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Abstract

In this paper we consider general linear damped wave equations with memory. We
establish energy estimates that under the assumption of exponentially bounded kernels, induce
exponential decaying solutions. Numerical waves that mimic their continuous counterpart
are also introduced using a finite element approach.

1 Introduction

Let Q C R™ be an open bounded domain. This paper is concerned with the study of the decay of
the solutions of the following damped wave equation with memory

pu” (t) + cu' (t) + Au(t) = /0 Ker (t — s;7)Bu(s)ds + f(t), t € RT. (1)

In (1) u: Q2 xRy — R and, for t € R}, u(-,t) can be seen as a function defined from Q into
R that is denoted by u(t), ¢ is a function depending only on spatial variables and accounts for
the damping of the wave, Ker denotes a function, called the memory kernel, that depends on a
parameter 7 > 0, f denotes a source term and A and B are second order differential operators.
Equation (1) is completed with homogeneous Dirichlet boundary conditions and the following

u(0) = uo, @)
v (0) = uy.
This type of differential problem arises in many contexts, such as modelling the displacement
of materials with viscoelastic properties. Indeed, let u denote the displacement of the material,

f an external force being applied to the material and o the stress tensor associated. Newton’s
second law states that

initial conditions

pu(t) =V - a(t) + f(t), (3)

where p is the density of the material. Usually, the relation considered between the stress tensor
7 and the strain tensor € is

o(t) = De(t) (4)

where D is an elastic tensor. Assuming that the components of the strain and the displacement
satisfy

elt) = 5 (Vult) + Vu(t))



relation (4) accounts for a fickian type effect. However, if we assume that the material has vis-
coelastic properties modelled by a Maxwell-Wiechert model and assume the following constitutive
equation

S

o(t) = E(0)De(t) — /0 86E(t — 5)De(s) ds,
where

N
E(t)=Eo+» Eie !
=1

and Fj is the Young modulus of the spring arm, F;, ¢ = 1,..., N, are the Young modulus of the

Maxwell arms and «; = %, i=1,...,N, being u;,© =1,..., N, their associated viscosities, then

from (3) we obtain for the displacement the following second order integro-differential equation

1

pu"(t) =V - (QE(O)D(Vu(t) + Vu(t)t)> =

_ /0 Ker (t— s)V - (D(Vu(s) + Vau(s)")) ds + f(1),

with Ker (t) = %Eﬁl Eiae™it ¢ > 0.

Equations of type (1) have already been introduced in the literature, see [5, 13, 15], to model
viscoelastic physical phenomena.

Let us consider the classical wave equation with homogeneous Dirichlet boundary conditions.
It is well known that the energy of its solution (which is the sum of kinetics and potential energies)
is conserved in time. If a damping effect is added then it can be shown that such energy decreases
exponentially in time (see Section 3). In certain scenarios, the wave equation with a memory term
can be seen as a singular perturbation of the diffusion equation with memory. The solution of
this last equation has, in several cases, an energy that goes to zero exponentially (see Section 4).

A question that naturally arises is which conditions on the memory kernels lead to the same
energy behaviour for the solution of the wave equation or its generalization in presence of a
memory effect. This problem has been object of research in recent years and will be addressed in
the present paper.

The study of qualitative properties of partial differential problems defined by equations of
type (1) was presented for instance in [1, 4, 3, 8, 12, 14, 16, 18|. However, these works deal
essentially with energy estimates for the case when A and B represent the Laplace operator,
combined with exponential or polynomial decaying kernels. For example, in [3|, the authors
studied the energy decay for a wave equation with nonlinear boundary damping. Also, in [14],
acoustic boundary conditions were considered and the authors established energy decrease results
when the kernel function does not necessarily decay exponentially. Similar results were obtained
in [18] considering homogeneous Dirichlet boundary conditions but imposing weak assumptions
on the memory kernel. The study of the decay of the solution of systems of wave equations has
also been addressed in [1, 16]. In [1] the authors established energy decreasing results for systems
of two linear wave equations with memory with homogeneous Dirichlet boundary conditions with
kernels exponentially dominated.

Energy decreasing results for quasilinear wave equations with memory were considered in
[4, 12]. In the first paper the authors consider a nonlinear reaction term and a wave equation
where the coefficient of the second derivative depends on the solution was introduced in the second
paper. Wave equations with memory as singular perturbations of nonfickian diffusion equations
with memory have also been studied. Without being exhaustive we mention [2, 9, 10, 11].



This work aims at establishing energy estimates (and show their exponential decay) for several
variants of equation (1). This shall be accomplished in the case A and B represent the Laplace
operator, but also in the more general setting as presented by (1), always under the assumption
that the memory kernel decays exponentially.

The paper is organized as follows: we start in section 2 by introducing the functional context
necessary for the development of the energy estimates, as well as some properties of the kernels.
In section 3 we start by considering the wave equation with no memory (A = B = —A) and
review classical estimates for this case. In section 4, we explore the case where the coefficient of
the second time derivative vanishes, that is, the wave equation with memory is replaced by the
diffusion equation with memory that is usually used to model diffusion phenomena (characterized
by a nonfickian behaviour). We show that under suitable assumptions on the parameters of the
equation, exponential decay of the waves is obtained. Damped wave equations with memory is
the object of study of section 5. In this section we introduce a new energy functional that is
obtained from the classical one adding a new term induced by its memory character. We establish
conditions that lead to the exponential decreasing of such energy functional. To measure the
deviation of the gradient of the solution and its evolution in time, a new term is added to the
energy functional under analysis. For this new energy functional we prove also its exponential
decreasing. The techniques used to obtain these estimates (as well as the estimates themselves)
are the motivation of a new energy functional definition for the first equation to be explored in
the coming section. Indeed, similar results are established in section 6 for more general problems.
Numerical wave equations that mimic their continuous counterpart are introduced in section 7
and their behaviour is explored in section 8. Finally we summarize some conclusions in section 9.

2 Notations and preliminaries

We introduce now the functional context needed in the following sections. Let L?(Q), L>°(f2) and
H () be the usual Sobolev spaces. In L?(2) we consider the usual inner product (-, -) and the
norm induced by this inner product is denoted by [|-]|. In H}(2) we consider the usual norm |||, .
Let L?(R*, H}(£2)) be the space of functions v : RT™ — H}(2) such that

T
/ (B2 dt < 00, ¥T > 0.
0

Let H'(R*, H}(2)) be the subspace of L?(R™, H}()) of all functions v such that its weak
derivative v/ : RT — HZ(Q) belongs to L*(RT, H}(Q)). By H2(RT, L?(Q)) we represent the
subspace of L?(RT, L%(Q)) of all functions v such that its weak derivatives v¥) : R* — L2(Q),
j = 1,2, belong to L*(R™, L?(12)).

We start by proving the following auxiliar lemmas for the kernel function.

Lemma 1. Let Ker € L?>(RT). If there exist constants K, > 0, such that
|Ker (s)| < Ke %, s € R{, (5)

then i i
| Ker| . < - and ||Ker|;. < —.

V2a

Let v be a nonnegative real and let us denote Ker,, the function defined by
Ker, (s) = e Ker (s), s € RS

For this function, the following result holds, which generalizes Lemma 1.



Lemma 2. If Ker satisfies the hypothesis of Lemma 1 and v < « then
K

[Kerlln = 5= and [[Kersl 2 = o
Moreover, if Ker € HY(RT) and Ker' satisfies (5) then
K(1+7) K(1+7)
[Kersll = =75 and lKers |l < Z7==

3 Damped wave equation with no memory

We consider in this section the following (simpler) version of equation (1),
t
pu” (t) + cu/(t) — D1 Au(t) = —Dg/ Ker (t — s;7)Au(s)ds, t € R, (6)
0

where D1, Do, p denote positive constants and ¢ € L*(2) is such that there exists a constant
co > 0 such that ¢y < . The variational formulation for (6) reads as: let u € L2(R*, H}(Q2)) N
H?(R*, L?(Q)) and, for all T > 0, holds the following

(pu”(t) + cu/(t),w) + D1 (Vu(t), Vw) = Dy [ Ker (t — s)(Vu(s), Vw) ds,

a. e. in (0,T), Yw € H}(Q),

where 7 is a parameter. If we assume that the kernel function Ker, when 7 — 0, is such that the
integral term in equation (6) formally reduces to —DyAu(t), then equation (6) is replaced by the
wave equation

pu" (t) + cu/(t) — (D1 — D2)Au(t) =0, t € R, (7)

We remark that this is the case for exponential kernels of the type Ker (s) = %e‘f. Indeed,
the wave equation with memory is reduced to the classical wave equation.

Figure 1 illustrates the behaviour of the solution of the IBVP defined by (6) with Q = (—1,1)2,
with homogeneous Dirichlet boundary conditions, a gaussian profile u(z, y,0) = 6*10(‘”2+y2), (x,y) €
Q, as initial data and Ker (s;7) = rle 7, p = c =1 for different values of 7 at t = 4. When
the memory parameter 7 decreases, we observe that the corresponding solution approximates the
case with no memory and wave coefficient (D; — Dy).

We recall that for the solution of the IBVP involving equation (7), the energy

D
E, (1) = 5 [ Ol + 5 IVu@) . £ € B,

where D = D — Ds, satisfies the following:
1. when the damping effect is zero (¢ = 0),
Eu(t):Eu(O)vtERE)‘_; (8)
2. if ¢ # 0, then )
Ey () + co [[u/(1)]|” ds < Ey (0) (9)

and the energy has an upper bound.
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Figure 1: Restriction of solution at [—1,1] x {0} for ¢ = 0.25 and two choices of Dy at t = 4. The
solid line solutions ref; and refy correspond, respectively, to the choice of parameters D; = 0.9
and Dy = 0 and D1 = 0.99 and Dy = 0. These figures were obtained with the fully discrete
method presented in section 8, using a fine mesh and small timestep.

The proofs of (8) and (9) are classical and omitted here. However, the decay of E,,, which is not

guaranteed in the previous cases, can be established in the presence of an additional term m?2u,

that is, if we consider instead
pu” (t) + cu' (t) — (D1 — Do) Au(t) + m?u(t) =0, t € RT. (10)
In this case it can be even shown a stronger result that states that
[/ (®)|]” + [[u(@)[|? — 0, t = oo,

exponentially (see |7] and the references cited in this paper). Indeed, considering the new variable
uy(t) = e’u(t), t € R{, the wave equation for u, and the energy method, it can be shown that
there exists a class of wave problems (10) and a corresponding constant v > 0 such that

Il () + lu(®)1} < Ce=2t (Jlu)1} + 1w/ (0)]7) , t € Ry, (11)

where C' > 0 denotes a constant that depends on the coefficients of the wave equation (10) and
on 7. Estimate (11) leads to the exponential decay of E, when ¢ — 0.

4 Damped wave and diffusion equations with memory

Let us consider now in equation (6) the damping factor ¢ = 1 and p — 0. Formally, we obtain
the following diffusion equation with memory

u'(t) — D1Au(t) = —Do /Ot Ker (t — s)Au(s)ds, t € RT. (12)

Figure 2 illustrates the behaviour of the solution of the IBVP defined by (6) with Q = (—1,1)2,
with homogeneous Dirichlet boundary conditions, the same gaussian profile used for obtaining



Figure 1 as initial data and Ker (s) = rle 7, s€ Rg, c=1,D,=0.1, D, =0.01, 7 = 0.001
for different values of p. When p decreases we observe that for two different time instances, that
solution of the wave problem approaches the one of the diffusion equation.

---p=0.5 p=0.1 ---p=20.5 p=0.1
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Figure 2: Restriction of solution at [—1,1] x {0} for ¢ = 1 and two values of ¢t. These figures
were obtained with the fully discrete method presented in section 8, using a fine mesh and small
timestep.

We present now two different estimates for the energy
2 ! 2
B, (6) = @)+ [ IVu(s)|*ds, ¢ € R,
0

of the solution of the IBVP defined by (12) with homogeneous Dirichlet boundary conditions. The
first one is obtained using the energy method and the second one is similar to the one established
for instance in [6].

Proposition 1. Let Ker € LY(RY) be a kernel satisfying (5). If the weak solution u €
L2(R*T, HY(Q)) N HY(RT, L3(Q)) then there exist € # 0, v < a and Cy,Cy > 0 such that

@l + 01 [ 171 ds < )], (13
and .
O +C: [ €200 [Vu())? < e u)1. (14)
e , D3R DER? (14 (a =
C’1=2<D1—6 —W>, 02=C1+2€2a2< (a—7)? )—’YCSL

and Cq is the constant from the Friedrichs-Poincaré inequality.
Proof. We start by proving (13). Using the energy method, it can be shown that, for ¢ > 0,

1d

57 [e®1* + D [Vu(b)|* = (D2/0 Ker (t — 5)Vu(s) ds,Vu(t)),

6



which leads to

2 2
SO+ 200 - ) vue)? < 22 ([ iier - o Ivuelas) . 05)

t 2 t
2
( /0 |Ker<t—s>|uw<s>uds) < |[Ker|l,. /0 Ker (t — )| [[Vu(s)|? ds,

using Lemma 1, from (15) we obtain

lu(®)]* +2(D1 — 62)/0 V()| ds

2
< [ [ e (= V0 P dds + (o)

Moreover, as

t S t
/0 /0 Ker (s — )| | V()| dyuds < || Kerl,, /0 IVu(s)|? ds,

we conclude (13).
To prove estimate (14), we use the technique presented in [17]. Let v > 0 be a fixed constant
and let u,(t) = e"u(t), t € RY for v < a. Then, we have

1d

5 77 [t O = v llus @) + Dy [[Vu, ()]

_ (172 /0 t Ker., (t — s)Vu, (s) ds, Vu.y(t)) .

Considering that Hu,y(t)H2 < Cq||Vu, (t)||* and using Lemma 2, the analysis presented before
allow to conclude that

t
@1+ Co [ 190, ()] ds < (o), (16)
D2 g2
where Cy = 2 (D1 — & —Coy— 13 (= ) Inequality (16) leads to (14). O

For the energy E, we conclude its boundedness in bounded time intervals. Moreover, from
(14) we can establish conditions on the coefficients such that ||u(t)|| decreases exponentially.

Corollary 1. Under the assumptions of Proposition 1, if

DyK
D, — 22

> 0, (17)

then there exist constants C' > and 0 < v < « such that

t
lu(t) ] +/0 e |\ Vu(s) P ds < e [[u(0)]*, ¢ € Ry (18)



Proof. From Proposition 1 we have (14), that is,

t
lu(t)]? +g(7)/0 e 10 || Vu(s) [P ds < e u(0)]1,

. D2 2 . D2 g2 .
with g(y) = 2 <D1 —e2 - Cqy — ﬁwfw) . Taking €2 = DQQQK, as g(0) = Dy — €% — ﬁ%, it

follows from (17) that g(0) > 0. Therefore, there exists 0 < v < a such that (18) holds.

O

Corollary 1 establishes sufficient conditions that lead to the exponential decreasing of
t
Ju®) + [ e ()| ds.
0

We remark that condition (17) means that the fickian character of the diffusion process dominates
the nonfickian counterpart.

5 Wave equation with memory

We consider in what follows the IBVP defined by the following damped wave equation with
memory

pu! (t) + cu' (t) — D1Au(t) + mPu(t) = —Ds /Ot Ker (t —s)Au(s)ds, t € RT, (19)

with homogeneous Dirichlet boundary conditions and D1, D2, p and c satisfy the assumptions
made in section 3.

We start by establishing a stability result, under a general assumption on the kernel function
Ker, for the energy

t
2 — —s
Eu (t) = [[u/(t)] +\|u(t)||§+/0 e~ =3) | Vu(s)||? ds, t € RY, (20)

where v > 0 is a constant. The last term in the definition of E, , is motivated by the energy
functional for the diffusion equation with memory. If the kernel Ker satisfies (5) then we show
that [E, , decreases to zero exponentially. We observe that the energy functional introduced here
incorporates more terms that those considered in the literature. It should be pointed out that
other versions of the last energy functional were also studied in the literature. For instance, in [3]
and [18], the authors considered the classical energy functional

E, () = [u(®)[, t € R,
while in [14] a term induced by the boundary conditions was added to the last energy functional.

In [4], for a quasilinear problem, a term related with the reaction term was also taken into account.
The energy functional

E, (t) = % Hu’(t)H2 + % <1 — /0 Ker (t — s)ds> [ Vu(t)|?
t — S u — u\s 2 S
+AKw@ ) [Vu(t) - Vu(s)|? ds,

was studied in [16]. A similar definition was analyzed in [18].



A modification of the functional energy (20) will be introduced in this work adding the term

t 2
/0 Ker (t —s)Vu(s)ds — Vu(t)

For this new functional energy we also prove its exponential decay.

Proposition 2. Let u € L?(R*, H}(Q)) N HX(RT, L*(Q)) be the weak solution of the IBVP
defined by (19) with homogeneous Dirichlet boundary conditions. If Ker € H(RT) is a kernel

such that Ker and Ker' satisfies (5), then the following estimate holds

p Hu/(t)H2 + 200/0 HUI(S)H2 ds + (D1 — 62) ||Vu(t)H2 + m? Hu(t)H2

+2D2<Ker(0)—<D2K > )/yvu )% ds

< p[lw )" + D1 [IVu(0)| + m? [lu(®)]*.

where € # 0.
Proof. Let

/Ker (t — s)Vu(s)ds and I4(t) /Ker (t — s)Vu(s)ds,

for t > 0. Using the energy method it can be shown that

(21)

L NI + o [ )] + S5 V(o)
™ ufe)] < Do (1), 9/(1)
As d
& (100, Vu(t) = Ker (0) [Vu(t) P + (La(t), Vu(t)) + (100, Vol (1),
we obtain

21w +ao [ o) ds + 2 [vato)l
t m2
+ Dafer (0) [ [Vu(s)|ds + - (o)

< Dy (I(t), Vu(t)) — D2/0 (La(s), Vu(s)) ds

2

P 2 D
+ 5 [0 O + Z IVu()I + - (0]

We remark that, for € # 0, holds the following

2Dy (I(t), Vu(t)) < D IIKeTHLz/ IVu(s)|* + e [ Vu(t)]*,

and

¢ / K 2
_2/0 (Tu(s), Vu(s)) ds < 2 || Ker H“/o Vu(s)|? ds.

9

(22)



Taking the last estimates in (22) we obtain

p}|u'(t)H2+2c0/ [ ()[|? ds + (D1 — €) [ Vu(®)]?
0

D t
+ 2D, (Ker (0) — ﬁ | Ker|3. — HKer’HLI)/O [Vu(s)||® ds + m? ||u(t)|?
2
< p |l (O)]" + D1 [Vu(0) | + m? [u(®)|* . (23)

Using Lemma 2 (with v = 0), from (23) we obtain (21).

O
Corollary 2. Under the assumptions of Proposition 2 and if
Ker (0) — g >0 (24)
and
gj - 4% (Ker (0) — f) >0, (25)

then there exists a constant C > 0 such that
! / 2 / 2 2 +
Euo (1) + | [/ (s)||* ds < C (Hu )] + ||u(0)”1)  tEeRT.

Corollary 2 establishes that [E, ¢ is bounded. In what follows we establish conditions that
allow us to conclude that the energy decreases to zero exponentially.

Theorem 1. Let u € L*(RT, H}(Q)) N H2(R™, L*(Q)) be the weak solution of the IBVP defined
by (19) with homogeneous Dirichlet boundary conditions. If Ker € HY(RY) is a kernel such that
Ker and Ker' satisfies (5), then for 0 < v < «, there exists a constant C > such that

t

P 2 - 2

3 1O + (D1 = ) [Vu@I? + 2(co — 2p7)e>" /0 [, (5)[” ds
t

+(m? =7 [lellog) Ilu(®)|* + 2Dag(7)e~ " /0 IV (5)[|* ds

< Ce 1t (Hui/(O)HZ 1 [Vu(0)|? + ||u(0)||2)  teRE, (26)

where u~(t) = eT'u(t),

g(y) = Ker (0) — <D2K(1 +) 1) K (27)

4¢2 a—7
and € # 0.

Proof. Lets consider v > 0 and define u(t) = eu(t), t > 0. It can be shown that, for u., we
have

t
puy, + (¢ — 2yp)ul, — D1Auy(t) + (7 —cy +mP)u, = —D2/ Ker, (t — s)Auy(s).
0

10



Following the analysis presented in Proposition 2, it can be shown there exist € and n, arbitrary
nonzero constants, and vy < « such that

ol Ol +2e0 =209) [ [ (9] s
+ (D1 — ) [|Vuy ()17 + (07* = llelloe ¥ + m?) luy ()]
+ 2D, <K€r (0)—<D2Ki32+7) ) )/ 1V (s)]1? ds

< p [ ()" + D1 [[Vus (0)* + (97> = 7 llell o +m?) [y (). (28)

We compute now a lower bound for Huiy (t)H2 Since, for 6 # 0, we have
ool = =) [ )+ (1= ) s 01,

1
we deduce, for 62 = 3

i, (> = 5 1™ O = s (0. (29)

Considering (29) in (28) we obtain
t
p 2 2
St @ + (Dy = ) 1V |+ 2e0 = 20 [ 0)]

(= ell) s ()17 + Dagy) [ 1V, (5} s

2
< p [ 0)[| + Du IV () + (07 = 7 llellog + m?) uy (D)7,
where g(7) is defined by (27). This inequality leads immediately to (26). O

Corollary 3. Under the assumptions of Theorem 1 and if (2) and (25) hold, then there exist
constants C,v > 0 such that, for all t € R,

Eus (1) + 2 /0 o, (5)]1? ds < O (o ) + () ) (30)

Proof. By (24) and (25) and choosing a suitable value for e,

9(0) = (Ker (0) — (Df{ +1> K>

4e o

is positive. Then there exists v € (O, min {a, ;—Op, %}) such that, from (26), we obtain (30).
O

From Corollary 3 we conclude that

t
tim (B 0+ [ a0 ds) =0

exponentially. We observe that condition (25) imposed to guarantee the boundedness of E,, ¢ is
sufficient to prove the existence of v > 0 such that E, , decreases to zero exponentially.

11



Remark 1. If we consider a wave propagation in viscoelastic material following by a Mazwell-

1 < _ . ‘
Wiechert model, then Ker (s) = 5ZE2-6_0"8, s € R(J)r where o; = & In this case we can
i=1

i
take )
min;—1,.., E;
o= —">"
max;=1,....n M
To guarantee condition (25) we need to assume that the Young models E;;i = 1,...,n, are
significantly larger than the viscosities p;, i =1,...,n.

We establish in what follows an estimate for the energy functional

2

Euv~(t) =Euqy () + ‘ /0 Ker (t —s)Vu(s)ds — Vu(t)|| , (31)

for t € RT, where w is a solution of (42). Under suitable regularity conditions and using the
energy method, it is straightforward to show the following result.

Theorem 2. Let u € L2(R*, H}(Q)) N H2(RT, L?(Q)) be the weak solution of the IBVP defined
by (19) with homogeneous Dirichlet boundary conditions. If Ker € HY(RY) is a kernel such that
Ker and Ker' satisfies (5), then for 0 < v < a, there exists C > 0 such that

Pl @ + (2 =5 llell o) u®)? + (D1 = D2) [ Vu(b)]?

t
+2(co — 2p7)e_27t/0 Hu’v(s)H2 ds
2

+ Dy /Ot Ker (t — s)Vu(s)ds — Vu(t)

+ D2g(fy)/0 ) | Tu(s) | ds < Ce™ ([l O + ()], ¢ € R, (32)

where € # 0, u,(t) = e"u(t) and g(v) is defined by

(1 b+ Ker (0) + K(lﬂ)) (33)

9(7) = Ker (0) - —

a—vy

Proof. Let v > 0 be a real such that v < a and let

I(t) = /0 Ker, (t — s)Vu,(s)ds and I4(t) = /0 Kerl, (t — 5)Vu,(s)ds,

for t > 0. It can be shown that u,(t) satisfies the following relation

— b O+ (07* = 7 llell o +m2>% luy (8)1 + 2(co — 207) [|ud (8)]
D0 [ (1) < 25 (1), Vi, (1)) (34)

It follows that

(1(t), Vus (1)) = —%% 11(t) = Vur(B)[* = Ker (0) [[Vus (0]
+ %% [Vuy (8)] + Ker (0) (I(t), Vu, (1)

— (La(t), Vuy (8)) + (1(#), La(t))

12



and, together with (34), we obtain

p [N + (07* =¥ llelloe +m2) lluy (DI +2(co — 2p7) /0 et (s)||” ds
+ (D1 = Da) [Vuy (1)1 + D2 [1() — Vs (t)|
+ 2Dy Ker (0) /0 IV (s)]2 ds < 2Dy Ker (0) /0 (I(s), Vi, (s)) ds
9, /O (Lu(s), Vi (5)) ds + 2D /0 (I(s), Iy(s)) ds

oy ) + (07 = 7 llllg +m?) [l (O)]1® + D1 [V, (0)]%. (35

It can be shown the following

/0(I(s),Vuv(s))dsgHK@TWHLI/O |V (s)|| ds, (36)

_/ (Za(s), Vuy(s)) ds < HK@T’VHU/O HVuW(s)H2ds

0
and

/0(I(s),[d(s))ds§HK@TVHLl HKer;HLl/O IV (5)]1? ds. (37)

Using Lemma 2 and (36)-(37), from (35) we get

pllus | + (7% = 7 lellog +m?) s (8) > + 2(c0 = 207) / ety ()] s

+ (D1 = Do) | Vuy (1)[|* + D2 [ 1(t) — Vuy (1)

+2D, (Ker(O)—fy(l—i—’H—Ker() K(1+”)>>/Ot\yvu7(s)y\2ds

- a—~
< pl|u O)]* + (07 = 7 llellog +m?) lluy )] + (D1 = Da) [V (0]
Considering that )
[, = 5 [l @) = luy ()],

we obtain

Ll @ + (m? = v llell o)l (01 +2(c0 — 27) /0 ()] s
2

+ (D1 — Do) |[Vu, (t)|> + Dy /Ot Ker, (t — s)Vuy(s)ds — Vu,(t)

t
+2D2g(0) [ 1V (5)|P s
2
< p[[ub O + (07* = 7 llelloe +m?) uy ()| + (D1 = D2) |V (0)]1%, (38)
where g(7) is given by (33). Inequality (32) is easily obtained from (38).
0
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Corollary 4. Under the assumption of Theorem 2, if

KK+ o
— K
0<aK—a< er (0) (39)
and
Dy — Dy >0, (40)

then there exist constants C,~v > 0 such that

Euvq(t) + e / ()| ds < Cem" (| @) + [u(@)})  t e Ry, (a1)

where u(t) = eTu(t).

Proof. From (39) it follows that g(0) > 0. Then there exists

v e (ominge. 7 ||:ﬁ2 )

and C > 0 such that

/ 2 2 —2~t ! o (s 2 s
o))+ P+ [ o)
2

+IVu@®|? + H/Ot Ker (t — 8)Vu(s)ds — Vau(t)

[ Ivutlas < ce (o) + u@]R).
0

and this inequality leads to (41) .

From the last result we conclude

i (Busa@) + e [ o) as) <o,

exponentially, and consequently E, v , decreases exponentially.

6 Continuous energy estimates for general operators

In this section we extend the results presented before for the wave equation to general integro-
differential equation (1) where the operators A and B are defined by

"0

Av:—g 83:1(”8 ) E 8 (a;jv) + agv,
"9 ov "0

BU = — E 81‘1 <b2]ax]> + ZE - aixl(bﬂ)) + b()U,

7]

where a;;,b;5, ©,7 = 1,...,n and a;,b;, i = 0,...,n are functions whose regularity shall be
specified later and v € C2%(1Q).
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Let us introduce the weak form of the IBVP (1)-(2): let u € L*(R*, H3(Q)) N H2(R*, L*(Q2))
and, for all 7" > 0, holds the following

(pu"(t) + cu/(t), w) + a(u(t),w) = /0 Ker (t — s)b(u(s),w)ds + (f(t),w),

a. . in (0,T), Yw € H} (), (42)
ul(o) = Ui,
u(0) = u,

where, for v,w € H}(Q),

- v Ow = ow
a(v,w) = Z <@ijaxj7 Em) - ; (az‘% 53%) + (agv, w),

1,j=1
= ov Ow = ow
b(U,w) = Z <bljax], axz> — Z (bz"l), I‘Z> + (bo?}, UJ)
4,j=1 i=1

We assume that a;;,b;; € L>(Q), 4,7 =1,...,n,a;,b; € L=°(Q),i=1...,nand ag, by, c € L>(Q)
and these coefficients satisfy the following assumptions:

H1. There exists ¢g > 0 such that ¢ > ¢y in Q.
H2. a(-,-) is symmetric, continuous and elliptic, ie,
a(u,v) = a(v,u), Yu,v € HY (),
and there exist a., a. > 0 such that
la(u, )| < acflully oy, Yu, v € Hy (%),

and
a(u,u) > acl|ul7, Yu € H}(Q)

H3. b(-,-) is continuous and elliptic, ie, there exist b, b. > 0 such that
[b(u, 0)| < beJully [v]ly , Yu,v € Hy(€),

and
b(u, u) > b |[ull;, Yu € H}(Q)

Let E, be defined by (20). In the first result we establish an estimate for the usual energy

for the wave equation
t
Euo(f) + / /()| ds, t € R
0
where u is a solution of (42), that leads to the boundedness of E, o in bounded time intervals.

Theorem 3. Let u € H?(RT,L?(Q)) N L2(R*, HY(Q)) be a solution of (42). If hypothesis
H1-H3 hold, Ker € H*(R) and Ker and Ker' satisfy (5), then, for n,e # 0, we have

O + (0 =€) @) + (oo =) [ u'(o)|" as
+ (2er 0~ (%5 —2) 220 [ jucolias

1
< p||u' (O)[]” + ac lu(0)]| + A I£(s)|1? ds, t e RE. (43)
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Proof. Considering in (42) w = u(t) we obtain

p (u”(t), u'(t)) + (cu'(t), u'(t)) +a (u(t), u/(t)

t
_ /0 Ker (t — )b (u(s), u/(t)) ds + (f(£), /(1)) ,

which can be rewritten in the following equivalent form

: I+ 4

p% W/ ()]]” + 2¢0 ||u/ @)]|” + —alult), u(t))

< 2/0 Ker (t — s)b(u(s),u/(t)) ds + 2 (f(t),'(t)) .

It can be shown that holds the following

/Ker(t—s)b(u() ds-/Ker (t —s)b(u(s),u(t))ds
0

— Ker (0)b(u(t),u(t)) — /0 Ker' (t — s)b(u(s),u(t))ds.

Considering the representation (45) in (44) we further deduce that, for all  # 0,

2

s @) + 260 [ )] + L atu(t), ut)) + 2er (0)b(ult), u(®))

t

< 2% | Ker (t = s)b(u(s), u(t)) ds - 2/0 Ker' (t — s)b(u(s), u(t)) ds

1
+ £+ n? [’ )]

Integrating over [0, ¢] and using H3 leads to

p Hu/(t)H2 + a(u(t),u(t)) + (260 — 7]2) /0 Hu’(s)”2 ds + 2b.Ker (0)/0 Hu(s)”% ds
< 2/0 Ker (t — s)b(u(s),u(t))ds + 2/0 /0 Ker' (s — p)b(u(p), u(s)) duds

1 ! 2 / 2
+ o5 [ 176 ds+ o[ O + a(ul0), ),

Using Lemma 1 it can be shown that

2 [ Ker (¢ - ptuts) ) ds < 355 [ Jats)f ds € uto)l?

and
/ / Ker' (s — p)b(u(u), u(s)) duds < b, HKer’HLl/ u(s)||? ds.
0 Jo 0

Considering the last two inequalities in (46) we obtain (43).
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Corollary 5. Under the assumptions of Theorem 8, if €,€,1m # 0, are such that

ae — € >0, (47)
2c) — 17 > 0, (48)
b K Kb,
2Ker (0)b. — ( 52 > o> 0 (49)

there exists a constant C > 0 such that

t t
+ /0 Hu’(smfdsgc(Hu'<o>!!2+r\u<o>\|%+ /0 17 ()12 ds),teRof (50)

From the upper bound (50) we conclude that, for an isolated system (f = 0), E,, o is bounded
by the the energy of the system at t = 0.
In what follows we prove, for a class of differential operators A, B and kernels Ker, that there

exists a constant v > 0 such that
t
_ 2
re [t o as

decays to zero when ¢t — oco. We start by establishing and upper bound for E, ..

Theorem 4. Under the assumptions of Theorem 3, for e,n # 0 and 0 < v < «, we have
2
8|+ (ae = v llelloo) T + (ae = €) [|Vu(@)|?

T (2o — 2vp) — ) / [, ()] ds + g / & 2109 (5)| 2

P
3 /e

1 s 2
< /0 209 | £(5)|” ds + ¢, (] O + @) . ¢ € By (51)
where ¢, = max{p,v, V> — 7 clly ,ae}, uy = etu(t), t € RS and

beK(147) 2> K(1+7)be

52
2¢2 a—ry (52)

4() = 2Ker (0)b, — (

Proof. Let u(t) = €’ u(t). This function satisfies
" du 2
p (4(0)0) + (o = 209) (2 0.0) + 020 = 7 el u(0)w) + alus (), 0

< [ Ker (= s)blus(s),w) ds + (5 (0),w),
0

for w € H}(Q), where Ker (s;v) = Ker (s)e?*. Following the proof of Theorem 3, it can be
shown the following

1

2, L o a 2 1d
2 O + 2020 = v llelloe) o s (I + 5 (8.0, 8)

+ Ker (0)b(uy(t), uy (1)) + (co — 2p7) Hu H2

/Ker $)b(uy (s), uy(t))ds
# 2 [ Rer, (= 90 51 ) ds + (£,0.00)
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that leads to
2
p |l 7 + (o7 = A llell o) lluy (DI + ae [[usy ()7
t t
2
+2Ker (O)be/o Hu«,(s)H?ds—i—Q(co—2’yp—7]2)/0 e, ()] ds
t s
< %, /0 /0 Ker' (s — 1:7) [lus ()l [l (3)1], dadis
t 1 t 9
+ 20, /0 Ker, (t = 5) [y (] s () s + 5.5 /0 1£(s)]1? ds

+ o[ )] + (72 = 7€) [luy (0)|* + ac [l (0)]F

where 1 # 0.
As before, for 0 < v < «, we also have

P @) + (07 = 7 llelle + ae) lluy (DI + (ae =€) [ Vuy (1)
+ (2(co — 29p) — /Hu H ds + g(vy /||u7 H ds
1 t
Sng/o 1217 ds + p |, (0)|* + (07 = 7 llell o) 1ty (0)]1* + ae u (O,
where € # 0, that implies
p 2
3 17 O]+ (ae = vllello) luy (I + (ae =€) [[Vus (1)
4 (2(co — 29p) — / ()] ds + 94 / s (5)2 ds
< o [ IR ds o )

+ (07" = llelloe) Il ()1 + ac luy (07, (53)

where g(7) is defined by (52). Finally, (51) follows immediately from (53).
OJ

Corollary 6. Under the assumptions of Theorem 4, if the parameters e,n # 0 satisfy the
inequalities (47), (48) and (49), then there exist constants C,vy > 0 such that

t
B, (t) + ¢ 2 /0 e, (5)]|? ds

t
< Ce ( [ e 1R as+ o) + uum)rr%) teR],

where u(t) = eTu(t).

Corollary 6 allows to conclude that in a isolated system, that is, with f = 0, we have

¢
tlg})lo <Eu (t)+ 62775/0 Huiy(s)H2 ds> =0,

exponentially and consequently E, decreases to zero with the same rate.
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7 Decay of numerical waves with memory

In this section we establish that numerical approximations for the solution of the IBVP (1)-(2)
with homogeneous Dirichlet boundary conditions present the same qualitative behaviour of the
solution of this problem. Let © C R? be a bounded polygonal domain and let h > 0 be a fixed
parameter and let 7, be an admissible triangulation of €2 with diameter h, that is,

h = max diam(A),

AETy,

where diam(A) denotes the diameter of the element A Let V), be the space of piecewise polynomials
of degree m defined in Tj, that is

Vi={veC’Q): v=0 ondN, v=p, in A, AcT,},

where p,,, denotes a polynomial of degree at most m. By Py and Pgq we represent the set of
nodes of T; on 9 and €, respectively. Let {¢pp, P € Pq} be a basis of V},. The finite element
approximation for the solution of the IBVP (1), (2) with homogeneous Dirichlet boundary

conditions is up(x,t) = Z ap(t)pp(z) that satisfies the following
PePq

( (i (), wn) + (cuh (t), wn) + aun(t), wn)
= /0 Ker (t — s)b(up(s),wp) ds + (f(t),wp),

a. e. in RT, Ywy, €V, (54)

uy (0) = uy p,
L ur(0) = ugp.

In (54) uyp and ugp are approximations of u; and wug in V. To compute up(t) we need to solve
the following system of second order integro-differential equations

My (t) + Crd/ (t) + Apa(t) / Ker (t — s)Bpa(s)ds + Fy(t), t € R,

Ck,(()) = L{Lh,
a(0) = Uy n,

(55)

where a( ) = [(ap(t)) Pepy] , Uin,i = 0,1, are the vectors whose components are the coordinates
of u;p,7 = 0,1, with respect to the basis {¢p, P € Pq}, and

(6P, PqQ)
(

,ersz]
C¢P7¢Q P,QePq]

My = [( ) ,

Ch=( ) ]
Ap = [(al¢p, 9Q)) Paeral

By, = [(b(¢p, ¢Q)) P.oePal

Fn(t) = [((f(1), 9Q))@eral -

Introducing the new variable Z(t) = (z1(t), 22(t)) where z1(t) = a(t), 22(t) = o/(t), then the

initial value problem (55) of second order is equivalent to

Z'(t) = AnZ(1) / Ker (t — s)BrZ(s)ds + Fu(t), t € RT,
Z(0) = Un,

(56)
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where

- 0 I [ M'B, O
Ah_l:_Mh_lAh _Mh—lch:|76h_|: 0 O:|7

_ 0 | Uon
=] 0= (1]

As the unique solution of the IVP (56) is smooth enough, then for the unique solution
up(t) € Vy, of (54) it can be shown the following result.

Proposition 3. Let us suppose that the assumptions of Theorem 8 hold for the finite element
solution up. If (47), (48) and (49) also hold then there exist constants C,~y > 0 such that

t
Bupy ()47 [ (5) | s
t
<Ce (/0 1 7)1 ds + [l )] + IIUh(O)II?) ,t ER],

where up, (t) = eMuy(t).
For f =0 we have

t—o0

t
lim (Euh’7 (t) + e‘”t/o HU;W(S)H2 ds) =0,

exponentially.

For the particular case A = B = —A the previous result can be improved. In fact the following
result can be stated for the energy E,, v 5.

Proposition 4. Let us suppose that the assumptions of Theorem 1 are valid for the finite element
solution up,. If the conditions (39) and (40) also hold then there exist constants C,~v > 0 such that

t
Bu () + 2 [ (9]
t
< et ([ IR as+ [0 + funO)1}) o < B,

For f =0 we have

t
i (B 0+ 2 [ luns(0)17as ) =0,

t—o00

exponentially.

8 Numerical results

In this section we illustrate the qualitative behaviour of numerical solutions of (55) for the
equation studied in section 6, a particular choice of kernel and a set of associated parameters.
The choice of kernel is motivated by the example given and its frequent reference in literature.

20



Let us introduce the specifics of our test problem. Let Q = (—1,1)2. In this setup, consider
the following differential problem

u"(t) + cu/(t) — D1Au(t) = —Dy /Ot Ker (t — s)Au(s)ds, t € (0,7,

u(z,y,0) = e 0 (3.9) € Q
u'(:v,y,()) =0, (:va) €,
u(z,y,t) =0, (z,y) € 0Q,t € [0,T],

where T > 0 and ¢, D1, Do, 7 > 0 are constants. In this equation we take exponential kernels of
the form Ker (t) = rle7r te RS

Following the spatial discretisation in (54), we introduce the time step At and a uniform
partition t; = jAt,j =0,1,2,...,N = [Alt] Applying standard centered finite differences schemes
in time and the composite trapezoidal rule to the formulation (55), the following second order in
time method is obtained:

un+1 . 2un+un—1 un+1 _,n—1
( h h o) +e M’U +D1(Vu’,f“,Vv)

At? 2At

Do At n tpt1—t; . tyt1—ts .
= ;T Z(e‘ = ]+1Vu?1+1+e_ = ]Vu{l,Vv>, (57)

=0

where u{L is an approximation for u(t;), j =0,1,..., N.
Let

Do /At n tnt1—t; . tpy1—t; .

Lot = ; Z <e 1141 Vuifl 4t 7Vui> '
T 3

It is easy to show that I,, satisfies

Dy At

T

_At
In-l—l =e 7 Ip+

_ DoAt
27
With this new notation, method (57) can be rewritten as

1 ¢ n+1 Dy At n+1
((At?+2A15)uh ’”)+(D1 or )(V“h Vo)

2 c 1 e _At
Remark 2. The integral term in (42), discretized in (57), should be implemented following (58).
Let the fully discretisation of E,, v~ (31) be defined by

(e*%VuZ + VUZH) , n>1,

I

(e_%Vug + Vui) .

un_un—2 2 ) )
Enn = ||=ig—|| + Il + 1T = Vil > 2.

The behaviour of [, ,, is clearly illustrated in Figure 3, for different values of Dy and 7. It can
be observed that the larger the damping factor c¢ is, the faster the discrete energy approximates
Z€ero.

A similar result is observed when analysing the numerical solution at the central point (0,0) of
the square [—1,1]2. As expected from the previous results, the solution at this point approximates
zero. In Figure 4 we plot the numerical solution at this point, for the same profiles as in Figure 3.
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Figure 3: Plot of discrete energy for different damping factors and coefficients Dy, 7 (D1 = 1).

9 Conclusions

Wave equations with memory, can be reduced in certain scenarios, to a classical wave equation or
to the diffusion equation with memory that is often used to model diffusion processes characterized
by fickian and nonfickian mass fluxes. Based in these two facts, a new energy functional for the
wave equation with memory is introduced in this paper. Using the energy method, upper bounds
for this new energy functional are established. Such upper bounds are then used to establish
sufficient conditions for its exponential decay. We remark that exponential decay of other energy
functionals were proved in the literature and some of them can be obtained from the results
presented here. The results obtained for the wave equation were generalized for a more general
class of problems.

22



—r7=1 - r7=10""

---r=10""

—7=1
---r=10""

(¢) ¢=0.25,D2 = 0.01

- 7=10"
---r=10""

2 4 6 8 10

- 7=10"
~--r=10""

2 4 6 8 10
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Figure 4: Discrete solution at point (0,0) for different damping factors and coefficients Dy, 7.

To simulate the energy behaviour we introduce a fully discrete model based on finite element
approach. We showed that the semi-discrete counterpart of the equation (obtained by discretisation
in space with finite elements) inherits the same property. The numerical waves defined using the

exponential kernel Ker (s) = 1
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