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ABSTRACT. We introduce the class of split regular BiHom-Lie algebras as the natural
extension of the one of split Hom-Lie algebras and so of split Lie algebras. We show that
an arbitrary split regular BiHom-Lie algebra £ is of the form £ = U + > I; with U
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a linear subspace of a fixed maximal abelian subalgebra H and any I; a well described
(split) ideal of £, satisfying [I;, I;] = 0if j # k. Under certain conditions, the simplicity
of £ is characterized and it is shown that £ is the direct sum of the family of its simple
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1. INTRODUCTION AND FIRST DEFINITIONS

A BiHome-algebra is an algebra in such a way that the identities defining the structure
are twisted by two homomorphisms ¢, . This class of algebras was introduced from a
categorical approach in [5] as an extension of the class of Hom-algebras. The origin of
Hom-structures can be found in the physics literature around 1900, appearing in the study
of quasi-deformations of Lie algebras of vector fields, in particular g-deformations of Witt
and Virasoro algebras, [6]. Since then, many authors have been interested in the study of
Hom-algebras but we refer to [7, 8], and the references therein, for a good review of the
matter. The reference [5] is also fundamental for getting the basic notions, motivations and
results on BiHom-algebras.

In the present paper we introduce the class of split regular BiHom-Lie algebras £ as
the natural extension of the one of split Hom-Lie algebras and so of split Lie algebras, and
study its structure. In §2 we develop connections of roots techniques in the framework of
BiHom-algebras, which becomes the main tool in our study. In §3 we apply all of these
techniques to show that £ is of the form £ = U + ) I; with U a linear subspace of a
fixed maximal abelian subalgebra H and any I; a well described ideal of £, satisfying
[I;,Iy] = 0if j # k. Finally, in §4, and under certain conditions, the simplicity of £ is
characterized and it is shown that £ is the direct sum of the family of its simple ideals.

Definition 1.1. A BiHom-Lie algebra over a field K is a 4-tuple (£,[ -, - |, ®, %), where £
is a K-linear space, [ +,-] : £ x £ — £ a bilinear map and ¢, : £ — £ linear mappings
satisfying the following identities:

L. gop =909,

2. [(x), 0(y)] = —[¥(y), ¢(x)], (BiHom-skew-symmetry)
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3. [ (@), [(y), ¢+ 2 (), [(2), ¢(@)]]+[4%(2), [ (x), 6(y)]] = 0, (BiHom-
Jacobi identity),

forany x,y,z € £. When ¢, furthermore are algebra automorphisms it is said that £ is
a regular BiHom-Lie algebra.

Lie algebras are examples of BiHom-Lie algebras by taking ¢ = 1) = Id. Hom-Lie
algebras are also examples of BiHom-Lie algebras by considering ¢ = ¢.

Example 1.1. Let (L, [-,-]) be a Lie algebra and ¢, : L — L two automorphisms. If
we endow the underlying liner space L with a new product [-,-]' : L x L — L defined by
[z,y]) = [¢(x),¥(y)] for any x,y € L, we have that (L,|[-,-|', ¢,1) becomes a regular
BiHom-Lie algebra.

Throughout this paper £ will denote a regular BiHom-Lie algebra. A subalgebra A of
£ is a linear subspace such that [A, A] C A and ¢(A) = (A) = A. A subalgebra I of
£ is called an ideal if [I, £] C I, (and so necessarily [£,I] C I). A regular BiHom-Lie
algebra £ is called simple if [£, £] # 0 and its only ideals are {0} and £.

Finally, we would like to note that £ is considered of arbitrary dimension and over an
arbitrary base field K and that we will denote by N the set of all non-negative integers and
by Z the set of all integers.

Let us introduce the class of split algebras in the framework of regular BiHom-Lie
algebras £. First, we recall that a Lie algebra (L, [-, -]), over a base field K, is called splir
respect to a maximal abelian subalgebra H of L, if L can be written as the direct sum

L=He& (P La)
€l
where
Ly :={va € L: [h,v,] = a(h)vy for any h € H}
being any o : H — K, a € I', a non-zero linear functional on H such that L, # 0.

Let us return to a regular BiHom-Lie algebra £. Denote by H a maximal abelian, (in
the sense [H, H] = 0), subalgebra of £. For a linear functional

a:H—K,
we define the root space of £ (respect to H) associated to « as the subspace
Lo ={va € L£:[h, ¢(vy)] = a(h)P(vy) for any h € H}.

The elements o : H — K satisfying £, # 0 are called roots of £ with respect to H
and we denote A := {a € (H)*\ {0} : £, # 0}.

Definition 1.2. We say that £ is a split regular BiHom-Lie algebra, with respect to H, if
L=He (P L)
aclA
We also say that A is the roots system of £.
As examples of split regular BiHom-Lie algebras we have the split Hom-Lie algebras

and the split Lie algebras. Hence, the present paper extends the results in [1] and in [2].
Let us see another example.
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Example 1.2. Let (L = H ® (P La),[,"]) be a split Lie algebra and ¢,v : L —

ael
L two automorphisms such that $(H) = (H) = H. By Example 1.1, we know that
(L, [-,), ¢, 0), where [z,y] := [¢p(x),¥(y)] for any x,y € L, is a regular BiHom-Lie

algebra. Then it is straightforward to verify that the direct sum
L=H& (P Lay)
acl

makes of the regular BiHom-Lie algebra (L, [, ¢, 1) a split regular BiHom-Lie algebra,
being the roots system A = {ayp)™1 : a € T'}.

From now on £ = H @ (€ £,) denotes a split regular BiHom-Lie algebra. Also,
acA

and for an easier notation, the mappings ¢| 7, ¥/, ¢/, ¥|" : H — H will be denoted
by ¢,1, ¢~ L, 1p~! respectively.
Lemma 1.1. For any o € A U {0} the following assertions hold.
1. ¢(£a) = So@*l and iﬁ(sa) = 2041/1*1-
2. ¢71(2a) = anﬁ and'[l)il(ga) = Qaw-
Proof. 1. Forany h € H and v, € £,, since
(D [, (va)] = a(h)dy(va)
we have that by writing b’ = ¢(h) then
[, 6% (va)] = ¢([h, p(va)]) = ()9 (va) = agd™ (1) $*¥(va) =
— 0™ ()0 (6(0a)).

That is, ¢(vy) € £44-1 and so
(2) ¢(£a) C ’gaaﬁ—l'
Now, let us show

20«;5—1 C (15(2&).
Indeed, for any h € H and v, € £,, Equation (1) shows [¢p~1(h),va] = a(h)(va)-
From here we get [¢(h), vo] = ad?(h)1 (v, ) and conclude
3) ¢~ (La) C Lag.
Hence, since for any z € £,,4-1 we can write z = ¢(¢~!(x)) and by Equation (3) we
have ¢~ !(z) € £,, we conclude Lap-1 C ¢(Lq). This fact together with Equation (2)
show ¢(La) = Lap-1-

To verify

) ¥(La) C Lay-1,
observe that Equation (1) gives us [¢)(h), ¥ d(va)] = a(h)pédrp(v,) and so [1(h), p1(ve)] =
ap~ (1 (h)) (1 (va)). Since Equation (1) and the identity 1)~ 1¢ = ¢y ! also give us
() ¥ (La) C Loy,
we conclude as above that ¢(£,) = £,4-1.

2. The fact $~(£,) C L4 is Equation (3), while the fact £,4 C ¢~ (£, ) is conse-
quence of writing any element x € £, of the form z = ¢~!(¢(z)) and apply Equation
(2). We can argue similarly with Equations (5) and (4) to get =1 (£,) = Lay- O

Lemma 1.2. Forany o, 3 € AU{0} we have [£4,£5] C Lop-14pyp-1-
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Proof. Foreach h € H,v, € £, and vg € £5 we can write

[, ¢([va vp])] = [0 (h), ¢([va, vp])].
So, by denoting A’ = 1~2(h), we can apply BiHom-Jacobi identity and BiHom-skew-
symmetry to get

[$*(h), d([va, vs])] = [¥*(A), (¥~ p(va), $(vp)]] =

— [ (va), [¢(vg), o(W)]] = [*(vp), [ (R'), o~ Pl(va)]] =
[ (va), (1), $(va)l] = [7 (va), [p¢™ (), 10~ (va)]] =
[Wé(va), [1(B), p(vs)]] — [ (¥ ( 8)), ¢([¢~ (1), v d(va)])] =
b (va), (1), $(va)ll + [[7 67 (W), d(va)], ¥ (vg)] =
B[ (va), ¢v(vs)] + i) ¢> L) [g(va)], o (vp)] =
(BY + 0?6~ ) (W) [h(va), ¢t (vs)] =
(BY + av?¢~ ") (W) ¢ (va), ptb(vg)] =
(BY + ayp?¢™ ) (W) ¢ ([va, va]).

Taking now into account 4’ = ¢»~2(h) we have shown

[, $([va, va])] = (B~ + ad™ ") (h) ¢t ([va, va))-
From here [£,, £3] C Lop-148p-1- O

Lemma 1.3. The following assertions hold.

1. Ifa € A then agp™*19p=%2 € A for any z1, 25 € Z.
2. £ =H

Proof. 1. Consequence of Lemma 1.1-1,2.

2. The fact H C £ is a direct consequence of the character of abelian subalgebra of
m

H. Let us now show £y C H. For any 0 # = € £, we can express ¢ = h & (@ Vo, )

with h € H, any v,, € £, and with a; # o; when 4 # j. Since for any I 6 H we

have [h/, z] = 0, then Lemma 1.1 allows us to get 0 = [#/,z] = [R/, h + @ ¢ Hva,)] =
i=1

m

P a;dp(h')1p(va,) = 0. From here, Lemma 1.1 together with the fact ov; # 0 give us that
i=1
any vy, = 0. Hencex = h € H. (]
Maybe the main topic in the theory of Hom-algebras consists in studying if a known
result for a class of, non-deformed, algebra still holds true for the corresponding class of
Hom-algebras. Following this line, the present paper shows how the structure theorems
getting in [2] and in [1] for split Lie algebras and split regular Hom-Lie algebras respec-
tively, also hold for the class of split regular BiHom-Lie algebras. We would like to know
that all of the constructions carried out along this paper strongly involve both of the struc-
ture mappings ¢ and ), which makes the proofs different from the non-bi-deformed cases.

2. CONNECTIONS OF ROOTS TECHNIQUES

As in the previous section, £ denotes a split regular BiHom-Lie algebra and

£=200 (P L)

acA
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the corresponding root spaces decomposition. Given a linear functional o : H — K, we
denote by —« : H — K the element in H* defined by (—«)(h) := —«(h) forall h € H.
We also denote by

—A:={—-a:a€A} and +£A:=AU(-A).

Definition 2.1. Let o, f € A. We will say that « is connected fo 3 if

e Either 8 = ead® *2 for some z1,29 € Zand e € {1,—1}, or
o FEither there exists {1, aa, ..., } C A, with k > 2, such that
1. a1 € {ap " :n,r € N}
2. Oél(Z)_l + Ozg’(/)_l € A,
a1¢_2 + a2¢_11/)_1 + 0431/)_1 € £A,
0167 + 020707 +agd Y + gl € £A,

1 P2 Y ragg Y T a0 T a0 €
+A.
3. Oéld)karl + a2¢7k+2w71 + a3¢7k+3w71 4o aid)fkﬂriwfl R
ar_10 W 4 gyt € {£Bop7p ™ i m,s € N}
We will also say that {a, ..., ay } is a connection from « to .

Observe that for any o € A, we have that a®11)*2 is connected to agp®31)** for any
21, 29, 23, 24 € Z, and also to —a@*31h** in case —a € A.

Lemma 2.1. The relation ~ in A, defined by o ~ 3 if and only if a is connected to B, is
symmetric.

Proof. Suppose o ~ (. In case 8 = eag*1)*2 with 21,20 € Zand € € {1, —1} we clearly
have 8 ~ a. So, let us consider a connection

(6) {041,012,...70%} C :|:A,

k > 2, from « to 5. Observe that condition 3. in Definition 2.1 allows us to distinguish
two possibilities. In the first one

N a1¢ " f a2 e R g = BT,
while in the second one
®) a1 " fand TRy 4 e R g = BT

for some m,s € N.
Suppose we have the first above possibility (7). Lemma 1.3-1 shows that the set

{B¢—m¢—s7 _ak¢_17 _akfld)_?)v _ak72¢_57 (a3} _ak7i¢—2i—17 L) _a2¢_2k+3} C £A.

We are going to show that this set is a connection from /3 to . It is clear that satisfies
condition 1. of Definition 2.1, so let us check that also satisfies condition 2. We have

(B~ "0™)6™! = (ard™ ! = (B0 — g =

(o™ +agp ™2~ 4 b9 T e
last equality being consequence of Equation (7), and so

(Bd™ ™)™ — (™ )Y = (a1 F T2+ g F YT b a2
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Taking into account
a1 "2 f oMY o € A

by condition 2. of Definition 2.1 applied to the connection (6), Lemma 1.3-1 allows us to
assert (B¢~ "~")p~" — (a1t € £A.
For any 1 < ¢ < k — 2 we also have that,
(B~ ") —(ard™ )T T YT — (197 TR T — (g oy T T YT =
(Bo™ "™ — ™t — a1 T = — ey T )T =
(1" + g " P2 4o by e
last equality being consequence of Equation (7). From here,
(B~ ™) —(ard™ o™ T —(ap_197 )T T — = (e T YT =
(a1¢7k+i+1 + a2¢7k+i+277[}71 N Oék—ﬂpil)d)i%-
Taking now into account that, by condition 2. of Definition 2.1 applied to (6),
a1 M f g R 4 g g € A,
we get as consequence of Lemma 1.3-1 that
(Bo™ ™)™ = (arg™ )¢ T = (ap-19” )T TR T — -
s — (Ofkf(ifl)d)_%—i_l)'(/]_l € +A.

Consequently, our set satisfies condition 2. of Definition 2.1. Let us prove that this set also
satisfies condition 3. of this definition. We have as above that

(Bd™ ™™ )" —(app™ )2 —(ap_1 ) F TR — () =
(B ™™ — gyt — a1 P — o — g R PR TR =

(a1¢7k+1)¢7k+1'

Condition 1. of Definition 2.1 applied to the connection (6) gives us now that o =
ap~ ™)~ " for some n,r € N and so

(B~ ™*)¢ ™ —(arg™ e P (arm1 97T BT (o) =
ag~CE=2Emy = e {ag™ My h,r € N}
We have showed that our set is actually a connection from 5 to .

Suppose now we are in the second possibility given by Equation (8). Then we can prove
as in the above first possibility, given by Equation (7), that

—m, — -1 -3 -5 —2i—1 —2k+3
{Bo™ ™% o™ o197 a2, i P T L g Y
is a connection from 3 to a. We conclude 8 ~ « and so the relation ~ is symmetric. [
Lemma 2.2. Let {a1,...,ax}, k > 2, be a connection from « to 8 with ay = agp" "™,

n,r € N. Then for any € € {1,—1} and m,s € N with m > n and s > r, there exists a
connection {@y, ..., @y } from o to B such that &y = g™ ™5,

Proof. By Lemma 1.3-1,2 we have {a1¢" ™" % .., ap¢™ ™" 5} C +A. Define
;= ;"M 5, 4 = 1, ..., k, then Lemma 1.3-1 allows us to verify that {&, ..., & }
is a connection from « to S which clearly satisfies

&1 — ald)n*m,l/)T*S — (aqsfnq/)fr)(bnfmd)rfs — O[Q/)fmwfs.
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Lemma 2.3. Let {ay, ..., ax}, k > 2, be a connection from « to 8 with
a1 b agd T YT bz Y T T T T g T = BT YT,

being m,s € Nand € € {1,—1}. Then for any q,p € N such that ¢ > m,p > s, there
exists a connection {ay, ..., &y } from o to B such that

0_[1¢7k+1+@2¢7k+2w71+0_43¢7k+3¢71+' . .+5Li¢fk+iw71+. . '+O_ék1/171 _ Eﬂ¢7q7/)7p~

Proof. Lemma 1.3-1 allows us to assert that {ca; ™ 9% P ... apd™ W P} C +A.
Define now @; := ;¢ 9)* P i = 1,..., k. Then as in the previous item, Lemma 1.3-1
gives us that {ay, ..., @ } is a connection from « to . Finally

a1¢” T+ ape YT fageT M YT 4y =
= a1 TPYTETL g Py TRF 2Tl g pmIysyL
e G ot T S S X e L
= (efo™ ") P
= B .
(]

Lemma 2.4. The relation ~ in A, defined by o ~ 3 if and only if o is connected to (3, is
transitive.

Proof. Suppose a ~ S and B ~ 7.

If B = ead®1p* for some 21,20 € Z,e € {1,—1} and v = €'S¢p**¢)* for some
23,24 € Z, itis clear that a ~ 7.

Suppose 8 = eag* p** for some z1,29 € Z,e € {1,—1} and S is connected to
through a connection {71, ..., 7}, p > 2, being 71 = B¢ "¢~ ", n,r € N. By choosing
m,s € Nsuchthat m > n, s > rand 21 —m < 0and zo0 — s < 0, Lemma 2.2
allows us to assert that /3 is connected to + through a connection {7, 72, ..., 7 } such that
71 = B¢~ ™4p~ 5. From here, {€T1, €To, ..., €Ty } is a connection form « to .

Finally, let us write {1, ..., ax }, k > 2, for a connection from « to 8, which satisfies

) a1 M Fapp MY b g = BTy,

for some m,s € N, e € {1, —1}; and write {71, ..., 7, } for a connection from /3 to -, being
then

(10) = foIYpTP

for some n, ¢ € N. Note that Lemmas 2.2 and 2.3 allows us to suppose m = ¢ and s = p.

From here, taking into account Equations (9), and (10); and the fact m = ¢ and s = p,
we can easily verify that {o, ..., ag, T2, ..., 7 } is a connection from « to 7y if ¢ = 1; and
that {a, ..., ap, — T2, ..., —Tp } itisif e = —1. O

Corollary 2.1. The relation ~ in A, defined by o ~ 3 if and only if « is connected to f3, is
an equivalence relation.

Proof. Since clearly the relation ~ is reflexive, the result follows of Lemmas 2.1 and 2.4.
]
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3. DECOMPOSITIONS AS SUM OF IDEALS

By Corollary 2.1 the connection relation is an equivalence relation in A. From here, we
can consider the quotient set

A/ ~={la]: a € A},
becoming [a] the set of nonzero roots £ which are connected to a.

Our next goal in this section is to associate an (adequate) ideal /[,) to any [«/].
Fix a € A, we start by defining the set Iy o) C £o as follows:

Io,ja) = spanx{[£s, L] : B,7 € [a] U{0}} N £Lo.
By applying Lemma 1.1-2 and 1.2 we get
Io,ja) := spank{[Lpy-1, £_py-1] : B € [o]}.
Next, we define

Vig) = @ £5.
Bela]

Finally, we denote by I [a] the direct sum of the two subspaces above, that is,
I1a) = 1o,ja] @ V]a)-

Proposition 3.1. For any [a] € A/ ~, the following assertions hold.
1. [I[a],l[a]] C I[a].
2. i) = Ljo) and Y(I1a)) = I (o

Proof. 1. Since Iy [o) C £0 = H, then [ [4], [o,[oj] = 0 and we have
D [oja) @ Viaps Lo,ja) © Viw] C [Ho,1a)s Vi) + Vi L0,1a)] + Viags Viw]-

Let us consider the first summand in Equation (11). Given 8 € [a] we have [Ij (4], £5] C
£54-1, being S~ € [a] by Lemma 1.3-1. Hence [10,ia)> £8] C V]a). In a similar way
we get [£g, [y [o)] C Vo). Consider now the third summand in Equation (11). Given
B, € [a] such that [£5, £,] # 0, then [£5,£,] C Lgp-14qp—1. B~ +yp~1 =0
we have [£5,£_,] C £y and so [£5,£_,] C Iy [q). Suppose then S~ + vyt €
A. We have that {3,~} is a connection from 3 to 3¢~ + y2p~1. The transitivity of ~
gives now that S¢~! + y¢~! € [a] and so [£3,£,] C L£sp-144y-1 C Vo). Hence
[P L5, P Ls]C Iy (o] ® Vo). Thatis,

pela]l  Bela]
12) Via)s Vi) € 1)
From Equations (11) and (12) we get [I[o], Ijo)] = [{0,[a] © Via]; L0,ja] D Via]] C I[a)-
2. The facts (1)) = Ifo) and ¥(I}4)) = Ijo) are direct consequences of Lemma
1.1-1. (I

Proposition 3.2. For any [a] # [y] we have [, I},]] = 0.
Proof. We have

Lo,a) @ Vial Lol @ Vil ©
(13) o,ja Vil + Ve Jo,1] + Viag, Vi)

Consider the above third summand [V, V{,] and suppose there exist a; € [a] and 71 €
[7] such that [£,,, £,,] # 0. As necessarily a1 # —vy19p~1, then a1~ + yp~1 €
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A. So {ai,v1, —a1¢~ 1} is a connection between o and 7. By the transitivity of the
connection relation we have a € [7], a contradiction. Hence [£,,, £,,] = 0 and so

a4 Via), Vi) = 0.

Consider now the first summand [/ [4], V},]] in Equation (13). Let us take a; € [a] and
71 € [v] and show that

’71([£a1¢_1 ) 'g—oqd)—l]) = 0.
Indeed, by BiHom-Jacobi identity we have

[9%(€40), [10(€a4), S(La)]] + [*(Lar), [(€—a, ), (L5 ]+

W)z (S—Oél )7 W}(Q’Yl )7 ¢(£041 )]] =0.
Now by Equation (14) we get

[1?(£4,), [(Lay), B(L£—a))]] =0

and so
0= [w2 (’S’Yl)a W(Sal )7 ¢(£—041 )H = [¢2 (’S"/l)’ ¢¢71([¢(2a1 )7 (Z)(‘S—Ctl )])] =

o™ ([(Lar ), D(€-a1)]), PU(L5,)]-
Since Yo~ ([1)(La, ), P(L£-a,)]) C Lo = H and ¢(£,,) C £,,,-1 we obtain

e~ ([1(Lay), d(€—ay ) ¥?(£5,) = 0.

From here
(15) M ([Layy-1, Laro1]) = 1107 ([¥(L€a)), (€-a)]) = 0
for any o € [a].
Since
([Lary-1,Lai9-1]) C [Lasp-14-1, £oaro2]);
we get

[2‘0411!)’1 ) ‘S*aﬂf?’l] C
d)il([f’ald)*ld)*l 5 £7a1¢*2]) = (72571([2011(1)’1111*1 ) £7a1¢*2])'
Taking now into account that Equation (15) and the fact a1 ¢! € [a] give us
M0 ([Layg-1y-1, L ay4-2]) =0

we conclude

’71([£a1¢_17£70¢1¢>—1]) = 0.
From here [[£,, -1, L a,6-1],£1] C 7([Layp-1:L—a,0-1])0Y(L,,) = 0. We have
showed [Io (o], V}5]] = 0. In a similar way we get [V, [o,[y)] = 0 and we conclude,
together with Equations (13) and (14), that [/[4), I{4)] = 0. O

Theorem 3.1. The following assertions hold.
1. Forany [a] € A/ ~, the linear space
Tia) = lo,a) ® Vi)

of £ associated to [] is an ideal of £.
2. If £ is simple, then there exists a connection from « to (B for any o, 5 € A; and

H= 5 [Cap1, 8 apil.
aEA
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Proof. 1. Since [I},), H] C Ij) we have by Proposition 3.1 and Proposition 3.2 that
[I[a]7£] = [I[a]vHEB ( @ £ﬁ> D ( @ S’Y)] - I[a]'
BEla] v¢lel]
In a similar way we get [£, I|o)] C I}, and, finally, as we also have by Proposition 3.1 that
¢(I1a)) = (I 1a)) = Ija) We conclude Ij,) is an ideal of £.

2. The simplicity of £ implies I},; = £. From here, it is clear that [a] = A and

H=3 [Cap1,L ap1] O
a€cA

Theorem 3.2. We have

L=U+ Z I[a],
[a]leA/~

where U is a linear complement in H of ) [£44-1,£_q¢-1] and any Ijy) is one of the
acN
ideals of £ described in Theorem 3.1-1. Furthermore [I14], I1y] = 0 when [o] # [7].

Proof. We have [a] is well defined and, by Theorem 3.1-1, an ideal of £, being clear that
C=Hae(@PL)=U+ > Ia
a€A [a]eA/~

Finally, Proposition 3.2 gives us [/[4], I[y)] = 0if [a] # [7]. O

Let us denote by Z(£) := {v € £: [v, £] 4+ [£,v] = 0} the center of £.

Corollary 3.1. If Z(£) = 0and H = ) [£,4-1,L_np-1]. Then £ is the direct sum of
aEA
the ideals given in Theorem 3.1,

= D fw
[a]eA/~
Furthermore [I1o), Ity)] = 0 when [a] # [v].

Proof. Since H = ) [£op-1,L qp-1] Wweget £ = > [}, Finally, to verify the

acA [aleA/~
direct character of the sum, take some v € ;4 N ( > Ii5)). Since v € 1), the
[BleA/~,[B]#]e]

fact [1[4), I15)] = 0 when [a] # [3] gives us

o XL Ipl+l XL Ipel=0

[BlEA/~,[Bl#]e] [BlEA/~,[Bl#]e]
In a similar way, since v € > Iig) we get [v, I[o)] + [{[o),v] = 0. That is,
[BleA/~,[B]#[0]
ve Z(L)andsov =0. O

4. THE SIMPLE COMPONENTS

In this section we are interested in studying under which conditions £ decomposes as
the direct sum of the family of its simple ideals, obtaining so a second Wedderburn-type
theorem for a class of BiHom-Lie algebras. We recall that a roots system A of a split
regular BiHom-Lie algebra £ is called symmetric if it satisfies that & € A implies —a € A.
From now on we will suppose A is symmetric.

Lemma 4.1. If I is an ideal of £ such that I C H, then I C Z(£).
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Proof. Consequence of [I, H] + [H,I] C [H,H] = 0and [I, @ L.]+ [P L£.,1] C
acA acA

(P £.)NH=0. O

acA

Lemma 4.2. For any «, 8 € A with o # (3 there exists hg € H such that a(hy) # 0 and
a(ho) # B(ho).

Proof. As a # (3, there exists h € H such that «(h) # B(h). If a(h) # 0 we have
finished, so let us suppose a(h) = 0 what implies S(h) # 0. Since o # 0, we can fix some
h' € H such that «(h') # 0. We can distinguish two cases, in the first one «a(h’) # B(h')
and in the second one «(h’) = S(h'). Then we have that by taking hy := h’ in the first
case and hg := h + h/ in the second one we complete the proof. O
Lemma 4.3. If I is an ideal of £ and x = h + Y va; € I, withh € H,v,,; € £, and

j=1
aj # ag if j # k. Then any vy, € 1.

Proof. If n = 1 we have ¢ = h + v,, € I. By taking b’ € H such that o (k') # 0 we
get [, x] = [, 0L (R)] + [, ¢~ (va,)] = c1d(R)))(vy,) € T and s0 (vy,) € 1.
From here ¥~ (¢)(vq, ) = va, € 1.

Suppose now n > 1 and consider «; and ai2. By Lemma 4.2 there exists hg € H such
that a1 (ho) # 0 and aq (ko) # az(ho). Then we have

[ho, x] = [h07 ¢¢_1(h)} + [h07 (b(b_l(val)] + [h07 ¢¢_1(U0¢2)] +ooet [hOa ¢¢_1(Uan)] =

(16) 19(ho)Y(va, ) + a2d(ho) Y (Va,) + - + and(ho)Y(va,,) € T
and

Y(z) =
(17) 1/J(h)+¢(va1)+1/J(Uaz)+"'+¢(van) S

By multiplying Equation (17) by as¢(hg) and subtracting Equation (16) we get
az(ho)(h) + (a2¢(ho) — a1d(ho))Y(va, )+

(a20(ho) — azp(ho))Y(vay) + - - + (a2d(ho) — and(ho))(va, ) € 1.

By denoting h := ay¢(ho)y(h) € H and Vo1 = (a20(ho) — a;¢(ho))¥(va,) €
La,p-1 WE can write

(18) iL'i"Ualw—l +Ua31/;—1 +"'+’Uanw—1 el.
Now we can argue as above with Equation (18) to get
B+ Voyp—2 + Va2 + 0+ Va2 € 1

for h € H and any v,-2 € £4,4-2. By iterating this process we obtain
h+ Voyop—nt1 €1

with h € H and Voyop—n+1 € Lo,p-n+1. Asin the above case n = 1, we get vy, p-—n+1 € 1
and consequently vy, € K¢y= " (v,, y-n+1) € I.

In a similar way we can prove any v,, € I fori € {2,...,n} and the proof is complete.

]



12 A.J. CALDERON AND J.M. SANCHEZ

Let us introduce the concepts of root-multiplicativity and maximal length in the frame-
work of split BiHom-Lie algebras, in a similar way to the ones for split Hom-Lie algebras,
split Lie algebras, split triple systems, split Leibniz structures and so on (see [1, 2, 3, 4] for
these notions and examples).

Definition 4.1. We say that a split regular BiHom-Lie algebra £ is root-multiplicative if
given v, B € A such that a1 + By~ € A, then [L,, £5] # 0.

Definition 4.2. It is said that a split regular BiHom-Lie algebra £ is of maximal length if
dim £, = 1 forany a € A.

Theorem 4.1. Let £ be a split regular BiHom-Lie algebra of maximal length and root-
multiplicative. Then £ is simple if and only if Z(£) = 0,H = 3 [£,4-1,L_n4-1] and
a€cl

A has all of its elements connected.

Proof. Suppose £ is simple. Since Z(£) is an ideal of £ then Z(£) = 0. From here,
Theorem 3.1-2 completes the proof of the first implication. To prove the converse, consider

I a nonzero ideal of £. By Lemma 4.3 we can write I = (/N H) & (P I,), where
acl
I, := I N £,. By the maximal length of £, if we denote by A; := {« € A : I, # 0},
wecanwrite I = (INH)& ( @ £.), being also A; # 0 as consequence of Lemma 4.1.
aEA;
Let us fix some ap € Ay being then 0 # £,, C I. Since ¢(I) = I and ¢)(I) = I and by

making use of Lemma 1.1-1 we can assert that

(19) if a € Ay then {ad®19p*2 : 21,29 € Z} C Ay.
In particular
(20) {2a0¢21w22 121,22 € Z} c I

Now, let us take any 8 € A satisfying 8 ¢ {£agd**1)*2 : z1, 29 € Z}. Since «g and 3 are
connected, we have a connection {a1, ..., ay }, k > 2, from o to § satisfying:

a1 = agp~ "~ " for some n,r € N,
a1¢_1 + 0421#_1 € A7
17+ P FagpTt €A,

197 2 L g P3P fagg P b a0 T a1 €A,
a1 fanp MY f g YT T T g T T
app™t = eBp~™4h~° for some m,s € Nand e € {1,—1}.

Taking into account a1, e € A and ;¢! + agp~t € A, the root-multiplicativity
and maximal length of £ allow us to assert 0 # [£4,,La,] = Layp-14asy-1- Since
0 # £,, C I as consequence of Equation (20) we get

0 # £a1¢71+a2¢,71 C I
A similar argument applied to oy ¢! + app ™!, a3 and
(a1 +ap o +agy ™ = a1d +aad T +asy !

givesus 0 # £, 421 a,6-19-1+agp—1 C I. We can follow this process with the connec-
tion {a, ..., oy } to get

0# 2a1¢*""+1+a2¢*k+2w*1+~~+akw’l -
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and then

either £Lg4-my—s C L or £_ggy—my-s C I.
From Equations (19) and (20), we now get
2D
either {€, 42122 1 21,22 €Z} CTOr {€_ 42122 : 21,22 € Z} C I forany a € A.
Equation (21) can be reformulated by asserting that given any « € A either {agp™*1¢) 72 :

21,29 € Z} or {—a¢~*1p™*2 : 21,29 € Z} is contained in A;. Taking now into account
H =3 [£4y-1,L np-1] We have

a€A
(22) HcCI.
If we consider now any o € A, since £, = [H, £, by the maximal length of £, Equation
(22) gives us £, C I and so I = £. That is, £ is simple. U

Theorem 4.2. Let £ be a split regular BiHom-Lie algebra of maximal length, root multi-
plicative, with Z(£) = 0 and satisfying H = Y~ [£4p-1,L£_q¢-1]. Then
aeA

e= P Iw

laleA/~
where any 1) is a simple (split) ideal having its roots system, Ay, with all of its elements
A I -connected.

Proof. Taking into account Corollary 3.1 we can write £ = @ [}, as the direct sum
[a]eA/~
of the family of ideals
Io) = To ) @ Vo) = O [Lap-1, £—ag-1)) & D L5,
a€EA BEla]
being each I, a split regular BiHom-Lie algebra having as roots system A Iy = [a]. To

make use of Theorem 4.1 in each I|,), we have to observe that the root-multiplicativity
of £ and Proposition 3.2 show that A I has all of its elements A Ia) -connected, that is,
connected through connections contained in Ay,. We also get that any of the /| is root-
multiplicative as consequence of the root-multiplicativity of £. Clearly I|) is of maximal
length, and finally its center Z7, (/o)) = {2 € I|q) : [z, ]|o) = 0]} = 0 as consequence
of [I1a], I}y]] = 0if [a] # [7] (see Theorem 3.2) and Z(£) = 0. We can apply Theorem
4.1 to any [, so as to conclude [, is simple. It is clear that the decomposition £ =

@ I}y satisfies the assertions of the theorem. O
laler/~
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