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Abstract

Several familiar results about normal and extremally disconnected (classical or pointfree) spaces
shape the idea that the two notions are somehow dual to each other and can therefore be studied in
parallel. This paper investigates the source of this ‘duality’ and shows that each pair of parallel
results can be framed by the ‘same’ proof. The key tools for this purpose are relative notions
of normality, extremal disconnectedness, semicontinuity and continuity (with respect to a fixed
class of complemented sublocales of the given locale) that bring and extend to locale theory a
variety of well-known classical variants of normality and upper and lower semicontinuities in a
illuminating unified manner. This approach allows us to unify under a single localic proof all
classical insertion, as well as their corresponding extension results.
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Introduction

In Real Analysis, in spaces like R or R?, we are used to a great abundance of continuous
maps with real values. But there are non-trivial spaces that do not admit continuous real-valued
functions other than the constant ones. The abundance of real continuous functions in a space
(or locale) can be assessed by the existence of functions that indeed separate all subsets (or
sublocales) that can possibly be separated, and the (separation) lemma of Urysohn characterizes
those spaces and locales (“with plenty of continuous real functions” [9]): they are precisely the
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normal ones. Extremally disconnected (De Morgan) spaces or locales are also very important
(see [27]).

As observed by T. Kubiak in [33], several pairs of results in classical topology like those in
Table 1 characterizing the concepts of normality and extremal disconnectedness show a “remark-
able duality” (in the words of [33]) between the two concepts: each pair is identical in structure
but prove facts about normal spaces on one side of the pair and about extremally disconnected
spaces on the other. The origin of this observation goes back to [30] and it also appears in [31]
and [29, p. 301] (consult [25] for more examples of results of this kind in the setting of quasi-
uniform spaces). Nevertheless the known proofs of the results in each pair are quite different in
nature (and the same happens with the proofs of the results in [25]), requiring even in some cases
different tools and constructions.

Space X NoRMAL EXTREMALLY DISCONNECTED
Urysohn’s Every two disjoint CLOSED Every two disjoint oPEN subsets
separation type subsets of X are completely of X are completely separated
lemma separated (Urysohn [47]). (Gillman and Jerison [12]).

Tietze’s extension
type theorem

Each cLosED subset of X is
C*-embedded (Tietze [45]).

Each opeN subset of X is
C*-embedded (Gillman and
Jerison [12]).

Katétov-Tong
insertion type
theorem

For every UPPER semicontinuous
real function f and LOWER semi-
continuous real function g satis-
fying f < g, there exists a con-
tinuous real function 4 such that
f < h < g (Katétov [28], Tong
[46]).

For every LOWER semicontinuous
real function f and UPPER semi-
continuous real function ¢ satis-
fying f < g, there exists a con-
tinuous real function £ such that
f < h < g (Stone [44], Lane
[34D.

Hausdorff mapping
invariance type
theorem

The image of X under any
CLOSED continuous map is
NOorRMAL (Hausdorff [23]).

The image of X under any oPEN
continuous map is EXTREMALLY
DISCONNECTED.

Table 1: Characterizations of normal and extremally disconnected spaces

Our recent work in the more general localic setting (see e.g. [20, 15, 17]) reveals a similar
picture, summarized in Table 2.

This shapes the idea that the two notions are somehow dual to each other and therefore may
be studied in parallel; hopefully, one may even find ‘dual’ proofs for each pair of results. It is the
aim of this paper to examine this parallel. In particular, we address the following questions:

(1) What is the source of this duality?

(2) The proofs of the results in each pair are very different in nature. Can one unify them under
the same result with a single proof?

(3) There is a great variety of classical insertion type results (for several variants of normality).

Can one unify them under a single general result?
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Locale L NoORMAL EXTREMALLY DISCONNECTED

Urysohn’s Every two disjoint cLOSED Every two disjoint OPEN
separation type sublocales of L are completely sublocales of L are completely
lemma separated. separated.

Tietze’s extension Each cLosep sublocale of L is Each open sublocale of L is

type theorem C*-embedded. C*-embedded.

Katétov-Tong For every uppER semicontinuous  For every LOWER semicontinuous
insertion type real function f and Lower semi- real function f and UPPER semi-
theorem continuous real function g satis-  continuous real function g satis-

fying f < g, there exists a con- fying f < g, there exists a con-
tinuous real function /4 such that tinuous real function 4 such that
f<h<g. f<h<g.

Table 2: Characterizations of normal and extremally disconnected locales

(4) Can one complete Table 2 with a pointfree extension of Hausdorff mapping invariance type
theorems?

The main idea will be to fix a class &7 of complemented sublocales of a locale L. Depending
on the parameter <7, we introduce and study dual relative notions of normality and extremal
disconnectedness (respectively <7 -normality and < -disconnectedness) and notions of .&7-con-
tinuous and lower and upper <7-semicontinuous real functions on L. Taking for 7 the standard
closed sublocales, one obtains the usual notions. By varying the choice of <7, we reach a wide
array of examples.

Since every complemented sublocale of a space is a subspace [24], in the case that the locale
L is the lattice OX of open subsets of some space X, these notions can be completely formulated
in terms of the space X, with no reference to sublocales, and provide a unification of the most
relevant classical notions in the literature [8, 10, 28, 34, 35, 36, 37, 41, 43, 46] (some of them are
here introduced and studied for the first time in the pointfree setting).

Our results characterize ./ -normal locales and generalize all characterizations in Table 2.
They hold for any class <7 that induces a Katétov relation on the lattice of all sublocales. Then the
dual results for o7 -disconnectedness correspond to the results for the class 7€ of complements
of elements of ./ and are therefore obtained with no extra cost. Again, this approach allows to
extend and unify the most relevant classical insertion results [8, 28, 46, 35, 44].

By relativizing the notion of an extension of a real function on a sublocale to the whole
locale, we obtain a relative form of Tietze’s extension theorem and the corresponding dual result.
In addition we also prove a relative version for the preservation of normality under localic maps
that extends the Hausdorff mapping invariance type theorems of Table 1 to the pointfree setting,
thus completing Table 2.

There is one important aspect of insertion and normality which is not considered in this paper,
namely strict insertion [16, 21] and its connection with variants of perfect normality. This will
be treated in a separate paper [18].



1. Background and notation

We take the localic approach to topology. If X is a topological space, the partially ordered set
OX of open subsets of X is a complete lattice, in which the infinite distributive law

UAVS=V{UAS|S €S}

holds for all open subsets U and collections of open subsets S in X. We recall that a frame is an
abstract complete lattice with these properties; like inverse image along a continuous mapping,
a frame homomorphism is taken to preserve arbitrary joins (including the bottom element 0 of
the lattice) and finite meets (including the top element 1 of the lattice). We write Frm for the
category of frames and frame homomorphisms.

The above representation is contravariant: continuous maps f: X — Y are represented by
frame homomorphisms #: OY — OX. This is easily mended, in order to keep the geometric
motivation, by considering, instead of Frm, its opposite category Loc of locales and localic
maps. In Loc we have “generalized continuous maps” f: L — M that can be regarded as frame
homomorphisms 4: L < M. In most of the paper we keep the algebraic (frame) approach. When
dealing with images and preimages in Section 9, however, we have found the localic covariant
approach (see [39] for more information about it) more useful, enabling us to write the proof of
the main result in a very short and transparent way.

Any frame L is in particular a complete Heyting algebra (with Heyting implication —) so
there are the pseudocomplements

a=a—->0=\/{beL|larnb=0}

satisfying a A a* = 0. Whenever a* is a complement of a (that is, a* V a = 1) we shall denote it
by a®. An element a is regular if a** = a (equivalently, if @ = b* for some b).

For basic facts about pointfree topology and lattice theory we refer to [27] and [40]. Below
we recall some details of specific relevance to this paper.

The sublocale lattice
A sublocale set (briefly, a sublocale) S of a frame L is a subset S C L such that

(S1) forevery AC S, AAisin S, and
(S2) forevery se S andeveryx e L, x — sisin S.

In the lattice of sublocales of L the least element is {1} and the largest one is L. The meets
coincide with intersections and the joins are given by the formula \/;o; S; = {AA | A C U;e; Si}-

This is a co-frame (i.e., its dual lattice is a frame). In the sequel, we make it into a frame
S(L) by considering the dual ordering S| < S, iff S, € §. Thus, given {S; € S(L): i € I}, we
have ey Si =Nz Siand Aje; Si = {AA| A C Ujer Si}. Also, {1} is the top and L is the bottom
in S(L) that we simply denote by 1 and 0, respectively.

For any a € L, the sets ¢(a) = Taand o(a) = {a — b: b € L} are the closed and open
sublocales of L, respectively. They are complements of each other in S(L). Furthermore, the
map a — c(a) is a frame embedding L < S(L) providing an isomorphism ¢ between L and the
subframe ¢(L) of S(L) consisting of all closed sublocales. On the other hand, denoting by o(L)
the sublattice of S(L) formed by all o(a) (contrarily to ¢(L), this is not a subframe of S(L)), the
correspondence a — o(a) establishes a dual lattice embedding L — o(L).
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Given a sublocale S of L, its closure and interior are defined, respectively, by
S =V{ca): a) <S}=c«(AS) and S°= Afo(a): S < o(a)).
They have the following properties:

Proposition 1.1. Let S, T € S(L), a€ Land A C L. Then:

) T=1,5<85=5 andSAT =5 AT,

(2) 0°=0,8°>8,5°=5°and(S VT =S°VT°,
——\C

(3) $°=(5%) = o(ASY),

@) (@) = o(a"),

(5) o(@) = c(a*).

A sublocale is said to be clopen if it is both closed and open. Clearly, S is clopen iff § =
¢(a) = o(a®) for some complemented a in L.

A Ggs-sublocale is a countable join of open sublocales \/ oy 0(a,) and an F,-sublocale is a
countable meet of closed sublocales A,y ¢(ay).

Real-valued functions

The frame of reals [3] is the frame £(R) generated by all pairs (p, g) € Q x Q satisfying the
relations

R (p, ) A(r,s)=(pVr,gNs),
R2) (p,q) V (r,5) = (p,s) whenever p < r < g < s,
R3) (p,q) = Vi(rs): p<r<s<gqg}
(R4) \/p,qu(p’ ‘Z) = 1
We use the following notation: (p,—) = \/qu(P, @) and (—, q) = \/ pea(p, q); note that (p, —)A
(=9 =P, 9.
Equivalently, £(R) may be defined as the frame with generators of the form (r,—) and (—, r),
r € Q, subject to relations
(rl) (r,—) A (—, s) = 0 whenever r > s,
(12) (r,—) V (—,s) = 1 whenever r < s,
3) (r,—) = Vs, (s,—), forevery r € Q,
(14) (— 1) =V (— ), forevery r € Q,
(15) Viegr,—) =1,
(r6) \/rEQ(_v r) = 1
With (p, qg) = (p,—) A (—, q) one goes back to (R1)—(R4).

Recall from [17] that a (general) real-valued function on L is a frame homomorphism L(R) —
S(L). The class of all real functions on L is denoted by F(L). It is partially ordered by

f<g © f(p,-)<g(p,—) foreverypeQ
S g(—,q) < f(-,q) forevery g € Q.



For each r € Q, we denote by r the constant real-valued function defined for each p,qg € Q

by
1 ifp<r 0 ifg<r
ripoy={ P and r—g={ 1
0 ifp>r 1 ifg>r

Furthermore, let S be a complemented sublocale of L. Then ys defined for each p,q € Q by

1 ifp<0 1 ifg>1
Xs(P,—) =4S¢ if0<p<1l and ys(—g) =45 if0<g<l
0 ifp>1 0 ifg<o0

belongs to F(L) and it is called the characteristic function of S.

Scales in S(L)

In order to define an f € F(L) it suffices to consider a map from the set of generators
{(r,—),(—r) | r € Q} of £R) to S(L) that turns the defining relations (r1)—(r6) into identi-
ties in S(L). This can be easily done with scales. A family (S, | p € Q) of sublocales of L is a
scale if

(S1) S, v S, =1 whenever p < g, and
(S2) \/peQSp =1= \/p€QSP*'

As a basic fact in this context, any scale (S, | r € Q) determines an f € F(L) by the formulas

fp.—)=VS, and f(—q)=VS,,

r>p r<q

for every p,q € Q.

Remarks 1.2. (1) By condition (S1) a scale is necessarily an antitone family. On the other hand,
if a family C = (S, | p € Q) of sublocales of L is antitone and for each p < g in Q there
exists a complemented sublocale S, ; such that S, < §,, < S, then C satisfies (S1). Indeed,
SpVS8,S > 8,,VS8,,° =1 whenever p < ¢g. In particular, if C consists of complemented

sublocales, then C satisfies (S1) if and only if it is antitone.
(2) Given areal function f € F(L), the families

(f(r=o)1reQ and (f(=nN"IreQ
are clearly scales. Moreover, they both generate the real function f.

Lemma 1.3. Let (S, | r € Q) and (T, | r € Q) be scales generating real functions f and g,
respectively. Then:
f<g & S§;<T, foreveryp<aq.

Proof. Let p < gin Q and take r € Q with p < r < q. Then S, < f(r,—) < g(r,—) < T),.
Conversely, for each p € Q,

f(p,—=VVS;<VT,=¢gp,—). O

r>p s>r r>p



Stone algebras

A Stone algebra is a distributive pseudocomplemented algebra (p-algebra) A that satisfies
the Stone identity a* vV a** = 1 for every a € A. It is well known that the first De Morgan law
(a Vv b)" = a* Ab* holds in any p-algebra while the second De Morgan law (a A b)* = a* V b*
holds only for Stone algebras:

Proposition 1.4. In any distributive p-algebra A we have:

(1) arnb=0sa*Ab™ =0.

(2) (aVv b)" =a* ADb* forevery a,b € A.

3) (@aAb)y™ =a™ ANb™ for every a,b € A.

(4) If A is a Stone algebra then (a Vv b)™ = a** Vv b*™ for every a,b € A.
(5) IfA is a Stone algebra then (a A b)* = a* Vv b* for every a,b € A.

Proof. (1)anb=0oa<b* = a™ <b™ =b"= a™* Ab™ <b* Ab™ = 0. The converse is
obvious.

(2) is straightforward.

3) (@ A b)™ < a™ A Db*™ is obvious. Conversely, if x A (a A b) = 0 then, applying (1), we get
xAa™ Ab*™ =0. For x = (a A b)* this means that a™* A b™ < (a A b)*™.

@) (avb)™ = a**vb** is always true. It remains to show that xA(aVvb)* = 0 implies x < a** Vb**.
Let xAa*Ab* = 0. Then xAa* < b**. Thus x = xAl = xA(a*Va™) = (xAa*)V(xAa™) < b Va™.

(5) Using (2), (3) and (4) we may write (a A b)" = (a A b)*™ = (a™ Ab™)" = (a" vV b*)™ =

2. Normality versus extremal disconnectedness
Recall that a frame L is normal if
avVb=1 = duveL:uAv=0andavVu=1=>bVvo. (2.1)

Proposition 2.1. (Cf. [11, Prop. 3.5]) The following are equivalent for a frame L:

(1) Lisnormal

2) If «(a) vV c«(b) = 1, then there exist u,v € L such that «(u) A ¢(v) = 0 and c(a) V c(u) =1 =
«(b) V c«(v).

) If o(a) A o(b) = O, then there exist u,v € L such that o(u) V o(v) = 1 and o(a) A o(u) = 0 =
o(b) A o(v).

(4) The frame Ta is normal for every a € L.

Proof. (1)&(2)e(3) and (4)=(1) are trivial.

(1)=(4): Let x,y € Ta satisfying xVy = 1. By hypothesis, there exist u,v € L such thatu Av =0
andxVu=1=yVu. Itisthen obviousthatu =uVvVaefaandv=vVace Tasatisfyunv=a
andxvVu=1=yVvuo. O



Remark 2.2. In any normal frame the rather below relation
a<b=a"Vvb=1

is interpolative. Indeed, if a* vV b = 1 then there exist u,v € L satisfyingu Av=0and a* vV u =
l=bvuv,andthusa <u < b (sinceu*Vb>vVb=1).

Note that when < interpolates, it coincides with the relation << where a << b expresses the
familiar relation that a is really inside, or completely below, b (Johnstone [27]).

On the other hand, a frame L is said to be extremally disconnected (also De Morgan) if it is
a Stone algebra, that is, a* vV a** = 1 for every a € L (in other words, every regular element of L
is complemented) [27, 38]. We observe that this notion is in accordance with the corresponding
classical one for a topological space X: a space X is extremally disconnected iff the frame OX is
extremally disconnected.

Proposition 2.3. The following are equivalent for a frame L:

(1) L is extremally disconnected.
(2) The second De Morgan law holds in L.
) Ifa Ab =0, then there exist u,v € L suchthatuNVv=1andaANu=0=>b Av.
@) If c(a) A «(b) = O, then there exist u,v € L such that c«(u) V ¢(v) = 1 and c«(a) A c(u) = 0 =
«(b) A c(v).
(5) If o(a) vV o(b) = 1, then there exist u,v € L such that o(u) A o(v) = 0 and o(a) V o(u) = 1 =
o(b) V o(v).
©) If a A b = 0, with a and b regular, then there exist u,v € L such that u vV v = 1 and
ahNu=0=>bAnv.
(7) If o(a) V o(b) = 1, then o(a) V o(b) = 1.
8) If c(a) A c(b) = 0, then «(a)° A ¢«(b)° = 0.
(9) The interior of every closed sublocale of L is clopen.
(10) The closure of every open sublocale of L is clopen.
(11) The frame |a is extremally disconnected for every a € L.

Proof. (1)=(2) by Proposition 1.4(5).

2)=@): Ifanb=0,takingu = a* andv = b* we have thatu Vv =a* vb* = (aAb)" =1 and
anu=0=bAv.

B)e@d)e(5) and (5)=(6) are trivial.

(6)=(1): Since a** Aa* = 0 and both a™ and a* are regular, there exist u, v € L satisfyinguVvov =1
anda” Au=0=vAa". Thisimpliesthat | =u Vv <a*™ va™ =a*Vva™.

Q)=T): o@Vob)=1earb=0=1=(aAb) =a*Vb* = 1 = (a*)V(b*) = o(a) V o(b).
@:(E&):_It is obvious, since by complementation, o(a) V o(b) = 1 & (a) A «(b) = 0 and
o(a) Vo) =1 da) Ad«b) =0.

(8)=(9): Since c(a) A c«(a*) = 0, it follows that 0 = c(a)®° A «(a*)° = o(a*) A o(a™) and so
o(a”) = ¢(a*™). Hence, for every closed sublocale c¢(a), ¢(a)° = o(a*) = ¢(a™).

9)=(10): Conside@ open sublocale o(a). Then, by hypothesis c¢(a)° is clopen and thus, by
Proposition 1.1(3), o(a) = (¢(a)°)° is also clopen.

(10)=(1): Leta € L. Since @ = ¢(a”) is clopen it follows that a* is complemented in L.

()e(11) was proved in [15, Remark 5.4(2)]. m|
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Remark 2.4. The infinite version of the first De Morgan law, (\/; ;)" = /\;a; (for any index set
I), holds in every frame. However, contrarily to what we incorrectly wrote in [21, pg. 2270], the
dual law (A7 ai)* = Ve a; does not hold in general for extremally disconnected frames.

As a first step towards establishing our general setting, note that conditions 2.1 and 2.3(3)
that characterize normal and extremally disconnected frames respectively are dual to each other.
They are formulable in any lattice and so one may speak more generally about normal and ex-
tremally disconnected lattices (this idea is not new in the literature, see e.g. [48, Section 82] and
the nice discussion there about the duality between normal and extremally disconnected distribu-
tive lattices). Evidently, a lattice L is normal iff its dual lattice L°P is extremally disconnected.
Moreover, for frames the following is also obvious:

Corollary 2.5. Let L be a frame. Then:

(a) Lis normal iff «(L) is normal iff o(L) is extremally disconnected.
(b) L is extremally disconnected iff ¢(L) is extremally disconnected iff o(L) is normal. ]

We shall now consider the counterparts in the pointfree setting of some other notions related
to normality that one finds in the literature. All these examples will be of interest later on.

We say that a frame L is mildly normal (resp. almost normal) if for any a,b € L satisfying
aVvb = 1, with a and b (resp. a) regular, there exist u, v € L such thatuAv = OandavVu = bvv = 1.
They are the frame counterparts of mildly normal spaces [43] and almost normal spaces [42].

Remark 2.6. By 2.3(6) (which relies on the equivalence a A b = 0 & a* A b*™ = 0 of Propo-
sition 1.4), the corresponding notions in the extremally disconnected side do not give anything
really weaker. The difference with normality is that the dual equivalence

avVb=1leada*Vvb =1

does not hold in arbitrary distributive p-algebras.

Finally, we also need to introduce the following definitions:
A sublocale S is a regular G5 sublocale in case S is a countable join of closed sublocales
¢(a,) whose interiors are contained in S, that is,

S = \/ da,) = \/ c(an)o = \/ D(an*)-
Dually, S is a regular F, sublocale in case

S = Aolay) = A\oay) = A c(a,).

An element a of L is §-regular whenever a = \/, a, with a, < a. Regarding these notions we
have:
a 6-regular & ¢(a) regular G5 sublocale = o(a) regular F, sublocale.

(The equivalence is an immediate consequence of the fact that a, < a iff 0(a,”) < ¢«(a): if a
is o-regular then ¢(a) = \/, «(a,) < V, da,)° = V,o(a,”) < c¢(a) thus c(a) = V, o(a,”); the
converse follows similarly. The second implication is obvious while its converse is false by a
counterexample in [18].)

We say that a frame is d-normal if for any a,b € L satisfying a V b = 1, with a and b -
regular, there exist §-regular elements u,v € L suchthatu Av=0andaVu = b Vv = 1. For any
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topological space X, the 5-regular elements of the frame OX of open subsets of X consist exactly
of the regular F,, subsets of X (the complements of the usual regular G subsets of X [37]), and
therefore d-normal frames extend 6-normal spaces.

Remark 2.7. In the definition above of a d-regular element we may assume that each a,, is regular.
Indeed, a, < a implies a,* < a and hencea = \/, a, <V, a," < a.

3. Variants of semicontinuity

Recall from [17] that a real function f on L is:

(1) lower semicontinuous if f(r,—) is a closed sublocale for every r € Q;
(2) upper semicontinuous if f(—,r) is a closed sublocale for every r € Q;
(3) continuous if f(p,q) is a closed sublocale for every p, g, i.e. f(2(R)) C ¢(L).

We denote by
LSC(L), USC(L) and C(L)

the collections of all lower semicontinuous, upper semicontinuous, and continuous members of
F(L). Note that if S is a complemented sublocale of L, then ys € LSC(L) iff S is open and
dually ys € USC(L) iff S is closed. It is also worth mention that, as proved in [17], after
the isomorphism ¢: L — ¢(L), the elements of C(L) are represented by frame homomorphisms
¢: L(R) — L, thus coinciding with the standard continuous real functions on a frame L (see [3]).
In the sequel, we will freely refer to a continuous real function as both the real function f € C(L)
and the unique frame homomorphism ¢: £(R) — Lsuch thatc-¢ = f.

Proposition 3.1. Let f € F(L). Then:

(1) f € LSC(L) if and only if for each p < q in Q there exists a closed sublocale F, 4 such that
1@, =) < Fpg < f(p,—).

(2) f € USC(L) if and only if for each p < q in Q there exists a closed sublocale F, , such that
f(=p) = Fpg < f(=q.

Proof. (1) =: This is obvious since f(p,—) is closed for each p € Q.

= Letp € Q Then f(Ps—) = \/r>p f(rs_) < \/r>p Fp,r < f(p’_) and thus f(p’_) = \/r>p Fp,r
is a closed sublocale.

(2) Similar to (1). ]

An element a € L is said to be a cozero element if there exists an f € C(L) such that

@) = f((=0)V(0,-) = V{f(p,0) vV f(0,9) | p <0 < qinQ},

or, equivalently, a continuous ¢: £(R) — L such that a = ¢((—, 0) V (0,—)). We shall denote a
by coz f.

Remarks 3.2. (1) The closed sublocales ¢(a) given by cozero elements a = coz f are the zero-set
sublocales of [26], complements of the cozero sublocales o(coz f).

(2) The cozero elements can be alternatively described without reference to the frame of reals
as follows [5]: a is a cozero element iff a = \/,, a, for some a, <<a, n = 1,2,... (equivalently:
a, <<dau.1,n=1,2...).
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(3) For more information on the map coz: C(L) — L we refer to [4]. As usual, Coz L will denote
the cozero lattice of all cozero elements of L (which is always a sub-o-frame of L by (2)). Note
that in any extremally disconnected frame, each regular element a, being complemented, is a
cozero element (indeed, y (s € C(L) and yoq)((—, 0) V (0,—)) = c(a), hence a = coz y o).

(4) It is easy to see that cozero elements are d-regular (since ¢((—, 0) vV (0,—)) = \/,, QD(—%, %)* for
any continuous ¢: £(R) — L). On the other hand, in any almost normal frame, each ¢-regular
element belongs to Coz L. In fact, fora = \/,, a, with a,, < a and a,, regular, we have a," Va = 1,
and so by almost normality there exist u, and v, such thata,* Vu, =landu,* Va>v,Va=1,
which means that a, < u, < a, and thus a, << a (by Remark 2.2).

The lower and upper regularizations of f were introduced and studied in [15, 17]. In general
they are extended real functions [17, 6] but if there exists g € LSC(L) such that g < f, the lower
regularization f° of f is a real function, generated by the scale ( f(r,—o)|re Q), ie.,

Fpo) =V o ad =V (o).
r>p s<q
Dually, if there exists g € USC(L) such that f < g, the upper regularization f~ is the real
function generated by the scale (( f(—, r))c | re Q), i.e.,
f o= V{0 and f(—q =V fl=s).

r>p §<q

Given an f € F(L), the function —f is defined by (-f)(p,—) = f(— —p) and (—f)(—, q) =
f(—g,—) for every p,q € Q. Note that if there exist g; € LSC(L) and g, € USC(L) such that

g1 < f<gathen (—f)° = —f7,(=f)" =—f°, (=N =—f"and (-f)™° = —f°".
Let
© FPI(L) = {f € F(L) | 3g € LSC(L) such that g < £},

FP“(L) = {f € F(L) | 3g € USC(L) such that f < g} and
Fo(L) = FP'(L) N FP(L).
The operators (-)°: FP(L) — LSC(L) and (-)~: F?(L) — USC(L) have the following useful
properties ([15, 17]):
Proposition 3.3. Let f, fi, f» € FP'(L) and g, g1, g» € FP(L). Then:
(1) f°<fandg<g .
@ fe=fand 77 =f"
BG) AR =[N and(giVg) =g1” Vagr .
(4) LSC(L) = {f € FP(L) | f° = f}and USC(L) = {f e F*(L) | f~ = f).
(5) f°=V{gelLSCI) g < fland [~ = Nlg € USC(L) | g > f}.
(6) For each complemented sublocale S, (xs)° = xs- and (xs)™ = x5-
Furthermore:

Lemma 3.4. Let f € F(L). Then, for every p,q € Q we have:

(1) S0 = Vo J( ) and () = V o (/= 9)) -
@) (o) = Vo (F. D) and £ (—.q) = V oy F(— 9.
11



Proof. (1) First note that since f € F?(L), it follows that f~ € F?(L) and so f=° € F(L). By
definition, for each p € Q,

o=V Feo=VV([Fe).

r>p r>p s>r

Lets > r > p. Then f(—5) > f(r,—)" and so (f(—5) < (fn—))". It follows that
\/s>r (f(_’ S))c < (f(r, _)*)c = f(r, —)O and thus

o=V V (F—9) < V Feor.
r>p

r>p s>r

Conversely, let r > ¥’ > p. Then f(— r) < f(r,—)* and so

foro = (fe =) < (F=n) < V (F=9)

s>r’

Cc
Hence f(r,—)° < Vo ( f— s))c and therefore

VI =V VIr—rsV V() =1 po.
r>p r'>pr>r r'>p s>r
On the other hand, for each ¢ € Q we have (again by definition)
[ =V (F G o) =V (v (F& r>)°) :

<q 5<q \r>s

Let s <t < g. Then \/, (f(—, r))C > (f(—, t))C and so

(\/ (JW)C)c < ((f(—, t))c)c = (/=n)

r>s

It follows that

=V (v (F r>)°) <V (f&n)

s<q \r>s t<q

Conversely, let s < g. Then f(—, s) < f(—,r) for all » > s and so

(F=9) 2 v (fen)

c

Hence

V(Ff&9) =V ((f(—, s>)°) <V (v (f& r))") = (9.

s<q §<q 5<q \r>s

(2) It follows immediately since f°~ € F(L) and
f07(p7_) = _(f07) (_’ _P) = (_f)io (_’ _17)
=V (CHE9) = V (fEs) = V(Feo)

s<—p s<—p r>q

and

ARG -(f)=q.-) = N7 (=¢.—)

\/ (_f)(r’_)o = \/ f(_’_r)o = \/f(_’s)o' O

r>—q r>—q s<q
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In the point-set case, one finds in the literature several special notions of lower and upper
semicontinuity (see [10, 35, 36, 44]). Normal lower and upper semicontinuous functions, in-
troduced by Dilworth ([10]), are immediately extendable to frames: we say that an f € F(L)
is normal upper (resp. normal lower) semicontinuous if (f°)~ = f (resp. (f7)° = f). Note
that if f is normal upper or lower semicontinuous, then f € F?(L). It follows immediately from
Lemma 3.4 that:

Corollary 3.5. Let f € FO(L). Then:

(1) f is normal lower semicontinuous if and only if f(p,—) = V5, f(r,—)° for every p € Q.
Denoting by a, the element in L such that f(p,—) = «(a,), then f is normal lower semicon-
tinuous if and only if a, = \/,., a,"" for every p € Q.

(2) f is normal upper semicontinuous if and only if f(— q) = V4 f(— $)° for every q € Q.
Denoting by b, the element in L such that f(—, q) = «(b,), then f is normal upper semicon-
tinuous if and only if b, = \/ s, bs™" for every q € Q. O

Now we may characterize normal semicontinuity in a similar vein to Proposition 3.1, as
follows:

Proposition 3.6. Let f € F(L). Then:

(1) f is normal lower semicontinuous if and only if for each p < q in Q there exists a regular
closed sublocale F, 4 such that f(q,—) < F,4 < f(p,—).

(2) f is normal upper semicontinuous if and only if for each p < q in Q there exists a regular
closed sublocale F, 4 such that f(—, p) < Fp4 < f(— q).

Proof. (1) =: Let p < g. Then for each r > ¢, f(r,—) < f(g,—) and thus

fﬁo(q’_) = \/ f(r,_)o < f(q’_)o'

r>q

Hence

flg.=) =f"(q.—) < flg,.=)° <V fr,=)r° < f°(p,—) = f(p,-),

r>p

with f(g,—)° being a regular closed sublocale.

&: We first note that since F, 4 is closed for each p < g, it follows from Proposition 3.1 that f
is lower semicontinuous. Hence f = f° < f~°. On the other hand, let p € Q. Then for each
r > p there exists a regular closed sublocale F,, such that f(r,—) < F,, < f(p,—). Therefore

f(r,—» <F,,° = F,, < f(p,—) and hence
=)=V f(r,=)r <V Fpr < f(p,—).
>p >p
It follows that f—° < f.
(2) Similar to (1). O

Let S be a closed sublocale of L. Then ys € USC(L) and it is normal if and only if Se =8,
that is, if and only if § is a regular closed sublocale. In case L is extremally disconnected (which
means that S° = S° for every closed S) then S is clopen. Thus every normal upper ys is

continuous if and only if L is extremally disconnected. More generally, we have:
13



Corollary 3.7. The following are equivalent for any frame L:

(1) L is extremally disconnected.
(2) Every normal lower semicontinuous function on L is continuous.
(3) Every normal upper semicontinuous function on L is continuous.

Proof. The implications “(2) & (3) = (1)” are obvious. Regarding (1) = (2), let L be ex-
tremally disconnected and consider f € LSC(L) such that f= = f. Then, foreach r < ¢ < s in
Q,

f_(_’ S)Vf(}’,—) = f_(_’ S)Vf_o(l",—) 2 (\/q<sf(_’q))V(\/p>rf(p’_)o)
> [,V ft,-)° = da”) vV da) = 1.

Consequently, f~(—,s) = Vo, f(r,—)* = V,os f(— 1) = f(—, 5). This means that f~ < f and
therefore f = f~ € USC(L). Hence f is continuous. O

Other important classes of classical semicontinuous functions are the zero ones of Stone [44]
and the regular ones of Lane [36]. Regarding the former, we say that an f € F(L) is zero lower
(resp. zero upper) semicontinuous function if, for each r € Q, f(r,—) = c(a,) (resp. f(—,r) =
¢(a,)) for some a, € Coz L. Since Coz L is a sub-o-frame of L, this is equivalent to saying that
for each p < g in Q there exists a zero-set sublocale c(a, ) such that f(g,—) < c(a,,) < f(p,—)
(resp. f(—, p) < dapq) < f(—, q)) (recall the proof of Proposition 3.1).

On the other hand, we say that an f € F(L) is regular lower (resp. regular upper) semicon-
tinuous if, for each r € Q, f(r,—) = c(a,) (resp. f(—,r) = c¢(a,)) where each a, is a d-regular
element. Again, since the J-regular elements form a sub-o-frame of L, this is equivalent to
saying that for each p < ¢ in Q there exists a regular closed Gs sublocale c(a,,) such that
fg,—) < dapq) < f(p,—) (tesp. f(—, p) < dapy) < f(— q).

Note that zero semicontinuity implies regular semicontinuity; by Remark 3.2(4), the converse
holds in almost normal frames.

Finally, recall from [22] (see also [13]) that an f € F(L) is lower (resp. upper) compact-like
if f(r,—) (resp. f(—,r)) is a compact sublocale of L for every r € Q. In any Hausdorft (or fit)
frame, compact sublocales are closed. In that case, therefore, any lower (resp. upper) compact-
like function on L is lower (resp. upper) semicontinuous. It should be added that if L is compact,
then any upper (resp. lower) semicontinuous function on L is upper (resp. lower) compact-like
[22].

4. </ -normality and <7 -disconnectedness

The main idea of our approach is the following: go to the sublocale frame S(L) and take
complements inside it. More specifically, given a frame L, let B(S(L)) denote the Boolean part
of S(L) (that is, the Boolean algebra of complemented elements of S(L)). Fix an .o/ C B(S(L))
and let o7° denote the corresponding set of complements. Clearly, &/°° = o and if o is a
sublattice of B(S(L)), then 7€ is also a sublattice of B(S(L)).

Definition 4.1. A frame L is &/ -normal if

forany A, B € o/ suchthat AVB = 1 there are U, V € & suchthat UAV =0
andAvU=1=BVYV.
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Dually, we say that L is .o/ -disconnected if it is </°-normal, that is, if

forany A, B € o/ suchthat AAB = O there are U,V € o suchthat UVV =1
andAAU=0=BAV.

Remark 4.2. Note that in case L is OX for some space X, since every complemented sublocale
of a space is a subspace [40], these notions are completely formulated in terms of the space
X (with no reference to sublocales) and provide a unification of several variants of normal and
disconnected topological spaces in the literature.

Examples 4.3. Our guiding examples for classes o/ C B(S(L)) will be
ah = «(L), ah ={da") | a €L}, o ={ca)|a € CozL},
, = B(S(L)), @5 ={c(a)|ais §-regular}.

o, o3, oy and 5 are clearly sublattices of B(S(L)) while 2% is only closed under finite meets.
They induce the notions listed in Table 3.

&/  .o/-normal frames ./ -disconnected frames

@/ normal frames extremally disconnected frames
@  mildly normal frames extremally disconnected frames
of;  frames F-frames

oy  frames frames

75  6-normal frames extremally d-disconnected frames

Table 3: Examples of .27 -normal and 7-disconnected frames

Indeed, the cases 7 and 27 are obvious. Concerning .«t5 we have:

e of-normal=mildly normal: if a Vb = 1 (with a, b regular elements) and there are u, v € L such
thatu Av=0andaVu=1=>bVo thenaVvu™ =1=>Vv™and again u™ A v = 0 (by
Proposition 1.4(1)).

e of-disconnected=extremally disconnected: Proposition 2.3(6) (cf. Remark 2.6).

For <7 (the zero-set sublocales of Remark 3.2(1)), the fact that any frame is .2/3-normal is a
consequence of Proposition 5 in Banaschewski ([2]) while the fact that @%-disconnected frames
are precisely the F-frames (i.e, frames where the open quotient of each (dense) cozero element
is a C*-quotient) follows from Proposition 8.4.10 in Ball and Walters-Wayland [1].

Finally, for .o, it is obvious that the .o/;-normal frames are what we named §-normal frames;
accordingly, we call #%-disconnected frames as extremally d-disconnected frames. Note that
by Proposition 8.4.10 of [1], in frames where the J-regular elements are the cozero elements,
extremally ¢-disconnected frames coincide with F-frames.

5. o/-continuity and .o/ -semicontinuities

In this section we show how variants of continuous and semicontinuous real functions can
also be defined in terms of a given class of complemented sublocales .7
15



Ordinary continuity and semicontinuities of an f: £(R) — S(L) are defined with respect to
¢(L) € S(L). In this case, by Proposition 3.1, f is lower (resp. upper) semicontinuous if and
only if for each p < g in Q there exists F,, € ¢(L) such that f(g,—) < F,, < f(p,—) (resp.
f(—p) < F,, < f(—¢q)). This is so because ¢(L) is closed under joins. However, for a general
class o/ of complemented sublocales not necessarily closed under joins the latter condition is
weaker and we take it as the definition for semicontinuity with respect to .27

Definitions 5.1. We say that f is:

(1) lower o -semicontinuous if for each p < g in Q there exists F,, € & such that f(g,—) <

F,q, < f(p,—).
(2) upper of -semicontinuous if for each p < g in Q there exists F,, € &/ such that f(—, p) <

Fp,q < fl—9.
(3) o -continuous if it is both lower and upper </ -semicontinuous.

Remark 5.2. f is upper <7 -semicontinuous iff it is lower .7 °-semicontinuous (and therefore it is
o/ °~continuous iff it is &7-continuous): if for each p < ¢ in Q there is some F,, € & satisfying
f(g,—) < F,4 < f(p,—) then take arational 7 such that p < r < g; since f(r,—) < F,, < f(p,—),
then f(—, p) < f(p,—)* < F,,° and, on the other hand, f(— q) vV F,, = f(—¢q) V f(r,—) =1 s0
that F,,,° < f(—, q).

Note that for any S € 7, x5 is upper .2/ -semicontinuous and ys- is lower .27 -semicontinuous.

Definition 5.3. (Cf. [14, Def. 3.1]) Further, we say that two sublocales S and 7 of L are
completely of -separated if there is an <7-continuous function f such that f(0,—) < S and

f=D<LT.

Examples 5.4. For our guiding examples in 4.3 and
e =1{S € B(S(L)) | S is compact}

(in this case we assume that L is Hausdorff or fit so that any compact sublocale is complemented)
the corresponding induced notions are listed in Table 4 (recall the results of Section 3).

.o/ lower .o/ -semicontinuous  upper .¢/-semicontinuous  .¢/-continuous

</, lower semicontinuous upper semicontinuous continuous

@/  normal lower normal upper continuous
semicontinuous semicontinuous

@3 zero lower semicontinuous Zero upper semicontinuous  zero continuous

. C(B(S(L)) C(B(S(L)) C(B(S(L))

/5 regular lower regular upper regular continuous
semicontinuous semicontinuous

s compact-like lower compact-like upper compact-like
semicontinuous semicontinuous continuous

Table 4: Examples of .2 -continuous and .27 -semicontinuous maps

Concerning class <, since «/,° = </, by Remark 5.2 the three classes of induced maps
coincide, and are equal to the class of frame homomorphisms £(R) — B(S(L)).
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6. Katétov relations

Let M be an arbitrary lattice. Recall that a binary relation € on M is called a Katétov relation
([28, 30, 32, 19]) if it satisfies the following conditions for all @, b,a’, b’ € M:

K1) aeb=a<h.

K2) a <aeb<sb =daeb'.

(K3) aebandad’ €eb= (aVva) €b.

(K4) aebandaeb = ac (bAD).

(KS5) aeb=>dceM:aece&hb. (Interpolation Property)

Lemma 6.1 ([30, 32, 19]). Let M be a lattice, € a Katétov relation on M and < a transitive
and irreflexive relation on a countable set D. Further, let (ag | d € D) and (by | d € D) be two
families of elements of M such that

dy <dy implies ag <ag, by <bg andag, € by,.
Then there exists a family (cy | d € D) € M such that

dy <dy, implies cq €cq, aq, €cq andcgy, € by.

Now, given a fixed &/ € B(S(L)), define the relation €., on S(L) by
Sey T=AWeAd,IVed:S<VU<T. (€Ew)
Lemma 6.2. €, is interpolative if and only if L is </ -normal.

Proof. Let €, satisfy the Interpolation Property and consider A, B € of satisfying AV B = 1.
Then A® € «7° satisfies A° < B. This means that A° €, B and by hypothesis there is a
T € S(L) such that A® €y T €./ B. Therefore there are Uy, U, € &/ and Vi, V, € .&/° such that
A® <V U £T £V, < U, < B. Then, immediately, U1 AV, =0and AV U, =1 =BV V,°.

Conversely,let S <V <U<TforS, TeS(L),U €.« andV € &/°. Then VeV U > V°®V
V = 1 thus by the &/ -normality of L, there exist A, B € </ suchthat AAB =0, V°VA=1=UVB.
This implies § <V <A <B°< U < T whichmeans that S €,y A €y T. ]

Clearly, for any o C B(S(L)), the relation €, satisfies conditions (K1) and (K2). We
say that &7 is a Katétov class in L whenever €, also satisfies conditions (K3) and (K4). By
Lemma 6.2, each Katétov class <7 in any </ -normal frame induces a Katétov relation €,,. The
following proposition is obvious.

Proposition 6.3. Every sublattice <7 of B(S(L)) is a Katétov class. O

As a consequence, guiding classes <7, 273, <, and o7, as well as their corresponding sets of
complements .27 °, 24°, @/,° and 2/°, are Katétov classes in any frame. .z and .<%°, despite the
fact that they are not sublattices of B(S(L)), also fit in this scheme as the following results show.
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Proposition 6.4. Let of be a class of complemented sublocales of L satisfying

e U, Uye o = U VU,ed (closedunder binary joins)
eU,Uhedd, UUNUy 2 Ve =5 AU e : U AU, >2U>V.

Then:

(1) < is a Katétov class.
(2) If L is o/°-normal then <7° is also a Katétov class.

Proof. (1) (K3): LetS; < U; < U; £ T with Ui, e w®and U; € o/ (i = 1,2). Then
S1VSZSU1VU5SU1VU2ST,

where U, vV U, € &7 (since </ is closed under binary joins). In particular, applying (x,) to the
inequality (U))°A(U})° 2 (U1)°A(U2)° € 27°, we get U € o/ suchthat U|VU), < U® < Uy VUo.
Hence S| VS, <U°<U; VU, <T,ie. SV S, €y T as required.

(K4): Let S <U; < U; < T; with U] € &/® and U; € </ (i = 1,2). Then
S<U AU, <U AU, <T) ATy,

where U] A Uj € o/° (since &7° is closed under binary joins). In particular, applying (+,) to the
inequality Uy A Uy > U] AU € &/, we get U € &7 such that U] A Uy < U < Uy A Us. Hence
SSU AU SUZ<LT ATy, ie. § €y T1 AT, as required.

(2) (K3): LetS; < U; < U] < T with U; € &/ and U] € &/° (i = 1,2). Then U; €y U]. By
Lemma 6.2, €. is interpolative and so we have furthermore

S;<U; <V, <V, <U/ <T
for some V; € o/ and V! € &/°. Thus
SIVS2 Uy VU sV VV, s ViV, < U VU, <T,

where U; V U,, V| V V; € o (since & is closed under binary joins). Then, applying (x,) to the
inequality (V])° A (V})° > (V1)° A (V2)® € &/, we get U € &7 suchthat VI vV V] < U° <V, v V,.
Hence S| VS, <U VU, <U°<T,ie. § VS, ye T follows, as required.

(K4): Let S < U; < U] < T; with U; € &/ and U] € &/° (i = 1,2). Then U; €4 U]. By
Lemma 6.2, €. is interpolative and so we have furthermore

S<U <V <V;<U/<T;
for some V; € o/ and V! € </°. Thus
S<U AU, SVIAVSVIAV, U AU ST AT,

where U A U}, V] AV] € o/° (since 27° is closed under binary meets). In particular, applying
(*5) to the inequality Vi AV, > VI AV) € &/°, we get U € &/ suchthat Vi AV, < U < Vi A V.
Hence § < U S U AU, <Ti ATz, ie. § €yc T1 AT, as required. O

The dual version of Proposition 6.4 follows immediately by complementation (since <7 sat-
isfies (xy) if and only if ./® satisfies (x,)):
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Proposition 6.5. Let of be a class of complemented sublocales of L satisfying

e U, Uyed = U AUy e/ (closed under binary meets) (+)
e U,,U,ed, U VU, < Ved® =5 AU e : U VU, <ULV v
Then:
(1) /€ is a Katétov class.
(2) If L is of -normal then < is also a Katétov class. O

Note that Proposition 6.3 is an immediate consequence of Propositions 6.4 and 6.5 since .«
being closed under binary meets and joins implies both conditions (x,) and ().

Corollary 6.6. <% is a Katétov class in any mildly normal frame and </° is a Katétov class in
any frame.

Proof. 1t suffices to check that .o% satisfies condition (x). 2% is certainly closed under binary
meets and, moreover, for any regular elements a;, a and b in L, c(a;) V «(az) < o(b) implies
c(ay) Vv day) < «((ar V az)™) < o((a; Var)*) < o(b) and (a; V a)* is regular. |

7. Katétov-Tong-type insertion versus Stone-type insertion
Finally, we come to the main result of the paper:

Theorem 7.1. [RELATIVE VERSION OF KATETOV-TONG INSERTION THEOREM
Let o/ C B(S(L)) be a Katétov class. The following are equivalent:

(i) Lis o/ -normal.
(i) If f < g are real functions on L such that f is upper and g is lower <f -semicontinuous,
then there exists an <7 -continuous real function h on L such that f < h < g.
(iii) Every S,T € of satisfying S VT = 1 are completely o -separated.

Proof. (i)=(ii): Let f < g be two real functions on L such that f is upper and g is lower .2 -sem-
icontinuous and let €., be the Katétov relation defined in (€.,). Further, let a, = f(—, r)* and
b, = g(r,—) for each r € Q. It follows from Remark 1.2(2) that (a, | » € Q) and (b, | r € Q) are
scales generating f and g, respectively. Hence, in particular,

a;<a, and b, <b, wheneverp <gq.

On the other hand, let p,r,s,q € Q such that p < r < s < ¢. Since f is upper and ¢ is lower
&/ -semicontinuous, there exist S, T, € o7 such that

f(=9) <854 < f(—q and g(r.—) <Tp, <g(p,—).
Finally, since f < g, it follows from Lemma 1.3 that
ag=f(=q)" <S:° < fl—9)" < f(r,—) < g(r,—) < Tp, < g(p,—) = by,
ie a, €y by,
We can now apply Lemma 6.1 with

M=S8(L), €e=ey, D=Q and <«=<.
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Hence there exists a family (¢, | r € Q) of sublocales of L such that
CqC€u Cp, g€y cp, and ¢, €y b, whenever p <gq.

First note that \/ jeqg ¢y 2 Vpegap = 1 and \,eq¢p™ 2 Vjpegbp® = 1. Also, if p < g then
¢4 €4 Cp and so there exists U € <7 such that ¢, < U < ¢,,. Since U is complemented, it follows
from Remark 1.2(1) that (¢, | r € Q) satisfies (S1). Hence (¢, | € Q) is a scale and the generated
function 4 satisfies:

(1) f<h (since a4 < ¢, whenever p < g, applying Lemma 1.3).

(2) h<yg, (since ¢, < b, whenever p < g, applying Lemma 1.3).

(3) his &7-continuous:
Let p < r < g, since ¢, €y cp, it follows that there exist T4, T, € @/®and S .4, S - € &
suchthatc, <T,, <S,,<c,andc, <T,,<S,, <c,. Hence

g, =)=V cg <cg<S,g<c, <V ¢y =h(p,—)
q'>q r'>p
and

WM—p)=V cp"<¢," <Tp,° <¢," <V ¢ = h(—q).
p'<p q9'<q

(i))=(ii): Let S, T € «f satisfying S VT = 1. Then y7 is upper .«7-semicontinuous, ysc is lower
&/ -semicontinuous and y7 < ysc. Hence, by hypothesis, there is an </ -continuous real function

hsuch that yr < h < ygc. But this means that i(—, 1) < y7(—, 1) = T and (0, —) < y5¢(0,—) =S
and thus S and T are completely .«7-separated.

(iii)=(): Let A, B € o« with A vV B = 1. By hypothesis, there is an ./-continuous f such that
f(0,—) < Aand f(—, 1) < B. Consider U, V € & such that

fEH<U<f(=L) and fE)<V<fE ).
Clearly, UAV =0andAVU =1=BV V. .

Now the dual result for extremal .«7-disconnectedness follows immediately by complemen-
tation:

Corollary 7.2. Let o/ C B(S(L)) be such that </° is a Katétov class. The following are equiva-
lent:

(i) L is of -disconnected.
(ii) If g < f are real functions on L such that f is upper and g is lower o -semicontinuous,
then there exists an < -continuous real function h on L such that g < h < f.
(iii) Every S,T € o satisfying S AT = 0 are completely of -separated. O

Notes 7.3. (1) When considering the excellent survey in Lane’s paper [35], we observe that
Theorem 7.1 and Corollary 7.2 cover all the cases mentioned there where the classes of upper
and lower semicontinuous functions in question are dual to each other. More specifically:

It is clear that Theorem 7.1 applied to .« = ] provides the pointfree version of the Katétov-
Tong insertion theorem [20, 17] (as well as Urysohn’s Lemma) while its corollary produces the
pointfree counterpart of Stone insertion theorem [15].
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Applying Theorem 7.1 to the case &/ = % yields a new result for mildly normal frames
that extends the classical result of [34] (cf. [35]) for mildly normal spaces; on the other hand,
Corollary 7.2 yields the pointfree counterpart (for extremally disconnected frames) of a classical
result of Lane [35].

The case o7 = .of; also produces new results for frames: the ‘normality’ assertion extends
a classical result of Blatter and Seever [8] (cf. [35]) and the ‘extremal disconnectedness’ dual
extends a classical result of Seever [41] (cf. [35]).

Finally, we mention that the case .«#' = .@% also produces new results for frames and that we
were not able to find their classical counterparts in the literature.

(2) With Corollary 7.2 we achieved our main goal: to get the results in the extremal disconnect-
edness side of the parallel for free. Compare this with the (classical and pointfree) proofs so far
where the treatment in the extremal disconnectedness case requires extra tools such as the lower
and upper regularizations.

(3) Of course, applying Theorem 7.1 and Corollary 7.2 to the case L = OX for a topological
space (X, OX) gives the classical results mentioned above in (1). (Recall Remark 4.2).

8. Tietze-type extension for .o/ -continuous functions

In this section we study Tietze-type extension results for o7-continuous real functions.

Let S be a sublocale of L. S is itself a frame with the same meets as in L, and since the
Heyting operation — depends on the meet structure only, with the same Heyting operation. (This
implies, in particular, that any sublocale of S is also a sublocale of L and that for any S, T € S(L),
if S € T then S is also a sublocale of 7.) However the joins in S and L will not necessarily
coincide:

VSA=A{seS|s>VAl>VA.

It follows that 15 = 1 but in general Og = A S.
Further, there is the frame surjection cg: L — S given by

cs(x)=N{seS |s=ux} (8.1)

for all x € L. The following is well known (denoting the closed and open sublocales of S by
S (a) and o° (@), respectively) (see [11, Prop. 2.3]):

(1) Foreverya € L, c(a)V S (resp. o(a) V S) is the closed (resp. open) sublocale ¢ (cs(a)) (resp.
05 (cg(a))) of S.

(2) If T is a closed (resp. open) sublocale of S then T = c¢(a) vV S (resp. T = o(a) V S) for some
ac€lL.

Now, let us look to the frame S(S). As mentioned above, S(S) € S(L). The joins in S(S)
are given by intersection so they coincide with the joins in S(L). On the other hand, for any
R; € 8(8) their meet in S(§') is given by the formula

(AAIACURY={AAIACURY,

that is, it coincides with their meet in S(L). (This means that S(S) is not a subframe of S(L) only
because they have different zeros.) The following is also well known and easy to prove.
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Lemma 8.1. Let S be a sublocale of L. The map ¢s: S(L) = S(S) given by os(T) =T V S =
T NS is an onto frame homomorphism. O

This means that S(S) is a sublocale of S(L) and allows us to introduce the following defini-
tion.

Definition 8.2. Let S be a sublocale of L and .7 C B(S(L)). We say that an f: &R) — S(S) in

F(S) has an .o -continuous extension to L if there exists an ./ -continuous f : 2R) — S(L) such
that the diagram

S(L)

~ 7
f [
Q(R)’"—f> S(S)

commutes. The extension f is called an o7 -continuous extension of f to L.

Remarks 8.3. (1) Note that ¢ is precisely the quotient cssy: S(L) — S(S) from (8.1) since

cssT) = NMReSES)IT<R ={\AlAc U R}=TnS
ReS(S),RCT
(in the last equality, ‘C’ is obvious; conversely, if x € T N S then, since T NS € S(5), A = {x} C
Ukress).rer R)-
(2) For f € C(S) and &7 = ¢(L) this notion coincides with the previous notion in the Appendix to
[17] because s = cs(s), by (1), and by (S1) the restriction of css) to ¢(L) is precisely the frame
homomorphism cs): ¢(L) — ¢(S) used in [17].

Definitions 8.4. We say that a Katétov class .« of a frame L is a Tietze class whenever

(T1) .« is closed under finite meets, and
(T2) 7 is closed under countable joins.

Given a Tietze class <7 and a sublocale S of L, let
s ={SVA|Ae ).

Of course, @75 C & whenever S € /. We say that a sublocale S is C . -embedded if every -
continuous f € F(S) has an .o/-continuous extension to L. Further, S is said to be C? -embedded
if every bounded <7 -continuous f € F(S) has an .&/-continuous extension to L (recall that an
f € F(S) is bounded if there exist rationals p,q such that p < f < ¢q, i.e. f(— p) = f(g,—) =
OS(S) = S)

Examples 8.5. Each of the guiding examples .« , 273 and .o is a Tietze class. Note that condition
(T2) is not self-dual and is responsible for the fact that .;z%lc ={o(a) | a € L} is not a Tietze class.

Theorem 8.6. [RELATIVE VERSION OF TIETZE’S EXTENSION THEOREM| Let &7 be a Tietze class of L.
The following are equivalent:

(i) Lis o/ -normal.
(ii) Every S € o is C} ,-embedded in L.
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Proof. (1)=(i): Let § € & and let f: £(R) — S(S) be a bounded <7 -continuous map (we can
assume w.lo.g. that 0 < f < 1,ie. f(—0) = f(1,—) = Ogsy = S). Then, for each p < ¢
there are U, 4, V)4 € 4 such that f(—, p) < U, < f(—¢) and f(g,—) <V, < f(p,—). In
particular, f(— q) = V<, Upq and f(p,—) =V 55, V4 and thus, by (T2), f(—, @), f(p,—) € «/.
Moreover, since f(p,—) V f(—, q) = lsis) = lsu) = {1} for every p < g, then

VU4V VV,,={1} foreveyp<g

r<q s>p

from which it follows that

AU’ = (\/ U,,q)* <\ V,, foreveyp<gq. (8.2)

r<q r<q s>p

Define an antitone (S, | r € Q) € S(L) as follows:

1S(L) = {1} ifr<0
S, =<f(r,—) if0<r<l1
Osqy =L ifr>1.

This is a scale that generates a g, € F(L), given by

{1} ifp<0
92(p,—) =V gsp Vpg  if0<p <1
L ifp>1
and
{1} ifg>1
gZ(_’ q) = \/l‘<q f(r7 _)* = \/r<q /\[>r Vr,lc lfo < q < 1
L if g <0.

Clearly, g, is a lower <7 -continuous map. Similarly,

{1} ifg>1
g1 =3V, Upq if0<g<1
L ifg<0
and
{1 if p<0
91(p—) =3V op f(—= )" = Vop Niey Upnl®  if0<p <1
L ifp>1

define an upper 7 -continuous map and by (8.2) we have g; < g5.
It then follows from Theorem 7.1 that there exists an .o7-continuous # € F(L) such that
g1 < h < g,. This is the desired .«7-continuous extension of the given f. Indeed:

e Forevery p <0, i(p,—) > g1(p,—) = {1}, so (s - h)(p,—) = f(p,—).
e Forevery p > 1, h(p,—) < g2(p,—) = L, so (¢s - h)(p,—) =S = f(p,—).
e Forevery g > 1, h(—, q) = g2(q,—) = 1,50 (ps - h)(— q) = f(—, q).

23



e Forevery g <0, hi(—,q) < g1(—¢q) = 0,50 (¢s - h)(— q) =S = f(—, 9.
e Forevery 0 < p < 1 and for each r € Q such that p < r < 1 we have
fr,=) = f(r,=) A (h(p,—) V h(—, 1)) = (f(r,—) A h(p,=)) V (f(r,—) A h(=,T1))
<h(p,—) VvV (f(r,=) Agi(= 1) = h(p,—) V (f(r,—) A f(=1))
= h(p.—) V Os(s) = h(p,—) V .
Hence f(p,—) = (V p<r<1 f(r,=) < H(p,—)VS < g2(p,—)VS = f(p,—) and so (s -h)(p,—) =

h(p,—) VS = f(p,—).
e For every 0 < g < 1 we can prove in a similar way that (¢s - h)(—, q) = f(—, q).

(if)=(): Conversely, suppose A V B = lgq) = {1} with A, B € &/ and consider the sublocale
S = A A B which by (T1) also belongs to 7. Define f: L(R) — S(S) by

Issy={1} ifp<0 lss) =1{1} ifg>1
fp.—) =1A if0<p<1 and f(—q)={B ifo<g<l1
Ossy=S ifpx1 Osis) =8 ifg<0.

This is a frame homomorphism. Since A, B, S, {1} € ., this is moreover a bounded ./ -contin-
uous map. Then it has an .o/-continuous extension f : &(R) — S(L). We have

FO0) <es(fO.-)=f00)=A and fD<es(f(—D)=f-D=B
and so A and B are completely .«7-separated in L. Therefore L is «7-normal by Theorem 7.1. O

Once again the dual result for extremal .7-disconnectedness follows immediately by com-
plementation:

Corollary 8.7. Let o/ C B(S(L)) be such that </° is a Tietze class of L. The following are
equivalent:

(i) Lis o -disconnected.
(ii) Every S € @/ is C’,-embedded in L. O

9. Images of .<7-normal and <7 -disconnected locales

In this final section we show how our general approach in Section 4 also makes possible to
extend to locales the Hausdorff mapping invariance type theorems (Table 1) and to prove their
relative versions with a single proof. For that we need first to recall a few facts about localic
maps from [39].

A map f: L — M between locales L and M is a localic map if it has a left adjoint f*: M — L
such that f*(1) = 1 and f*(a A b) = f*(a) A f*(b). Then:

(1) f preserves arbitrary meets (in particular, f(1) = 1).
(2) If f(a) = 1thena = 1.

For each S € S(L), the image of S, f[S], is a sublocale of M. From [39] we know that
SfI=1: S(L) — S(M)

is a localic map. The localic map f is closed if the image of each closed sublocale of L is closed.
In that case, f[¢(a)] = ¢«(f(a)) for each a € L. Moreover:
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(1) f[—1] preserves arbitrary meets.
(2) fI0swun] = Osq iff f is surjective.
On the other hand, the preimage f_;[T] of a sublocale T of M is defined as

falT) = A{S € SW) 1S = fT),

where f~![T] denotes the set-theoretical preimage of T (which is only closed under meets, but
not necessarily a sublocale of L). The function

Jal=1: S(M) — S(L)

is left adjoint to f[—], that is,
fAlT1< S iff T < f[S].

The preimage of a closed (resp. open) sublocale under a localic map is closed (resp. open).
Specifically,

foild@)] = «(f*(a)) and f_i[0(a)] = o(f*(a)) for each a € L. 9.1)
Moreover:

(1) f-1[-] preserves all joins and all finite meets.
(2) f-1[—] preserves complements.

Now we require some terminology. Let (<), (resp. (7)) denote a subset of the Boolean
part of S(L) (resp. S(M)). We say that a localic map f: L — M is (&)(«)y-preserving if
f[—] maps elements of (=) into (7).

Examples 9.1. (1) («).(2%)y-preserving localic maps are precisely the closed ones while
(%C)L(,%C)M—preserving localic maps are the open ones. Moreover, by (9.1), f_;[—] assigns
elements of (<71) into (7)), and elements of (.<7%)y into (27 °)y.

(2) Regarding (%) (<) y-preserving localic maps they are precisely the localic maps f: L —
M such that for each a € L there is some b € M satistying f[c(a*)] = ¢(b*), that is, f[Ta*] = Tb".
We can say more:

Proposition. For a localic map f: L — M the following are equivalent:
() [ is (#h)L(oh)y-preserving.
(i1) Foreacha € L, f[Ta*] = Tf(a*) and f(a”) is regular.
(iii)) Foreacha e Land b € M, f(a* Vv f*(b)) = f(a*) V b and f(a") is regular.

Proof. (1)=(ii): f[Ta*] = Tb* for some b and since f(a*) is obviously the minimal element in
fl1a*], b* = f(a*) and f(a*) is regular.

(il)=(ii): We have always f(a*V f*(b)) = f(a*)V ff*(b) = f(a*)Vb. Moreover, f(a*)Vb = f(x)
for some x > a*. As f(x) = b, we have x > a* vV f*(b), and f(a* Vv f*(b)) < f(x) = f(a*) V b.
(1i)=(@1): If x > f(a*) then x = f(a*) V x = f(a* V f*(x)) € f[Ta*]. Hence f[Ta*] = Tf(a”) and

we have (ii). The fact that (ii) implies (i) is obvious. ]
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For instance, any localic closed map that preserves regular elements is (%), (.2%)y-preserving.
Note that by (9.1), for any f, f_i[—] maps elements of (%), into (%) iff the left adjoint f*
preserves regular elements (these are the frame homomorphisms classified as of type E in ([7],
Theorem 3.5)). This is true, in particular, when 7 = f™ is nearly open, that is, such that h(a*) =
h(a)* (precisely the frame homomorphisms in class A of [7]). Moreover, for any such nearly open
h, f preserves regular elements; in fact, hf(a*) < a* implies hA(f(a*)**) = (hf(a*))"™ < a™ =a”,
therefore, by adjunction, f(a*)** < f(a*) and thus f(a*)*" = f(a").

(3) Regarding (%) (%) y-preserving localic maps we have a similar result:

Proposition. For a localic map f: L — M the following are equivalent:

(i) fis («A)L(9h)p-preserving.
(ii) Foreacha € Coz L, f[Ta] = 1f(a) and f(a) € Coz M.
(iii) Foreacha € CozLand b € M, f(aV f*(b)) = f(a) V b and f(a) € Coz M.

We note in addition that f_;[—] maps elements of (27),, into (%), iff the frame homomor-
phism f* preserves cozero elements (which is always the case for any frame homomorphism).

The pointfree counterpart of the Hausdorff mapping invariance theorem is now a particular
case of the following general result.

Theorem 9.2. [RELATIVE VERSION OF HAUSDORFF MAPPING INVARIANCE THEOREM ]
Let f: L — M be an (o) () y-preserving localic map such that f_i[—] maps elements of
(A )y into (). If L is () -normal and f is a surjection then M is (<) y-normal.

Proof. Let A and B be elements of (27) such that A V B = 1. Since f_;[—] maps elements
of (&) into (=) we have f_|[A], f-1[B] € (&), and since f_;[—] preserves joins, we have

SalAlV fo[B] = fL[AV Bl = foillsan] = 1sw)-

Therefore, applying the (o) -normality of L, we get sublocales Uy and Vj in (27), such that
Uo A Vo = Oswy, f<1lA]V Uy = 1suy = f-1[B] VvV Vy. Since f_i[—] preserves complements we
have f_1[A°] = f1[A]° < Uy and f1[B°] = f51[B]° < Vj. Let

U = flUol € (#)y and V = f[Vo] € (#)u

(using the fact that f is (7). (o) y-preserving). Since f is surjective and f[—] preserves meets
we have

U AV = flUgl A fIVol = flUo A Vol = fl0swy]l = Osany-
On the other hand, U > ff_|[A®] > A€ and similarly V > ff_{[B°] > B°. Hence

AVU=13(M)=BVV. O

Again, by complementation, one gets immediately the following (observe that, since the
preimage function preserves complements, saying that f_;[—] maps elements of (7)), into (27)§
is the same as saying that f_;[—] maps elements of (<), into (&) ):

Corollary 9.3. Let f: L — M be an ()} ()5,-preserving localic map such that f_[~] maps

elements of () into (7). If L is (/) -disconnected and f is a surjection then M is (<) y-

disconnected. O
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The particular case o/ = 7] provides the following result, which completes Table 2 at the
Introduction.

Corollary 9.4. Let f: L — M be a surjective localic map.

(1) If f is closed and L is normal then so is M.
(2) If f is open and L is extremally disconnected then so is M. O
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