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Abstract

Different seismic testing techniques rely on the propagation of acoustic waves in fluid-filled boreholes from sources placed within the
borehole and in the solid media. The interpretation of the signals recorded relies on understanding how waves propagate in the borehole and
its immediate vicinity. It is known that very complex wave patterns can arise, depending on the distance between the source and the receiver,
and their placement and orientation relative to the axis of a circular borehole. The problem becomes more complex if the cross-section is not
circular, conditions for which analytical solutions are not known. In this work, the Boundary Element Method (BEM) is used to evaluate the
three-dimensional wave field elicited by monopole sources in the vicinity of a fluid-filled borehole. This model is used to assess the effects of
the receiver position on the propagation of both axisymmetric and non-axisymmetric wave modes when different borehole cross-sections are
used. Both frequency vs. axial-wave number responses and time-domain responses are calculated. © 2001 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

A large number of researchers have addressed the
problem of wave propagation along fluid-filled boreholes
from sources inside and outside the borehole, because of
its importance to acoustic logging, vertical profiling and
cross-hole surveying.

The problem concerning the interaction of elastic waves
with fluid-filled or air-filled cylinders has received consid-
erable attention. Before the 1980s, most of the work
published focused on dynamic stresses and wave dispersion
characteristics, with very little being done on particle
motions at a certain point (documented in an excellent
monograph by Pao and Mow [1]).

The propagation of waves along a borehole boundary was
studied nearly half a century ago by Biot [2], who derived the
dispersion equation for guided waves in a borehole, and used
it to find the phase and group velocities for these waves. More
recently, a number of investigators have addressed the propa-
gation of waves along fluid-filled boreholes from sources
aligned with the borehole axis, because of its importance in
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acoustic logging. The interaction of elastic plane waves inci-
dent upon a fluid or air-filled borehole has been investigated in
a context of vertical profiling and cross-hole surveying. Blair
[3] considered the case of a P-wave normally incident on the
borehole axis, while Schoenberg [4] studied the problem of
plane compressional or shear waves impinging on the fluid
borehole at arbitrary angles, providing explicit formulas that
are valid only for low frequencies. Lovell and Hornby [5]
returned to this problem, developing expressions valid for
all frequencies and incidence angles.

Numerical methods have also been used to study how
wave amplitude and attenuation are influenced by the
formation characteristics of the material, by the type of
fluid in the borehole, and by the source [6—11]. The inverse
problem of estimating the mechanical properties of the
formation has also been the object of research [12,13],
and this work was later extended to consider the state of
fracturing and the presence of damaged zones around the
borehole [14—16]. The effects of the formation anisotropy
on the fluid-filled borehole wave propagation have been
analyzed by different authors. Transversely isotropic forma-
tions, with the symmetry axis aligned with the axis of the
borehole, and the use of monopole and dipole acoustic logs
have also been investigated [17—19]. The perturbation and
the finite element methods were also developed to study
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borehole normal modes and waveforms in the anisotropic
formation [20—23] derived the radiation patterns of typical
downhole seismic sources inside a fluid-filled borehole
embedded in a transversely isotropic formation. Anisotropy
has also been included in crosswell tomography techniques
[24].

Kurkjian et al. [25] proposed a numerical technique for
modeling downhole seismic data in crosswell configura-
tions, splitting the problem into three distinct parts: the
first takes into account the generation of tube waves in
the source well, the second assumes the transmission from
the source well using a preexisting code, and at third
computes the response at the receivers by applying White’s
quasistatic approximation. In their method, the boreholes
are discretized into small elements. Later, Peng et al. [26]
make use of both the borehole coupling theory and the
global matrix formulation for calculating synthetic seismo-
grams in a layered medium. This model does not need
discretization along the borehole, and the method applies
to open, cased and partially filled boreholes.

Randall [27] studied monopole and dipole acoustic logs
using a finite difference method, applying a staggered grid in
a 2-D cylindrical coordinate. A true 3-D finite difference
method, utilizing a parallel computing scheme, was later
developed by Ref. [28] to calculate time domain wave
propagation analysis for boreholes in an anisotropic forma-
tion, using a fourth order discretization in space.

Tube waves were found to be a major source of noise,
which made the data recorded at the receivers hard to
interpret. Different data processing schemes have been
suggested [29,30], but, in addition, more realistic models
have been proposed to deal with the scattering of the tube
waves caused by irregularities in the diameter of the bore-
hole.

The effects of borehole irregularities on the Stoneley-
wave propagation have been addressed by Bouchon and
Schmitt [31] using a boundary integral equation combining
with a discrete wavenumber formulation. They concluded
that the Stoneley wave propagation was not affected when
the change in the borehole diameter along its axis was
smooth, while a significant amount of reflection was regis-
tered when the diameter varied sharply. Later, Tezuka et al.
[29] implemented a method for low-frequency Stoneley-
wave propagation in a borehole with both spatial variation
of the borehole diameter along it axis and formation prop-
erty changes. In this model, the main features of the low-
frequency Stoneley waves are maintained with a single 1-D
model, while a mass-balance boundary condition and a
propagator matrix are used to express Stoneley wave inter-
actions with the borehole irregularities.

The remainder of this paper is concerned with the effect
exercised by the existing non-circular fluid-filled boreholes,
and computes the wavefield and motions elicited by mono-
pole sources placed in off-center positions. Non-circular
borehole cross-sections may occur for a variety of reasons,
for example, through the mechanical action of the drill

string in vertically deviated wells, rock failure adjacent to
a drilled borehole, plastic deformation and washing out of
the borehole in soft or poorly consolidated rocks [32,33].
Most of the published work has assumed that the borehole is
circular and little work on non-circular fluid-filled boreholes
has been reported. Randall [34] calculated dispersion curves
for the modes of non-circular fluid-filled boreholes in homo-
geneous elastic formations, using a boundary integral
formulation. Results for the propagation modes of several
borehole shapes in both fast and slow formations were
given. The boundary integral formulation used is similar
to that used by Bouchon and Schmitt [31] to solve the
problem of a circular, but axially varying borehole cross
section. In the frequency versus axial wavenumber domain,
the displacements and the stresses on the borehole are
defined as integrals over surface distribution of effective
sources. The unknown sources are calculated imposing the
adequate boundary conditions, leading to a homogeneous
linear system of equations. The zeros of the determinant
of this system provide the modal dispersion functions. In
his work, no frequency and time-domain waveforms are
produced for any type of source excitation. In the present
paper, we compute the wavefield and motions elicited by
monopole sources placed in off-center positions, when the
cross-section of the fluid-filled borehole is assumed to be
irregular. Because of the cylindrical geometry of this
problem, we can use the separation of variables and express
the solution at each frequency in terms of waves with vary-
ing wavenumber, k., (with z being the borehole axis), which
we subsequently Fourier-transform into the spatial domain.
We cast this wavenumber transform in discrete form by
considering an infinite number of virtual point sources
equally spaced along the z axis, and at a sufficient distance
from each other to avoid spatial contamination. In addition,
our analysis uses complex frequencies, shifting the
frequency axis downward-in the complex plane-in order to
remove the singularities on (or near) the axis, and to mini-
mize the influence of neighboring fictitious sources. The
problem is solved using a BEM formulation containing
compact expressions of Green’s functions for the elastic
and fluid media.

The article is organized as follows: first, a brief definition
of the 3-D problem is given, and then the BEM is formulated
in the frequency domain. Then follows a brief validation of
the results using a circular cylindrical fluid-filled borehole
model, for which analytical solutions are known. A circular
fluid-filled borehole is also used in this work as a reference,
to better understand the wave propagation changes when the
cross-section of the borehole is non-circular. The theoretical
part of the paper ends with a discussion of the dispersion of
waves in a fluid-filled circular borehole. Finally, we give
examples of simulations performed for a set of four cross-
sections. The solution is computed for a wide range of
frequencies and wavenumbers, which then are used to
obtain time series by means of (fast) inverse Fourier trans-
forms into space-time.
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2. Problem formulation

Consider a cylindrical irregular cavity of infinite extent,
buried in a spatially uniform elastic medium (Fig. 1),
subjected to a harmonic dilatational point source at the posi-
tion O, oscillating with a frequency w. The incident field can
be expressed by means of the now classical dilatational
potential ¢:

Aei%(at*«/xhryz+z2)
d)inc = 5 > >
VXS F Yy +z
in which the subscript inc denotes the incident field, A is the
wave amplitude, « is the compressional wave velocity of

the medium, and i = /—1.
Defining the effective wavenumbers:
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o
by means of the axial wavenumber k,, and Fourier-trans-
forming Eq. (1) in the z direction, one obtains:
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Binloxyik) = 1 (ka2 +7) G

in which the Hf,z)(. ..) are second Hankel functions of order
n.

Considering an infinite number of virtual point sources
equally spaced along the z direction, at a sufficient distance,
L, from each other to avoid spatial contamination [35], the
incident field may be written as:

27— »
Pinc(@,X,y,2) = L D> binclwx,y,k)e )
with:
2
k., = il
N L

This equation converges and can be approximated by a
finite sum of terms.

3. Boundary element formulation

The Boundary Element Method (BEM) is used to obtain
the three-dimensional field generated by a cylindrical fluid
filled borehole subjected to spatially sinusoidal harmonic
line loads defined by Eq. (3). The fundamental equations
underlying the application of boundary elements to wave
propagation are well known [36-38]. It is, therefore,
enough to state that the application of the method in the
frequency domain requires, for the type of scattering
problem presented here, the evaluation of the integrals

Z

Fig. 1. Geometry of the problem.

along the appropriately discretized boundary of the borehole
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in which Hi(;)(xk, x;, n;) and Gl(-;)(xk, X;) are, respectively,
the Green’s tensor for traction and displacement compo-
nents in the elastic medium, at the point x; in direction j
caused by a concentrated load acting at the source point x;
in direction i, H;{)(xk, X;, ny) are the components of the
Green’s tensor for pressure in the fluid medium, at the
point x; caused by a pressure load acting at the source
point x;; G}{)(xk, x;) are the components of the Green’s
tensor for displacement in the fluid medium, at the point x;
in the normal direction, caused by a pressure load acting at
the source point x;; n; is the unit outward normal for the Ist
boundary segment Cj; the subscripts i, j = 1,2,3 denote the
normal, tangential and z directions, respectively. These
equations are conveniently transformed from the Cartesian
coordinate system (x, y, z) by means of standard vector
transformation operators. The required two-and-a-half
dimensional fundamental solution (Green’s functions) in
the Cartesian co-ordinate, for the elastic and fluid forma-
tions, are listed in Appendix A. Expressions for the tensions
may be obtained from the Green’s functions by taking
partial derivatives to deduce the strains and then applying
Hooke’s law to obtain the stresses, as given in Appendix A.

After mathematical manipulation of the integral Eq. (5),
which are combined and subjected to the continuity of
normal displacements and stresses, and ascribing null
tangential stresses at the interface between the solid and
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Fig. 2. Circular cylindrical inclusion in an unbounded elastic medium.

the fluid at the interface between the two media, we obtain a
system of equations that can be solved for the nodal solid
displacements and fluid pressures. The required integrations
in Eq. (5) are performed using Gaussian quadrature when
the element to be integrated is not the loaded element. For
the loaded element, the existing singular integrands are
carried out in closed form [39,40].

4. Validation of the BEM algorithm

The BEM algorithm was implemented and validated
by applying it to a cylindrical circular cavity filled with an
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inviscid fluid with a pressure wave velocity of ay= 1500 m/
s and a density of p,= 1000 kg/m?, placed in a homogeneous
elastic medium with a compressional wave velocity of
a =4208 m/s, a shear wave velocity 8 = 2656 m/s and a
density of p = 2140 kg/m°, subjected to a point dilatational
load applied at point O, as in Fig. 2, for which the solution is
known in closed form (described in Appendix B).

The response is calculated over a fine vertical grid plane,
placed perpendicular to the longitudinal axis, as illustrated
in Fig. 3. This figure also displays an example of a BEM
mesh, including the nodal points in the middle of each
constant boundary element. Fig. 3 represents the scattered
pressure field inside the borehole and the z displacement
field in the solid formation, computed when a harmonic
pressure load of 900 Hz is excited at k, = 1.0 rad/m. These
figures give both the normalized response obtained with the
closed form solution and the difference in the response
obtained using the BEM (error), when the inclusion is
modeled with a different number of boundary elements.
Notice that the normalized response has been obtained by
dividing the response by the maximum displacement and
pressure, both outside and inside the borehole.

As expected, the BEM accuracy improves as shorter
constant boundary elements are used to model the response.
In the present example, the ratio between the wavelength of
the shear waves and the length of boundary elements varies
between six (20 boundary elements) and 12 (40 boundary
elements). Analysis of the results also makes it possible to
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Fig. 3. Validation of the BEM.
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verify the improvement of the BEM solution as the distance
to the surface of the inclusion increases.

5. Results in the time domain

The results (displacements and pressures) in the spatial-
temporal domain are obtained by a numerical fast Fourier
transform in k,, considering a source whose temporal varia-
tion is given by a Ricker wavelet, as defined below. This
wavelet form has been chosen because it decays rapidly, in
both time and frequency; this not only reduces computa-
tional effort, but also allows easier interpretation of the
computed time series and synthetic waveforms.

The Ricker wavelet function is given by:

u(n) = A(l — 27 ™ 7

where A is the amplitude, 7 = (¢ — t,)/ty and t denotes time;
t, is the time when the maximum occurs, while 7t is the
characteristic (dominant) period of the wavelet. Its Fourier
transform is:

2

U(w) = A2 /mt,e 510%™ (8)
in which 2 = wty/2.

As stated before, the Fourier transformations are achieved
by discrete summations over wavenumbers and frequencies,
which is the mathematical equivalent of adding periodic
sources at spatial intervals L = 27/Ak, (in the z-axis), and
temporal intervals T = 27/Aw, with Ak_, and Aw being the
wavenumber and frequency steps, respectively [35]. The
spatial separation L must be sufficiently large to avoid
contamination of the response by the periodic sources. In
other words, the contribution to the response by the fictitious
sources must be guaranteed to occur at times later than 7.
Achievement of this goal can also be aided substantially by
shifting the frequency axis slightly downward, that is, by
considering complex frequencies with a small imaginary
part of the form w. = w — in (with n = 0.7Aw). This tech-
nique results in the significant attenuation, or virtual elim-
ination, of the periodic sources. In the time domain, this
shift is later taken into account by applying an exponential
window e™ to the response [41].

6. Dispersion of waves in a fluid-filled circular borehole

Of the various waves propagating along the boundary of a
fluid-filled cylinder, two are non-dispersive body waves,
namely the dilatational (P) and shear (S) waves. When the
source is within the fluid, the waves begin as dilatational
waves in the fluid. As they reach the cylinder boundary, they
are critically refracted into the formation as P or S waves,
which are in turn refracted back into the fluid as P waves. In
addition, there are various types of guided waves-the normal
modes-propagating along the interface between the fluid
and solid. When the source is positioned on the axis of the

cylinder, only the axisymmetric modes are excited. By
contrast, additional modes with some azimuth variation
are excited when the source is placed away from the axis,
but these modes do not contribute to the pressures recorded
at receivers positioned on the axis. Certain modes, however,
are excited only if the source excitation frequency exceeds
the cut-off (or resonant) frequencies of the cylinder.

The dispersion characteristics of the normal modes can be
obtained by solving an eigenvalue problem in the absence of
an incident field. The associated eigenvalues &, lead in turn to
the phase and group velocities of the normal modes. While an
infinite (but countable) number of modes exists, only those
with low modal order contribute significantly to the response.

The normal modes depend strongly on the ratio B/ay
between the shear wave velocity in the solid medium and
the dilatational wave velocity in the fluid. If this ratio is less
than one (i.e., a slow formation), proper normal modes do not
exist because any waves propagating in the fluid will radiate
and lose their energy as shear waves in the solid. However, in
this case one can still find modes with a complex wavenumber
(referred to as leaky modes), which attenuate rapidly as they
propagate. On the other hand, if the stated ratio is larger than
one (a fast formation), energy may remain trapped in the fluid
cylinder and normal modes do exist; in addition, there may
also be leaky modes. In general, the amplitude of the normal
modes in the formation decays exponentially with distance to
the cylinder. Thus, the phase and group velocities of all normal
modes must be smaller than the shear wave velocity in the
formation, except of course for the leaky modes.

Next, we consider a fluid filled borehole (radius = 0.6 m)
placed inside two different formations, studied by Ref. [42]:
Fast formation

a =4208 m/s
B = 2656 m/s
p = 2140 kg/m’
ay = 1500 m/s

ps = 1000 kg/m’

Slow formation

a =2630m/s
B = 1416 m/s
p =2250 kg/m’
a; = 1500 m/s

p; = 1000 kg/m*

6.1. Fast formation

Fig. 4 gives the phase and group velocities for the lowest
order of normal modes in the fast formation. In these figures,
the modes are identified by a pair of numbers. The first number
of the pairis the azimuth order, which indicates the variation of
the mode with the azimuth, while the second is the radial order
that supplies the variation of the mode with radial distance.
The first axisymmetric mode is the tube wave or Stoneley
wave. The tube wave exists for all frequencies, and is
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Fig. 4. Fast formation. Phase and group velocities of the lowest normal modes.

associated, in Fig. 4, with the pair [(0,0)] as shown. This wave
exhibits a slight dispersion and its energy is usually highest at
low frequencies. Its phase and group velocity values are below
the dilatational velocity of the fluid.

The second axisymmetric mode is the Pseudo—Rayleigh
wave [(0,1)], which, in this case has a cut-off frequency of
1.35 kHz. At this cut-off frequency, the mode reaches its high-
est phase velocity, namely the shear wave velocity of the solid.
As the frequency of the wave increases, the phase velocity of
the mode approaches asymptotically, from above the fluid
velocity. The group velocity value, however, is less than the
shear wave velocity of the solid at a low-frequency cut-off.
From this point on, it decreases rapidly with frequency, reach-
ing the minimum associated with Airy waves, and thereafter
approaches from below the fluid velocity. The Pseudo-—
Rayleigh wave is thus highly dispersive.

There is also an infinite number of higher order Pseudo—
Raleigh waves [(0,2), (0,3), ...] which have correspond-
ingly higher cut-off frequencies. Within the fluid cylinder,
these waves are oscillatory in nature and decay with
distance from the axis. The amplitude of the first mode,
for example, has a zero value at a point located at (approxi-
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mately) 2/3 of the distance between the axis and the bore-
hole wall.

The first mode with azimuth variation is the Flexural
wave [(1,0)], which exists at all frequencies. The fluid pres-
sure for this mode varies as the cosine or sine of the azimuth
angle. As can be seen in Fig. 4, this mode is highly disper-
sive. Higher Flexural modes also exist, such as the [(1,1)]
mode shown.

The second azimuth modes, which vary as cos 26 or
sin 20, are referred to as the Screw waves. The fundamental
Screw wave [(2,0)] has a cut-off frequency of approximately
1 kHz. Again, an infinite number of higher order modes
exist [(2,1), (2,2)...].

Higher order normal modes [(n, m)] for m, n > 1 which
vary as cos n or sin n also exist, but these do not have a
common name.

6.2. Slow formation

The phase and group velocities for the lowest normal
modes, calculated for the slow formation, are presented in
Fig. 5. When the shear wave velocity is lower than the
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Fig. 5. Slow formation. Phase and group velocities of the lowest normal modes.
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Fig. 6. Cross-section of the fluid-filled boreholes.

dilatational fluid velocity, only the lowest order radial
modes exist [(0,0), (1,0), (2.0)...]. Thus, the only surviving
axisymmetric mode is the tube wave (Stoneley wave). The
Pseudo—Rayleigh waves no longer exist since no critical
shear refraction can occur. The Stoneley wave is more
dispersive in a slow formation than in a fast formation.
Relations for the Flexural and the Screw modes are also
shown in Fig. 5. The cut-off frequency of the Screw wave
is approximately 0.7 kHz, whereas the Flexural wave is
always propagating. Both waves are less dispersive in
slow than in fast formations.

7. Synthetic waveforms

Next we present the wave signatures at a set of receivers
placed inside and outside boreholes, with four different
cross-sections: circular; oval with an ovality ratio of
€ = 1.44/0.92 = 1.56; a thin oval with an ovality ratio
of € =1.68/0.62=2.7, and kidney-shaped. The perimeter
of all these boreholes is constant (1.2 tm), as shown in
Fig. 6, which displays the geometry of the cross-sections.
At time ¢ = 0, a point source at a point O creates a spherical
dilatational pulse propagating away from O.

The inclusions are modeled with boundary elements, the

number of which changes with the frequency of excitation
of the harmonic load. A ratio of the wavelength of the inci-
dent waves to length of the boundary elements is kept at a
minimum of 6.0. In all cases the minimum number of the
boundary elements used is less than 24.

The field generated is computed at receivers, located on
five planes, equally spaced (6 m) along the z direction. The
geometry of the plane containing the point source is illu-
strated in Fig. 6.

7.1. Fast formation

We performed our computations in the frequency range
from 12.5 Hz to 1600 Hz, with a frequency increment of
12.5 Hz; thus, the total time taken for the analysis is
T = 1/12.5 = 80 ms. This implies, in turn, that the spatial
period cannot be less than L=2Ta;= 673 m. We chose
1n = 0.7Aw as the imaginary part of the angular frequency,
to attenuate the wraparound by a factor of "7l =81 (ie.,
38 dB). The source is a Ricker wavelet pulse with a char-
acteristic frequency of 500 Hz. In all cases, the computed
wave fields refer to pressure when the receiver is in the fluid,
and to vertical (y) displacements when the receiver is in the
solid formation. Also, within each time plot the different
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Fig. 7. Responses at receivers R1 (Fast formation).

responses at the various receivers placed along the z axis
keep the same scale.

Fig. 7 displays the response at receiver 1, placed on the
axis, obtained for the four different cross-sections of fluid-
filled inclusions analyzed in this work. Both the time
responses and their Fourier Spectra representations are
included, for a better visual separation of the different
wave types. Indeed, the amplitude of the wavefield in the
frequency vs axial-wave number domain allows an easier
recognition, identification, and physical interpretation of the
different wave components.

A source placed off the axis excites both axisymmetric
and non-axisymmetric modes, but only the former contri-

bute to the pressure on the axis if the inclusion is regular.
Hence, in the case of the circular, oval and thin oval forma-
tions, only the body waves, the Stoneley waves [(0,0)], and
the Pseudo—Rayleigh waves [(0,1)] are observed. The
response there is similar to what would be generated by a
source on the axis (not shown), except that the amplitudes of
the response are now lower, and the importance of the
Stoneley wave greater than for centered sources.

The response calculated for the circular inclusion
follows the above-defined phase and group velocity
curves. Indeed, the time arrivals of the different pulses
agree with the velocities of the P, S, and Stoneley waves
defined in these curves. The time plots do not show
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Fig. 8. Responses at receivers R2 (Fast formation).

evidence of the existence of the Pseudo—Rayleigh pulses
because of the low frequency characteristic of the excited
Ricker pulse (500 Hz), which is much lower than the cut-
off frequency of these waves (1.35 kHz). As we move
from the circular to the oval € = 1.56, and then to the
thin oval € = 2.7, the spectra plots exhibit a progressively
slower tube wave. The time plots confirm this phenom-
enon by placing the Stoneley pulses with a progressively
delayed arrival. This effect agrees with the tendency found
by Ref. [34] in the calculation of the dispersion curves for
modes of non-circular fluid-filled boreholes for low
frequencies. Additionally, as we move from the circular
to the oval, and then to the thin oval-shaped inclusions,

our results indicate that the amplitude of the Stoneley
pulses increases, and the arrival of a growing ring packed
with P waves can be seen. The oscillatory tail corresponds
to leaky modes generated by the interaction of the forma-
tion with totally reflected P waves in the borehole. Similar
behavior would occur for a circular inclusion with a smal-
ler radius or a higher source frequency excitation. Further-
more, it is observed that the Pseudo—Rayleigh cut-off
frequency decreases as the ovality ratio increases. A
second higher order Pseudo—Rayleigh [(0,2)] can even
be observed. The time responses reflect the presence of
these waves, exhibiting a ring of pulses after the S wave
arrives, which decreases rapidly, given the low frequency
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Fig. 9. Responses at receivers R3 (Fast formation).

of the pulse excited. The importance of these waves
decreases as the ovality ratio increases.

The responses obtained for the kidney shaped inclusion
are closely related to the ones calculated for the oval
(e = 1.56). It seems that the wall deformation of the oval
does not cause a significant modification of the former
axisymmetric modes behavior.

Fig. 8 illustrates the response close to the wall of the
borehole, at receiver 2, placed in the same azimuth direction
of the source. The responses at this receiver include contri-
butions from the Flexural and Screw waves in addition to
the body, Stoneley and Pseudo—Rayleigh waves.

Analysis of the responses shows that the amplitude of
the P wave registered a stronger value on the axis (recei-

ver 1) for all four cases, the result of the accumulation of
P waves emitted from points located on the periphery of
the borehole. The Stoneley wave is visible and its ampli-
tude is higher than the amplitude of the P wave, but
slightly bigger than its amplitude on the axis (receiver
1), as would be expected. It also retains the same behavior
found at receiver 1, when we move from the circular to
the other inclusions. The Pseudo—Rayleigh waves lose
their importance, as may be seen on the spectral repre-
sentation of the response.

As we have mentioned, the non—axisymmetric guided
waves for the circular inclusion mainly arise from the
first order Flexural waves [(1,0)] since the Screw waves
[(2,0)] have a cut-off frequency of approximately 1 kHz.
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Fig. 10. Responses at receivers R4 (Fast formation).

If we consider the spectral representation of the response
(Fig. 8(a)), we can visually separate the different wave
types. It indicates that the group velocity of bending
waves is lower than that of Screw waves, which in turn
is lower than for Pseudo—Rayleigh waves. As we move
from the circular inclusion to the oval, and then to the
thin oval, we notice that the guided waves lose their impor-
tance (Fig. 8(a)—(c)). Furthermore, it can be observed that
the Flexural waves reach higher velocities at lower frequen-
cies, approaching the velocity of the Flexural waves found
for the circular inclusion, for later frequencies, as the oval-
ity ratio increases. In the time plots this can be seen in the
progressive disappearance of late arrivals, after the Stone-

ley wave. The Screw wave behaves in a similar way, but,
in addition, it rapidly loses importance.

The responses obtained for the kidney cross-section
inclusion are again closely related to those calculated for
the oval (e = 1.56), but with a pronounced decay in the
amplitude of the Screw and Flexural waves. It seems that,
in this case, the oval wall deformation causes a sharp modi-
fication in the non-axisymmetric modes’ behavior.

We can also observe that the signatures at receiver 4 are not
affected by Flexural waves (Fig. 10), when the inclusion is
regular, because the bending mode has zero amplitude on the
neutral axis, which is the horizontal plane through the axis
that is perpendicular to the line connecting the center with the
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Fig. 11. Responses at receivers RS (Fast formation).

source. Hence, after the passage of the Stoneley wave, the
signatures on the neutral axis experience a substantial drop in
amplitude (Fig. 10(a)—(c)). This drop, however, is not
observed for receivers 2, and 3 located away from the neutral
axis (Figs. 8 and 9). Indeed, receivers 2 and 3 that are farthest
from the neutral axis exhibit the largest increases in pressure,
which is clearly due to the Flexural mode. As mentioned, at
receiver 4, the only surviving guided waves, when the bore-
hole has a regular cross-section, are those arising from the
Screw mode. We may now compare the results calculated at
receiver 1 with those at receiver 4, and conclude once again,
that the Screw mode loses its influence as the ovality ratio
increases from € = 1.56 to e = 2.7.

The kidney cross-section inclusion produces results
showing the presence of the Flexural wave (Fig. 10(d)).
This behavior was expected since receiver 4 is not on the
neutral axis of the inclusion, because of its side wall defor-
mation. However, its influence is very slight, as we may
conclude by comparing these responses with those given
by the oval borehole.

Trailing behind the Flexural waves is a set of pulses asso-
ciated with the Screw mode. We can see that their contribu-
tion to the pressure at receiver 3, which lies on a 45° plane, is
very small, as theory would predict for the circular cavity. It
can be seen that the Screw mode is not null on this 45° plane
when the cross-section of the inclusion is non-circular.
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Fig. 12. Responses at receivers R1 (Slow formation).

However, its influence on the time response is very small,
given its cut-off frequency.

The response for receiver 5 (Fig. 11), placed outside the
borehole, shows some of the features generated at receiver
2. The guided waves undergo significant decay, but their
contribution is still important. Again, the Stoneley pulse
increases its importance, while the non-axisymmetric
guided waves lose their importance, as we move from the
circular to the oval, and then to the thin oval-shaped bore-
hole. Furthermore, it can be observed that the Flexural
waves reach higher velocities at lower frequencies,
approaching the shear velocity, before slowing down as
the frequency increases. The time plots show this in the

progressive disappearance of late arrivals, after the Shear
wave. The Screw wave follows similar behavior, but it again
rapidly loses importance.

7.2. Slow formation

The computations are performed in the frequency range
(9.5 Hz, 1216 Hz), with a frequency increment of 9.5 Hz,
which determines the total time duration (7= 105.2 ms) for
the analysis in the time domain. The source time dependence is
a Ricker wavelet with a characteristic frequency of 450 Hz;
n =0.7Aw is again the imaginary part of the angular
frequency. The computed wave fields refer to pressure for
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Fig. 13. Responses at receivers R2 (Slow formation).

receivers placed within the borehole, and to vertical (y) displa-
cements when the receiver is in the solid medium.

Fig. 12 shows the calculated responses when the recei-
ver is at position 1, on the axis. The P arrival is very
pronounced and its character is distinctly different from
that in the fast formation. Once more, as we move from
the circular inclusion to the oval and then to the thin oval,
an oscillatory P tail appears, which corresponds to the
leaky modes generated by the interaction of the formation
with totally reflected P waves in the borehole. Again, the
Stoneley wave manifests a slower velocity as the ovality
ratio increases, as observed from the time plots. At recei-
ver 2 (Fig. 13), it is possible to identify the presence of

the Flexural wave, but its relative contribution is smaller
than before (note that Flexural waves propagate for all
frequencies). The participation of the Screw waves is
very small because its cut-off frequency is approximately
0.7 kHz. The features of the guided waves in these plots,
when we move from the circular inclusion to the others,
are similar to those for the fast formation. Only the results
obtained for receiver 2 are presented, as an example.

8. Conclusions

The boundary element formulation developed and
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implemented to evaluate the 3-D scattered field generated
by a dilatational point load illuminating non-circular fluid-
filled boreholes was found to be efficient. It was therefore
used to assess the influence of receiver position on the
propagation of both axisymmetric and non-axisymmetric
wave modes when different borehole cross-sections were
used, namely a circular, an oval, a thin oval and a kidney.
Both the time responses and their Fourier Spectral represen-
tations were included to give better identification of the
different wave components.

As we move from the circular to the oval cross-section
borehole, placed in a fast formation, the results indicate a
progressively slower tube wave with an increasing ampli-
tude and the arrival of an expanding ring packed of P waves
as the ovality ratio increases. The oscillatory tail corre-
sponds to leaky modes generated by the interaction of the
formation with totally reflected P waves in the borehole.
Similar behavior would be found for a circular inclusion
with a smaller radius, or for a higher source frequency
excitation. Furthermore, it is also observed that the
Pseudo—Rayleigh cut-off frequency decreases as the ovality
ratio increases. In some cases, the appearance of a second
higher order Pseudo—Rayleigh [(0,2)] can even be observed.
The responses obtained when the wall of an oval-shaped
inclusion is deformed (designated here as the kidney
shape inclusion), are closely related to the ones calculated
for the former oval, when the receiver is in its center.

The non-axisymmetric guided waves were mainly
caused by the first order Flexural waves [(1,0)] since the
Screw waves [(2,0)] have a high cut-off frequency. As we
moved from the circular inclusion to the oval, we noticed
that the guided waves lost their importance. Furthermore,
it was found that the Flexural waves reached higher
velocities at lower frequencies, approaching the velocity
of the Flexural waves registered for the circular inclusion
for later frequencies, as the ovality ratio increases. The
Screw waves behave similarly, but they also rapidly lose
importance. The responses obtained for the kidney cross-
section inclusion are again closely related to those found
for the oval one, but with a pronounced decay in the
amplitude of the Screw wave.

The response at a receiver placed outside the borehole
showed some of the features found at a receiver placed
within the fluid medium, close to the borehole wall. The
guided waves undergo significant decay, but their contribu-
tion is still important. Again, the Stoneley pulse increases in
importance, while the non-axisymmetric guided wave loses
its importance, as we move from the circular to the oval
inclusion.

In a slow formation, the P arrivals were very pronounced
and their character is quite different from that found in the
fast formation. Again as we moved from the circular to the
oval inclusion, an oscillatory P tail appeared again, corre-
sponding to the leaky modes generated by the interaction of
the formation with totally reflected P waves in the borehole.
As for the fast formation, the Stoneley wave showed a

slower velocity as the ovality ratio increased. The features
of the guided waves for non-circular inclusions are similar
to those for the fast formation, its importance, however,
decreases.

Appendix A. The Green’s functions

A.l. Solid formation

Definitions:
A, Lamé constants
p Mass density
a=./(A+2wlp P wave velocity
B=/wp S wave velocity
k, = wla, ke = ol
k, = k% —k? kﬁzwlkf - k?
A ! Amplitud

= mplitude

4ipw? P

v, = orlox; = x;/r, i=1,2 Direction cosines
H,, = H(k,r), H,z = H,(lz)(kﬁr) Hankel functions
B, = kpH,g — koH,, B, functions

Green’s functions for displacements:

Gy :A[kaOB - %Bl + ﬁBz] (Al)
G,, = A[kfﬂoﬁ - %Bl + yf,Bz] (A2)
G.. = AlkiHop — k2 By (A3)
Gy = Gy = 7 %ABy (A4)
Gy, = G, = ik,v,AB, (A5)
G,. = G, = ik.y,AB, (A6)

Volumetric strain (super-index = direction of load):

el\/ol = leJ + Gyl,l + Gzl,z
Jd
=A E(ksHOB) + Boyx T Boyiy T Bo:
1
Jd -
=A ax; [ksHOB + BO,xx + BO,yy + BO,zz]

J N
=A——[klHyg + V’By] (A7)
(9)6'1

Note:

Hopg; = —kgviHpg Hop, = —ik Hypg
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Strain components (tensor definition, not engineering):

1 1
E[l‘j = E(Gilj + Gy = EA(BilszOBJ + ajlkszHOB,i + By + Bojii)

1
= EkszA(SilHOB,j + 8;Hog,;) + ABo
(A8)

1. Strains for loads in the plane, I = x,y
I 2 2 4,
€Eyol — ’ylA kkaHIB + szl + —Bz B3 (Ag)
r
I 2 2 1
€ = YA(( =B, — KkgH,3)8y + —B, — viB3 ) (A10)
r r
I 2 2 1
E”, = ‘ylA ;Bz - kSkBHIB (Sy[ + 7B2 - ’)/%B3 (Al])
€. = Yik:AB,

(A12)

1 1
Eiy = A((7Bz - EkkaHlﬁ)(Bxlyy + 5y1‘}’x) - ‘Yva%B.%)

(A13)
. 1 1
€. = lsz((;Bl - EkszHop>5x1 - Vx%Bz) (Al4)
. 1 1
6. = lsz((7Bl - §k§H03>5y1 - Vy?’le) (A15)
2. Strain for axial loads, 1 = z:
2
€y = ikZA(—kaOB + 2By + =B, — Bz> (A16)
r
1
€, = isz(—Bl - nyz) (A17)
r
. . 1
€, = zsz<7Bl - yﬁBz) (A18)
€. = ik.A(~K Hog + 2B (A19)
eyzcy = _iszXYyABZ (A20)
1, 2
€)ZCZ = ')/XA _EkSkBHlB + kZBl (A21)
1
€ = vyA(— Ek?kﬁng + kﬁBl> (A22)
Stresses:
Tf-j = )\el\,olﬁl-j + 2Me§j (A23)

A.2. Fluid formation

Definitions:
Ay Lamé constant
Py Mass density
oy P wave velocity
kyr = wlay
kop = v kﬁf -k
Ap=1/4i Amplitude

Direction cosines
Hankel functions

yi= 0r/ox;=x/ri=1,2
Hyop = HP (kog1)

Green’s functions for displacements:

Gp = —ArkopH o5 v, (A24)

va = _Afkaleaf’Yy (AZS)
Stresses:

Hyy = ApAHyop(— 0°10f) (A26)

Appendix B. 3-D wave propagation solution for an
analytical fluid-filled circular borehole

Consider a spatially uniform elastic medium of infinite
extent, having a cylindrical cavity filled with an inviscid
fluid (Fig. 2). Decomposing the homogeneous wave equa-
tions for elastic media in the usual way, by means of the now
classical dilatational potential ¢ and shear potentials ¥, y,
one arrives at the three scalar wave equations in these poten-
tials, with associated wave propagation velocities «, and 3,
respectively. For a harmonic dilatational point source at an
off-center position O in the fluid or solid, oscillating with a
frequency w, the scalar wave equations lead to three Helm-
holtz equations, whose solution can be expressed in terms of
the single dilatational potential for the incident waves,
together with the set of potentials for scattered waves in
both media.

B.1. Incident field (or free-field)

The incident dilatational potential is given by the expres-
sion:

PRI e

in which the subscript inc denotes the incident field, A is the
wave amplitude, « is the acoustic (dilatational) wave velo-
city of the medium containing the source, and i = +/—1.

Dine = (B1)
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Defining the effective wavenumbers:

2
k, = k2, Tmk, <0, (B2)

a2

/ 2
w
kﬁz ?_kzz, Imka<0

by means of the axial wavenumber k,, the frequency of
excitation w, and the wave velocities «, 8, and Fourier-
transforming Eq. (B1) in the z direction, one obtains:

S

bine (@, %, 3, k) = T’H&”(ka 2 +y?) (B3)

in which theH,(,z)(. ..) are second Hankel functions of order n.

Eq. (3) poses a difficulty, however, because it expresses
the incident field in terms of waves centered at the source
point O, and not at the axis of the borehole. This difficulty
can be overcome by expressing the incident potential in
terms of waves centered at the origin, which can be achieved
by resorting to Graf’s addition theorem [43], leading to the
expressions (in cylindrical coordinates):

D, 0.k) = =203 (<16 HE (ko) orIcosnd
n=0 (B4)

when r < ry

D7, 0.) = =5 3 (1 e HO (ko kyro)cond
n=0 (BS)

when r > r

in which the J$ (...) are Bessel functions of order n, 6 is the
azimuth, and:

{% if n=0
6}1 =
1

if n#0
r = /x> + y*> =radial distance to the receiver

7o = radial distance from the cylinder axis to the
source
cosf = x/r, sinf=yl/r

B.2. Scattered field in the exterior region (solid)

In the frequency-axial-wavenumber domain, the scattered
field in the exterior region (the solid formation) can be
expressed in a form similar to that of the incident field,
namely

Bleal@, 7, 0,k) = > A,HP (k,r)cosnd (B6)
n=0

(o)

wssca((‘)’ r, 6, kz) = Z B,,H,(,z)(kﬁr)sinne
n=0

Xeca(@, 1, 0,k;) = Z C,,H,(lz)(kﬁr)cosne
n=0

in which the subscript sca denotes the scattered field, A, B,
and C,, are as yet unknown coefficients to be determined
from appropriate boundary conditions. Together with an
implicit factor expi(w? — k;z), the second Hankel functions
in Eq. (B6) represent diverging or outgoing cylindrical
waves.

B.3. Scattered field in the interior region (fluid)

If the source is outside the borehole (i.e., within the solid
formation), the scattered (or refracted) field in the fluid
consists of standing waves, which can be expressed as:

o, 7, 0,k) = > D, J, (kosr)cosnd (B7)
n=0

where the index f identifying the fluid, and:

B.4. Displacement field

The unknown constants A,, B,, C,, D, in Egs. (B6 and B7)
are obtained by imposing the continuity of displacements
and stresses at the interface between the solid and the fluid,
namely u, = u’;, T, = a{,, and o,y = o,, = 0. Notice that
since we have assumed an inviscid fluid, the tangential
displacements at the boundary of the solid (i.e., ug, u,)
may be different from those in the fluid (i.e., u’;, u’zc). The
imposition of the four stated boundary conditions for each
summation index, n, leads to a system of four equations in
the four unknown constants.

Having obtained the constants, we may compute the
motions associated with the scattered field by means of
the well-known equations relating potentials and displace-
ments. In essence, this requires the application of partial
derivatives of Eq. (B6) as well as Eq. (B7), to move from
potentials to displacements. After carrying out this proce-
dure, one obtains expressions for the scattered field in the
solid and fluid of the form:

u(w,r,0.k) =" f,(r)cosnf (B8)
n=0

ug(w, r, 0,k,) = Z gn(r)sinn
n=0

u(,r,0,k) = "> h,(r)cosnf
n=0
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in which the functions f;, g, and &, are given by:
Solid

70 = | 2 HP )~ ka2 o) A+ H G0,

. n
- zkz[ —HP(kgr) = kBHffjl(kBr)]c,,
(B9)

gn(r) = — _n H;z)(kar)An — [—n H,(qz)(kBr) - kBHr(ler)lkBr:an
r r
+ ik n H(z)(k r)C
z r n B n

h(r) = =ik, HP (ko)A + kpH, (kgr)C,,
Fluid

f(r) = [anacafr) - kqffnﬂ(kafr)]Dn (B10)

n
gn(r) = — 7Jn(kafr)Dn

hn(r) = _ikz‘]n(kafr)Dn

From these equations, it follows that on the axis of the bore-
hole, only the n = 0 terms survive, and we retrieve the expres-
sions derived earlier by Ref. [5]. On the other hand, at points
away from the axis, the displacements are also a function of the
non-axisymmetric terms with n > 0. Finally, the incident field
obtained from Eqgs. (B4) or (B5) by partial differentiation must
be added to Eq. (B9), for the medium containing the source, to
give the total field in the k,, wavenumber domain.
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