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1. Introduction

In [8] and [9] the construction of a solution of the Toda lattice

G = bn = bus } neN, (1)

bn - bn(an—i—l - an)
from another given solution was studied. Both solutions of (1) were linked to

each other by a Backliind transformation, also called Miura transformation,
given by

?n = YonYon+1, Qn = Yon—1+ Yon +C }
by = Yon+1V2n+2, Gn = Yon + Yon+1 +C

where {v,} is a solution of the Volterra lattice

Yn = Vn (7n+1 - Vn—l) . (2)
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Here and in the following, the dot means differentiation with respect to
t € R. However, we suppress the explicit ¢t-dependence for brevity.

In [2], the first and the second authors generalized the analysis given in [9]
to the kind of Toda and Volterra lattice studied in [1]. As a particular case,
the results obtained in [2] extend the corresponding of [9] to the case of Toda
lattices where a,(t) and b,(t) are complex functions of ¢ € R. Now, our goal
is to extend the results of [2] and [9] to the complex full Kostant-Toda lattice,
which is given by

a7(11) _ a7(12) - an2_1 )
al) = afllll —al) a? +dfP) - af,)l
ad) = aflllg ai) ol + ol — agf,)l
. >, neN. (3)
D = (o, — ) o ol — o,
o = (ol —a®) |

In the sequel, for each n € N we assume that ag), i=1,2,...,p, in (3)
are continuous functions with complex values defined in the open interval J,,
such that

N
(19, #0, forall N eN. (4)
n=1

It is easy to check that these equations can be formally written in a Lax pair
form J = [J,J_], where [M, N] = MN — NM is the commutator of the op-
erators M and N, and J, J_ are the operators whose matrical representation
is given, respectively, by the banded matrices

(a?) 1 \ 0

a?) ag) 1 a§2) 0
J — . : Ji _ . :
agp) a(pfl) a(l) 1 a§p) a;p—l) 0

and where J_ is the lower triangular part of J.
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In this paper we don’t distinguish between each operator and its matrical
representation. Moreover, we underline the formal sense of the Lax pair
expression. In fact, it could be that there is no open interval where all the
entries of J are defined.

Definition 1. We say that J is a solution of (3) if its entries verify (3)-(4).

An important tool in the study of these systems is the sequence of poly-
nomials P,(z) = P,(t, z) associated with the matrix J, i.e., the polynomials

defined by the following recurrence relation, given for n =0,1,... by
p—1
D At Papii(2) + (@l = 2)Pa(2) + P (2) = 0 (6)
R(z) =1, Pi() =+ = P yui() = 0.
We will use the followmg well-known fact,
P,(z) =det (zI,— J,), neN. (7)

Here and in the sequel we denote by A, the finite matrix formed with the
first n rows and n columns of each infinite matrix A.
For each p € N, the system

p—1 p—1
771 ="Tn (Z Yn+i — ZVTLZ) , nE N, (8)
1=1 1=1

called discrete Korteweg-de Vries equations, is an extension of the Volterra
lattices (2) studied in [8] and [9] (see also [6]). As in (3)-(4), for each n € N
we assume that the functions of (8) continuous and defined in an open set O,
such that

N
()O0n#0, forall NeN. (9)

The system (8) can be rewritten in Lax pair form, I' = [I', "], where T is
given by
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being 7; in the p-th row, and I'” is the lower triangular part of I'P.
In a different context, and considering I' as a bounded matrix, this lattice
was analyzed for the case p = 3 in [3].

Definition 2. We say that I' is a solution of (8) if the sequence {~,} ver-
ify (8)-(9).

For the sake of simplicity, in this work, we only consider a four banded ma-
trix J corresponding to p = 3 in (3)-(5), but the method can be extended to
higher order banded matrices .J, as we explain in Section 4. In our particular
case (3) becomes the following system,

dn - bn - bnfl
by = bylans1—an)+cep—cny ¢, NEN, (10)
én — Cn(anJrQ - an)

where we assume ¢, # 0 for each n € N. Now, the recurrence relation (6) is
forn=20,1,..., given by

Cn—lpn—Q(Z) + bnpn—l(z) + (an-i-l - Z)Pn(z) + Pn—i—l(z) =0 }
P()(Z) = 1, Pfl(Z) = P72(Z) =0

and the matrices J, J_ are, respectively,

(11)

ai 1 0
b a1 b 0
=" " J=" . (12)

ci by ag .| 7T |a by 0

We deal with solutions J of (10), i.e., matrices J as in (12) with entries
an, by, ¢, defined in J,, for each n € N, verifying (10) and such that (4)
holds for each N € N (see Definition 1). Consequently, for each of these
solutions, the polynomial P, in (11) is defined in (;_; ;.

We have the matrix

0 1
0 0 1
[ = . (13)

and (8) becomes

;Vn = Tn (’VnJrl + Yn+2 — Yn—-1 — ’Yan) , N & N. (14>
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Next we have our main result, where we obtain one solution of (14) and
two new solutions of (10) from a given solution of (10). This theorem extends
the corresponding results of [8, Th. 1] and [9, Section 2].

Theorem 1. Let J be a solution of (10) and let C' € C be such that det(J,, —
CI,) # 0, for alln € N. Then there exist two solutions JV | J2) of (10)
given by

agi) 1
e 0
(1) _ 1 2 -
To=1 o o 0 .. | i=1h2% (15)

& 9 Qg

and there exists a solution I' of (14) given by (13) such that the following
relations are verified for each n € N.

An = Yan—a + Van—3 + Yan—2+ C
by = V3n—3Y3n—1 + V3n—273n—1 + V3n—2V3n ¢ (16)
Cn = 73n—273n"3n+2 )
)
a) = Y3n—3 + V3n—2 + Y3n—1 + C
bg) = V302730 + V3n—173n + V3n—1V3n+1 (17)
1
ng) = V3n—173n+173n+3 J
.
ag) = Yan—2+ Van—1+ Y +C
P
by = V3n—173n+1 + V3nV3n+1 + V3nV3n+2 (o (18)
9
ng) = 13nV3n+273n+4 )

where we assume v, = 0 for m < 0.

Moreover, forty € R verifying the following conditions (19)-(20) we have that
{Vn} is the unique sequence verifying (16) such that (17) and (18) define two
solutions of (10):

(1) If by # O then

Yo # (19)

C—a1



6 BARRIOS, BRANQUINHO AND FOULQUIE MORENO

(2) For each n = 2,3, ... such that 6, := ¢, 1P, 2(C) + b,P, 1(C) # 0,
we have

Clpo(C)PQ(C)

Pi(C)ye # —b1 + (20)

— 0y +
Cnf2Pn73(C)Pn71(C)
Cn—lpn—Q(C)Pn(C)
—Un—1 5

We underline that (19)-(20) are referred to t = t.

As a consequence of Theorem 1, in the next result we determine the relation
between the solutions of (10) and the solutions of (14).

Theorem 2. Let J, " be as in (12)-(13) verifying (16) and let C € C be
such that det(J, — CI,) # 0,V¥n € N. Then I' is a solution of (14) if, and
only if, J is a solution of (10) and ~»(t) is the solution of the following initial
value problem,

i = les ==y |

y(to) = (ko)
with yo(ty) verifying (19)-(20).

An important tool in the proof of Theorem 1 is the concept of L U-factori-
zation for banded matrices (see [7]). Moreover, it is relevant the fact that
some triangular matrices can be factorized using some more simple matrices
as factors. This is showed in the following result, of independent interest.
Despite of this it can be extended to arbitrary values p € N. For the sake
of simplicity we assume p = 3. We underline that this result is verified by
matrices whose entries do not depend, in general, on t € R.

Theorem 3. We consider the following lower triangular matriz with complex
entries,

1

6171 1
el A (21)
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such that {j11; # 0 for each j € N. Then there exist two lower triangular

matrices
1

Yiyr 1

(1) _
L Vita 1 ’

i=1,2, (22)

such that
L=r1WL® (23)
Moreover, for each fixed o € C, with vo # 0, verifying the following condi-
tions (24)-(25), the factorization (23) is unique:
(1) ]fle 7é 0 then

Y2 # L1 (24)
(2) For eachn =2,3,... such that {,, # 0 we have
4
Yo # 11 — zL : (25)
loo —
enfl,nf2

Kn,nfl
gn—l,n—l - /
n,n

That is, if we have (23) and L) ,1=1,2, are two lower triangular matrices
like (22) such that the entries in the first column and second row of L'V and
LY are vy verifying (24)-(25) and L = LYLP) | then LW = LU i =1,2.

Section 2 and Section 3 are devoted to prove, respectively, Theorem 1
and Theorem 2. The proof of Theorem 3 and an extension to four banded
matrices of the concept of Darboux transformation are given in Section 4.
Also a matrical interpretation of Theorem 1 and Theorem 2 is given in this
last section.

2. Proof of Theorem 1

Since J is a solution of (10), for each n € N the functions a,, b, , ¢, ,
verifying (4) are defined in J,,. Let C' € C be such that det(J, — CI,) # 0
for all n € N.

As we have explained in the above section, in the sequel we assume that
each polynomial P, = P,(t, z) is defined for t € §,, := ﬂ;nzl J; . In particular,
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det(J,, — C1,) # 0 means that C' is not a zero of P,(t, z) for each fixed t € §,,
(see (7)).

It is well known that, under these conditions, for each m € N there exist
a lower triangular matrix L,, = L,,(t) and an upper triangular matrix U, =
Un(t), being both matrices of order m, such that

T — CLy = LinUn, (26)

(see for instance [5, Th. 1, pag. 35]). Moreover, for each fixed m € N
the main section of order m of L, (respectively, U,,11) is given by L,,
(respectively, Uy,). In this sense we can write

J—CI=LU, (27)

understanding that (26) is verified for all m € N in some open set §,,. With
our restrictions, L can be assumed a banded matrix like (21) and U is a two
banded matrix,
71
U= a1 : (28)

Our first purpose is to define the sequence {v,(t)}, n € N. First of all, we
shall define the sequence {vs,+1(t)} and, consequently, the matrix U.
Another way to write the recurrence relation (11) is

Py(z) 0
(J, — 2I) }3” _ 5 . neN. (29)
P, 1(2) —P,(2)
Then, using (26) and (29) for z = C' we have
B (C) 0
v, | 71 = (L))" 6 , neN, (30)
Poa(C) ~P(C)

being (Ln)_1 a lower triangular matrix whose diagonal entries are equal to 1.
Comparing the entries corresponding to the last row in both sides of (30) we
arrive to vs,_2P,_1(C) + P,(C) = 0, which is verified for any n € N. This is,

Frin (©) n >0

V3n+1 = —m ; = U, (31)
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where (31) determines the matrix U gives in (28).
With the aim to determine L we fix n € {—1,0,1,...} and we obtain the
row n + 2 in both sides of (27) (see (21)). Then

anr2 —C = Lpyingr + V3014 (32)

b1 = login + lngrinr1Y3n+1 (33)

Cn = Lni1nY3n—2 (34)

where we assume 7y, = by, = ¢ = lprim = U = 0 for m < 0. Since (34)

and (31) we obtain

Cnpn_l(C)
. L . 35
14 +1, Pn(C) n €N ( )
Moreover, from (32) and again (31),
Py
fnvnzanH—C%—ﬂ n € N. (36)

P,(C)
On the other hand, we consider the next initial value problem,
Ht) = (art) —aa(t)x(t) +1 ) .
ZC(to) = Xy

The unique solution of (37) is

t t s
x(t) — 67 fto(a’Qia’l)d‘S [ efto(a’Q*al)dde _|_ a,;()] ,
to

and it is easy to check that y = 1/z is a solution of

y(t) = y(t)(az — ar — y(1)) . (38)

Due the continuity of x(t), if 2y # 0 then there exists some interval J, t; € J,

such that x(t) # 0 for all t € J. Therefore we can obtain the solution of (38)
in J with the initial condition y(ty) = 1/x(%o).

If we take 72 := y, from (38) we arrive to (14) for n = 2. In this way, we

have defined
eftto (ax—aq)ds

1
’)/2 = — = B
x ti efto(azfm)dfds + (k)
with an appropriate value of x(¢y) # 0.
In the sequel we assume 72(ty) = 1/x¢ verifying the conditions (24)-(25)

of Theorem 3 for the matrix L(¢y). Obviously, this is possible because there
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is only a countable set of complex numbers on the right hand side of (25).
Then, from this theorem we obtain

L(to) = LW (tg) L (ty)

being L¥(ty), i = 1,2, as in (22). Due to this factorization we can ex-
press the entries of L(y) in terms of the sequences {vs,12(t0)}, {v3n23(t0)} -
This is,
Yan+2(t0)Yan(to) = Lnr1n(to) } 1.9
Yan—1(to) + y3n(to) = Lnn(to) o T

Let N € N be fixed. Since the continuity of the solutions of (10) given by .J
we know that there exists an open set, which we again denote Sy, such that
Sy C J and (24)-(25) hold for t € Sy and n = 1,2,..., N, being ¢y € Sx.
Then we assume that the entries a,, b,, ¢, of J, and also the polynomials,
are defined in 8y for n < N. We shall obtain the new solutions of (10)
and (14) in 8y for n < N.

We have defined {~s,4+1(¢)} in (31). Moreover we know the existence of
L), t €8y,i=1,2,as in Theorem 3. This define the sequence ,(t) for
n=1,2,...,3N + 2 verifying

CnPnfl(C)
=" =1,2,... N
Cn_lpn_Q(C) + bnpn_l(C)
e = — n=1,2...N. (40

for t € Sy (see (35) and (36)). Moreover, an immediate consequence of (31)
and (39) is v,(t) #0, n=1,2,...,3N + 2 in this open set Sy.

We shall prove that these functions 71, ..., v3ny.2 are solutions of (14) for
t € Jy. Taking n =1 in (40),

g = —
Y2 T3 = PO
and taking n =0, n = 1, respectively in (31) we see
n=-h(C), m=a—-C+b/P(C). (41)

Then

T=a—ar—(C—a1) =7 —7.
Therefore v3+v4 — 1 = a2 — a1 — 72 and we arrive to (14) for n = 2. For n =
1, (14) is directly checked taking derivatives in (41) because a; = by (see (10)).
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Now, taking derivatives in v3 = ¢, — 72 and taking into account (14) for
n=2and {11 = vy3(v1+ 75 — 1) we arrive to (14) for n = 3. That is, (14)
holds for n =1, 2, 3.

The next auxiliary result is an immediate consequence of [4, Theorem 1].
It will be used to prove that I'(¢) is a solution of (14).

Lemma 1. If J(t) is a solution of (10) then we have for alln =0,1,...,
Pn = _Cn—lpn—Q - bnpn—l .

In fact, in a little more general way, it is easy to prove by induction the
following result.

Lemma 2. If J(t) is a solution of (3) then we have for alln =0,1,. ..,

P, = —lezp_)p+2pn—p+1 - av(zg—)lpn—2 - ag?Pn_l :

Since (31), (40), for n < N and Lemma 1 we have

. _ i o Pn+1 (C)
V3n+1 dt

P.(C)
 Pa(Q) PosO)PAC) — Pun(C)BAC)
-~ P,(0) Po(C) Py (O)
P (O) (_Cnpnl(c) + bp1 P (C) L Cn—1P—2(C) + bnpn1(0)>
F,(C) P1(0) P(C)

= V341 (V3n4+2 + V303 — Van — Van—1) , P <N, te€Iy.

Then (14) is verified for the subsequence {vs3,+1} of {7,}.

Now we proceed by induction, assuming proved (14) for n = 1,2,...,3k,
k < N. From (39)-(40), for n < N, and (32)-(36), for n € N, we arrive to
the expression of a,, and b, in (16) for n < N + 1, as well as the expression

of ¢,, for n < N. Then
Ch

V3k+2 = .
V3k—273k

Taking derivatives and taking into account (10) for n = k and (14) for n =
3k — 2,3k, we arrive to (14) for n = 3k + 2. Now, using the expression of
a2 in (16), and taking into account that £ +2 < N + 1,

V3k+3 = Ak+2 — V3kt+2 — Vakta — C'.
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Taking derivatives in the above expression, using (10) for n = k+ 2 and (14)
for n = 3k + 2,3k +4 = 3(k+ 1) + 1, and also the expression of b, , n =
k+1,k+42,in (16), we arrive to (14) for n = 3k + 3, as we wanted to show.

For each fixed N € N we have defined ~, in Sy forn =1,2,...,3N + 2.
Then we have defined the solution I" of (14).

Remark . We underline that the existence of a solution I'(¢) of (14) verify-
ing (16) is independent on the solutions J@(¢), i = 1,2, of (10). We obtain
['(¢) by constructing the sequence {,} with additional conditions for v,. We
will use this fact in the proof of Theorem 2.

Now, we define the matrices J@, i = 1,2, as in (15), where the sequences
{a%),b%)}, n € N,i = 1,2, are given in (17)-(18). It is easy to see, after
some direct computations, that these sequences verify (10), i.e., are solutions
of the full Kostant-Toda lattice.

Finally, we show the uniqueness of the sequence {7,} in the given condi-
tions.

Assume that {7,} is another sequence verifying (16) such that (19)-(20)
hold in t = ¢y. Takingn = 1in (16) we see 7; = 3 = a;. Moreover, from (16)
and (11),

Van—573n—3Y3n—-1Fn—2(C) + (V3n-37Y3n-1 + V3n—2V3n-1 + Y3n—273n) Pa-1(C)
+ (Y3n—1 + V3n + Van+1) Pu(C) + P11 (C) = 0.

We can reorder the above expression as

Van—373n—1 (Van—5Pn—2(C) + P,—1(C)) +
(Y3n—1+ V3n) (V3n—2Pn—1(C) + P, (C)) + (Yant1Pn(C) + Pyr (C)) = 0. (42)

Taking a9 =0, a1 =1 and a,, = 3,11 P (C) + P 1(C), n=0,1,..., we
can write (42) as

V3n—3Y3n—10n—2 + (Yan—1 + Yan) 1+, =0, n=0,1,... }

OZ_QZO, 04_1:1

Because the unique solution of the above recurrence relation is a,, = 0, n =
0,1,..., from the definition given for «,, we arrive to

~ PnJrl(C)
n - - - n 5 — ,1,... . 4
V3n+1 (o) Y3n+1, =20 (43)
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Using (43) and (16),

~ ~ Pn—f—l(c)
n— n — Un s _C,
Y3n—1 + V3 Ant+1 + Po(C)
and so (see (11)),
7371—1‘1'7371:_0 L 2( )+ 1( ) n:1,2,....

Pa(C) ’

Now, if we take ¢, in (16) expressed in terms of {7,} using again (43) we
arrive to

~ ~ __Cnpn_l(C)
V3n+273n = —Pn( C)

That is, the sequence {7,} also verifies (39)-(40) in some neighborhood
of t().

Moreover, if we assume that, using {7,}, we can define in (17) a new
solution of (10), then

a§1)=%+%, ar =",

(1)

and therefore 7o = ay’ —a; . Taking derivatives in this expression, and taking
into account (16)-(17), we arrive to

Yo =72(az — a1 —72).
That is, 72 is a solution of (38). Then, with the initial condition 7 (ty) =
Ya(to), from the uniqueness of the solution of (37) we deduce 7, = 75 for some
interval Jtg — 0,1ty + 6. We are assuming (19)-(20) for 75 in ¢ = ¢, which
is equivalent, in our case, to (24)-(25). In the above construction of {~,}
we also assumed (24)-(25) for v2 in t = ¢, and, under these conditions, we
have obtained the unique possible solution {v,} of (14) verifying (16) such
that (17)-(18) define two new solutions of (10). Then we deduce that {7,}
and {7,} are the same solution of (14). |

3. Proof of Theorem 2

Firstly, in the required conditions assume that I'(¢) is a solution of (14).
Taking derivatives in (16) we see that J(t) is a solution of (10). Moreover,
the condition 45 = v9(as — a3 — 72) is given in (14) when n = 2.

Reciprocally, assume that J(t) is a solution of (10) such that 49 = vo(as —
a; — 72) and ~o(ty) verifies (19)-(20). From Theorem 1 we know that there
exists a solution {7,} of (14) such that (16)-(18) hold. Then, being {~,} the
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sequence of entries of I'(t), for proving that I'(t) is a solution of (14) it is
enough to show that {7,} = {7,}. But this is deduced from the uniqueness
of {7,,} when we take 5(ty) = 2(to). |

We underline that, in the proof of Theorem 1, the uniqueness of {v,} does
not depend on (17) and (18), being a consequence of (16) and the conditions
assumed for vs.

4. Proof of Theorem 3: Matrical interpretation of The-
orem 1

We will find two sequences {vs3,_1}, {73n}, n € N, defining the matrices
LW and L®) as in (22), such that (23) holds. That is, comparing both hand
sides in (23),

b = i1+ } =12 (44)
Uity = 737342
Let v9 # 0, 72 € C, be verifying (24)-(25). For j = 1 in (44) we want
b = %+
’ . 45
la1 = 7375 (43)

Hence, we can define v3 = ¢1; — 72. Obviously, if ¢/;; = 0 then we have
v3 = —y2 # 0, but if £;; # 0 then from (24) we also arrive to 73 # 0.
Therefore, we can also define 5 = ¢51/73, being v5 # 0, and (45) is verified.

Assume that v3; , ¥3j42, 7 = 1,2, ..., m, are not zero and defined as in (44).
Then we define

V3m+3 = Lmt1.m+1 — V3m+2 (46)

and we arrive to the first part of (44) for j = m + 1.
If v3,43 # 0, then we can define

£m+2,m—|—1
V3m+s5 = ——
V3m+3
and we have 3,15 7 0. In this way we arrive to the second part of (44) for
j = m+1. Consequently, we would have defined the sequences {~v3,_1}, {731}
such that (44) and (23) are verified. Therefore, it is enough to show ~s,, 13 #
0, in order to finish the proof of Theorem 3. Now, we will show that the
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following expression for 7, take place

14
’)/2251,1— 2,1 , j:1,2,...,m+1, (47)

oo —
T g
Cij = 3
where we understand v, = ¢; 1—73 in the case j = 1. Indeed, (47) is contained

in (44) for j = 1. If we assume that (47) holds true for j < m — 1, because
we are also assuming (44) with j < m, we have

oy = 29 (18)
V3j+2
Moreover, since (46) we know that the first part of (44) is also verified in
m + 1. Then
V3j4+2 = Li+1,54+41 — V3j+3 -
From this and (48),
Cj+1,j
Civij1— V3j43
Substituting in (47) we obtain the desired expression for j + 1.
Now, if £, 4+1.m+1 = 0, taking into account (46) we have 3,43 # 0. On the
other hand, if ¢,,11 11 # 0, then comparing (47) for j = m + 1 and (25) for
n =m + 1, we arrive to V3,13 # 0. |

V35 =

Theorem 3 provides the key to understanding the relation between The-
orem 1 and the Darboux transformation. With the above notation, rela-
tions (16) can be written as

J—-CI=1WLPU,
Moreover (17)-(18) can be rewritten, respectively, as
JW —cr=rPury,  J®» _cr=uvrWr®,. (49)

In general, we do not have uniqueness for the matrices L") and L® such that
L = LWLA but for each 75(ty) in the conditions of Theorem 3 determines
this factorization. In this way, Theorem 1 provides two new solutions (49)
of (10) given by the circular permutations of LW, L@ U. This fact extends
the results of [8] and [9], where the initial solution and the obtained solution
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of (10) are related by the Darboux transformation (see [2]). That is, in the
case of a tridiagonal matrix J we have J — CI = LU , and the new solution
is given by JY —CI =UL.

In the following, we extend the concept of Darboux transformation.

Definition 3. Let B = (b;;) , 7,7 € N, be a lower Hessenberg banded ma-
trix,

verifying det(B,,) # 0 for any n € N. Let L, U be, respectively two lower
and upper triangular matrices, such that the entries in the diagonal of L are

li; =1and B = LU is the unique L U-factorization of B in these conditions.
Assume L = LWL® ... L=V where for i =1,...,p— 1,

1
mo Yit+1 1
We say that any circular permutation of LL®) ... L=V is a Darbous

transformation of B.

With some more computations and the extension of the method used in
Section 3, Theorem 1 would be proved for arbitraries values of p. In this case
we have p — 1 new solutions J@ —CI,i=1,2,...,p—1, of (3) given by the
Darboux transformations of

J—CI=LWL® ...V (51)
this is,
JO _cr=r00 . LDy .
where U, L i = 1,2,....,p — 1, are given in (50) and the sequence {7,}
provides a solution of (8). If we fix the initial conditions vs(y), . .., vp—1(to)
verifying the adequate restrictions, then {v,} is the unique sequence veri-

fying (51) such that the Darboux transformations of (51) define p — 1 new
solutions of (3).
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