
context of graphene based structures.

Graphene is a two-dimensional material that consists of a one-atom thick monolayer
of graphite where the carbon atoms are arranged in a honeycomb-shaped lattice. This
material is characterized by unusual properties, such as a remarkably high crystal
quality and an unusual electronic “relativistic” spectrum that creates many intriguing
and exciting opportunities in low-dimensional physics, such as the possibility of
mimicking quantum relativistic phenomena in a condensed-matter system [16-22].
Since the first experimental realization of graphene [23], several modifications of the
original structure have been proposed [24, 25]. These modifications aim to provide
some control over the transport properties of electrons in graphene, and it has been
recently suggested that the proper tailoring of an externally-applied periodic
electrostatic potential on the surface of graphene, may allow gaining some control over
the propagation of the charge carriers [26-28]. These structures, known as graphene
superlattices, may be realized using different techniques, such as periodically patterned
gates, deposition of adatoms on graphene’s surface, or using a crystalline substrate [29-
34]. Graphene superlattices may also enable to mimic some electromagnetic phenomena
in systems dealing with matter waves [26-28], such as permitting to obtain an electron
“perfect lens” [15, 35]. In the work reported in [15, 35] it was suggested that in some
conditions two materials with complementary properties may effectively behave as

some form of “matter-antimatter” and annihilate one another from the electronic point
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of view, such that the paired materials provide a perfect “tunnel” for any extended or
bounded stationary states. This “wormhole” connects two regions of space, as if the
region in between was nonexistent, allowing to delocalize the wave function stationary
states, similar to the light wormholes [36] based on transformation optics [37-39].

Building on these studies, in this chapter it is investigated the existence of electron
wormholes based on one-dimensional (1-D) graphene superlattices, and unveil the
actual physical response provided by such structures. To do so, we use an effective
medium model framework that allows to completely characterize the propagation of
electron waves in graphene based heterostructures. This framework will be introduced
in Sec. V.2, and it relies on the effective medium model proposed in Ref. [15]. With the
purpose of validating the effective medium model framework, in Sec. V.3 we present a
thorough numerical comparison between the scattering properties of a cascade of GSL
slabs calculated with both the macroscopic and microscopic approach (where all the
granular details of the superlattice are retained).

Section V.4 investigates the possibility of having the negative refraction of electron
waves at the heterojunction of graphene based heterostructures. It is important to
mention that the negative refraction of electron waves was already proposed in previous
works as the basis for the electronic analog of the Veselago’s lens [12, 15]. In Ref. [12]
it was shown that using a p-» junction in graphene would allow obtaining a Veselago’s
lens under a semi-classical approach, and in Ref. [15] it was proposed that two properly
tailored graphene superlattices would generalize this behavior to all complex electronic
states.

Finally, Sec. V.5 studies the possibility of obtaining wormholes for electron waves

using graphene superlattice structures.
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V.2. Effective Medium Model for Electron Wave Propagation

Similar to what was done in the previous chapters of this thesis for nanowire arrays, one
can model graphene based nanomaterials as continuous media. In fact, according to the
findings reported in Ref. [15], provided the initial electronic state is not more localized
than the characteristic period a of the superlattice, effective medium techniques can be
used to characterize the propagation of electrons in graphene superlattices. This theory
homogenizes the granular details of the superlattice and allows for an analytical analysis
of the GSL as if it was a continuous medium characterized by some effective
parameters.

Similar to the homogenization techniques for metamaterials [4], this macroscopic
approach is based on the spatial averaging of the high frequency spatial harmonics, so
that only the spatial harmonics with the wave vector k within the first Brillouin zone are
retained after the spatial filtering. Next, the effective medium model proposed in Ref.

[15] for graphene superlattices is briefly reviewed.

V.2.1. Effective Hamiltonian

In this thesis the focus will be on 1-D graphene superlattices, such that the microscopic

electrostatic potential has a step-type spatial variation, with two different values

V=V +V

osc ?

as shown in Fig. 5.1.



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 103

il

Fig. 5.1 Sketch of a graphene superlattice characterized by a step-like periodic electrostatic potential
V(x)=V, +V,, sgn [sin(Zn’x/a)] .

osc

The propagation of the charge carriers with pseudo-momentum near the K point in

the graphene superlattices is described by the massless Dirac equation:

(I:I\p)(r)zihg\y, (5.1)

where (I—Al\y) (r)=—ihv, [ox % +0, diy) y+V(r)y is the microscopic Hamiltonian

that takes into account all the granular details of the graphene material, y = {‘I’1 ,‘I’Z} is
a two component pseudospinor that characterizes the charge carriers, v, ~10°m/s is
the Fermi velocity and 6 =6 X+06 y with 6., ¢, the Pauli matrices. Solving this
partial differential equation system allows for the complete characterization of the wave
function . However, because of the dependence on V(r), the microscopic

Hamiltonian is strongly dependent on the granularity of the system, and typically Eq.
(5.1) corresponds to a rather complex system of equations.

One way to reduce the complexity of the problem is to apply effective medium
techniques to homogenize the microscopic structure. It was recently shown that the low

energy states in GSLs can be characterized by an effective Hamiltonian that describes
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the dynamics of the wave function envelope [15]. Within this approach, the GSL is
regarded as a continuous medium characterized by some effective parameters. For an

unbounded superlattice the effective Hamiltonian reads [15]:
(A,w)(r)=[=itv.o(z)-V+V, ] w(r). (5.2)
where V_  is the average electrostatic potential, 6( ;() =6,X+ 0y, and y is an
effective medium parameter designated by anisotropy ratio which depends on the
fluctuating part of the microscopic potential V. [15]. As thoroughly described in [J4],

within this formalism " -y = |\|l|2 can be regarded as a probability density function,

and the time evolution of the pseudospinor y is determined by ih%—‘;’ -H AR

The dependence of the anisotropy ratio on ¥ may be obtained using the techniques

osc

described in Ref. [15] and it is shown in Fig. 5.2.
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Fig. 5.2 Anisotropy ratio for an electrostatic potential V,_ sgn [sin (27rx/ a)} .

Evidently, for pristine graphene, where V

osc

=0, the anisotropy ratio is unity.

However, the proper tuning of microscopic potential may allow to obtain negative

values of y, and even regimes characterized by an extreme anisotropy, where y =0.
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As seen in Fig. 5.2, for a step-like potential V,

0sc

sgn [sin (27x/a ):| , the anisotropy ratio

may vary in the range of y ~—1/5.6 upto y =1 (pristine graphene).

V.2.2. Energy Dispersion of Stationary States
The stationary states energy dispersion may also be analyzed using the effective
medium model introduced in Ref. [15]. For an unbounded GSL characterized by an
anisotropy ratio y and average electrostatic potential V_, the dispersion relation reads
[15]:

|E_I/av

S N (5.3)

where E is the energy of the electrons and k = (kx,ky) is the wave vector associated

with the electronic state. Importantly, it is seen that the dispersion of GSLs corresponds
to a stretched Dirac cone [15]. To emphasize this, first we calculate the energy

dispersion of pristine graphene ( y =1.0). The results are depicted in Fig. 5.3(a), and it

is seen that the energy dispersion matches the conventional Dirac cone [18].

(a) k,a ® o
Oéwggzqs 0.5 12 _Qéwmwwwmw
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Fig. 5.3 Energy dispersion of: (a) Pristine graphene ( y =1.0 ) (b) Graphene superlattice in the extreme
anisotropy limit (¥ =0).

The dispersion of pristine graphene also reveals that electrons propagate in the
pristine graphene with an isotropic velocity. This may be easily checked from the group

velocity of electrons in GSLs:
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(k. 2°k,) |

V:Vk(E—Vav)/hva |k|

(5.4)

. . k .
For pristine graphene it is seen that v =v, —. On the other hand, for an electronic state

k]
propagating in a GSL characterized by an extreme anisotropy ( ¥ =0), the dispersion

corresponds to a Dirac cone stretched along the y-direction, as shown in Fig. 5.3(b). In
fact, it is well known that GSLs may yield strongly anisotropic Dirac cones and particle
velocities and, in the limit of extreme anisotropy, may allow for the propagation of
electron waves with virtually no diffraction [30, 31]. This is also clear from the

expression of the group velocity of electrons Eq. (5.4). For a GSL characterized by an

(k,,0)
K

Importantly, the pseudospinor associated with a stationary state with energy £ and

extreme anisotropy (y =0) the group velocity is equal to v =v,

wave vector Kk is of the form,

eik-r 1
\IIE,kyZ\/E oo |’ (5.5)

The parameter 6, is equal to the angle between q=(kx, ;(ky) and the x-axis and

s=sgn(E -V, ), so that it is possible to write s’ =, (kx +i yk, )/(E—Vav) [15].

V.3. Validation of the Effective Medium Model

Because the effective medium formalism only applies in the long wavelength limit, the
physical response of the GSL calculated with the macroscopic and microscopic theory
may show some discrepancies if the spectrum of the wave function extends beyond the
edge of the first Brillouin zone, or if the electronic state is more localized than the

period of the microscopic potential. In this section the validity of the effective medium
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will be addressed, particularly the agreement between the scattering properties of
complex GSL structures, calculated with the effective medium model and with the
microscopic model. In Sec. V.3.1 we introduce a formalism to solve scattering problems
in GSLs. This formalism is applied in Sec. V.3.2 to investigate the validity of the

effective medium theory.

V.3.1. Scattering Problems in Graphene Superlattices
To characterize the scattering properties of an incoming electron plane wave vy, , with
energy E and transverse quasi-momentum k , propagating in an a homogeneous region

characterized by an anisotropy y and electric potential V, we use a transfer matrix
formalism [28]. Assuming that the spatial variation along the y-direction is of the form

e , the transfer matrix M =M (x, E.k,, ;() relates the wave function calculated at two

points of space as y(x, +x)=M-y(x,). This transfer matrix M satisfies [J4]:

cos k1) ok, M) g )

M= (i) AN (5.6)
. S K x Sin{ kK x
ldkj +sz; S—kx COS(kX.X)—Zky k—x

where s=sgn(E-V) and k, is the solution of |E—V| =hv, k. +;(2ky2 . The above
formula generalizes the theory of [28] to materials with nontrivial anisotropy ratio
(x #1), and therefore can be used for both microscopic and effective medium models.

The problem under study is illustrated in Fig. 5.4 and corresponds to an electronic
state propagating in pristine graphene that impinges on a cascade of /=1,....N
homogeneous regions (with V' =V, in the /-th region) followed by another a pristine

graphene region. From here on the energy scale is fixed so that £=0 corresponds to
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the tip of the Dirac cone in the pristine graphene region, and therefore the electric

potential is V.

av,0

=0 in these regions.

Fig. 5.4 Geometry of the cascade of /=1,...,N graphene superlattices strips (with V' =V, in the /-th strip)

encapsulated in a pristine graphene with an average potential offset V, , =0.
Within this transfer matrix formalism, the wave function at the input (y,) and

output (, )interfaces of the structure is related by y, =M _,, -y,, where M a0 18 the

glob
global transfer matrix for the cascade of homogeneous regions. Using Eq. (5.5) the

pseudospinor at the input and output interfaces may be written as [15]:

1 1
v hutik |vR| ko tik, |, (5.7)
Jki +k; Jki +k;
1
v, =|  kotik, |, (5.8)

5T 2

ki +k;
where T'and R are the transmission and reflection coefficients, k,; is the x-propagation
constant of the incident wave and s, =sgn(£). Considering that that wave function at

the input and output interfaces is related by w,=M,,y,, the values of the

coefficients 7 and R maybe simply obtained from the solution of the linear system:

Mglob'\|l++RMglob'\|l_=T\|l+, (5.9)
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where y* =(1 5, (2, +ik) )1k + K )T.

The calculation of M, for the microscopic structure, where all the granular details

of the superlattice are taken into account, is discussed next. Due to the step-like
modulation of the microscopic potential on the surface of pristine graphene, each period
of a superlattice may be regarded as two homogeneous regions with anisotropy ratio

x =1, thickness a/2 and electric potentials V =V, +V,

osc ?

respectively. Thus, the
microscopic structure may be regarded as a cascade of /=1,...,N homogeneous regions
(with V' =V, in the [-th region), which is similar to the effective medium approach
discussed below the difference being that in the microscopic model y =1 in all space

and the total number of regions is obviously larger. Since in pristine graphene the

pseudospinor is continuous across the interfaces, it can be easily checked that the global

N
transfer matrix is M, = [M,(d,,V,), where d,=a/2 is the thickness of the /-th
I=1

slab.
Under an effective medium model approach, there are /=1,..., N’ homogeneous

regions characterized by V' =V, and y =y, in the /-th region, as shown in Fig. 5.4.

Therefore one might expect that the global transfer matrix should simply be an

"
extension of the previous result such that M, = HM, (d,.V,, z,), with M, (d,,V,, 7,)

=1
the transfer matrix of each region, which depends on the average potential offsets V),
anisotropy ratio y, and thickness d, of each superlattice. However, it was shown in

[J4] that this hypothesis leads to unsatisfactory results. The reason behind this
conclusion is that within the macroscopic approach there is no compelling physical

reason to enforce the continuity of the wave function at an interface between distinct
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superlattices, as it was considered in the microscopic model. The crucial requirement is
that the probability current density j_ is continuous at the interfaces normal to the x-
direction. The probability current density is equal to j =v,y -6 -y [J4], and its
continuity is evidently guaranteed by the continuity of y . Nevertheless, this is not the
only possibility. In fact, it can be checked that a generalized boundary condition of the

type LU( x) \Ile:xo =0, where the operator | _|H_0 is defined in the same manner as in

Sec. 11.2.2, is compatible with the continuity of j at an interface x=x,. In this

notation U . are linear operators that depend on the effective media, and the boundary

' is the same for

condition is valid provided the operators U are such that U™ .6 _-U~
all media. Since for pristine graphene U must be taken equal to the identity matrix, the

validity of this boundary condition also requires that U -6 -U"' =6, . All these

conditions can be satisfied if U commutes with ¢ and is unitary. Any U of the form

e cosu isinu
U=e">=| | , (5.10)
isinu cosu

with u real valued, satisfies these restrictions. The parameter # depends on the effective
medium parameters (¥ ) and for pristine graphene should be taken equal to zero. A
numerical fitting of the microscopic and macroscopic model results showed that
u(y)=c arccos(1+c,(x—1)), with ¢, =0.689 and ¢, =1.650, may accurately model
the wave scattering at the interfaces (see [J4] for more details) between distinct
superlattices.

In summary, contrasting with the microscopic model where the continuity of the

wave function at the interfaces of homogeneous regions is required, within the effective

medium approach a nontrivial boundary condition of the type LU( ;() . er:x =0 must
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be considered. By including this boundary condition in the calculation of the global

transfer matrix, it can be easily checked that the global transfer matrix of the cascade of

v
homogenized superlattices is equal to M, =[[U(x,)-M,(d,,V,2,).U" (x,)-

=1

V.3.2. Numerical Results

To begin with, the formalism described in the previous subsection will be used to

calculate the scattering properties of an electronic wave with energy E,a/hv, =0.1,

which for a lattice period a =10nm, which will be fixed from here on, corresponds to

E, =~ 6.6meV , propagating in pristine graphene and that impinges in a cascade of two

superlattices. The GSLs are characterized by the same anisotropy ratio

X=X =x=04 and thickness W, =W, =20a, but have distinct average potential
offsets so that V|, a/fiv, =-025 and V,, a/fv, =025, which for the considered

lattice period correspond to V, . ~F16.6meV . Using the methods described in Ref.

2,av
[15] it can be checked that these anisotropy ratios correspond to microscopic potentials

with V, a/hv, ~425 (V.

0scC 0sC

~0.28¢V). The coefficients R and T are calculated for
E=E, as a function of k. For a fixed value of the energy of the electron waves £,
the value of k, determines the incidence angle. In fact, it can be easily checked that
k, =0 corresponds to normal incidence, and since &, = E, /hv,. corresponds to grazing
incidence, all values of &, larger than &, originate a k _ that is purely imaginary,

resulting in non-normalizable complex electronic states. This is the electronic analog of
the evanescent electromagnetic waves. The scattering properties of the structure are
depicted in Fig. 5.5, and reveal a remarkable agreement between the microscopic theory

(discrete symbols) and effective medium model (thick solid lines) results, particularly in
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the range of &k, a<1.2. These results validate the effective medium theory for

y,max
electron wave propagation in GSLs, proving that the superlattices may be indeed be

regarded as a continuous medium characterized by some effective parameters.

@) 30 7 50 (b) 30 50

|T| ;(5) A 100. = 25 100: =
. 50, = R| ¥ 50, ~
s M Lo 0. &b | | 15 0. %45
1.0%1 -50. <C 10 -50. &
0.5 i —100. 5 —100.
0.0 —150. 0 —150.

0 1 2 3 4 0.0 0.5 1.0 1.5 2.0
k.a k.a

Fig. 5.5 Amplitude and phase of the (a) transmission and (b) reflection coefficients for an electron plane
wave that travels in pristine graphene with energy E,a/hv, =0.1 and impinges on a cascade of two GSL

slabs characterized by equal thicknesses W, =W, =20a and anisotropy ratios y =y, = y, =0.4 (in the

microscopic model ¥, a/hv, ~4.25), but with different average potential offsets ¥, a/hv, =70.25.

SC 2,av

The discrete symbols (joined by thin lines) correspond to the results calculated using the microscopic
model whereas the solid thick curves correspond to the effective medium model results.

Remarkably, since the value &

,.max 18 about twelve times larger than &, , the validity
of the effective medium model extends well beyond the spectrum of the propagating

electronic states. Moreover, for some values of k, >k . the amplitude of the

transmission coefficient 7 is larger than one, particularly in the range of

k,.<k, < 0.75/a, suggesting that there is some amplification of part of the evanescent

electronic states spectrum. As shown in Ref. [15, 35], the exponential amplification of
complex electronic states in GSLs may allow to compensate for the exponential decay
in the outside regions of the GSL slab, and thus obtain the electronic analog of the
Pendry lens [40].

As a second example, we characterize the scattering properties of a cascade of four
distinct GSLs encapsulated in pristine graphene. The first two superlattices are very
similar to the ones considered in the previous example and are characterized by the

following parameters: anisotropy ratio y, =y, =0.4, thickness W, =W, =20a, and
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average potential offsets (V1,av -E, )a/th =—-0.25 and (Vz,aV -E, )a/th =0.25, for an

electronic state with energy E,a/hv, =1.0. The anisotropy ratio of the third superlattice

is x,=0.3 (in the microscopic model V, ,a/fiv, ~5.19), while its thickness is
W, =10a and the average potential offset is (V&alv —Eo)a /th =0.2. Finally the last
superlattice is characterized by an average potential offset (V4,aw —Eo)a / hv, =0.125,

thickness W, =6a and an anisotropy ratio y, =0.1, which in the microscopic theory
corresponds to a oscillating potential with amplitude ¥, ,a/fv, =5.71. The scattering

properties of this structure are shown in Fig. 5.6.

a
(@) 1§ 150 (b) s = 150.
1 o o 2 =
| 0.6 Cla 0. % |R| 10 0. @
0.4 _50, < 5f -50. %"
02 ~100. -100.
0.0} ——— ‘ | —150. o 4 ~150.
0 1 2 3 4 0 1 2 3 4
kya kya

Fig. 5.6 Amplitude and phase of the (a) transmission and (b) reflection coefficients for an electron plane

wave that travels in pristine graphene with energy E a/hv, =1.0 and impinges on a cascade of four GSL
slabs. The first two are characterized by equal thicknesses W, =W, =20a and anisotropy ratios
x=x%,=04, but with different average potential offsets (V —Eo)a / hv, =50.25. The third

1,2,av
superlattice has a thickness W, =10a, anisotropy ratio y, =0.3 (in the microscopic model

Vies@/Tv, =5.19) and average potential offset (VMV —Eo)a / hv, =0.2 . Finally the last superlattice is

characterized by an average potential offset (VAL&V—EO)a/th =0.125, thickness W, =6a and an
anisotropy ratio y, =0.1, which in the microscopic theory corresponds to a oscillating potential with
amplitude ¥V, ,a /th ~5.71. The discrete symbols (joined by thin lines) correspond to the results

calculated using the microscopic model whereas the solid thick curves correspond to the effective
medium model results.

Clearly, even for this more complex heterostructure the agreement between the
results of the macroscopic and the microscopic theories is still very good. This
demonstrates in a conclusive manner the validity of effective medium model for

electron wave propagation in graphene superlattices.
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V.4. Negative Refraction of Electron Waves

The negative refraction of photons using DNG media was first proposed by Victor
Veselago in 1968 [5]. In his pioneering work, Veselago theoretically demonstrated that
DNG media might allow for negative refraction, so that a light beam impinging at an
interface between a conventional material and a DNG material obeys a reversed Snell’s
law, as illustrated in Fig. 5.7. In this section the concept of negative refraction of light in
metamaterials [41,42] will be extended to the electron wave propagation in graphene
based nanomaterials. The conditions required for this phenomenon to be observed at the
heterojunctions between distinct GSLs will be analyzed, and some numerical examples
will illustrate this phenomenon. The analysis relies on the effective medium model
introduced in Sec. V.2.

(@)

Conventional Material Conventional Material

Ordinary Refraction

Incident Light Beam

(b)

Conventional Material DNG Material

Negative Refraction

Incident Light Beam

Fig. 5.7 Graphic representation of: (a) a light beam propagating in a conventional material experiencing
ordinary refraction, (b) a light beam propagating in a conventional material being negatively refracted at
the interface with a DNG material.
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First, we define the propagation angle 8, of an electron plane wave in a graphene
superlattice. The angle 6, is measured between the direction of the group velocity and

the direction normal to the interface (x-direction). From Eq. (5.4), the propagation angle

of electron waves in graphene superlattices may be written as:
0, =tan” (v, /v,)=tan" (1’k, [k, ). (5.11)
Using equation (5.3), the longitudinal component of the pseudo-momentum &, may
be written as a function of the energy of the electrons E, and transverse component of

the pseudo-momentum £, , and is equal to:

k. =sgn(E, I{JV)\/(M] —;(zky2 . (5.12)

hv,

Therefore, substituting this result into Eq. (5.11), it is seen that variations in the

average potential of the superlattice can severely affect 6,:

2
k
% L G13)

sen(E,~V, (=) v, ) - 2K

0, =tan™'

In fact, it was recently proposed that electron waves may be negatively refracted at
the heterojunction between two superlattices with properly chosen average potential
offsets [15]. This can be easily explained using the developed formalism. For a fixed
value of k, and E, if the term E,—V,, has opposite signs in the two regions, then from
Eq. (5.12) the value of k_ is also symmetric, and therefore propagation angle 6, will
flip its sign. Thus, the negative refraction of electron waves may occur at the interface
between two superlattices with £, -V with opposite signs.

To illustrate these ideas first we consider a pristine graphene ( ¥ =1) heterojunction

with the following electric potential distribution:
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O (5.14)
*)= 2E,, x>0 ’ .

so that in both regions the relation E, -} has the same amplitude but has opposite

signs. It can be checked that in these conditions an electron wave propagating in the
x <0 region with a fixed incidence angle is refracted at the heterojunction x =0 with
an angle symmetric to the incidence angle.

We consider the scenario wherein a Gaussian electron wave propagates in the x <0
region. The Gaussian beam is taken equal to:

k ,—k),YO)RéM

inc ¥

v (x,y)zf:wEo’ky (x—xi,y)e_( dk, , (5.15)
where Eok, is the pseudospinor distribution for a plane wave stationary state with
fixed energy E=E, and the pseudo-momentum £k ,. The parameter R; can be
regarded as the beamwidth at the reference plane x, =—-25a, which is taken coincident
with the input plane. The probability density distribution |\|1|2 in all space is calculated

for a Gaussian electron wave with beamwidth R. =10a, energy Eja / hv, =2 and
pseudo-momentum k,,a =1.0, so that the propagation angle of the incident beam is
0, =45°.

The pseudospinor distribution for a plane wave stationary state v , is calculated

using the transfer matrix formalism described in Sec. V.3.1. First, the scattering
coefficients are calculated using Eq. (5.9). Next, these parameters are used in Egs. (5.5),
(5.7) and (5.8) to obtain the spatial distribution of pseudospinor for a plane wave
stationary state. The distribution of the pseudospinor is then used in Eq. (5.15) to
calculate the Fourier integral and obtain the value of the wave function in all space. The

spatial distribution of the wave function for the considered structure is shown in Fig.
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5.8(a), and reveals that the transmission angle is symmetric to the incidence angle, i.e.

0, =—0,,=-45°, confirming in this manner that the Gaussian electron wave

experiences a negative refraction at the heterojunction x=0.

(a) (b) ‘\I,f

—40 =20 0 20 40 —40 =20 0 20 40
v/a v/a
Fig. 5.8 Density plots of Mz calculated for an incident Gaussian electron wave with R, =10a,
an/ hv, =2 and pseudo-momentum k, ,a =1.0, propagating in pristine graphene (x<0) with

potential ¥, =0, that impinges on another pristine graphene region with electrtic potential (a) V =2E,
and (b) V =3E,.

It is curious to see that Eq. (5.13) predicts that as the electric potential increases, the
transmitted electron waves tend to propagate in a direction closer to the normal to the

interface. This is illustrated in Fig. 5.8(b), which shows the probability density
distribution |\|1|2 in all space when the electric potential of the second superlattice is
increased from V =2E; to V =3E , maintaining the remaining of the structural

parameters as in the previous example.

Since the term E, -V has opposite signs in two regions, the Gaussian electron wave

is still negatively refracted at the interface. However, comparing these results with ones
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depicted in Fig. 5.8(a), it is seen that the refracted angle is smaller, and now it is equal

to 0,, ~-20.7°.
To demonstrate that the negative refraction of electron waves occurs at interfaces of
graphene superlattices, next we calculate the probability density |\|;|2 for a structure

consisting of a GSL slab encapsulated in pristine graphene, similar to what is shown in

Fig. 5.4. The superlattice is characterized by an anisotropy ratio y=-1/5.6

(V,a/hv, ~7.83), thickness W =20a and an electric potential (E,~V)a/hv, =-1.6,

for a Gaussian electron wave with energy Ea/hv, =x/§, pseudo-momentum

k,,a=1.0 and beamwidth R; =1.0a . The spatial distribution of the probability density

2 .
) and macroscopic models

distribution was calculated using the microscopic (|\|1

mic

2 - : . : .
), and the results are shown in Fig. 5.9. Since the microscopic wave function

(‘“’Qf
y . has strong fluctuations on the scale of the period of the superlattices, the plots

represent the spatially averaged probability density function

al2
fw (x,y)= 1 j ‘\Ifm o (x+x, y)‘2 dx', where these spatial oscillations are filtered.
—-al2

|“’nﬁc
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(a)
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Fig. 5.9 (a) Density plot of \\y\z calculated with the effective medium model with for an incident

Gaussian electron wave with R, =10a, an/ v, = V2 and pseudo-momentum k,,a=10, that
impinges on a GSL slab encapsulated in a pristine graphene with an average potential offset /; =0. The
GSL is characterized by an anisotropy ratio y =—1/5.6 , thickness W =20a and an electric potential
(EO —V)a / hv. =-1.6. (b) Similar to (a) but calculated with the exact microscopic theory, where the

superlattice is characterized by a step-like potential with amplitude V, a/hv, ~7.83 .

Remarkably, the results of effective medium model show a good agreement with the
microscopic theory, and both theories confirm that the electron beam is negatively
refracted at the interfaces of the slab. From both Eq. (5.13) and the results depicted in

Fig. 5.9, it can be checked that the propagation angle of the refracted beam in the

graphene superlattice is 6, ~—1.2°, which means that the beam experiences a

negative refraction at both interfaces of the slab. It is also interesting to note that while

for pristine graphene an average potential offset equal to (EO —V)a / hv, =-1.6 and a
pseudo-momentum k,,a =1.0 would generate a propagation angle of 6, ~-39°, the

corresponding angle in the superlattice is much smaller, confirming that the group

velocity in superlattices may be strongly anisotropic.
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V.5. Wormhole for electron waves in graphene superlattices

It was recently suggested in Ref. [15, 35] that in some conditions two superlattice
materials with complementary properties may behave as some form of “matter-
antimatter”, annihilating one another from an electronic point of view. As discussed in
Sec. V.1, this effect mimics the properties of a “wormhole” that connects two regions of
space, as if the region in between was nonexistent. Motivated by these analogies, in this
section we study the possibility of obtaining a wormhole for electron waves using a
cascade of graphene superlattices encapsulated in pristine graphene, as shown in Fig.
5.4.

It is important to stress that the desired response is rather different from the Klein
tunneling phenomenon [18-20], where a single potential barrier ensures the complete
transmission of an electron wave for normal incidence, but for wide incidence angles
the electron waves are typically strongly scattered. The work described in this section
intends to extend in a nontrivial manner the Klein tunneling to electron waves with wide
incidence angles, including grazing incidence and evanescent waves.

In the work reported in Refs. [15, 35], it was predicted that two GSLs with

symmetric anisotropy ratios y, = —y, and equal x-widths W, =W, are dual, in the sense
that for electron waves with an energy level E, = (Vl,av V) ) / 2, the superlattices have

no effect on the wave propagation (see Fig 5.10), so that any incoming electronic wave

packet is tunneled through the paired GSLs as if they were absent.
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Fig. 5.10 Geometry of two dual graphene superlattices slabs encapsulated in pristine graphene and the
energy diagram associated with each material.

To demonstrate this idea, we consider two dual superlattices with anisotropy ratios

X, =—1/5.6 and y, =—y,, which in the microscopic theory correspond to oscillating

potentials with amplitude with ¥,  a/Av, ~7.83 and V.

2,0sC

a/th ~5.30 (V,, =0.52¢eV
and ¥V, ~0.35eV). It is supposed that the two superlattices have finite widths
W, =W, =20a and are encapsulated in pristine graphene, as shown in Fig 5.10. The

average potential offsets in the superlattices are taken equal to (V1,av - Eo)a / hv, =-0.5
and (VLav —Eo)a /hvp =0.5, and the energy level wherein the perfect transmission is

supposed to occur is set to Eya/hv, =0.3. Similarly to what was considered in Sec.
V.3, the energy scale is fixed so that £ =0 corresponds to the tip of the Dirac cone in
pristine graphene. Using the techniques described in Sec. V.3.1, we characterized the
scattering of an incoming electron plane wave as a function of &, . The calculated R and

T for both the microscopic theory (discrete symbols) and effective medium model (thick

solid lines), are shown in Fig. 5.11.



122 V. GRAPHENE SUPERLATTICES

(@ ;o - 50 (b) 30 o I W iz
2.5 C g 25 | 150
100. = 100. 5
|T| 20 . & |R| 29 | 0. 2
1.5 S 0. 50 1.5 Ll 0. =
1.0 -50. << 1.0 I -50. &
0.5 -100. 05 ‘128-
0.0 -150. 00w’V ‘ ‘ 70
0 1 2 3 4 0 1 2 3 4
ka kya

Fig. 5.11 Amplitude and phase of the (a) transmission and (b) reflection coefficients for an electron plane
wave that travels in pristine graphene with energy E,a/hv, =0.3 and impinges on a slab of two dual

GSLs with total thickness W =40a, with ,=%1/56 and an average potential offset

(I/I,Z,av

~E,)a/hv, =50.5.
The results reveal a good agreement between the microscopic and the effective

where k. a=~1.1 is

,max * y,max

medium models, especially for incident waves with ‘ky‘ <k,
the pseudo momentum value for which the transmission coefficient satisfies to an
excellent approximation 7 =1, i.e. the amplitude is near unity and the phase is near to
zero degrees. Hence, the paired GSLs can indeed bridge the input and output interfaces
of the structure behaving as a wormhole tunnel for electron waves, and the parameter

k may be regarded as the breaking point in the validity of the effective medium

y,max

includes all the propagating states in

model. Note that that spectral region ‘ky‘ <Ky o

pristine graphene at £ = E,. In fact, for the considered structure &, .a =0.3 corresponds
to grazing incidence, and thus k. ~3.67k, . The performance of the paired GSLs is
less satisfactory from the reflection point of view, because R is near zero only for
[k,[<0.47a.

It must be emphasized that the combined effect of the two superlattices is essential to
short-circuit the input and output interfaces and have the graphene wormhole. To

demonstrate this, we studied the individual response of each superlattice. The calculated
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amplitude and phase of the transmission coefficient for each superlattice is depicted in

Fig. 5.12.
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Fig. 5.12 Amplitude and phase of the transmission coefficient for an electron plane wave that travels in
pristine graphene with energy E,a/hv, =0.3 and impinges on a slab of: (a) a GSL with thickness

W =20a , anisotropy ratio y, =—1/5.6 and an average potential offset (VLav —Eo)a /th =-0.5;(b) a
GSL with thickness W =20a, anisotropy ratio y,=1/5.6 and an average potential offset
(Vz‘av —Eo)a/th =+0.5.

Clearly, if each superlattice is taken separately, the transmission coefficient is
completely different from 7 =1 and therefore the wormhole phenomenon disappears.
Curiously, it is seen that the agreement between the microscopic and the effective
medium results is within the same range of incidence angles as in Fig. 5.11(a).

It should be noted that even when both superlattices are taken together there the

transmission coefficient is not unity for all values of & (see Fig. 5.11), and therefore the

structure does not behave as an ideal wormhole for all incidence angles. In fact, it can
be checked that within the effective medium framework with the nontrivial boundary
condition, the requirements for perfect transmission are met only when u ( ;(1) =u ( Y2 ) .
This condition is exactly satisfied only when the paired superlattices are characterized
by anisotropy ratios y, =-4%,=0. In this scenario, the paired superlattices mimic
perfectly a wormhole within the effective medium model, with 7 =1 and R =0 for all

the incoming waves with energy E,. In Fig. 5.13, we depict 7 and R for a design where
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V.

0sc,2
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Fig. 5.13 Amplitude and phase of the (a) transmission and (b) reflection coefficients for an electron plane
wave that travels in pristine graphene with energy E,a/hv, =0.3 and impinges on a slab of two dual

GSLs  with  total  thickness W =40a, with  y =yx,=0 (which corresponds to
V.

osc,1

=V o, #6280V, /a~042eV in the microscopic model) and average potential offsets

(Vs — Eo)a/th =70.5.

Interestingly, in the example of Fig. 5.13 the agreement between the microscopic and

macroscopic theories extends to &, a~1.2 in terms of having perfect transmission.

Similar to the first design, the performance for the reflection coefficient is less

satisfactory, since R is near zero only for ‘k y‘ <0.35/a.

As discussed in Sec. V.2.2, superlattices in the extreme anisotropy limit may allow
for an electron wave to be supercollimated along the direction of propagation with

virtually no diffraction. To illustrate this phenomenon we calculated the probability

density distribution |\|1|2 for the structure considered in Fig. 5.13. The energy of the

electrons was set to Eja/hv, =0.025 and the electric potentials changed to

(V20 —Ey)a /v, =%0.1. The probability density distribution lw[* was calculated using

. 2
2) and macroscopic models (‘\vef‘ ), and the results are

both the microscopic ( |\|I

mic

shown in in Fig. 5.14.



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 125

2 (c)

2
av

|‘I’mic

0 10 20 30 40 0 10 20 30 40

x/a x/a
Fig. 5.14 (a) Geometry of the GSL slab embedded in pristine graphene ( y, =1). (b) Density plots of Mz

(in a logarithmic scale) calculated with the effective medium theory for an incident Gaussian electron
wave with R, =2.86a . (¢) Similar to (b) but calculated with the exact microscopic theory. In all the

examples, Eja/hv, =0.025, and the GSLs are characterized by y =0 and (I/I,Z,av - Eo)a/th =70.1.

The results depicted in Fig. 5.14 reveal that the Gaussian electron wave experiences
nearly no diffraction as it propagates inside the superlattice slab, which is consistent
with the findings reported in Refs. [15, 30, 31]. It is interesting to note within a

macroscopic approach, when y =0 the transfer matrix M [Eq. (5.6)] is unitary and of

the form M =exp| +i |—‘”
hvy

xcxj. Because of this, the transfer matrix is independent

of k, and it can be checked that the calculated probability density function does not

depend on the x coordinate in the GSLs regions. Hence the profile of the wave function
at the input and output planes is exactly coincident.

To illustrate how the dual GSLs with y, =—y, =—1/5.6 may also enable bridging

the input and output region for an incoming spatially confined wave packet, we consider
a scenario wherein a Gaussian electron wave impinges on the dual GSL nanomaterials,
similar to what was done in Sec. V.4. The dual GSLs have the same structural

parameters as in Fig 5.11, except that the tunneling energy is set to Ea/hv, =0.025

and the average potentials offsets are adjusted to (V

1,2,av

—Eo)a/th =7F0.5. For this

design the conditions 77~1 and R =0 are approximately satisfied for ‘ky‘ <k with

y,max

k ..a=1.1,asshownin Fig. 5.15.

»,m



126 V. GRAPHENE SUPERLATTICES

b F I

150. (b) 30 O 1["1150.
100. = 25 100.
. & |R| 20. 50. 2
0. o0 15¢ i 10. o
-50. < 100 -50. 2
~100. st -100.

o~ 150- 0 e ‘ |-150.

00 05 10 15 20
k a

y

Fig. 5.15 Amplitude and phase of the (a) transmission and (b) reflection coefficients for an electron plane
wave that travels in pristine graphene with energy E,a/hv, =0.025 and impinges on a slab of two dual

GSLs with total thickness W =40a, with y,=%1/56 and an average potential offset
"

1,2,av

—Eo)a/th =705.

Using the results of Fig. 5.15, we can estimate that for a Gaussian beam with a

characteristic size larger than R; .. max » the dual

=A../2=2.86a, with 4= 27z/ky
GSL should mimic a “wormhole” at E = E,, for normal incidence. Figure 5.16 depicts

the calculated wave function profiles at the input and output planes for the characteristic

sizes (@) R;, =R, ., and (b) R, =R, ;. /2.5.
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Fig. 5.16 Profile of the wave function amplitude |\|1|2 normalized to arbitrary unities [Ar. U.], at the input

(dashed curves) and output (solid curves) interfaces of the graphene “wormhole” for an incoming packet
with (a) R;, =2.86a and (b) R;, =1.14a, calculated with i) (green curves) the microscopic model and

i) (black curves) the effective medium model.
As seen, when R;, =R .. (Fig. 5.16(a)) the electron wave is perfectly reproduced
at the output plane, whereas in Fig. 5.16(b) — when the localization is so fine that the

response of spatial harmonics ‘ky‘ >k, . bEComes relevant — the wave function profiles

,max

at the input and output planes are quite different. Notably, in this example R; . is
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extremely subwavelength as compared to the electron wavelength in pristine graphene

at E=E, (R =0.0114,). This elucidates how well the dual GSLs can effectively

G ,min
short-circuit the two interfaces and imitate a wormhole for electron waves.

To further unravel the mechanisms that permit the nearly perfect transmission of the

incoming electron wave, the probability density distribution |\|1|2 was computed in all

2) and macroscopic models (‘\uef‘z ). We

space using both the microscopic (|\|l,m.c

considered two distinct configurations represented in Figs. 5.17(ai) and 5.17(bi). In both
cases the total thickness of the two dual GSLs is the same. Thus, because dual GSLs
with the same thickness “annihilate” one another, both configurations are expected to

imitate a wormhole. In this example, the energy of the electrons was set to

E,a/hv, =0.025, and the average potential offsets (VLLav -E, )a/th =7F0.1, while the

remaining structural parameters are the same as in Fig. 5.11. The Gaussian beam has a

beamwidth R, =2.86a at the reference plane x, =-5a, and x=0 1is taken as the

interface with the GSLs. The calculated distribution for |\|1|2 is depicted in Figs. 5.17(a)

and 5.17(b).
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Fig. 5.17 (i) Geometries of the different dual GSLs embedded in pristine graphene ( y, =1). (i) Density

plots of \\y\z (in a logarithmic scale) calculated with the effective medium theory for an incident Gaussian
electron wave with R; =2.86a . (iii) Similar to (i) but calculated with the exact microscopic theory. In

all the examples, Eja/hv, =0.025, and the GSLs are characterized by z,,=%1/5.6 and
(Vo —Eo)a/hv, =50.1.

As seen, there is a good agreement between the effective medium model and the
exact microscopic theory. Moreover, the results reveal that in this example the
probability density function is peaked at the interfaces of dual graphene based
nanomaterials. This should not be confused with the resonant behavior characteristic of
Pendry’s optical lens due to the excitation of plasmons [40], and of the HgCdTe

semiconductor lens described in [35]. Indeed, it can be verified that most of the spatial

spectrum inside the GSLs is associated with propagating waves. The panel (ii) of Fig.
5.18 shows the profile of the probability density function |\|1|2 calculated along the line

y=0.



METAMATERIALS FOR LIGHT AND ELECTRON WAVES: NEW PHENOMENA AND APPLICATIONS 129

] v bi)y ¥ w W
(ar) 2 2 (bi) 4 2 4

Xo X X2 Xo Xo L X2 X Xo

Pumnmnnnnnny

%
#
AN EEE NN

x/a x/a
Fig. 5.18 (i) Geometries of the different dual GSLs embedded in pristine graphene ( y, =1). (if) The

pseudospinor profiles (normalized to arbitrary units, and along the y =0 line) ‘\u(x,o)‘2 as a function of

the x-coordinate calculated using the microscopic model (green curves), the microscopic model with
spatial averaging (blue curves), with the effective medium model (dashed thick black curves). The dot-
dashed (brown) curves represent the results obtained with the effective medium model based on the

simplistic boundary condition L\VJH =0. In all the examples, E,a/hv, =0.025, and the GSLs are

characterized by y,, =¥1/5.6 and (VLMlV —Eo)a/th =70.1.

In Fig. 5.18, the dot-dashed lines represent the effective medium results based on the
naive boundary condition |_\|1Jx:x =0. As seen, such approach highly overestimates the
2

peak value of |y|°, leading to a completely erroneous distribution for |\|;|2. This

reinforces the idea that in the effective medium model the boundary condition is

different from that of the microscopic theory.
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V.6. Concluding Remarks

In this chapter, we showed that some phenomena previously studied in photonics, such
as the negative refraction of light and light wormholes, can be successfully extended to
electronics. We developed a framework that based on a transfer matrix formalism,
allows characterizing the scattering properties of a cascade of graphene based
nanomaterials. As a by-product, it was checked that the dynamics of electron waves in
graphene superlattices can be described using an effective medium approach based on a
nontrivial boundary condition. This formalism was used to study the negative refraction
of electron waves at the interfaces of GSLs.

Finally, it was theoretically demonstrated that GSLs with opposite signed anisotropy
ratios may enable the perfect transmission of electron waves with a specific energy,
mimicking a wormhole that effectively bridges the input and output interfaces, and that
superlattices in the extreme anisotropy limit allow for nondifractive propagation of

electron waves.
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VI. CONCLUSIONS

VI1.1. Main Results

In this thesis, it we presented a variety of new and exciting theoretical and numerical
results obtained from different configurations of structured materials.

In Chapter II we developed an effective medium model for a uniaxial wire-medium
formed by two nested sets of parallel wires. The effective dielectric constant of the
metamaterial and the photonic modes supported in the bulk nested wire media received
particular attention. Using this effective medium model, we proposed a formalism to
solve scattering problems involving the metamaterial, and it was shown, both
theoretically and numerically, that the transmission and reflection properties of the
nested wire media may be drastically modified when there is some structural asymmetry
in the system. In such circumstances, the electromagnetic response of the two sub-arrays
may be rather different and the currents in the two sets of wires may flow in opposite
directions. It was shown that this phenomenon may allow engineering the scattering
properties of the effective medium, resulting in sharp Fano-type resonances [1, 2] in the
transmission and reflection coefficients of the slab.

In Chapter III we investigated the emission of Cherenkov radiation by a pencil of
electric charges moving inside a nanowire metamaterial using an effective medium
theory. It was revealed that the main radiation channel is associated with the q-TEM
mode, and since the dispersion of this mode does not depend on the velocity of the
charges, it is always possible to couple the moving charges to a propagating mode,

enabling the emission of Cherenkov radiation with no velocity threshold, contrary to
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what is observed in natural materials [3]. Morcover, it was shown that the nanowire
array allows guiding the emitted radiation in a very specific direction. We also
demonstrated that the anomalously high density of photonic states in the wire media
leads to an enhancement of the stopping power by more than two orders of magnitude
as compared to other natural media.

In Chapter IV, we studied the formation and propagation of 3-D bright and dark
spatial solitons with cylindrical symmetry in a nanowire metamaterial embedded in a
nonlinear Kerr-type host medium. The performed analysis relied on effective medium
techniques, and we showed that unlike in conventional nonlinear dielectric media, dark
(bright) unstaggered solitons can be formed only when the host medium is a self-
focusing (defocusing) Kerr dielectric. In this Chapter, we also developed a framework
that allowed characterizing the propagation of the spatial solitons. We calculated the
solitons profile and studied the influence of variations in the structural parameters of the
metamaterial and of the oscillation frequency on the confinement of the solitary waves.
The results revealed that for both types of solitons, perturbations that increase the
hyperbolicity of the isofrequency contours of the metamaterial are detrimental to the
confinement of the solitons. Moreover, we showed that the main decay channel of the
solitons is associated with the absorption in the dielectric host rather than to the metallic
loss. We also proved that for sufficiently large optical field intensities, the spatial
solitons can, in theory, have a subwavelength modal size.

Finally, in Chapter V we theoretically showed that some phenomena previously
studied in the context of electromagnetic metamaterials, such as the negative refraction
of light [4, 5] and light wormholes [6-9], can have electronic counterparts in graphene
based nanomaterials. Based on the effective medium model described in [10], we

developed a framework that allows characterizing the scattering properties of a cascade
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of graphene based nanomaterials and also determining the spatial distribution of the
wavefunction. This approach is based on a transfer matrix formalism, and revealed that
under the macroscopic approach the dynamics of electron waves in a graphene
superlattices needs to be based on a nontrivial boundary condition at the interfaces
between distinct materials. We showed that the proper tuning of the average potentials
in adjacent graphene based nanomaterials permits the negative refraction of electron
waves. Among the set of novel results described in this Chapter, it is important to
mention that we demonstrated that superlattices with symmetric anisotropy ratios may
enable the perfect transmission of electron waves with a specific energy, mimicking a
wormhole that effectively bridges the input and output interfaces, as if the superlattice
cascade was nonexistent. Furthermore, we also showed that the proper tuning of the
microscopic potential in superlattices allows tailoring the group velocity of the
electrons, and that superlattices characterized by an extreme anisotropy allow for

nondifractive propagation of electron waves.

VI1.2. Future Work

To conclude the thesis, next we discuss some possible extensions of the presented
studies as well as other research directions.

One topic that is worth further development is the Cherenkov emission in nanowire
media. It would be interesting to numerically validate the results obtained with the
effective medium model. This may be done with the help of an electromagnetic
simulator, for instance CST Particle Studio [11].

Similarly, it is also desirable to determine the spatial solitons in nanowires arrays
using a full wave theory. Again this may done with the help of an electromagnetic

simulator, such as CST Microwave Studio [12].
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Still regarding the nonlinear effects in wire media, it may be interesting to study
configurations wherein the nanowires are loaded with nonlinear elements, e.g. a variable
capacitance diode, commonly known as varactor. Since the response of the diode is
dependent on the voltage drop across its terminals, it is expected that the scattering
properties of the metamaterial may become tunable with the amplitude of the excitation
signal, alternating between states of total transmission and complete reflection, similar
to a switch.

Although it was not discussed in this thesis, in Ref. [J7] we developed a Finite
Difference in the Time Domain numerical algorithm to characterize the time dynamics
of electrons in complex graphene superlattices, for both the effective medium [10] and
microscopic models. Future work regarding this subject will focus on extending the
algorithm to characterize the optical properties of graphene based nanomaterials,
namely calculating the electrical conductivity of superlattices and the consistency of the

effective medium model results in such problems.
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