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1. Introduction

The study of the Christoffel and Geronimus transformations, members of the so-called
canonical linear spectral transformations, is a widely known theme in the literature of
orthogonal polynomials and special functions. From the historical point of view, the
analysis of Christoffel and Geronimus transformations puts emphasis on modifications
of weights supported on subsets of the real line under the multiplication and polynomial
division with the addiction of a mass point, respectively. The seminal references are
traced back to [1-5].

When the original weight is a member of the semi-classical class, that is, the log-
derivative is a rational function, there are well-known applications, e.g., in quantum
mechanics, and in the theory of integrable systems (see, for instance, [6-10]). A common
topic of research concerns the formulae expressing the new orthogonal polynomials in
terms of the original system. Basic structures to be analysed are the consequences for the
recurrence relation coefficients and the spectral derivatives of the corresponding system
of orthogonal polynomials. Let us note that, when dealing with semi-classical families
supported on the real line, the spectral derivatives are, essentially, systems of difference-
differential equations involving two consecutive elements of the sequence of orthogonal
polynomials, { P, },>0, say,

AP! = M, P, + NyPo_1, (1)
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where A, M,,, N,, are polynomials. Equations such as (1) have been extensively studied
from several points of view, allowing classifications and characterizations [11, 12].

In the present paper we study the action of the Christoffel and Geronimus transforma-
tions on Laguerre-Hahn families of orthogonal polynomials. Such sequences of orthogo-
nal polynomials generalize the semi-classical families. Indeed, the Laguerre-Hahn class
includes, as subclass, the semi-classical families as well as some of their transformations,
including the linear spectral ones [13-15].

The main motivation for the present work relies on studies concerning polynomial and
rational modification of weights in the semi-classical class, [8] and [10, Sec. 3].

A fundamental tool in our study are the systems of difference-differential equations

involving the Laguerre-Hahn orthogonal polynomials and their associated, {Pél)}nzo
(cf. Section 2),

T
AW, = My + No 1, 020, Wy = [Pt PY] 2)

where A is a polynomial and M,,, N;, are 2 x 2 matrices with polynomial entries [16]. We
study the modifications of systems of type (2) under the general framework of Christoffel
and Geroninums transformations of linear functionals [15, 17, 18]. The main goal is to
study the derivatives of the system (2) under such modifications and, as a consequence,
to analyse the corresponding changes on the recurrence relation coefficients of the or-
thogonal polynomials. Our main results give the new matrices in (2) for the modified
system in terms of the original one (cf. Section 4). Also, in the semi-classical case, we
give the modified transfer matrices in terms of the original ones.

The reminder of the paper is organized as follows. In Section 2 we give the basic results
on Laguerre-Hahn orthogonal polynomials and we introduce notation to be used in the
sequel. In Section 3 we deduce formulae expressing the new matrices ¥, in terms of
the original ones (see Theorems 3.1, 3.3, and 3.5), from which the recurrence relation
coefficients for the modified orthogonal polynomials are recovered (see Corollaries 3.2
and 3.4). In Section 4 we deduce the modified matrices of systems of type (2) under
the Christoffel and Geronimus transformations for the generic Laguerre-Hahn class (see
Theorem 4.1), together with the analysis of the transformations in the semi-classical class
(see Theorem 4.2). Examples, illustrating the main results, are given in Sub-Section 4.2.

2. Preliminary results and notations

Let P = span {z* : k € Ny} be the linear space of polynomials with complex coefficients,
and let P* be its algebraic dual space. We will denote by (u, f) the action of u € P*
on f € P. Given the moments of u, u, = (u,z2™), n > 0, where we take ug = 1, the
principal minors of the corresponding Hankel matrix are defined by H,, = det(ui+;); ;0.
where, by convention, H_; = 1. The functional u is said to be quasi-definite (respect.,
positive-definite) if H,, # 0 (respect., H, > 0), for all n > 0.

Let u € P* and let {P,},>0 be a sequence of polynomials such that deg(P,) = n. The
basis { P, }n>0 is said to be a sequence of orthogonal polynomials with respect to w if

(u, PoPr) = hplpm s hn #0, n,m>0. (3)

Throughout the paper we shall take each P, monic, that is, P,(x) = 2"+ lower degree
terms, and we will denote {P,},>0 by SMOP.

The equivalence between the quasi-definiteness of u and the existence of a SMOP
with respect to u is well-known in the literature of orthogonal polynomials [19, 20].
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Furthermore, if u is positive-definite, then it has an integral representation in terms of a
positive Borel measure, 1, supported on an infinite point set, I C R, such that

un:(u,x"):/l.ﬁ:"du(w), n>0. (4)

If p is an absolutely continuous measure supported on I, and w denotes its Radon-
Nikodym derivative with respect to the Lebesgue measure, then we will also say that
{P,}n>0 is orthogonal with respect to the weight w.

Associated with any SMOP there exist sequences {7y, }n>0 and {8, }n>0 of positive real
numbers and real numbers, respectively, such that the three-term recurrence relation
holds [20]:

Poti(x) = (2 = Bn) Pa(2) = ynPra(2), n>1, ()

with Py(x) =1 and Pi(x) =z — So.
Given a SMOP with respect to u, the sequence of associated polynomials of the first

kind is defined by

x—t

as we are assuming uo = 1. Here, uf denotes the action of u on the variable .

The sequence {P,(Ll)}nzo also satisfies a three-term recurrence relation,
1
P(@) = (= Bu) PV (@) = mPo (@), n>1, (6)

with Pﬁll) () =0 and Po(l)(x) =1.

o0

The Stieltjes function of u is defined by S(z) = Z Zil . Note that if u is positive-
x

n=0

definite, defined by (4), then S is given by

smy:%dM” reC\I.

x—t’

The sequence of functions of the second kind corresponding to { P, }n>0 is defined as
follows:

Gni1=Po1S—PY, n>0,q=S5.

Whenever u is positive-definite, defined by (4), the ¢,’s are given in terms of an integral
formula,

The Stieltjes function S is said to be Laguerre-Hahn if there exist polynomials
A, B,C, D, with A # 0, such that it satisfies a Riccati differential equation [12]

AS'=BS? +CS+D. (7)
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The corresponding sequence of orthogonal polynomials is called Laguerre-Hahn. If B = 0,
then S is said to be Laguerre-Hahn affine or semi-classical.
Note that equation (7) is equivalent to the distributional equation [12, 14]

D(Au) = Yu + Bz 'u?), ¢v=A+C,
being the left product of w by a polynomial defined as

(gu, f) =(uw,9f), g, f€P,

the derivative defined as

<Du7f>:_<u7f/>7 fGIP,

the product of two linear functionals defined as

(uv, f) = (u,v f), feP,
and the linear functional z~tu defined as

fz) = f(0)

X

<$_1u7f>:<u7@0f>> @Of(x): s fE]P)

For further purposes we show the generalization of the above formula, that is, we define
p~lu, with p a polynomial p(x) = [];_,(x — ¢;)™. Let us denote the set of the zeroes of
p, counting multiplicities, by R. The linear functional p~tu is defined as (see [15])

f(x) — Lrf(z)

<p_1(x)u, f> = <U, G'Rf> ’ Q'Rf(x) = p(ZE)

, JeP,

where L f is the interpolating polynomial of f, Lrf(z) = S5 S0, fE D (e;)l; 1 (),
with /¢; ;. the polynomial such that

E(#)_{lifi:k,u:k—l

] 0 otherwise

If w is positive-definite, defined in terms of a weight, w, then the semi-classical character
of u, D(Au) = yu, deg(y) > 1, is equivalent to w'/w = C/A with w satisfying the
boundary conditions [12]

where a, b (eventually a and/or b infinite) are linked with the roots of A. In such a case,
w is the weight function on the support I = [a,b], thus, supp(w) = I.

We consider the polynomial and rational transformations of linear functionals (see
17, 18, 21)):
(a) Christoffel transformation

u=(z—cju, c¢supp(u), (8)
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the corresponding orthogonal polynomials, P, satisfy
(2 ) Pa(@) = Pas1(2) = anPa(@),  an = Paa(c)/Palc) (9)
(b) Geronimus transformation
= (z—c) tu+Mé(x—rc), c¢supp(u), (10)

with M a nonzero constant, and d(x — ¢) the Dirac Delta at ¢. The corresponding or-

thogonal polynomials, P,, satisfy

2 (o) \ !
Po(2) = Pa() — bPa1(2), by =an 1 — (an1 irnl - M<]:npl2(1)>) ()

where ay, is defined in (9) and 7, = gny1(c)/gn(c).
Throughout the paper we will use the following matrices associated with the SMOP
{Pn}nZO:

L Poi1 Gny1/w
(1) n+1 4n+1
\I}n—[ljn-‘,-l P’n} s Vn—|:Pn n/w], n>0. (12)

In the account of (5) and (6), we have the recurrence relations

Un(z) = (& = Bn)¥n-1(2) = m¥n-2(x), n=1, (13)
yn:-Anyn—17 An: |:l'_1ﬁn _gn:| ) 77,21, (14)

with initial conditions

R L U RO A

As usual, A, is called the transfer matrix.

The matrices (12) will play a relevant role in the sequel. Indeed, Laguerre-Hahn orthog-
onal polynomials are characterized in terms of differential systems for {U,},>¢: there
holds the equivalence between (7) and

AV = MU, + Ny Uy, n>0. (15)

Here, A is the same as in (7) and M,,, V,, are 2 x 2 matrices whose entries are bounded
degree polynomials depending on the coefficients of the Riccati equation [16, Theorem
1]. In the semi-classical case, that is, B = 0 in (7), when dealing with weights, there
holds the equivalence between the semi-classical character of w, w'/w = C/A, and the
differential system

AV, =BpYn, n>1. (16)

Here, B,, is a 2 x 2 matrix whose entries are bounded degree polynomials depending on
the polynomials A, C' (see [22, Theorem 2] and [11]).

Henceforth, (X )(i, ;) denotes the (i,7) entry in the matrix X, and I denotes the identity
matrix.
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3. The Christoffel-Geronimus transformations: matrix relations

In this section we will write the matrix modifications for {¥,, },>¢ under the transforma-
tions (8) and (10).

3.1 Christoffel transformation

Theorem 3.1. Let {P,}n>0 be a SMOP and let {Pn}nZO be the SMOP related to the
modification (8). Denote by {Up,}n>0 and {¥,}n>0 the corresponding sequences defined
through (12). The following relation holds:

(x — )V, (z) = Sp(z;0)Vpp1(x) + Tn(z;0)Vp(x), n>0, (17)
where

1 0

Sulase) = {_1 x_c] , Talwi¢) = —an418a(zic). (18)

Proof. Let us denote by P,(Ll) the associated polynomial of the first kind related to P,.
Let us first prove the identity

(2 = )P (@) = a1 Pusa () = Pasa(@) + (@ = 0) (P (@) — ani PO (@) . (19)

Using the definition of 15,§1) as well as (9), we get, after some basic computations,

tA,(z) — vAL(t) Ap(z) — Ap(t)

(z — )PV (z) = (uyy, ) — c{ug, )

r—t r—t
where A, () = Ppia(z) — apny1Pryi(x).
Note that
tA,(z) — 2A,(t) (t —x)An(z) — (z —t)An(t) xAp(z) — tA,(t)
(U, p— ) = (uggs pr— ) + (uges p— )
thus,
tA,(x) — xA,(t
(ugg, ( i_t ( )> — —An(z) + 2PV (@) — anp1zPM(2), (20)
where we have used (up, (—An(7) — An(t))) = —An(x) together with the recurrence
relation (5). Also,
A, (x) — Ayt
fugg, =200y — P ) — i PO ). (21)
Therefore, (20) and (21) yield (19).
Equation (17) is the matrix form of (9) and (19). O

The recurrence relation coefficients for the transformed orthogonal polynomials can
also be obtained using the matrix identities (17). Indeed, we recover the results, e.g., in
[21]. More information can be obtained in [15, 18, 23].
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Corollary 3.2. Under the notation of (9), the recurrence coefficients of the SMOP
{Py}n>0 related to (8) are transformed according to the formulas

an

Bn = ﬂn+1 +Anr1 —Any, Yo = Vn (22)

an—1

Proof. Multiply the recurrence relation U, = (x— Bn)ilvln,l - ﬁn\fln,g, n>1,by (x—c)
and use (17), thus obtaining

Sn\I’nJrl + 7;1\1’71 = (I‘ - Bn) (Snflan + 7;171‘1}n71) - '?n (San\I’nfl + 7;172\117172) .
The use of the recurrence relation (13) in the above equality yields
Mn,lll’n = Mn,Z\I’nfl , n=>0,

where

Mn,l = (.le - Bn—o—l)sn + 771 - (iL‘ - Bn)Sn—l - 77”7;1—27

M = Yns1Sn + (@ = Bu) Tt — FnSnsz — 22 (x — Bo) Tz

n

After some computations we conclude that M,, 1 and M,, ; are null matrices. Therefore,
we get

(@ = Brs1)Sn + Tn — (2 — Bn)Sn_1 — %TH =0, (23)
’Yn—i—l’sn + (w - Bn),];z—l - :YnSn—Q - %(.’L‘ - Bn)%—? =0. (24)

Equation (23) yields only one non-trivial equation,

B = Bra1 + ns1 — Zlan—l . (25)

n

Equation (24) yields only one non-trivial equation,

an = ’Y—nan_l : (26)

n

Equations (25) and (26) yield (22). O

3.2 Geronimus transformation

Theorem 3.3. Let {P,},>0 be a SMOP and let {Pn}nZO be the SMOP related to the

modification (10). Denote by {¥,,}n>0 and {‘T’n}nzo the corresponding sequences defined
through (12). The following relation holds:

(x — )V, (z) = Sp(z;0)Vpp1(x) + Tn(z;0)Pp(z), n>0, (27)
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where

where

tn = _bn+2 + Bn+1 —Cc+

_1 _ (C_Bn+1)b7z+1 _ Yn+1 + (»T—ﬁn):YnJrlbn
Tn+1 Yn+1 TnYn+1
n+1
L Yn+1

[ tn 0
1 — @=Bns)buss | _ @=Bnii)buss | >

Yn+1 Yn+1

n

Proof. Let us first prove the identity

(2 — ) B (2) = Puyt (2) = b1 Pa() + PO (@) = by PV ().

Note that

(w =) P () = ((z—t)ay,

In the account of the orthogonality relation, the first integral in (31) gives us

Poii(z) — Poa(t)

Pri1(2) = Pan(),

0

bn+1
Yn+1

|

~’I’L bn
”;—1 — (@~ Bur) (S g1y — 1)

p— )+ ((t =)y,

(U Pt (2)) = Poga (@) -

The second integral in (31) gives us, in the account of (11),

Pn-l—l(x) - Pn-i—l(t)

(g,

x—t

Therefore, from (32) and (33) we get (30).

Now let us write, in the matrix notation, (11) and (30), that is,

xr—t

) = P (2) — by PV ().

($ - C)\Iln = A\Iln—&—l + BV, +C ¥y 1 + DV, 2,

with

A: |:10:|’ Bn: [Bn+1—bn+2—c 0:|’

00 1 1

_bn+1 - bn+1

The use of the recurrence relation (13) yields

Tn+l  InTn+1

A Cn _(x *Bn),D

(SL‘ - C){I}n = Sn\I’nJrl + ﬁz‘ljn,

_;YnJrlbn 0

0 0|"

Tn+1

s Tn = Bn_|_($ﬂ”+1)cn+<(x — Bn)(x = Bnt1) _
InYn+1

(28)

(29)

(32)

).
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Hence, we obtain (27) with the matrices Sy, 7, given in (28) and (29). O

Following the same technique as in Corollary 3.2, and using the matrix relations (27),
we recover the recurrence coefficients of the modified polynomials (see, e.g., [21]).

Corollary 3.4. Under the notation of (11), the recurrence coefficients of the SMOP

{Po}n>0 related to (10) are transformed according to the formulas

bn

n—1

Bn =Bn+bpt1 —bay =V b (34)

3.3 Iterations - General formulas

In this section we consider the iteration of (8) and (10). Without loss of generalization,
and for simplicity matters, in (35) and (36) we take ¢; # ¢, v; # v;, @ # j. We denote
the iterated transformation (8) by

K
ulKl = H(g; —cj)u, c¢j¢supp(u), j=1,...,K, (35)

j=1

and the iterated transformation (10) by

L
1 .
U[L}: L U+ZM]5(x_V])7 I/j¢supp(u)7]:17"'7L7 (36)
[= (@ —vy) j=1
with M; nonzero constants, j = 1,..., L. The monic orthogonal polynomials related to

(35) and (36) will be denoted by P, k. and P, . 1, respectively. The corresponding vectors
defined in (12) related to u&) will be denoted by VU, k-, and the ones related to u(y) will
be denoted by W, . ;. Recall that the vectors related to u are denoted by W,.

As a consequence of Theorems 3.1 and 3.3 we obtain the following result.

Theorem 3.5. For the modification (35), the following relation holds, for all n > 0:

K
[Iz = c)¥n k. () = Sal@icr, ... 1) Unia (@) + Talwich, ., 1) W (), (37)
j=1
where the matrices Sy(x;ck,...,c1), Tn(T;ck, ..., c1) are defined recursively through
Sn(l'; Cky--- ,Cl) = (-T - /Bn+2)8n(x; Ck)SnJrl('I; Ck—1y--- Cl)

+Sn (x5 c) Tn1 (x5 Ch—1y - - -, 1) + Ta(@; ) Sn (5 cl—1, - . -, 1),
To(x;Cy - -y 1) = —Yn42Sn (5 c)Spt1 (2 Clo—1, - .., C1)

+Tn(x; ) Tn(@; 1, - - -, C1)
with initial conditions

1 0
-1 z—q

Sp(z;cr) = [ ] , Tn(z;c1) = —an41Sn(x;c1) .
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For the modification (36), the following relation holds, for all n > 0:

L
H(x — V)V, () =Sp(z;vr, .., v1) Yt (2) + To(zs v, .. 1) Wy (2), (38)
j=1
where the matrices Sy(z;vp, ... ,v1), To(z;vL, ..., v1) are defined recursively through
Sn(zyvp, ... ,v1) = (¢ — Bng2)Sn(z;vL)Spy1(x;vp—1, ..., 1)
+ Sn(@;ve) Tag1(xsve—1, ... v1) + To(wsvp)Sn(2;vp-1, . - -, v1),

)
(ZL'; VIL—1y-+ -, 1/1)

+Tn(@;ve) Tn(@;vE-1, - 11)

771(‘1‘; Vp,..ooy Vl) = _'7n+28n($; VL)SnJrl

with initial conditions

. — Tn+1 Yn+1 YnYn+1
Sn (JZ, Vl) nt1 bt

L Yn+1 Yn+1

_1 _ (V1 =Bt 1)bnis Yt + (2=Bn)¥n+1bn 0 ]

[ tn 0
7;1($7 Vl) = 1 — (—Pn+1)bnt1 1 — (z—Bnt1)bnt1 |

Tn+1 Yn+1

where

) 5 1by
th = —bnyo + Bny1 — 11+ Tnddon _ (@ = Bnr1) (Sl 1) 10y — 1) -

Tn

Remark 3.6. If we consider multiplicity greater than one of some ¢; or v; in (35) and
(36) we get a more general situation. More information on this topic can be obtained in
1, 4, 5, 14, 24].

4. Modifications within the Laguerre-Hahn class

Recall that the Laguerre-Hahn class is closed under the Christoffel and Geronimus trans-
formations [12]. Let us take a Laguerre-Hahn Stieltjes function, S, and let .S be its Stieljtes
modified under the Christoffel or Geronimus transformations. Recall the equivalence be-
tween the Riccati equation for S, say

AS'=BS?*+CS+ D,
and a structure relation for the corresponding i’n,
AV = MW, + Ny 0,1, n>0. (39)

In what follows we construct the difference-differential equation (39) for the transformed

U,,, based on the matrices from the difference-differential equation (15) for ¥, related
to S, AV = M, ¥, + N, ¥,,_1, as well as on the matrices from the identities (17) and

(27), (2 — )V = SpVpyy + TV, .

Theorem 4.1. Let {P,},>0 be a SMOP related to a Laguerre-Hahn Stieltjes function S
satisfying AS' = BS? + CS + D, equivalently, the corresponding {¥,}n>0 satisfying the

10
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difference-differential equation (15),
AV, = My, + Ny Uy, n>0.

Let {pn}nZO be the SMOP related to the modified Stieltjes function under the Christoffel

or Geronimus transformations (8) or (10), say, S, satisfying

AS'=BS?*+CS+D, Az)=(zx—c)Ax). (40)
There holds the equivalence between (40) and the difference-differential equation
AV = M, U, + N, U, _, (41)

with the matrices My, Ny, given by

- . 1 - - ~ ~
M = <sn + Nnnl) St No= (LT =887 )t ()
Tn+1
where
S\n = (113 — C) <AS7/1 + SnMn+1 - ! %Nn> - ASTL ) (43)
Yn+1
- 1 (l‘ - /Bn-i-l)
Tn=(x—c) [ AT, + SuNps1 + To [ My + Vi/\fn — AT, (44)
n+1
1 — Bn _
Vn = Tn1Sy 't + <Sn—1 + M%—l) T. b (45)
Tn+1 Tn+1
with Sy, Ty, the matrices from (17) and (27).
Proof. Set the relations (17) and (27) written as
(x — c)\in =S Vi1 + TnV,. (46)

Take derivatives in (46), multiply by the polynomial A, and use (15), thus obtaining
AV, + Az — )V, = 81 Wyt + Tna W, (47)
with

1 - Mn
St = AS, S Must=——TuNo, Tos = ATHS N1 4T, (Mn " WM) |
n+1 n+1

Multiply (47) by (z — ¢) and use again (46), thus obtaining
AV =8, U1 + TV, , (48)
with

A~

A=(z—0)?A, 8 =(x—0)Sp1—ASy, Tn=(z—)Tn1 — AT,

11
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To deduce the matrices M,,, N,,, in (41) we multiply (x — c)A\f';L = MV, +N,¥,_4
by & — ¢ and use (46) and (48), as well as the recurrence relation (13), thus getting

Mn,I\I’nJrl = Mn,Z\I’n )
with

~ . 1 - R ~ ) B
Mn,l - Sn_MnSn—i—iNn%*l ’ M”:Q = _7;L+Mn7;1+./\/’n8nfl+w
Tnt1 Yn41

Nntﬁlfl .

Taking into account the structure of the matrices defining M,, 1 and M,, o, we conclude

that M,, ;1 and M,, o are null matrices. Hence, we obtain that M, N, are given by
(42). O

4.1 The semi-classical class: the Christoffel and Geronimus weight
transformations

Recall that the semi-classical class is closed under the Christoffel and Geronimus trans-
formations [12]. Whenever dealing with weights, there holds the equivalence between the
semi-classical character of w, say w’'/w = C/A, and the differential system (16) for the
corresponding ),

Ay;l:Bnyn; n>1,

where B, is a matrix of polynomial entries [22, Theorem 2].

Let us now consider w, a modification of w under the Christoffel or Geronimus trans-
formation. As w is semi-classical, there holds a differential system for the corresponding
9, = [PQH ‘I’i“/fz’]

P, (In/ w ’

AY =BV, n>1. (49)

In what follows we see how B, in (49) and the transfer matrices of {J, }n>0, henceforth
denoted by A,, relate to B, in (16) and to the transfer matrices A, of {Vn }n>0-
Theorem 4.2. Let {P,},>0 be a SMOP related to a semi-classical weight w with the
corresponding {Vn}n>0 satisfying (16),

Let A,, be the transfer matriz of Y, .
a) Christoffel case.
a.1) The sequence {Yn}n>0 related to the modified weight w(x) = (z — c)w(x) satisfies

(37 - C)jjn =CpYn, Cp= -An+1 - An» n=>1, (50)

0 ap
0.2) {YnYn>0 satisfies a linear system (49), AV = BV, , n>1, where

where A,, = {anﬂ O] s an = Poyi1(c)/Puc);

A= (z—0)A, B,=((x—c)(AC), +CuB,) — AC,) C;t; (51)

12
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a.3) The transfer matrices of Y, and Y, are related through

A, =CoACTY, n>1. (52)
b) Geronimus case.
b.1) The sequence { Yy }n>o related to the modified weight w(x) = (;U(;x)c) satisfies
.’)Dn = gnyn ) gn = An-i—l - B’n’ (53)
where By, = [bno“ bo} » bn = qn(c)/qn-1(c);
b.2) {Vn}n>0 satisfies a linear system (49), AV, = B,Yn, n > 1, where
A=(x—c)A, B,=(x—0c)(AG, +GuBn)G,": (54)
b.3) The transfer matrices of Y, and Y, are related through

Proof. Christoffel case.
a.1) The sequence of functions of the second kind related to w, {g,}, satisfies

Gn(7) = gn+1(x) — angn(x), n>1. (56)
Thus,
(LU - C)jjn = yn+1 - Anyn .

The use of (14), Vn+1 = An+t1Vn, in the equation above yields (50).

a.2) Take derivatives in (50), then multiply the resulting equation by (z —c)A and use
(50) again, thus obtaining

(ACy, + BnCp) Vi = (z — ¢) (AC), + CoBp) Y -

Hence, we have the linear system (49) with the data (51).
_a.3) Relation (52) follows from the use of the recurrence relation for ), as well as for
Yn, into (50).

Geronimus case.
b.1) The sequence of functions of the second kind related to w, {gy,}, satisfies

(m - C)(jn(l‘) = Qn(x) - annfl(x) , n>1.
Thus,
5}” :yn+1 _Bnyn

The use of (14), Vn+1 = Ant+1Vn, in the equation above yields (53).
b.2) and b.3) are deduced similarly as a.2) and a.3). O

13
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4.2 FExzamples

Let {PLF}.>0,{P/}n>0 denote the sequences of monic Laguerre and Jacobi anti-
associated polynomials, respectively. These are members of the Laguerre-Hahn families
of class zero [25].

The recurrence relation coefficients of {PL},>¢ are

Bn:2n+a7]—)’yn+1:n(n+a)7 nZl,IBO:a*1+>\7’Y1:Pa

with a,A € C, a # —n, n > 1, p € C\ {0}. The recurrence relation coefficients of
{Pﬁ]}nzo are

ﬁQ—OZ2
b = Cn+a+B8-2)2n+a+pB)’

dn(n+a)(n+ B)(n+a+ B) .
nta+f-1)2n+a+pf)2ntatBf+1) T

and [y = Ofr;ﬂa_Q—i—)\, vi=p, a,B, e Ca# —n, B#-nn>1 a+p#-nn>
2, a+ B #2, peC\{0}.

The corresponding Stieltjes functions satisfy (7), AS’ = BS? + CS + D, and the
corresponding ¥, satisfy structure relations (15), AV) = M, ¥,, + N, ¥, _1, where (see
[22, Lemma 6]):

(i) in the PF case,

A=z, B=—-2>-(A-2B8))z—afy+p,C=x—a, D=0,

_ _B
M, = :L'—I—?(z)—i—oz n | Np=nn+a)l, n>1;

(ii) in the P/ case,

A=1-2%, B=(-a—f+1)a*+(fola+F)+ 5 —a)z+(a+h+1)p+fola—F) -1,
C':(a+ﬁ):n—|—oz—ﬁ, DZOa

—(a+p+n)z—(a—p)—ay -B
0 —nr — oy,

M, = , Ny =(—a2+2v,+n)I, n>1,

where oy, =374 Br, vn = Z?ﬁz(jgn BiBj = > k= Vi m = 1. ~
_ Under the Christoffel transformation (8), the modified Stieltjes function S is given by
S(z) = (x — ¢)S(x) — 1. Thus, we have AS’ = BS? + CS + D, with

A(x)=(x—c)A, B=B, C=A+2B+(x—c)C, D=A+B+(z—c)C+(z—c)*D.

The difference-differential equation (41) holds with the matrices M, N, given by (42),
with the S, 7, given in (18). )
Under the Geronimus transformation (10), the modified Stieltjes function S is given

14
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s Sx)—Sle)+M

. Thus, we have AS' = BS? 4+ CS + D, with

Tr —cC

Ax)=(z—c)A, B=(x—¢)’B, C = —A+2(S(c) = M)(x — ¢)B + (z — ¢)C,

D = (S(c) — M)?’B + (S(c) - M)C+D.

The difference-differential equation (41) holds with the matrices M,,, N,, given by (42),
with the S, T,, given in (28)—(29).
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