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Abstract

In the last decade, the development of depth sensing indentation equipment has permitted two of the most conventional
mechanical properties of materials to be easily determined: hardness and Young’s modulus. Some care is needed to accu-
rate results from the experimental determination of the aforementioned mechanical properties. In this study, numerical
simulations were performed on two well-known materials (Bk7 glass, AISI M2 steel) and on fictitious materials with a wide
range of mechanical properties, using Vickers indenters with different sizes of tip imperfections. The purpose is to estimate
the influence of the size of the defect on the hardness and Young’s modulus results obtained by ultramicro and nanoin-
dentation tests.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The ability of depth sensing indentation equipment to register the load versus the depth indentation, during
the test, enables elastic and plastic mechanical properties of the materials to be evaluated. The fact that it is
possible to carry out small scale tests of indentation depth makes this technique one of the most powerful tools
for the characterization of bulk and thin film materials.

In order to get accurate indentation hardness results, when low load values are used as in ultramicro and
nanoindentation, well-defined indenter geometry is required. Nevertheless, it is difficult to obtain an indenter
tip with perfect geometry. In the case of the Vickers indenter, the four-sided pyramid typically presents a slight
offset near the tip. Experimental procedures have been developed to correct the influence of the tip shape of
0020-7683/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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the Vickers indenter on the hardness and Young’s modulus results (see, e.g., Oliver and Pharr, 1992; Trindade
et al., 1994; Seitzman, 1998; Herrmann et al., 2000; Antunes et al., 2002; Thurn and Cook, 2002). However, to
our knowledge there are no studies concerning the influence of the offset dimension of the Vickers indenter on
the hardness and Young’s modulus values evaluated by depth sensing indentation, given the natural difficulty
of experimentally obtaining different sizes of indenter-offset.

The use of the finite element method in the study of the load–unload indentation curves is an important tool
for obtaining greater understanding of the indentation test. The use of this method for the simulation of these
kinds of tests allows experimentation with different modulations of indenter geometry, and in particular of the
indenter tip. In recent years, many studies have used numerical simulation to describe the indentation process.
Most of them use bi-dimensional analyses with spherical and conical indenters (see, e.g., Bhattacharya and
Nix, 1988; Laursen and Simo, 1992; Sun et al., 1995; Cai and Bangert, 1995; Bolshakov et al., 1997). There
are also studies that present the results of three-dimensional numerical simulations of hardness tests with con-
ical, Vickers and Berkovich indenters (see, e.g., Giannakopoulos et al., 1994; Larsson et al., 1996). However,
in all these numerical studies the indenter geometry is modelled perfectly and in most of them no friction
between the indenter and the material is taken into account. In a recent study, three-numerical simulations
of the hardness test, including friction, were used to perform a preliminary study of the influence of the Vickers
offset dimension on the mechanical property results (Antunes et al., 2006). However, the related study only
considers the contact area evaluated from the finite element mesh.

This study intends to contribute to a greater understanding of the influence of indenter geometry on contact
area determination, when the experimental conditions are reproduced. In this way, a comparison is made
between the mechanical property results obtained using two different ways of calculating the contact area
of indentation; one directly from the finite element information and the other from the slope of the unloading
curve. Different sizes of tip imperfections were studied.
2. Theoretical aspects

The hardness of materials is defined as the ratio between normal force and contact area, defined as
follows:
H ¼ P
A
; ð1Þ
where H is the hardness, P is the applied load and A is the contact area of the indentation.
Apart from the hardness, the most important property that can be also evaluated with the hardness tests is

the Young’s modulus. It can be related to the contact area and the measured unloading compliance, through
the expression:
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where b is a correction factor which depends on the geometry of the indenter, A is the contact area and C is the
compliance. ER is the reduced Young’s modulus, which is a function of the Young’s modulus, E, and the Pois-
son’s ratio, m, of the specimen and the indenter (i), through:
1
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Eq. (2) can be used for axisymmetric and non-axisymmetric indenters, depending on the b value associated
with the indenter geometry (Pharr et al., 1992). Using finite element simulations, King (1987) introduced in
Eq. (2) the b correction factor for non-axisymmetric indenters. He has proposed several values of b for differ-
ent indenter geometries (for the Vickers indenter 1.0124, King, 1987). After King (1987) other values of b were
found (for Vickers), for example, 1.07 by Dao et al. (2001). A recent study, based on the results obtained from
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three-dimensional simulations of the Vickers hardness of several materials with a wide range of mechanical
properties (yield stress, strain hardening exponent and Young’s modulus) found a correction factor b close
to 1.05, slightly dependent on the materials’ properties (Antunes et al., 2006).

The methodology used in the compliance evaluation from the unloading curves is an important factor in
obtaining precise values for the Young’s modulus with Eq. (2). From their experimental results, Oliver and
Pharr (1992) observed that the unloading curves are usually well described by a power law in the form:
P ¼ Kðh� hfÞm; ð4Þ
where P is the load, K and m are constants obtained in the fit to the unload curve, h and hf are indentation
depths at the current value of the load and after unload, respectively. The compliance, C, is obtained by dif-
ferentiating Eq. (4) with respect to the indentation depth h, at the point of maximum load, resulting in the
following equation:
1

C
¼ dP

dh
¼ mKðhmax � hfÞm�1

: ð5Þ
The obtained values for the compliance, and consequentially for the Young’s modulus values, depend on the
fraction of the unload curve fitted by Eq. (4), as has been shown in previous work (Antunes et al., 2006). This
study shows that the fraction of the upper part of the unloading curve that must be taken into account in the
fit is between 60% and 90%.

As for the hardness calculation, in order to evaluate the Young’s modulus a correct definition of the contact
area is also needed. Oliver and Pharr (1992) have proposed a method for evaluating the contact area based on
the contact indentation depth, hc, as follows:
hc ¼ hmax � eP maxC; ð6Þ
where hmax is the indentation depth at the maximum load, Pmax, C is the compliance and e is a geometrical
parameter that is related to the indenter geometry. This parameter assumes values between 0.72 (conical in-
denter) and 1 (flat punch) (Sneddon, 1965). Recently, a study of the unload curves, based on the concept
of the effective indenter shape, have allowed a more precise definition of the value of the geometrical param-
eter e, given by (see, e.g., Oliver and Pharr, 2004):
e ¼ 1�
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where C is the factorial or gamma function, and m is the exponent of Eq. (4). The contact area is then calcu-
lated as a function of hc, A = F(hc), where hc is evaluated with Eqs. (6) and (7), assuming that the surface of the
test material never piles up. When pile-up does appear, it can cause important inaccuracies in the evaluation of
the contact area, as in the case of soft materials (low values of H/E) (Antunes et al., 2006).

In addition to the hardness and Young’s modulus, another topic of research in the study of the load–unload
curves is the potential extraction of the uniaxial mechanical properties, such as, the yield stress and the strain
hardening exponent (e.g., Tabor, 1951; Johnson, 1970; Dao et al., 2001; Casals and Alcalá, 2005). Tabor
(1951) shows that for ductile materials the hardness, using a Vickers indenter, is proportional to the uniaxial
stress, at a representative plastic strain of 0.08, by
H ¼ 3:3rr; ð8Þ
where H is the hardness of the material and rr is the stress corresponding to the representative plastic strain, er,
equal to 0.08. Johnson (1970), shows that the hardness of elastic–plastic materials is governed by the single
parameter (E/rr) tana, where a is the angle of inclination of the face of the indenter to the surface of the sam-
ple, E is the elastic modulus of the material and rr is the stress associated to a representative plastic strain, er,
which depends on the a angle: er = 0.2 tana (Johnson, 1970).

Subsequently, an increasing number of numerical and experimental studies have been conducted in order to
achieve a fundamental comprehension of the representative plastic strain and the strain field around the inden-
tations. Recent studies have proposed a representative plastic strain definition, for specific indenter geometry,
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which is independent of the strain hardening exponent (see, e.g., Dao et al., 2001; Casals and Alcalá, 2005).
Dimensionless functions were proposed to relate the characteristic parameters of indentation load–unloading
curves with the mechanical properties obtained from the stress–strain curves. These functions consider that the
loading curve can be well described by the following equation, called as Kick’s law:
P ¼ kh2; ð9Þ
where P is the load, h is the correspondent indentation depth and k is a constant.
The ratio between the constant, k, of Kick’s law, and the representative stress, rr (k/rr), as a function of the

ratio between the reduced Young’s modulus, ER, and the representative stress, rr (ER/rr), can be used to pre-
dict the representative plastic strain, er, for which the following equation (e.g., Dao et al., 2001; Casals and
Alcalá, 2005) is independent of the strain hardening coefficient of the stress–strain curve, n:
k
rr
¼ P1

ER

rr
; n

� �
; ð10Þ
where n is the strain hardening exponent of the stress–plastic strain curve and k is the curvature of the loading
curve (Eq. (9)).

In the case of the conical and the Vickers indenters the dimensionless function, P1, becomes independent of
the strain hardening exponent when the representative stress, rr, is associated with a representative plastic
strain value, er (er = 0.033 by Dao et al., 2001 and er = 0.037 by Casals and Alcalá, 2005, respectively).
3. Numerical simulation and materials

The numerical simulations were performed using the HAFILM home code. This code was specifically
developed to simulate hardness tests with any type of indenter shape taking into account contact with friction
between the indenter and the sample. The mechanical model that is the base of the HAFILM code considers
the hardness test a quasi-static process that occurs in the domain of large deformation problems. The core of
the code was developed in the early nineties and was firstly, and continues to be, applied with success in the
simulation of sheet metal forming processes (Menezes et al., 1991; Menezes and Teodosiu, 2000; Oliveira et al.,
2003). The development of HAFILM started in 1999 (Antunes et al., 1999; Menezes et al., 2000) and since
then the code has been continuously upgraded, today being a freeware virtual laboratory in the field of depth
sensing indentation tests.

The plastic behaviour of the material is described by the general yield condition:
f ð�r; Y Þ ¼ �r� Y ¼ 0: ð11Þ
In this equation Y is the flow stress in tension, which is a function of the isotropic strain hardening exponent,
described in this study by the Swift equation:
Y ¼ Cðe0 þ �epÞn; ð12Þ
where C, e0 and n are constants for a particular material, determined by classical mechanical tests and �ep is the
equivalent plastic strain. In Eq. (11), �r is the equivalent stress defined by the plastic yield criterion. In this
study the material is assumed to be isotropic and its plastic behaviour is simply described by the Von Mises
yield criterion.

One of the most common difficulties in the numerical simulation of the indentation process is related to the
time dependence of the boundary conditions due to the contact with friction between the indenter, assumed to
be rigid, and the deformable body. In HAFILM the friction contact problem is modelled with a classical Cou-
lomb law. To associate the static equilibrium problem with the friction contact, an augmented Lagrangean
method is used in the mechanical formulation. This leads to a system of nonlinear equations, where the cin-
ematic (material displacements) and static variables (contact forces) are the final unknowns of the problem
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(Simo and Laursen, 1992). For its resolution the code makes use of a fully implicit algorithm of Newton–
Raphson type. All non-linearities, induced by the elastoplastic behaviour of the material and by the friction
contact, are treated in a single iterative loop (Menezes and Teodosiu, 2000).

The sample was discretised into isoparametric solid finite elements associated with a selective reduced inte-
gration that enables an improvement in the elements to be obtained when large deformations are assumed.
Due to the material and geometrical symmetry in the X = 0 and Z = 0 planes, only a fourth of the sample
was used in the numerical simulations (Fig. 1(a)). The finite element mesh was composed of 5832 three-linear
eight-node isoparametric hexahedrons. The mesh refinement had previously been optimized, by sensitive stud-
ies, in order to guarantee a good estimate of the indentation contact area (Antunes et al., 2006). The number
of finite elements in contact with the indenter at the maximum load is given approximately by
N = 240hmax + 16, where N is the number of finite elements and hmax the maximum indentation depth (exclud-
ing the sink-in or pile-up formation). The geometry of the Vickers indenter is modelled with parametric Bézier
surfaces allowing an exact description of the indenter tip, namely the contemplation of an indenter tip offset.
Five different offset dimensions were considered. Fig. 1(b) shows the Vickers indenters used in the numerical
simulation. Table 1 lists the characteristics of the five Vickers indenters.

The real materials used in the numerical simulations were: Bk7 glass, and AISI M2 steel. Table 2 presents
the elastic and plastic properties of these two materials. The use of real materials in the simulations allowed a
direct comparison with experimental results of the hardness test. In addition, to generalize the analysis,
numerical simulations were performed considering a wide range of mechanical properties, namely yield stress,
strain hardening and Young’s modulus. Table 3 resumes the elastic and plastic properties of these fictitious
materials.
Fig. 1. (a) Finite element mesh used in the numerical simulations and (b) detail of the Vickers indenter tip with offset imperfection.



Table 1
Vickers indenters

Indenter Vickers a (lm) Semi-apical angle (a/2) Area function (lm2)

V1 0.02 68–68.046 24.561(h + 0.008)2 + 0.206(h + 0.008)
V2 0.04 68–68.090 24.615(h + 0.016)2 + 0.405(h + 0.016)
V3 0.06 68–68.135 24.671(h + 0.024)2 + 0.608(h + 0.024)
V4 0.08 68–68.179 24.727(h + 0.032)2 + 0.811(h + 0.032)
V5 0.10 68–68.225 24.784(h + 0.040)2 + 1.017(h + 0.040)

Table 2
Mechanical properties of the real materials (INDICOAT, 1998)

Material Y0 (GPa) n E (GPa) m

Steel AISI M2 4.0 0.010 220 0.290
Bk7 3.5 0.010 82 0.203

Table 3
Mechanical properties of the fictitious materials used in the numerical simulations

Materials No. studied cases n Y0 (GPa) E (GPa) e0 m

Minimum Maximum

Without strain hardening 10 �0 0.25 25 100
6 �0 0.50 60 410

With strain hardening 6 0.2 0.15 10 100 0.005 0.290
6 0.4 0.05 6 100

10 0.6 0.05 6 100
6 0.6 0.15 6 410
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4. Results and discussion

4.1. Friction coefficient

The study of the influence of the friction coefficient on the load–unloading curves was performed for the
curves of two real materials (AISI M2 steel and Bk7), using the indenter Vickers V3 (Table 1). In the numerical
simulations three values of the friction coefficient were used: 0.08, 0.16 and 0.24. Fig. 2 presents the numerical
Fig. 2. Load–unload curves obtained in the numerical simulation of the using different friction coefficients, l: (a) AISI M2 steel and (b)
Bk7 glass. The indenter was Vickers V3.
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load–unloading curves obtained, using the real mechanical properties of the AISI M2 steel and Bk7 glass, for
three values of the friction coefficient: 0.08, 0.16 and 0.24, for each material. The load–unloading curves in
Fig. 2 cannot be distinguished, and so they are independent of the friction coefficient value. Moreover, the
hardness evaluated for the tested materials slightly depends on the friction coefficient (the difference between
maximum and minimum hardness values lower than 5%). Similar conclusions were obtained in a previous
study by Antunes et al. (2006).

4.2. Correlations of the indentation results

In order to evaluate the performance of the simulation it is important to make a direct comparison between
numerical and experimental results. However, the information in the load–unloading curve is confined to each
particular case. So, general information (even if it does not involve load–unloading curves directly) is useful to
validate the simulations. Some conditions already tested both experimentally and numerically by other
authors (e.g., Johnson, 1970; Dao et al., 2001; Bucaille et al., 2003; Casals and Alcalá, 2005), such as the rela-
tionship between the hardness and the Young’s modulus, both normalized by so-called representative stress,
can be used for validation. This is the basis for the global evaluation which follows. There is also a direct com-
parison with specific experimental load–unloading curves.

Firstly, the load–unloading curves obtained by numerical simulation and by experimental tests on two real
materials were compared. The experimental tests were performed using the FICHERSCOPE ultramicrohard-
ness tester using a Vickers indenter. In the experimental tests a maximum load of 100 mN was applied. In
order to minimize the error, several indentation tests were performed on each material. The experimental
load–unload curves were compared with the numerical curves obtained using the Vickers indenter V3 (with
identical size of the experimental Vickers offset). The mechanical properties of the materials used as input data
in the numerical simulation are indicated in Table 2. The friction coefficient was taken to be 0.16 as generally
used (Bowden and Tabor, 1950; Lynch, 1980; Antunes et al., 2006). The experimental and the numerical load–
unloading curves were corrected with the experimental and numerical indenter area function. Fig. 3 shows the
load–unloading curves obtained experimentally and by numerical simulations for the case of the AISI M2 steel
and Bk7 glass. There is strong agreement between the loading curves, numerical and experimental. However,
the unloading experimental curves present a greater elastic recovery. This fact can be related to the finite stiff-
ness of the experimental equipment and of the diamond indenter. Effectively, the results of the Young’s mod-
ulus and hardness obtained in the numerical simulation, agree well with the ones evaluated in the experimental
tests (differences less then 5% for the hardness and for the Young’s modulus). Similar behaviour was previ-
ously observed by Ficher-Cripps (2001), in the comparison of experimental and numerical unloading curves
obtained from Berkovich hardness tests.

Moreover, the validation of the numerical simulation results was performed using the values of the hard-
ness and the constant k of the loading curve (Eq. (9)) determined in the numerical simulations of the fictitious
Fig. 3. Comparison between the experimental and the numerical load–unload curves: (a) AISI M2 steel and (b) Bk7 glass.



Fig. 4. Correlation of experiments with Vickers indenter: (a) representative strain equal to 0.07 and (b) representative strain equal to
0.037.
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materials (Table 3). For this purpose the values of the characteristic stress, rr, and an associated representative
strain, er, equal to 0.07 (Johnson, 1970) and 0.037 (Casals and Alcalá, 2005), were considered for the case of
the Vickers indenter. Fig. 4(a) shows the representation of the ratio between hardness and characteristic stress,
H/rr, as function of the ratio between Young’s modulus and characteristic stress, ER/rr, for the fictitious
materials of Table 3 (er = 0.07, Johnson, 1970). Fig. 4(a) also shows, for comparison, the evolution obtained
from two different experimental studies with a Vickers indenter (Marsh, 1964; Hirst and Howse, 1969).
Fig. 4(b) presents the evolution of the ratio k/rr (er = 0.037, Casals and Alcalá, 2005) as function of the ratio
ER/rr, for the materials of Table 3. The evolution predicted by Dao et al. (2001) is also shown in this figure,
considering er = 0.033 for a conical indenter with an apical angle equal to 70.3�.

Fig. 4(a) shows that the evolution obtained for the materials with different mechanical properties is inde-
pendent of the representative plastic strain (0.07), for values of the ratio of H/rr 6 2.8. For superior values the
evolution depends on the strain hardening exponent of the materials. The results in Fig. 4(a) show agreement
Fig. 5. Numerical load–unload curves as obtained (without offset correction), for the two real materials: (a) AISI M2 steel and (b) Bk7
glass.
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with the ones previously obtained during the experimental indentation of various materials with a Vickers
indenter by Marsh (1964) and Hirst and Howse (1969). Where the representative plastic strain considered
was 0.037, Fig. 4(b), the representation is independent of the strain hardening exponent. In addition, the
results in Fig. 4(b) also correspond to the evolutions predicted by Dao et al. (2001), in the numerical simula-
tion of different materials with a conical indenter (apical angle equal to 70.3�) without friction.
4.3. Load–unload curves, strain distribution and indentation geometry

Fig. 5 presents the load–unloading curves obtained by numerical simulations with the five different Vickers
indenters for the two real materials (AISI M2 steel and Bk7 glass). The results show that indentation depth
increases as the size of the indenter-offset decreases, for the same load value. Fig. 6 presents the same curves
as Fig. 5, but has been corrected, taking into account the area function of each indenter. In these figures, hAF

corresponds to the indentation depth obtained with an ideal indenter, without defects: hAF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A=24:5

p
(for the

area function A, see Table 1). The curves become almost coincident after correction. This indicates that the
Fig. 6. Numerical load–unload curves obtained for the two materials with offset correction, using the area function of each indenter:
(a) AISI M2 steel and (b) Bk7 glass.

Fig. 7. Evolution of the value of the constant k as function of the indentation depth, obtained in the numerical simulation with the five
Vickers indenters: (a) AISI M2 steel and (b) Bk7 glass.
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correction of the geometry of the indenters with offset, using the respective area function, seems to be enough
to obtain the mechanical properties, namely the Young’s modulus and the hardness.

In order to ensure that the correction with the area function of the load–unloading curves is sufficient, the
evolution of k = P/h2 (from Eq. (9)), at each loading point, was represented as function of the indentation
depth, for the different offset sizes. This representation is presented in Fig. 7 for the case of the AISI M2 steel
and Bk7 glass. Fig. 7 shows that, for indentation depths higher than 0.15 lm, the k = P/h2 becomes constant
and is independent of the offset dimension. This means that the loading curves are self similar after this inden-
tation depth.

Figs. 8 and 9 show the distributions of the equivalent plastic strain obtained for the Bk7 glass in the numer-
ical simulation of the Vickers V1 and V5 indenters, respectively, for indentations depths of: 0.1, 0.2, 0.3, 0.4 and
0.5 lm. These figures show that the maximum value of equivalent plastic strain only slightly depends on the
value of maximum indentation depth once the indentation depth values are greater than 0.3 lm. However,
the distributions of the equivalent plastic strain obtained with the Vickers V5 indenter presents maximum
Fig. 8. Finite element mesh showing equivalent plastic strain distribution obtained, at different indentation depths, in the numerical
simulations of the Bk7 glass with the indenter Vickers V1: (a) h = 0.1 lm; (b) h = 0.2 lm; (c) h = 0.3 lm; (d) h = 0.4 lm; (e) h = 0.5 lm.



Fig. 9. As Fig. 8 but for the indenter Vickers V5: (a) h = 0.1 lm; (b) h = 0.2 lm; (c) h = 0.3 lm; (d) h = 0.4 lm; (e) h = 0.5 lm.
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values lower than the ones attained with the Vickers V1 indenter. Moreover, in the case of the Vickers V5 inden-
tations, the distributions show that under the centre of the offset region, the deformation is almost zero when
the size of the offset becomes higher (Fig. 9). This may be caused by the presence of a hydrostatic stress state in
this region, which increases with the increasing value of the offset.

In conclusion, the distributions of equivalent plastic strain are similar and independent of the offset size, for
indentation depths higher than 0.3 lm. Only the maximum plastic strain values depend on the offset
dimension.
4.4. Young’s modulus

For the five indenter offsets tested, the Young’s modulus of the various fictitious materials was evaluated
from the load–unload curves, following the considerations described above, and using Eqs. (2) and (3). In
Eq. (2) the term C, represents the compliance at the beginning of the unloading curve; these values were
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determined by fitting 70% of the unloading curve to an equation of the type of Eq. (5) as follows (Antunes
et al., 2006):
Fig. 10
Young
P ¼ P 0 þ T ðh� h0Þq; ð13Þ
where P0 is the lower load considered in the fit of the unloading curve, which corresponds to the indentation
depth h0. T and q are the fitted constants. The compliance, C of Eq. (2), was calculated using the curves after
correction with the area function.

Two different values of Young’s modulus, EFE and Ehc, were evaluated for each indenter and material. EFE

is calculated considering the indentation contact area AFE, which is evaluated with the contour of the nodes of
the finite element mesh in contact with the indenter at the maximum load. Ehc is calculated considering the
contact area Ahc, which is obtained from the indention contact depth hc, Eqs. (6) and (7), as performed exper-
imentally. In Eq. (2) a correction factor b equal to 1.05 was used in the evaluation of the Young’s modulus, as
was discussed in a previous study (Antunes et al., 2006).

The five indenters were used to simulate hardness tests, up to a maximum indentation depth close to
0.3 lm, on sets of five different materials, having strain hardening values of, n � 0, 0.2, 0.4 and 0.6 and
Young’s modulus, E, equal to 100 and 410 GPa. In each set, five different values of the ratio hf/hmax were con-
sidered (from at about 0.13 to 0.97), which corresponds to different values of the ratio of hardness to Young’s
modulus (Bolshakov et al., 1997). Table 3 summarizes the mechanical properties of these materials.

Fig. 10 presents the calculated Young’s modulus, EFE and Ehc normalized by the input value EInput as a
function of hf/hmax, for the materials with Young’s modulus equal to 100 GPa (as shown below) this relation-
. Normalized Young’s modulus numerical results obtained with the five Vickers indenters, for the fictitious materials with a
’s modulus equal to 100 GPa: (a) EFE/EInput, obtained with the contact area AFE. (b) Ehc/EInput obtained with the contact area Ahc.
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ship does not depend on the Young’s modulus value. The Young’s modulus values EFE/EInput presented in
Fig. 10(a) depend neither on the strain hardening exponent nor the offset dimension of the indenter. As pre-
viously discussed (Antunes et al., 2006), for a given offset size (Vickers V3 indenter), the b value of 1.05 used in
Eq. (2) is well chosen, except for values of hf/hmax in the range 0.90–1. The over evaluation of the Young’ mod-
ulus when hf/hmax is close to 1, mainly in non-strain hardening materials, is related to pile-up formation
(Antunes et al., 2006; Bolshakov et al., 1997). Moreover, the results shown in Fig. 10(a) demonstrate that,
for the other cases, the b value does not depend on the size of the indenter-offset.

The results concerned with the values of Ehc/EInput, calculated using the contact area obtained as if by
experimentation from the unloading curve, show dependence on the strain hardening exponent, as shown
in Fig. 10(b). Moreover, they show little dependence on the size of the indenter-offset. So, from an experimen-
tal point of view, it is acceptable to correct the experimental curve using the area function of the indenter, the
experimental results obtained are quite acceptable: in just two cases studied is the error higher than at about
6% (Fig. 10(b)). Also, for experimental determination of mechanical properties using such a Vickers indenter-
offset, the use of a value of the b value equal to 1.05 is adequate. As mentioned above, Fig. 10(a) shows that
(except for the two highest values of hf/hmax, close to 1) the Young’s modulus is quite accurately calculated
when the genuine contact area AFE, evaluated from the contour of the nodes of the finite element mesh in con-
tact with the indenter, is used in Eq. (2). This means that the corresponding compliance values necessary to
enter in Eq. (2) are correctly evaluated from the slope of the unloading curve at the maximum load. Taking
into account that the compliance does not depend on the way used to evaluate the contact areas, AFE or Ahc,
the values of Ahc must be slightly inaccurate, because the correction of the loading curves, which uses the
Fig. 11. Normalized contact area results obtained with the five Vickers indenters, for the fictitious materials: (a) AFE/AAF and
(b) Ahc/AAF.



Fig. 12. Normalized Young’s modulus numerical results Ehc/EInput, obtained with the Vickers indenter V3, in fictitious materials with
strain hardening, n = 0 and n = 0.6, for two cases of Young’s modulus, E = 100 and 410 GPa.
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indenter area function, is not performed in a satisfactory way. A fact illustrated by the corrected curves shown
in Fig. 6, which are not entirely coincident.

In this context, we present in Fig. 11 the indentation contact area, AFE and Ahc normalized by the indenter
area function AIdeal (AIdeal is the projected reference area, obtained when the indentation geometry does not
present pile-up or sink-in formation) as a function of hf/hmax. The contact area values AFE/AIdeal presented in
Fig. 12(a) depend only slightly on the offset dimension, for each case of work-hardening coefficient. For the
case of the materials without strain hardening (n = 0), the normalized contact area is greater than 1 for the
values of the ratio hf/hmax higher than 0.8. When the material presents high values of work-hardening
(n = 0.6), the contact area is less than 1, for all values of hf/hmax. The contact area values Ahc/AIdeal, presented
in Fig. 11(b), are rather independent of the work-hardening coefficient. The normalized contact area is less
than 1 in the whole range of hf/hmax.

Therefore, it can be concluded that the accurate evaluation of the Young’s modulus using the contact area,
Ahc, as usually done experimentally, depends only slightly on the size of the indenter-offset. In addition, the
eventual experimental correction of the contact area, Ahc, and consequently of the mechanical properties
depends on the work-hardening coefficient and on the ratio hf/hmax, as can be seen in Fig. 10(b).

The influence of the Young’s modulus and the work-hardening coefficient on the determination of mechan-
ical properties was also tested. Two values of the Young’s modulus (E = 100 and 410 GPa) and four values of
strain hardening exponent (n = 0, 0.2, 0.4 and 0.6, for the case of E = 100 GPa) were used in this study (Table
3). The results of the normalized Young’s modulus Ehc/EInput, were obtained in numerical simulations with the
indenter Vickers V3. Fig. 12 shows that the ratio Ehc/EInput remains close to 1 (±6%), except for the case of the
materials with the lowest values of strain hardening exponent (n close to zero) when hf/hmax becomes close to
1. For the materials with strain hardening exponents of 0 and 0.6, the results of the normalized Young’s mod-
ulus do not present dependence on the Young’s modulus value (100 and 410 GPa, respectively).
5. Conclusions

The evaluation of mechanical properties, namely the Young’s modulus and hardness, by using ultramicro
or nanoindentation tests, must take into account the fact that the experimental indenter geometry is not ideal.

In this study, a numerical simulation of the hardness test was used to study the influence of the presence and
size of the most common imprecision in Vickers geometry, designated as offset. The modulation of the inden-
ter was performed for five different sizes of offset. Materials with different mechanical properties, namely hard-
ness, strain hardening exponent and Young’s modulus, were used in this investigation. The main conclusions
of this study, concerning real and fictitious materials, are as follows:
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(a) The comparison between the experimental and the numerical load–unload curves shows strong agree-
ment. However, the experimental unloading curves present a greater elastic recovery, a fact justified
by the finite stiffness of the experimental equipment and of the diamond indenter. Also, the load–unload
curves are independent of the friction coefficient.

(b) When the contact area is evaluated from the contour of the nodes of the finite element method, the
Young’s modulus can be accurately evaluated when a correction factor b equal to 1.05 is used, whatever
the size of the indenter-offset and the material tested. However, the presence of strong pile-up on the
surface of the material can introduce an error in the prediction of the mechanical property, for hf/hmax

higher than at about 0.90, for which the Young’s modulus can be overestimated.
(c) For the general case of calculation of the mechanical properties from Ahc, evaluated from the slope of the

unloading curve, as if experimentally, the use of the area function of the indenter for correcting the load–
unloading curves gives rise to slightly greater errors (within the range of ±6%, in most cases; for hf/hmax

higher than at about 0.9, the Young’s modulus can be overestimated) than when calculated from AFE.
These results are nevertheless acceptable, but further correction of the contact area, considering the
indentation surface geometry, is needed in order to obtain more accurate mechanical properties. The
results depend on the strain hardening exponent of the materials and on the ratio hf/hmax (or H/E),
but not on the value of the Young’s modulus. These results were also obtained for a correction factor
b equal to 1.05.
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