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A comparative study of the random phase approximation is reported in the case of the following
three approaches based on the thermo field dynamics formalism: (A) the Tanabe approach, (B) the
Hatsuda approach and (C) the approach developed by the present authors. The basic viewpoint is
to formulate the random phase approximation by picking up the quadratic terms with respect to
bosons in the boson expansion theory for the thermo field dynamics formalism. It is conciuded that
the approach (C) appears to be superior to the other two approaches. '

§1. Introduction

The study of phenomena occurring in highly exicited nuclear states, in the
framework provided by the nuclear many-body theory, has received the attention of
many authors. Such phenomena are expected to be interpreted in the language of the
theory of thermal equilibrium with a temperature 7 =#0. In response to the situation
mentioned above, three papers have appeared along an idea of constructing the
random phase approximation (RPA) in the frame of the thermo field dynamics
formalism:” (A) the Tanabe approach,” (B) the Hatsuda approach® and (C) the
approach developed by the present authors.? The thermo field dynamic formalism is
regarded as useful for describing mixed states such as the states of thermal equili-
brium with 7#0. In this formalism, as a technique for the trace calculation, the
fermion space in which the system is described is enlarged from the original one.
With the use of the solution of the Schrdinger equation given in the enlarged space,
statistical ensemble average of any physical. quantity is automatically reduced to
quantum mechanical calculation of the expectation value. _

In the above three papers, the RPA methods were formulated on the basis of the
thermo field dynamics formalism. In the present paper, we will call the RPA for-
mulated in the frame of the thermo field dynamics formalism. the TFRPA.
Further, we will use the notations the TFRPA (A), (B) and (C) for the TFRPA based
on the approach (A), (B) and (C), respectively. Since in the above three papers the
starting ideas are different from each other, the resultant equations are also different
from each other. In (A), the starting Hamiltonian for the Schridinger equation in the
enlarged space is expressed only in terms of the variables in the original space. The
TFRPA (A) equation called the extended TRPA (ETRPA) equation in the original
paper of (A) is different from that of the RPA for 7°#0 which is not based on the
thermo field dynamics formalism and called the TRPA equation in (A).® However,
from the careful investigation of the detailed formulation of (A), we notice that the
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approach (A) seems to contain unclear aspects which should be reexamined concern-
ing the position of the thermal equilibrium and the interpretation of the single-particle
excitation energies. In contrast to the above case, the approach (B) starts from the
Hamiltonian expressed in terms of the whole variables in the enlarged space.

However, the formulation shown in (B) is not so concrete and the detailed form of the .

TFRPA (B) equation is not given. Therefore, physical meaning of the results such as
the frequencies obtained in the TFRPA (B) equation is unclear. In (C), the starting
Hamiltonian is essentially the same as that in (A). However, some of the variables
in the enlarged space do not have any counterparts in the original space. Therefore,
quantities which relate to these variables should be constrained. Under these con-
straints, the equation of the collective submanifold is given and in the small amplitude
limit, the TFRPA (C) is formulated. However, it starts from a single collective
degree of freedom. Therefore, for example, the maximum number of the degrees of
freedom in the enlarged space, which is independent of the constraints, cannot be
given. This fact shows that the approach (C) is, in its present form, unpowerful for
describing the couplings among various modes. Anyhow, the above three approaches
contain some-unclear points which should be reexamined.
The aim of this paper is to clarify the unclear points contained in the approaches
(A), (B) and (C). For this aim, we start from the Hamiltonian of the separable type
interaction, with the aid of which the TFRPA equation can be given in a concrete
form. . First of all, we define fermion annihilation and creation operators, (&:, @:*)
and (b;, b:*) which play the same role as that of the particle and hole operators,
respectively, in the static Hartree-Fock theory. Fermion operators (&:, ¢:*) which
are defined in the original space can be expressed in the form ¢;=uwu.a:+v: bi* &F*
=u:a: +v:b;. Here, the coefficients u: and v; are defined by u;=+1—#; and vi=yn;
"(0=<7,<1). The quantity #: denotes the occupation probability of the state ¢ at the
" equilibrium point. Further, additional fermion operators (d:, d:*), which compose
the enlarged space with the fermions (., ¢:¥), are given in the form di=—v:a:*
+u:bs, di¥=—v:a:+u:b:*. Then, the bi-linear forms of these fermion operators are
given by the forms &*&;=n:05+Fy and d;*di=n:0y+Gy. Here, F; and Gy are
expressed in terms of linear combinations for &:* b* b:a;, a:*a;and b;¥b;. These
operators can be transcribed in the boson space, i.e., we can get the boson expansion
theory for mixed states. Further, its classical limit can be obtained by replacing the
boson operators by the classical canonical variables. This classical limit is, in its
formalism, nothing but the TDHF theory parametrized in terms of the canonical
variables.® Then, we can express any one body physical quantity as a function of
¢:*&; in terms of the equilibrium value plus the fluctuation. Of course, the fluctua-
tion is expressed in terms of F; and it starts from the linear terms for the bosons or
their classical counterpart. If we rewrite the starting Hamiltonian in the frame of
the above fermion bi-linear forms, the Hamiltonian can be expressed by the boson
operators or classical canonical variables. Then, picking up the terms up to the
quadratic order for the bosons, we can get the approximate Hamiltonian which leads
us to the TFRPA. Through the diagonalization of the Hamiltonian, the eigenvalue
equation is obtained. In this paper, we will investigate the Hamiltonians for the
TFRPA and the eigenvalue equations in the approaches (A), (B) and (C). Through
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this investigation, the unclear points in the three approaches can be. clarified.

After giving the Hamiltonian and some basic formulae in §2, the TFRPA
Hamiltonians in the approaches (A) and (B) are given in § 3. Especially, the TFRPA
(B) equation is investigated in detail. In §4, the TFRPA equation is presented on the
basis of the approach (C). A general one body physical operator is expressed in
terms of the variables which are free from the constraints. Finally, in § 5, the results
based on the approachs (B) and (C) are given and several concluding remarks, for
example, such as that the result given in (C) coincides with that given by the present
authors (J. P. and C. F.),” are mentioned.

§ 2. Preliminaries

In this section, we will give the preparation for the later discussion. With the

aim of illustrating our idea in a concrete form, we describe a system, the Hamiltonian -

of which consists of kinetic energy and two-body interaction of the separable type:

ﬁ:;jtﬁgi*EJ_X/Z'[§QﬁEi*5j]2, 2-1)

b=t , qii=qs: . (2-1a)

Here, the single-particle states are denoted by in terms of the Latin subscripts 7, j, £
and /. The operators &; and &;* stand for the fermion annihilation and creation
operator in the state 7, respectively. Since we are concerned with the interaction of
“the separable type, the exchange matrix elements for the interaction will be neglected.
Associated with the operators &; and &.*, we introduce another type of fermion
operators d: and d*, which are independent of &; and &;*. Further, the following
Hamiltonian is defined:

H=3t;d;*d:— /2 [Daud*d:] . ‘ (2-2)

In the approaches (A)? and (C)*, the following Schrodinger equation is adopted:

i0:lm(2))=H|m(2)) . ' (2-3)
Here, |m(#)) denotes a mixed state. The approach (B)® starts in the Schrdinger ,
equation .

z'atlm(t)))=X|m(t))>, K=H—-H. - : (2-4)

Following the thermo field dynamics formalism, let us introduce fermion opera-
tors (&;, @:*) and (b;, b.*) in the following forms:

Gi=tuid:+vb>, F=+wadF +vb;, ‘ (25)
a7i=—v,ﬁi*+u,-l;i, a7i*=—vi§i+ui1;i*. (2'6)
Here, u; and v; are given by

uizvl—ni s 'Uizx/%_i. (ui2+7)i2:1) ) (2'7)
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The quantity #: means the occugation probability of the state 7 in the vacuum |0Y for
the fermions @; and b, (@:/0)= 6./0)=0). With the use of (&, a: )and(bz, b *), the
operators &:*&; and d;*d; can be expressed as

exE=ndotFy, | (2-8)
Fo=tuw;@* b+ v b2+ wausa ¥ @i —vevsb % be, (2-8a)
d*di=ndu+ Gy, _ (2-9)
Gu=+vat;8* b+ uw;b:a,+ ua; b5 b —vw;3.% a5 . ' (2-9a)

The expectation value of &*é&; for the vacuum |0) is #:.85. Then, the term Fj
denotes the fluctuation around the value #;: and the aim of the TFRPA is to determine
the fluctuation at the lowest order. If the mixed state |m(¢)) obeys the Schridinger
equation (2-3), the expectation value of Gy should not depend on the time. There-
fore, we can set up '

{m(D)] Gal m())(= G)=0. . (1)

The above relation (2-10) appears only in the approach (C) and it plays aroleof a
constraint for the fluctuation around #..

With the aid of the relations (2-8) and (2-9), we rewrite the Hamiltonians (2-1)
and (2-2) as follows:

H=Evt+ZeFu—2/2[Zaulul (2-11)
H=Eo+SeGa—2/2-[SasGal . | | (2-12)

- Here, E, and &: deﬁote, respectively, v )
Eo=Stuns— /2 [Squnil?, | (2-13)
€:ly= tﬁ—xqi;[g Qrate) - : (2-14)

We assumed that the quantity #;—xgs[ 2 xgs7:] is diagonal for 7 and j and obeys the

following relation: :
e:>¢&; if  wi<n. (2'15)

The quantity &: corresponds the single-particle energy of the state 7 in the conven-
‘tional Hartree-Fock theory :
As is well known in the boson expansion theory, the fermion pairs a*b* b:a,
a*a; and b;*b; can be expressed in terms of the boson operators Ci; and C% in the
-following forms:

a:* gj*zgéﬁ(m)ik=éﬁ-—m ,
SW/I= G CuCumCo

b‘
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7,=5CtCx, . b5b:=3ChCa. (216)
" Here, C,;,-v and C% satisfy the commutation relations
[éu, Cﬁ]=6jk6iz y
[Cy, ékz]:[éjﬂ;, Chl=0. : (2-17)

Under the above preliminary consideration, we will analyze the TFRPA based on the
approaches (A) and (B) in the next section.

§3. kThe TFRPA equations in the approaches (A) and (B)

In this section, we will give the TFRPA in the approaches (A) and (B). Let us
start from the approach (A).? In this case, the Hamiltonian is of the form given in
Eq. (2-11). Substltutmg the forms (2-16) into Eq. (2-11), together with Eq. (2-8a), we
have

ﬁon—’_gQ_'_ﬁL, : . (3'1)

ﬁQ: Z(Ejujz_ &:vi) éi éij —x/2- [2 Qii(%ivjé}ki =+ Uiujéij)]z , (8- 13)
ﬁL:'ZSiuiZ)i(é?‘i"‘ Cii) . : (3.1b)
The expansion is stopped at the quadratic terms for the bosons Ci; and C%. “Although

we do not show explicitly, the diagonalization of the Hamiltonian (Eo+ Hy) gives us
the TFRPA (A) equation (the ETRPA equation). However, the existence of the term
H, should not be forgotten and, in. this case, the total Hamiltonian A must be
diagonalized. ’

Since the term Hi, which is linear for the bosons, exists, we have to diagonalize
the Hamiltonian (3-1) by choosing appropriate values of 7; and 73 in the following
relations: '

é"— ij+c ji— ji+c,;z*- (3'2)

Therefore, in the present case, the expansion in Eq. (2-16) should be performed for Ci;
and C}¥ and, in this expansion, the linear terms for Cj; and C¥ appea'r also from the
terms, the powers of which are higher than the linear for Ci and z Therefore, it
may be clear that the diagonalization of the Hamiltonian (3-1) cannot give us reliable
result for the approximate diagonalization of the original Hamiltonian. Further, we
start the formulation by expecting that the state |0) plays a role of the thermal
equilibrium and the fluctuations around this point are described by the bosons Ci; and
C%.  However, if the relation (3-2) is necessary, the equilibrium is displaced from the
state |0). This fact contradicts to the starting expectation. It should be recalled

that, in the standard understanding, the RPA describes the fluctuations around the

equilibrium in the lowest order and, then, the Hamiltonian should be quadratic for the
fluctuations. In addition to the above fact, the term contained in the Hamiltonian
(3-1), (e;us"—ew®), may be of an unnatural form. If e; corresponds to the single-
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particle energy in the conventional Hatree-Fock theory, the single-particle excitation'

energy from the state 7 to j must be of the form (e;,—e;). The effect of #:, #,#0 or
1 influences only to the probability of the excitation such as from the state 7 to J.
From the above-mentioned few points, we have to conclude that the TFRPA (A)
disagrees with the standard understanding and form of the RPA.

Next, let us investigate the approach (B). As was mentioned in § 1, the TFRPA
(B) equation has not been formulated in a concrete form in the original paper. Then,
we will give the derivation in detail. In this case, as the Hamiltonian, the form
K(=H—H)is adopted. The Hamiltonian H can be expanded for C;; and C% in the
following form:

H=Eyv+Ho+H,, (3:3)
ﬁgz—Z‘,(ejvjz—giuiz)él’-‘}éij—x/2-[2q,~j(viujé;’§+uivjéi_,-)]z, - (3-3a)
ﬁl_:z&iuivi(é?ﬁ' éii) . | . (3‘3b)

Then, the Hamiltonian K can be expressed as

KZZ(&'— €z') éikiéﬁ—x/z‘ [;Chj(uivjéﬁ"f“ Uiujéﬁ)]z
+2/2: [2qi(viu;Ch+ uw,Cy)1? . (3-4)

We can see that the Hamiltonian K does not contain any linear term for C; and C%
and is of the standard form for the RPA. .

Let us diagonalize the Hamiltonian (3+4). For this aim, we introduce the follow-
ing operators:

Xijzuivjéj"}‘{— Uiujéz'j ,
Yi=va,Cituw,Cy.  (for mi#*m;) (3+5)

The above operators satisfy the relations

Xi=X:, [Xu Xﬁ-kl]:é\jk(()\il(ni_nj)? (3-6a).
Yi=Y, [Ty Val=0nduln—ns), (3-6b)
[Xs, Yiul=0,

[ Xy, Cu=[Yu, Cul=0. (for na=n) (3-6c)

For n;#;, the inverse of the relation (3-5) is given by v
C‘ijz(viuj')?ﬁ—uivjf}j)/(ni—nj) . (3-7)

With the use of the operators defined above, the Hamiltonian K can be expressed as
R=Re—RetRe, | (3-8)

KX:%}'(&_ &)/ 2n:—mn;) ')EiXﬁ;X/Z' [Xg.XsT, (3-8a)

77
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Ky=3Y(e;—e)/2(n:—n5)- Y V= 2/2:[3 05 VT, (34-8b)
Bo=3(es - C1Co -1 0ol Ko o)l [ qunsar Gi=Call . (3-89

The symbols 2} and 2% denote the summations for #:;# #; and #;= n;, respectively.

The commutation’ relations for X and Vi, further, Cs and Cﬂ (n:=mn;) for the
Hamiltonian K are given in the following:

[K, Xij]=(€i_ Sj)Xz'j_XQij(ﬂj_ ni)§IQk1Xkl
—xqi(n;— %i)zkl"kaukvk(éﬁ +Cu), ) (3-92)

[K, Yil=(ei— &) Vi—xq:(n;— n) % g Vs

_XCIz'j(nj_ni)zkl”(]kzukvk(é?;z‘i‘ Ckl) s (3'9b)
[K, Cil=(e:i— &5) Cut ZC]ijuivi%'(]kz(sz - ?kz) , (3-10a)
[K, Cﬁ] =(e;i—e;)Ch— XQﬁuiviglIka(sz - Ykl) . (3-10b)

With the use of the above commutation relations, we search for the operator B*
which satisfies the relation

[K, B¥]=wB*, [B,B*]=1, ' (3-11)
B*=3(UyXy+ Vi Vi) + 2(¥5Ci+ 05C5) . (3-12)
The above relations give us the following eigenvalue equations:

(Si— Sj) Uij_XQﬁ%,le(nl_ nk) Ukz—xqijzkl"lequk[ Ui — @kl]z Ct)Ui,- s (3' 13a)

(€i - Ej) Vi— ZQH%,ka(%l_ %k) szv‘l‘ X(Iijzkl”CIkzukvk[ Ut — @kz] =wVy, (3 . 13b)

(Ez‘_ €j) w‘z'j_)(qz'juz’vz‘%/t]kz(%l* nk)[ Unt sz] =¥, (3 . 1421)
(Si_ 8:‘) @ii_XQﬁuiUi%/ka(%z_ ﬂk)[ Uni+ sz]: a)@ij . (3 . 14b)

The addition and the subtraction of Eqgs. (3-13) and (3-14) give us
(e:i— e Uy+ Vij]_xqij%,qkl(nl_nk)[(]kl"i' Vil=wl Us+ Vyl, (3-15a)

( €J)[ Ui— Vi ] XQuE le(nz nk)[ Uri— sz]
_'quijzk:l qklukvk[ U— @kz]z Cl)[ Ui— Vﬁ] , (3' 15b)
(ei—e) Tyt @] _ZXQijuiZ)i%’ka(nz* m )l Un+ Vil=0[Ts+ 0451, (3-16a)

(ei— e ¥y— Os]l= 0 ¥y~ 0] . - (3-16b)
Let us search for solutions of Egs. (3-15) and (3-16). By eliminating [ U;+ V5] in
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Eqg. (3-15a), possible solutions of Eq. (3-15a) are obtained by solving the following
equations:

2F(w)=1, v (3-17)

F(o)= zq”((ZJ ZJ))Z(EZ ) (3-18)

Since F(w) is a function of @? the solutions of Eq. (3-17) are labeled by
o=%w,. (w.>0, n=12, ) (3-19)

In order to stress the connection with the eigenvalues *w., Uy, Vi, Uy and @, are
denoted as UF”, VE™, U™ and 0F™, respectively. Equation (3:16b) gives us

(e e TEM— 1= 0, T — 0], (3-20)
We investigate the case T w.#e:—¢e; (n:=n;). In this case, Eq. (3:20) gives us
qfig_in)_ Q)g_'-n):() . R (3’21)

Rewriting Eq. (3-15a) and substituting the result (3-21) into Eqs. (3+15a) and (3-15b),
we obtain the following equations:

(61'*. €j)[ U,f,'i”)“i' Vi(ji”)] —XL]ij%'C]kz(n;— %k)[ Ul(zli”) + Vk(lin)]

=+ @, [USF+ VED], ' o (3-22a)
(e:— e UG = VEP] = 2a5 % qulni—na) U™ — VAF™]

=+ [ UM — VEM]. (3-22b)
n the above equations, generally, we can put
V= UEm=0. (3-23)
"For determining U§™ and V§™, we set up an eigenvalue equation
(e e W 1au S gl n) W= oW, (for nitns) (3-20)
The eigenvalues of Eq. (3:24) are given by solviﬁg Eq. (3:17), that is, w=*w,. Then,
WE™ which correspond to ., are determined in the form
WEFD=N*Pq;/(e:—&;F wn) . (325)

Here, N“*™® are normalization constants. Making positive and negative #-th
eigenvalues of the above equation correspond to = w,, we put

Usm=wEn , VEP=WE". (3-26)
Substituting the above result into Eq. (3-16a) and using Eq. (3-21), we have
w;'gin): @z(}tn)zN(in)é]ijuiVi/(Ei_ e+ Cl)n) . R (3 '27)

Thus, the Afollowing forms for the operators B* are obtained:
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B, =N q,;Xu/(e:i—6;— wn) + 2 qusuv{ Cli+ Cy) [(e:— e5— wn)] , (3-28a)

ij

B =N""[3q;Vs/(ei— i+ wa)+ 2 quuw( Ci+ Cy)[(ei—&;+ wa)] . (3:28b)

The normalization constants are determined by setting up the relation [Bin, B¥.]=1:

N‘“’=[%}’q?j(nj— ni)/(ei— &+ wn)z]—r/z . (3'29)

Equations (3:15) and (3-16) have another type of solutions. We investigate the
following case: If e:—e;=¢e.—¢&s» (n:=n;, na=1ns), the single-particle states 7 and ;
coincide with a and b, respectively, i.e., i=a and j=b. Then, Eq. (3-16b) has the
following solutions:

w=ga—ep, | (3-30)

e —0EO=0, (for (§)+(abd)) (3-31a)
T — @0, (for (i)=(ab)) (3-31b)

For discriminating the eigenvalues and the eigenvectors, we used the notation (ab),
for example, as are shown in @§? and 0¥*. Since T w.¥Fec.—es, Eq. (3-15a) gives
us

U+ Vi =0 (3-32)
Substituting Eq. (3-32) into Eq. (3-16a), we have -

(er— e [ TE+ 0E ] =(cam en) TE)+ 0] (3-33)
Solutions of Eq. (3-33) are as féllows:

T+ oD =0, (for (if)*#(ab)) (3-34a)

T+ Q0. (for (i)=(abd)) (3-34b)
Combining the solutions (3-34) with (3-31), we have

T = Qe =( © (for (i)=+(ab)) (3-35a)

[T P—[0g”P+0.  (for (i)=(ab)) (3-35b)

Then, Eq. (3:15b) leads us to

(ei= ) UE = V)~ 2053 arlmi—na) UKD — Vig™]

2ttt TE— O]
=(e.—e)[UFY~ V). - (3-36)
Equations v(3-32) and (3-36) give us . |
U= — e ’

=M P g;l[(e:i—¢e;)—(ea—es)]. | ’ (3-37)
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Here, M“? is a normalization constant which is given by
M@= yqasravo TP — O] [1— xF(ea— )] . (3-38)
Thus, we have the following forms:

Bab—M(ab)Z,QU(Xu KJ)/[(ez €j)—(€a Eb)] (ab) Cba+ Q)(ab)cab . (3°39)

The quantities Ti#? and Q%P further, the normalization constants M‘*®’ are deter-
mined by the condition [Bas, B ]=1, which gives us the relation [ #{# P —[ 0 2=1.
Then, we can put ' s

TE=1, QE=0. ' (3-40)

The above treatment is also valid for the case ¢=25.
With the use of the results (3-28) and (3-29), the Hamiltonian K is expressed as

R=, 3 0dBtaBun— BB+ 2 (came)(BhBa—BiBu). (34D

Therefore, the excitation energies are given by w» and (e.—e») (>0). The above is
the TFRPA (B) formalism. In §5, we will discuss again the approach (B).

§4. The TFRPA equation in the approach (C)

As was mentioned in § 1, the approach (C) has been initiated by the present -

authors.” The basic idea is based on the TDHF-like variational principle and it is a
classical theory. First, let us give some basic parts of this theory. A characteristic
point, in contrast to the approaches (A) and (B), is the existence of the constraint
(2-10), the explicit form of which is

Gij: + Uiuj(di*bj*)c + uil}j(biaj)c + uiuj(bj*bi)q— Uivj(di*dj)c:() . (4 1)

Here, (a:*b;%)c, etc., denote the expectation value of the operators @.* b,*, etc., for the
mixed state |m(#)) which is a Slater determinant-like state for the Schrodinger
equation (2-3). These expectation values can be expressed in the classical correspon-
dences of the relation (2:16). In this case, Cy and C}; are replaced with the c-number
variables Cy and C#: ' '

éii_’cij, CA;;_’ % , (4-2)

The variables C; and Cj are canonical if the constraint is suppressed. The con-
straint (4-1) is explicitly given by '

Gu=+ 02 CH/T= €T Ot u, B(I— C*CuiC
+ uiujg ChCin— Uing Ci5Cy
= UiZ/tjC’;lzS +u0;C;+ Miujzk: C;}‘z Ci— Uivjzk: C% Cuit--=0. (4 : 3)

The above relation means.that, on the submanifold governéd by the constraint
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G;=0, these variables are not canonical. Therefore, we introduce the boson-type
canonical variables D, and D»* on the submanifold, where # denotes the index
specifying the variables. At the present stage, we do not know the total number of
the variables. _ )

Our problem is to express Ci and Cj as functions of the new canonical variables,
D, and D,*. We impose the following relation, which is called the canonicity
condition: - '

1/2- S CE3C,/0Dm— C5:0C5 /3D )= Dn*[2—i+0S/0Dn . (4-4)

Of course, we also consider the complex conjugate of the relation (4;4). Here, S is

a function of (Dn, D»*) and satisfies S*=S. Let us note that the state |m(#)) satisfies

{m(1)10/0C|m())=C%/2 . : (4-5)

The complex conjugate of the above relation will be also used. Then, combining
Eq. (4-4) with Eq. (4:5), we have

<<m(t)|z'a/at|m(t)>>=z'/z-g(DmDm*—D,,;*Dm)+dS/dt. © (4-6)

The variation for determining |7(¢)) can be expressed in the following form:

6£0t1Ldi=0, | IR

L={m(t)|id, — H|m(t)) :
=i/2-2(DnDn*— Du*Dn)— H+dS]dt , (4-8)

H=(m(t)| Hm(t))=H(D, D¥). | (4-9)

The term dS/dt does not give any effect on the variation (4+7) and from this variation,
we have the Hamilton equations of motion.

" Now, on the basis of the relations (4-3) and (4-4), let us determine C; and Cj as
functions of the canonical variables D and D»*. We expand Gy, Ci; and C in the
following forms:

Gij:ngjl)_I_ GZ(J2)+ , . (4'10)
Cy=CP+CP+-- |
Ci=CP*+ CP*+- | (4-11)

JThe first and the second order of Gy are determined by
G,(}):UiujC}il)*‘f“’I/tinCi(jl):O , . (4’12)
GZ(JZ) = Uz'ujCj(iz)* + uinCi(jZ) + uiujg CJ%)* Ci%) - Uing Clg')* C}S') =0. (4 . 13)

From the relation (4:12), we can put

C,‘}’=+viujZij s C}}’*:—uiijij .o v (4'14)
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Since (C{P)*= C$*, Z; should satisfy -
Zi=—Z;. (4-15)
Then, by substituting the relation (4-14) into Eq. (4-13), we have
viujC}?)*—Fuiij,‘jz’zuiviujvj§(1—2nk)Zikaj. | (4-16)

From the relation (4-16), we can put

CP*= Uiujzk: Wi nLindri .
Cj(iz):uii)jg Witwlindons - | (4.17)

The above relations satisfy (C?)*=C®* and ws,~ and wj.» should satisfy
wij,k‘l‘ZUji,k:l_an . ) (4-18)

The quantity wy, is a function of #;, n; and #ns: wi.=w(n:, n;, ne). Through a
procedure similar to the above case, the higher order terms can be determined.

Next, in order to determine Zi; and wqy,x, we use the canonicity condition (4-4).
Under the present approximation, the condition (4-4) can be expressed by

1/2 - Z(?’li— nj)[ZijaZji/aDm - ZjiaZij/aDm]
+ zk[%z(l - %j) Wij,n + %J(l - %i) Y/sz',k]
* [(szZk]) 8ZJ2/8Dm - ij‘a(Zikaj) /aDm]
=Dy*—2i-8S/0D . : (4-19)
For the above relation;, we impose the following relations:
%i(l_nj)Wij,k+7’lj(1—%i)Wji,h=0 s ‘
(for n:¥Fn;, n:Fne, N;Fnr) (4-20)
(1 —n;)wi i+ w1 —n:) Wi
=n:1—n)(1—2%;). (for niFn;, n:i=ns) (4-21)
Then, the relation (4-19) can be rewritten as
1/2 . Z(%z - nj)(A,;,-c')Aﬁ/aDm —Aﬁ(?Ai,-/aDm)
- 6’/3Dm . Zk[nz(l - nz)(l - an)a,;inkAk;

+1/3 21— n:)(1—2%:) @10 inC 15
—Da*—2i-35/0Dn. | (4+22)
Here, A and_ as; are.deﬁned by
Z;=Ay, (for ni#n) ay: (for ni=n;) (4-23)

910z ‘¥ Arenue[ uo 1sang £q /310'spewmolpioyxo didy/:dny woyy papeojumoq


http://ptp.oxfordjournals.org/

On the Random Phas_e Approximation 761

The relation (4:23) gives us
1/2 . 2(%1_ nJ)(AuaAﬂ/aDm - AﬂaAzj/aDm) =D,* , (4 . 24)

2'521/2'2%[%1'(1— 7)1 —2nn) @A AR

+1/3-ni(l—ni)(l—an)aﬁaikak,-] . . (4'25)

Of course, S given in Eq. (4-25) satisfies S*=S. A possible solution of Eq. (4-24) and
its complex conjugate is given by '

A +Disi/Vni—mn;i , (for n:>n;)
” -‘Dj*>z'/v7’lj_7li . (fOI‘ ni<nj) (4'26)

Here, the index of the canonical variables D» and D.*, m , is defined by the ordered
pair of the single-particle states such as denoted 7>; if #;>#; From the solution
(4-26), we can see that Z,;; for every combination (7, ) except n:=n;(Ay) can be
expressed as function of D;.; and D% ; and Z; for n.=n;(as;) exists only in S, which
does not give any influence on the equation of motion. This means that the many-
body system under investigation can be described only in terms of A;. Therefore,
the number of the variables is determined by the ordered pairs of the single-particle
states. With the use of the relations (4-18), (4-20) and (4-21), we can determine wi;.z:

;1= n)1—2n.)(n;— ns) ,
. (for ni#n;, nFns, n;¥ns)

Wie=y 1—ne, . (for ni#Fn;, ni=ns)
— %, (for niFEn;, n;=ns
(1—2n4)/2. (for n:=mny) (4-27)

Then, we have
Cij: Uiuj[-Aij+ %nj(l_ %z)(l —an)/(nj— %i)AikAkj
+§(1—nk)aikAkj_§nkAikakj] s (fOf n:+ nj) Y (4'288)
Cz‘j:Uz'uj[aij+g(l_znk)/Z'(AikAkj—*_aika;j)] . (for n:=mn;) (4-28b)

Now, it is possible to express the Hamiltonian in terms of the canonical variables.
We first give the expression for (c:*c;)ec:

(Ci*Cj)c:nié\ij'f';(ni—nk)Zikaj‘i'"' s . (fOI‘ niznj) (4'293.)
(Ci*cj)c:(%f—%j)Zij+Zk7[%iﬁj(1_%k)—(l—%i)(l_%’)nk
+%i(1—ﬂj)Wij,k+7’lj(l—nl‘)wz'j,k‘]Zz‘kaj‘f'"' . (fOI‘ ni:/:%j) (429b)
Substituting the relation (4-23) into Egs. (4-29), we have
(c_,-*cj)c=ni6ij+%}(ni—nk)AikAk,-—F"', (for wn:=wn;)
(4-30a)
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(Ci* Cj)c =(ni—n;) Ay
+§k][ni%j(1—nk)_(l—%i)(l‘ﬁj)%k]AikAkj+"' . (for_ ni:l:nj)
: (4-30b)

It should be noted that the quantity (c:*c;)¢, in terms of which the Hamiltonian H is
expressed, does not contain the quantity as; (Zi; for n:=mn;). Therefore, the
Hamiltonian can be expressed only in terms of the canonical variables introduced in
Eq. (4-26): :

H:EO+1/2'Z(€j;€i)(ni_ %j)AijAﬁ—X/Z'[ZC]ij(%i—%j)Az'j]z . (4'31)
With the use of D.;s; and D%; the Hamiltonian is -

H EO_’—z(ez €J)D2>JD1>J x/z qu;V nz %; (DZ>J+D2>J)]2 (4'32)

We can see that the Hamiltonian (4-32) is of the familiar to the standard understand-
ing of the RPA. From the equation of motion for the above Hamiltonian, the TFRPA
(C) equation is obtained and in the next section, we will give it explicitly.

§ 5. Discussion

First of all, we will show that the Hamiltonian H given in Eq. (4:32) can be
rewritten as

H=Eo+gj'(s,-—ei)/2(nl ns)- XX —x/2- [2 g X517 . (5-1)

Hete, X; is defined by
X _{«/ ni—n; Dis;, (for #n:>mn;)

T Jn;—n: D% (for n:<n;) _ (5-2)
and satisfies the relations |
X#=X, | [ X, Xeilp= 0lu(ni—mn;) . : (5-3)
Here,[ , lr denotes the Poisson bracket for D;»; and D¥%;. We can see that, under

the correspondence between the relations (3-6a) and (5-3), the Hamiltonian H corre-
sponds to the term Kx given in Eq.(3-8a). Further, if we rewrite Eqgs. (4-30) in terms
of X, the quantities (c:*¢;)c recover the same forms as those given in Eqgs. (6+3) of
Ref. 4). Of course, the properties of X given in Eq. (5-3) are also the same as those
given in Eq. (6 1) of Ref. 4).

The Hamilton equation of motion gives us the TFRPA (C) elgenvalue equation
and it is of the same form as that given in Eq. (3-13a) for the case ¥u=0.=0. Itis
also equivalent to that given in Eq. (5:11) of Ref. 4). With the use of the notations
shown in § 3, we can express H in the form

H:Eo"‘”:zl:z/ma)nBi{n‘B+n y - (5'4)
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B, =NV g X/ (e:—€;—wa) . (5-5)

Here, w, is the positive #-th solution of Eq. (3:18) and N™*™ is given by Eq. (3-29).

On the basis of the above result, let us compare the approach (C) with the
approach (A) or (B). As one of the merits of the use of the thermo field dynamics
formalism, we can find the following statement on page 2805 of Ref. 2), which is the
original paper of the approach (A): This enlarged space provides us with the new
possibility of supplying more variational parameters than those in the variational
derivation of the TRPA equation. This statement is quite interesting, but, concern-
ing the construction of the RPA, the thermo field dynamics formalism does not realize
this expectation. As was already mentioned, the approach (A) cannot give us the
standard form of the RPA. The solution given in the approach (B) can be classified
into two types: The first and the second solution are related with the frequencies @»
and (e.—e€s), respectively. The first is nothing but the solution in the TRPA equa-
tion. In some sense, the second corresponds to the single-particle excitation. There-
fore, the approach (B) does not lead us to the solution with new correlations which
do not exist in the TRPA equation. Further, in the approach (C), only the first type
solution of the approach (B) is obtained. Therefore, the approach (C) also cannot
lead us to the solution with the new correlations.

From the above statement, we must note the existénce of the second type solution
in the approach (B). In order to investigate the meaning of the solution, here, we will
recapitulate the RPA at the pure state limit where we have #;=0 or 1. The former
‘and the latter correspond to the single-particle and the single-hole states, respectively,
which are denoted by the notations (p, ¢, p”) and (4, &/, "), respectively. The crea-
tion and the annihilation operators of the particle and the hole are defined by

LS
br*, br* (for i=h) : (5-6)
Further, we introduce the following operators:
Awp=brds, Bw=ap*Gr, Bw=05b:*bw. | (5-7)
With the use of thé above operators, the Hamiltonian (2-1) can be reWritten as

H=E+ Zplé‘pogm— Zh:EhOth ~x/2- [gwh(/ﬁp + Anp)

=+ EQMJ’BM’— Zth’th’]z . ’ (5 . 8)
g i
Here, Eo°, €;° and &.° are given by
:;thh—x/z'[§th]2, » (5-8a)
Spozfpp—xq”[;qwh'] )
e’= thh—Xth[; Q] - 7 » (5-8b)

The above is the solution of the conventional Hartree equation. If we pick up the
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linear terms for Ajs, Ans, Bu and Buw, the equations of motion for the above
operators are approximately given by

[H, Ajl=(e,’— €h0)14;ﬂ:p — XQPhEIQP'h'(Af'p' + Aprpr)

—Xgon [pr,,Qp'p”Bp'p" - hZthhth] , (5+9a)

[H, Awp]=—(e,"— &:%) Anp+ XCIphE,Qp'h'(Af'p' + Awpr)

+X61ph[ Zuqirp"Bp'p"— Enq}z’h"gh’h"] y (5 9b)

P AR
[H, Bow]=(e’— &%) Bopr ’ ‘ (5-10a)
[ﬁ, th']:(eho_Sg')th' . (5’10b)

Concerning the above equations, there exist two interpretations for the lineariza-
tion for the operators A, Bp and Buww. One is the following: Regarding the
operators (5-7) as independent of each other, Eqs. (5-9) and (5-10) are funda-
mental in the RPA. In this case, from Egs. (5-10), we can get the solutions with the
single-particle exicitations. Further, from Eqgs. (5-9), we obtain the well-known RPA
frequencies. However, in the boson expansion theory, it is questionable to regard
By and By as independent of Aup and Af». In the first order expansion, A and A
are regarded as boson operators Ax» and A%, The operators B and By can be
expressed in the forms Bpprzzhﬁfpﬁhpf and Buw=pA%Aws. Therefore, Bpp and
By are quadratic in the bosons. In this sense, the equations of motion (2-9) contain
non-linear terms, which are linear for Bpy and Bws. Therefore, for the lineariza-
tion, such terms should be rejected from Egs. (5+9). Further, Egs. (5+10) are quadratic
with respect to the bosons and we can pick up the other quadratic terms from the
exact equation of motion for By and Buw. This means that Egs. (5-10) are not
consistent to the order of the approximation. Therefore, they should not be included
in the set of equations in the RPA. Further, on the basis of Egs. (5-9) and (5-10), it
may be impossible to investigate the higher order effects systematically. If we start
only from Egs. (5+9), no trouble arises under the boson expansion. From the above-
mentioned reason, the RPA: at the pure state limit should be restricted to the forms
(5-9) with Bppr=DBum=0. -

Now, we will go back to our starting problem. As was shown in § 3, the TFRPA
(B) equation contains the solution which gives us the excitation energy (ea—ep). At
the pure state limit, its value is reduced to (&,°—&4°), which cannot be accepted in the
RPA at the pure'state limit. This means that such solutions should be rejected from
those of the TFRPA equation. The approach (C) does not contain such solutions and
all solutions are reduced to those given under the condition Bey=Brr=0 at the pure
state limit. In this sense, we can conclude that, in the thermo field dynamics for-
malism, the constraints introduced in the approach (C) play an essential role for
rejecting the solution which does not have any physical meaning. In contrast to the
above case, the approaches (A) and (B) do not contain such constraints and the
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variables C; and C% (n:=n;) are independent of the others and this fact leads to the
trouble discussed in this paper. Further, we again remark that the TFRPA (C)
equation coincides with that based on the use of the Liouville-von Neumann equation
by the present authors (J. P. and C. F.).” In conclusion, in spite of an interesting
approach, the thermo field dynamics formalism cannot give any extended TRPA
equation under the standard form of the RPA. In this’sense, the merit of the thermo
field dynamics formalism may appear at the case where the approximation is higher
than that of the TFRPA. In this paper, we have shown only the expressions up to the
quadratic order terms. In the subsequent paper, under careful investigation on the
constraints, we will give a method which makes possible to calculate straightforward-
~ ly the terms with any order.
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