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Abstract

We deduce difference equations in the matrix form for Laguerre-Hahn orthogonal
polynomials on systems of non-uniform lattices, the so-called compatibility con-
ditions, involving the transfer matrices. As a consequence, we obtain closed form
expressions for the recurrence relation coefficients of the Laguerre-Hahn polynomials
of class zero.
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1 Motivation

Systems of non-uniform lattices and the corresponding divided difference ope-
rators have been studied from many points of view (see [1,2,6,13,15] and ref-
erences therein). In general terms, the difference calculus on non-uniform lat-
tices generalizes the calculus on lattices of lower complexity, such as the linear
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and g—uniform lattices. More detailed information on the hierarchy of lat-
tices/operators can be found, e.g., in [11,16] and [19, Sections 2,3]. In this
paper we consider a general divided-difference operator [11, Eq. (1.1)] having
the basic property of leaving a polynomial of degree n — 1 when applied to
a polynomial of degree n. Under some specifications, [11, Eq. (1.1)] is related
to the Askey-Wilson operator [1, Section 5]. Our purpose is the analysis of
the so-called Laguerre-Hahn class of orthogonal polynomials on systems of
non-uniform lattices, that is, families of orthogonal polynomials for which the
formal Stieltjes function satisfies a Riccati difference equation with polynomial
coefficients.

For the best of our knowledge, Laguerre-Hahn orthogonal polynomials on sys-
tems of non-uniform lattices were firstly studied by A. Magnus in [11]. More
recent literature includes [3,4]. The Laguerre-Hahn class contains the well-
known classical and semi-classical orthogonal polynomials [7,16,19], as well
as some of their rational spectral transformations [20, Section 5]. Our goal is
to derive properties of orthogonal polynomials and their recurrence relation
coefficients from the knowledge of the polynomial coefficients involved in the
Riccati difference equation. Such a topic has been extensively studied in the
literature, for several types of difference operators and families of orthogonal
polynomials. For instance, a similar program was undertaken in [5], within the
setting of continuous derivative, for the very classical Jacobi polynomials, and
in [19], within the class of semi-classical orthogonal polynomials on systems
of non-uniform lattices.

The main results of the present paper are given in Sections 3 and 4, where
we deduce difference equations in the matrix form for the orthogonal polyno-
mials (see Theorem 1), and the so-called compatibility conditions involving
the transfer matrices (see Corollary 1). Under some constraints on the de-
grees of the polynomial coefficients of the Riccati equation, we obtain closed
form expressions for the recurrence relation coefficients of the Laguerre-Hahn
polynomials (see Theorem 2).

The remainder of the paper is organized as follows. In Section 2 we give the
definitions and state the basic results to be used in the forthcoming sections:
we follow the formalism and geometric interpretation from [11,13], and give
some properties of the divided-difference operators, the related non-uniform
lattices, and the corresponding Laguerre-Hahn families of orthogonal poly-
nomials. In Section 3 we deduce the difference equations for the orthogonal
polynomials as well as the compatibility conditions for the transfer matrices.
In Section 4 we deduce the formulae for the recurrence relation coefficients
of the orthogonal polynomials. Specializations to the Askey-Wilson operator,
together with illustrative examples, are given in Sub-section 4.2.



2 Preliminary results

2.1 The operator D, the related non-uniform lattice, and fundamental quan-
tities

We consider the divided difference operator D given in [11, Eq.(1.1)], with
the property that D leaves a polynomial of degree n — 1 when applied to a
polynomial of degree n. The operator D), defined on the space of arbitrary
functions, is given by

_ fp(@) = f(il=)

(1)
where y; and y, are functions that satisfy

y1(z) + y2(z) = polynomial of degree 1, (2)
(y1(2))* + y1(2)ya(x) + (y2(x))? = polynomial of degree 2, (3)
the later condition being equivalent to y; (z)ys(z) = polynomial of degree less

or equal than 2. Conditions (2)—(3) define y; and y as the two y-roots of a
quadratic equation

ay® + 2bxy + éx? +2dy +26x + f =0, a#0. (4)

Identities involving y; and y», following from the fact that y;, y» are the y-roots

of (4):

yi(7) + yo(x) = —2(bx + d) /a,
nlehe(n) = (& + 200+ fifa, -
(va(2) = 1(2))° = (<b2—ac>m+2<bd—aé>x+d2—af)/a2

y(2) = p(x) = \Jr(x),  ya(@) = p(x) + /r(z),

with p, r polynomials given by
<>_>Bx+d )= A | bd—ae {%T
Poy=—="%" "W =a """ 5

ifA£0,  (9)

where A = 02 — ¢, 7 = ((8* — a¢)(d? — af) — (bd — a¢)?) /a.

There are four primary classes of divided difference operators (1) and related
lattices. Such a classification is done according to the two parameters A and
7 defined above, assuming ac¢ # 0:



(i) A =7 =0 - the linear lattice, related to the forward difference operator
[17, Chapter 2, Section 12].

(ii)) A # 0, 7 =0 - the g-linear lattice, related to the ¢-difference operator [8].
(iii) A= 0,7 # 0 - the quadratic lattice, related to the Wilson operator [1].
(iv) AT # 0 - the g-quadratic lattice, related to the Askey-Wilson operator [1].

In the present paper we will consider the general case A7 # 0, and we shall
operate with the divided difference operator D given in its general form (1),
with y1, 72 given in (8), defined in terms of the polynomials p and r in (9).
Throughout the paper we shall use the notation A, = y» — y;. From (8), it
follows that

A, =27 (10)

By defining the operators E; and E, (see [11]), acting on arbitrary functions

f as
(B f)(z) = fn(x)), (Ezf)(x) = f(y2(x)),

then the formula (1) is given by

(Df)(z) =

The companion operator of D is defined as (see [11])

(Euf)(2) + (B2f)(z)

5 (11)

(Mf) () =

Some useful identities involving D and M are listed below (see [11]):

D(gf) =DgMf +MgDf, (12)
M(gf) ZMngJrAf’Dng, (13)
D(1/f) = El_f]%;f, (14)
M(/S) = (15)

Eq. (12) has the equivalent forms

D(gf) =DgEif +DfEyg, D(g9f) =DgEyf +DfEg. (16)

Note that Mf is a polynomial whenever f is a polynomial. Furthermore, if
deg(f) = n, then deg(Mf) = n [4, Lemma 1]. Indeed, let us emphasize that,
throughout the text, unless stated in contrary, by a polynomial we mean a
polynomial in the variable z.



Finally, we recall that for the ¢g—quadratic class of lattices there is a parametric
representation of the conic (4), x = z(s),y = y(s), such that [13, pp. 254-255]

2(s) =z +EVal(q +q7%), y(s) =y +EVe(e™ 2+ ¢, (17)

Te = (&é_i)d)/)H Ye = (éd_éé)/)‘a 52 = f~/(4)‘) ) .f: f_dyg_Ql;xcyc_éxga
and ¢ defined through

4b2
g+q'=—-2. (18)
ac

In this case we have yy(z(s)) = y(s), y2(x(s)) = y(s+1). Thus, in the account
of (8),

Ifa=¢d=é=0,then f = f, and we get
2(s) = &Valg" + %), y(s) = &Valg > + ¢, (20)

hence,
p(e) = (s —1/2), a(r) = x(s+1/2), (21)
thus (1) is given as

fla(s +1/2)) = fla(s — 1/2))
r(s+1/2) —z(s—1/2)

Df(x(s)) = (22)

The fundamental quantities to be used in the main results of the paper depend
on the lattice, namely, on the polynomials p,r as well as on the parameter ¢
defined above. Let us note that, in the account of (19), it follows that

y(s +1) +y(s) = 2p(a(s)),  (y(s+1) —y(s))” = dr(a(s)).

By writing
p(z) = prx +po, r(x) =r2® +rix+10,
the coefficients p1, po, 72,71, 70 may be obtained through the linear systems
(2(0))” 2(0) 1| |r2 (y(1) — y(0)))* /4
b1
L ] = @) 2(1) 1| || = | (w(2) (1) /4
0

{2@0) 2
(#(2))* x(2) 1] |ro (y(3) —y(2))* /4

22(1) 2

Y
Y



2.2 Laguerre-Hahn orthogonal polynomials on non-uniform lattices

We shall consider formal orthogonal polynomials related to a (formal) Stieltjes
function defined by

S(z) = iun:v_”_l (23)

n
ui+j]., 07&0”&2
Z7j:
0, and, without loss of generality, ug = 1. Throughout the paper we consider
each P, monic, and we will denote the sequence of monic orthogonal polyno-

mials {P,},>0 by SMOP.

where (u,,)n>0, the sequence of moments, is such that det

Monic orthogonal polynomials satisfy a three-term recurrence relation [18]
Poi(z) = (x — Bn)Pu(z) — v Poa(z), n=0,1,2,..., (24)
with P_1(x) =0, Py(x) =1,and v, 20, n > 1, v = 1.

The sequence {P}Ll)}nzo, also referred to as the sequence of associated poly-
nomials of the first kind, satisfies the three-term recurrence relation

PO(z) = (z — B,) PV (x) — 3 PYy(z), n=1,2,.. (25)

with PY(z) =0, P{"(z) = 1.

In the framework of Hermite-Padé Approximation (see [12]), the polynomi-

als P, are the diagonal Padé denominators of (23), and the PT(Ll_)l’s are the
numerator polynomial, thus, also determined through

S(z) — PY,(2)/Pa(z) = Oz, 2 — 0.

Definition 1 ([11]) A SMOP {P,},.>o related to a Stieltjes function, S, is
said to be Laguerre-Hahn if S satisfies a Riccati equation

A(x)DS(x) = B(z)E,1S(2)EyS(x) + C(x)MS(x) + D(z), (26)

where A(z), B(z),C(x), D(z) are polynomials in x, A # 0.
If B=0, then {P,}n>0 is said to be semi-classical.

Note that [11]
deg(A) <m+2, deg(B) <m, deg(C) <m+1, deg(D) <m,  (27)

where m is some nonnegative integer. When B = 0 and m = 0 we get the
so-called classical polynomials [7,15,16].



In the sequel we will use the following matrices:

P, = Wl n=zo0. (28)
Pn Pnfl

In the account of (24) and (25), P, satisfy the difference equation

T — Pn —Un
Pn — Anpn—l s An - ﬂ ! ) n Z ]-7 (29>
1 0
e . r— 051 . .
with initial condition Py = . The matrix A, is called the transfer
1 0

matrix.

3 Difference equations and compatibility conditions

Laguerre-Hahn polynomials related to Stieltjes functions such that (26) holds
satisfy the difference equations, for all n > 0, [4, Th. 1]

ADP, 1 = (I, + Aym,)EiPoyy — C/2Ey P, — BE,PY + ©,E, P, ,
ADPY = (I, + Ay, )E PV + C/2E, PY 4+ DEy P,y + ©,E, PV

n—1>

(30)

as well as [4, Th. 2]
An+1DPn+1 = (ln - C/z)MPn-H - BMPr(Ll) + @nMPn ) (31>
ApaDPY = (I, + C/2)MP) + DMP, ;1 + ©,MP;Y, (32)

with
A2

An+1 =A+- T (33)

2
and 1, m,, ©, polynomials such that

deg(©,,) < max{deg(A) — 2,deg(B) — 2,deg(C) — 1},
deg(l,) < max{deg(A) —1,deg(B) — 1,deg(C)},
deg(m,) < max{deg(B) — 2,deg(C) — 1},

satisfying the conditions



1= 0, To = —D/2, (34)
2

@_1 = D, @0 = — A4yD — (lo — C/Q)M(ZL‘ - BO) + B, (35)

Remark 1 FEgs. (30) are equivalent to

ADP, ., = (I, — Aymp)Eo Py — C/2E, P, — BE,PY + ©,E, P,
ADPY = (I, — Aym,)E, PO + C/2F, PV + DE, P,y + ©,E, P

n—1>
(37)
for alln > 0.

Taking into account the notations above, we obtain the result that follows.
Theorem 1 Let S be a Stieltjes function satisfying (26), and let {Pp}n>0, be
the corresponding sequence given by (28). The following relations hold, for all
n > 0:

A]D)Pn = Bl,n Elpn - E2Pn C ) (38>
ADP, = By, EsP, — E,P,C, (39)

with the matrices Bj,, j = 1,2, and C given by

o |t DA, o,
j,TL = . 7
L ot + (— 1A Ty + =L By — B,)
(c/2 —D
e ,
B —C)2

where the 1, and ©,,’s are the polynomials in (30).

PROOF. Let us deduce (38). Taking the relations (30) with n — 1, we have

ADP, = (ly_1+Ay7n_1)E1 Py —C /2By P, — BEy PV, 40, E\ P, n>1.

Using the three-term recurrence relation, P, | = (xf n) P,— i :“ , in the above
equation, we get

@n—l

n

ADP, = —

n

O,
IEllanrl + <ln1 + Ayﬂ'nfl + lEl (.I' - Bn)) ]Elpn

— C/2E,P, — BE,PY, . (40)



In the same manner we get

e, O,_
/mﬂ”:_lmﬂ”+@H+Awwﬁ— W&@—&OE%%

n—1
n n

+C/2Ey P, + DEyP, . (41)

Now we write (30), (40), and (41), in the matrix form, thus getting (38), which
holds for all n > 1. From the initial conditions (34)—(36) there follows that
(38) also holds for n = 0.

Starting with (37) and proceeding in the same way as above we get (39).

Corollary 1 The following compatibility conditions hold for the transfer ma-
trices A, for allm > 1:

A]D)An = BLn ElAn - EQAn Bl,n—l ) (42)
A]D)An = B2,n ]EZAn - ElAn B2,n71 . (43>

PROOF. Let us deduce (42). From (29) we have DP,, = D(A,P,_1). Thus,
in the account of (16), we get

DP, = DA, E;P,_1 +Es A, DP,_; .

Using the equality above in (38) we get

ADA, E\P,—1 + Ex A, (B 1B Pro1 — EoP,iC) = By, 1P, — E2P, C.
(44)
The use of (29), P,, = A, P,_1, in the above equation yields, after cancelations,

ADA, E Py + Eo A By 1 B Pt = By E1ALE P,y .

Note that [18] PV P, — Pn+1P,§1,)1 = [Tico vk, n > 0. Thus, det(E,P,—1) =
— 17 V& and, consequently, as 7, # 0, n > 0, E;P,_; is invertible. Therefore,
we get

ADA,, + Ex A, By o1 = B, E1 A,

thus obtaining (42).

Eq. (43) is deduced in a similar way.

As a consequence of the compatibility conditions (42)—(43), we obtain the
following relations for the polynomials ,,(,, ©,.



Corollary 2 The polynomials m,,l,, ©, satisfy, for all n > 0, the following
relations:

O, "~ Op—1
T4l + Ty = — - ) 45
! 2Yn41 kz:% Tk ( )
O,
ln—i—l + ln + M(l’ - /Bn—i-l)i - 07 (46)
7n+1
Az _ Int1
—A+ M(ZL‘ — 5n+1)<ln+l — ln) — 7(77'714_1 + 7Tn> + @n-l—l = - @n—l , (47)
lng1+ 1= QM(J: - Bn+1)(7rn+1 - 7Tn) ) (48)

together with the initial conditions (34)—(36).

PROOF. The equation (42) has two non-trivial entries, on positions (1, 1), (1, 2).
Respectively, for all n > 1, we have

®n—2

n—1

A= (ln + Ay 7"-n)E'l (.CIZ' - Bn) + Gn - (lnfl + Ay 7Tn71>E2(x - ﬁn) — Tn
0= _(ln + Ay 7Tn)f)/n - ]E2(x - 5n)@n71 + Yn (ln72 + Ay Tn—2

O,
ZEl(I’ — ﬁn—l)) . (50)

Yn—1

(49)

_|_

Recall that A, = Eqz —E 2. Thus, after some computations, from (49) we get

Opy AZ
A:M(x_ﬁnxln_ln—l)—i_@n_?/n’y 2 _Ty(ﬂ-n'f’ﬂ-n—l)
n—1
1

LA, <_2(zn +ly1) + M(x — By)(mm — 7rn1)) . (51)

As the left-hand side of (51) is a polynomial, the following equations must
hold, for all n > 1:

@n—Q Az
. — 7(77'” + 7Tn_1> = A, (52)

_;(zn + 1) + M(z — B,) (0 — 1) = 0. (53)

M(z — Bo)(ln — ly—1) + On —

Hence, we get (47) and (48) for all n > 0.

Egs. (45) and (46) are obtained from Eq. (50), using similar computations as
above.

10



Remark 2 Fgs. (4/5)-(47) also appear in []]. There, they were deduced in a
different way than above.

Remark 3 From (46) and (48) it follows that

O,
n — TTpn — — s H4
T 2Yn41 (54)
which, when summed with (45), yields
1 n+1 0.
M1 = —= > —L n>0. (55)

230 W

Note that, in the account of (33), Eq. (47) can be written in the equivalent
form

A= Apyo— Anir + M@ = Bt (s — b)) + Onin = L0, . (56)

n

Egs. (45)—(48) and (55)—(56) will play a fundamental role in the sequel.

4 Laguerre-Hahn orthogonal polynomials from compatibility con-
ditions

4.1 Laguerre-Hahn orthogonal polynomials of class m =0 in (27)

We consider the Laguerre-Hahn families of the so-called class zero, that is,
m = 0 in (27). Hence, we consider SMOP’s { P, },,>0 whose Stietjes function
satisfies A(z)DS(z) = B(z)E,15(x)EyS(x) + C(x)MS(z) + D(x) with

deg(A) <2, deg(B) =0, deg(C) <1, deg(D)=0. (57)

Recall the difference equations (31)-(32),

ApDP, iy = (I, — C/2)MP, .y — BMPY + ©,MP,
ApiDPO = (I, + C/2)MPY + DMP,,, + ©,MP.Y, .

As we are taking m = 0 in (27), then deg(l,) = 1, deg(m,) = deg(©,,) = 0.
We will use the following notations:

A(x) = agx® + ayx +ag, B="by, O(x) = c1z +co, D(x) = dy,
l(x) =lhax+Lhp, m(2) =7, Op(z) =0,, m,, O, constants,

11



and
Ap(2) = Qpot® + an1 + ang - (58)

In the account of (1), (11), (23) and according to the previous notations, we
have

do = —(az + 01101)/(29% —Ta). (59)

In the next lemma we show that some quantities, to be used in the sequel,
depend only on the lattice as well as on the coefficients of the Riccati equation.
Recall that p; and re are the leading coefficients of p(z),r(z), respectively,
defined in (9), and ¢ is defined through (18).

Lemma 1 Under the previous notations, the quantities €y, 1, ©p/Vni1 and T,
are given, for alln >0, by

n+l _ —(n+1) o) n_ ,,—n
q q q q
lpy11= ( — ) (50,1 +p10> + <1> loa,
qg —q 84! q  —q

Ont1 _ (q—(n-i-l) _ qn+1> ((1 +q)(1 + q_1>g01 N @())
Vn+2 ' —q D1 ’ 04!
<q (n+2) _ qn+2> @0
+ — =2
qa - —4q !
oo G O 1 Rl B Sk 1+a+g?),
R e A e | P o

with

S) - 2d 2 d
ﬁ’ S0 _ —aa+ Clp12+ o(re +p1) M= -2 (63)
2 m P1— T2 2

50,1 = —pidy —

PROOF. Recall Egs. (46) and (56),

Oy
ln-‘,—l + ln + M(ZL’ - 671-1—1)7 =0,
’Yn—l—l

A— An+2 - An+1 + M(x - ﬁn+1)(ln+1 - ln) + @nJrl - M@nfl 3

n

as well as (54), Tpy1 — T = — O . Recall that, in the account of (5), (8)
Tn41

and (9), we have
M(z — Bunr) = p(z) — s (64)

12

(60)



Collecting the coefficients of x in (46) we have

i

Tn+1

€n+1,1 = _gn,l — N (65>

Let us now obtain ©,1/7,+2 as a linear combination of ¢, ; and ©,/Vn1.
Starting with the definition of A4, in (33) we have ay112—an2 = 272 (T —Tp-1),
thus, in the account of (54),

An+1,2 = Ap2 — Tz@n—l/’yn . (66>
Collecting the coefficients of 22 in (56) we get
as — Gpy22 — 12 +P1(lny11 — 1) =0 (67)

Taking into account (66), we get

O,
as — 2ap412 +ro—— + p1(lpp11 — lna) =0,
Yn+1

thus, in the account of (65), it follows that

2

o — D7 O, a2
" = —pil, —. 68
ap+1,2 ( 5 ) P~ Pilp1 + 5 (68)

From (66) and (68) we get
2
ro — pl @n ®n—1 az

no = — iy, = 69
Ap,2 ( 5 >%+1+7’2 . D1 ,1+2 (69)

Now, from (68) and (69) we get

2 2
ro — py\ O, ro —p O, O,
( 2 1) 1_p1€n71,1: ( 2 1) + 79 1—p1€n,1-
2 Tn 2 Yn+1 Tn

Let us write the above equation for n + 1 and use (65). We get, after basic
computations,

O, —4 2 2 O,
2 <1 A ﬂ?)) . (70)
Tnt+2 T2 —Pi "2 =P1 /) Tnt1
Now let us write Egs. (65) and (70) in the matrix form,
Zn—o—l,l én,l -1 —P1
O/ =& 0,/ A= —ap 1_ 2(ry+p3) | - (7D
n+1/ Vn42 n/ In+1 Ty — p% o — p%

Iteration in (71) yields, for all n > 0,

13



loa = (A7)
@n+1/%+2 = (X"H)

n+1
- loa + (X >(1’2) 0/ (72)

(1,
oy foa (X)) B0/ (73)

(2,2)
where (A1), ) denotes the element on position (7, ) of the matrix A"*+!.

The set of eigenvalues of X is given by o(X) = {\, Ao}, where A\; + Ay =

9 2
_M. In the notation of (18), \; + Ao = ¢+ ¢ As det(X) = 1, we
2 — D1

have A\j Ay = 1, thus {\;, A2} = {¢,¢"'}. Hence, we can assume, without loss
of generality, that \; = ¢, A\ = ¢~ !. After determining the eigenvalues of X
we get X = VDV ~! with V, D given as

- —P1 0
vel|l+tq 1+q¢'| p|? . (74)
1 1 0 ¢!

Note that X"t = VDY~ Thus, after simplifications, from (72)—(74) we
get (60)—(61). To get (62) we use (61) combined with (55) and the initial
conditions (34).

Finally, to get o1 and my we use (36) and (34), respectively. The quantity
O/ follows from equating the coefficients of 22 in Eq. (32) with n =1 and
using (46) with n = 0.

The equations given in Lemma 1 will now be used to determine the three-term
recurrence relation coefficients of the Laguerre-Hahn polynomials.

Theorem 2 Let {P,},>0 be the SMOP related to the Stieltjes function S

satisfying A(x)DS(xz) = B(x)E1S(x)ES(z) + C(x)MS(z) + D(x) under the
degrees (57). Let the recurrence relation (24) hold,

Pn—i-l(I):(x_ﬁn>Pn(x)_7nPn—1<I)7 n:071727'-- )

with B, #0, n=0,1,2,... 7, #0, n=1,2,....
The following identities take place, for all n > 0:

5n+2 = SnﬁnJrl +tn, (75>
oD + Y e (Alzprr) + 2r(zp1)Ar)
Tn+2 = b ) (76)
Mon fhn41

where 11 = (Bry1 — po)/p1, and

14



Tin +plﬂn

. — | (77)
Pifini1 — Mnta

o= (plrl - pOTQ)(nn+1 + nn) +p0p17’2(ﬂn+1 - Mn) + 2rya; — 2riaz (78)

" T2 (pl,unJrl - 77n+1) ’

)\n = Tp+1 + T, s (79)

with, for alln > 1,

B qn+1 _ qf(n+1) / @0 ¢ —q" @O qnfl _ qf(nfl)
Mn = 1 ortpP— ||~ |Pr— — — o,
qg  —4q 71 qg  —4q T qa  —4q

-n __ .n 1+ 1+ -1 () —(n+1) _ ,n+1 s}
Mﬂ_(q Ml ) (( q)(1+gq )5071+o> N <q D) O
q " —4q h g qg " —4q

and
Mo = =21 —p1©o/71, o= Oo/7-
The quantities m,, ly1 and ©g/v1 are given in Lemma 1. As a consequence of

(75) 7

-1

n n k
Brta = H sk | B+ Z (H Sj) tk|, n=0. (80)
k=0 k=0 \j=0

The parameter By is determined through

ay + pico + poc1 + 2poprdo — ridy

= , 81
fo c1 + 2pidy (81)
and (1,7, are given by
By = (2pop1 — 11)O0 /71 + a1 — prco — poc1 — 2do(2pop1 + 11 — P15o) (82)
2291@0/71 —c1 — 2p1dy ’
= (ag + by + poco + P3do — Todo — coBo — 2podoSBo + do53) (p7 — 72) (83)
1= (

—ag + c1p1 + 2do(re + p?)

PROOF. Let us deduce the equation for the f3,’s.

By collecting the coefficient of the x? and x terms in (47) we obtain, respec-
tively,

—ay + p1(€n+1,1 - én,l) - 27“2(7Tn+1 + 7Tn) =0,
—a1 + p1(lus1,0 = lno) + (Po = Brs1) lnyrg — lny) — 271 (Tny1 + ) = 0.

By eliminating the 7,1 47, term between the two above equations we obtain

a1y — aor1 4+ (U110 — o1 ) (P11 —72(Po — Brt1)) —P172(Unt1,0—Cnp) = 0. (84)
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Using the coefficient of the 2° term of (46),

O,
fn+1,0 = —fn,o - (po - 5n+1) ) (85)
/Yn—ﬁ—l

in (84) we obtain
gn,O = fnﬁn—‘rl + 9n (86>
where

_ P1illn — T _ Q2T1 — 1T — (p171 — T2P0) M — PoP1T2ftn
fTn=—0—, Gn=
2p1 2p11y
Hn = @n/7n+17 N = gnJrl,l - gn,l .

I

Now, substituting (86) into (85) we obtain

ﬁn—l—Q = Snﬁn—i—l +tn,

where

/Jm_fn ¢ :_gn+1+gn+p0,un

fn+1 ’ fn+1
Thus, we get (75) with s,,t, given by (77)—(78).

Sp —

Equation (80) follows from the general form for solutions of recurrences of
type Zn41 = Tnzn + Yn, n > 0 (see, e.g., [14, Lemma 3.3]).

Let us now deduce the equation for the ~,’s.

Evaluating the identity (47) at x,.1 = (Bne1 — po)/p1 we get, taking into
account (64),

- A(anrl) - 270<xn+1))\n + Ynt2lnt1 = Vnt1fn-1, )\n = Tpt+1 + T - (87>

Multiplying (87) by wu, we get
Tn+1 = Tn + M, (A(xn+1> + 2T($n+1>/\n) ) Tn = Tn+1Mn—1fn, T > 0.
Iteration yields
Toy1="1To+ Z s (A(r41) + 2r(Tp41) M) -
k=0

Thus, we get (76), where we used u_; = D (see (35)).

To obtain (81), we use the coefficients of x from (35) with the initial conditions
(36). The coefficient of ¥ in (35) gives us ©g. This, combined with the ©g/v
from (63) yields (83). Equation (82) follows from equating the coefficient of
in (32) with n = 1.

16



4.2 Specializations: the Askey-Wilson divided-difference calculus

Let us define the base ¢ = €*" and consider the projection map from the unit
circle {z = ¢, 6 € [—m,7[} onto [-1,1] by = (2 + 27'). Consider the
symmetrised and canonical form of the lattice defined through (4),

~
A ~

i = ¢, arbitrary and non-zero, b = —acos(n), d=¢é=0, f = —asin*(n),
(88)
and 0 = 2sn. Then we get (20) given by

z(s) = ;(qs +q7°) (89)

and we obtain, from (22), the Askey-Wilson operator (see [9, Eq. (12.1.12)],
[19, Sec. 2])

PG+ a2) = [(Ra e+ g2 )
Df(x) = 2 %(q1/2 _ q—l/Z)(i z-1) :

Using (8) and (21) combined with (89) or by plugging the data (88) into the
definition of p(x), r(z) in (9) we get

1 1
p(x) = 5(611/2 Y, (@) = 2@ =Y —1),  (90)

hence, in the previous notations,

1 _ 1 _
—(q1/2 +q 1/2>7 o =0, ry = Z<ql/2 —q 1/2)27 ri1 =0, rg=—7s.

p1:2

The quantities s, t, in Theorem 2 simplify as

o = 4=+ D (@ = q) by =g (g™ —1) Oo/m)
! (q+1)(¢>*3 = 1) log +p1 (>4 —1)Og/m
P a(g—q") . (92)
(" =g )log + (@2 — ¢ 2) (Lo + P1©0/71)

4.2.1 The Askey-Wilson polynomials

The Askey-Wilson polynomials, henceforth denoted by P,, are orthogonal with
respect to the weight [1] (see also [10])

h(z, D)h(z, —1)h(z, ¢"*)h(z, —¢"?)
V1 — 22 h(z, oq)h(z, o) h(z, as)h(z, ay)

U}(ZL', {ala Qg, O3, 054}) =

17



where

+0o0
hz,a) =[] (1 - 202¢" + a’¢*), x=cos(d).
k=0
Let us denote by o; the j-th elementary symmetric polynomial of a, ..., au,

that is,

o1 =01 +Qy+ a3+ Qq, 0 = Q109 + Qa3 + Q10 + QoQiz + 0y + 30y

03 = (i3 + 1oy + Qiai30ly , 04 = X1 Qo304 .

We have ADw = CMuw, with the polynomials A(z) = asz?+ a1z +ag, C(x) =
c1x + ¢g, where [19]

as =2(1+ 04q_2) , ap = —(q_1/201 + q_3/203) , a0 =—1+ q_102 — q_204,

(93)
2 “1/2 . _-3/2
q og—1 q /o1 —q % 03
a= 4q1/2 — g2 ‘0 = g2 — g1/ (94)
Thus, ADS = CMS + D (see [19, Prop. 4.1]), with
D =dy=—(az +cip1)- (95)

The recurrence relation coefficients 3, of P, are determined through (75) or
(80), with the data (91)—(92). The =, are determined trough (76), now given
by

oD+ 5otk (A(Br1/p1) + 21 (Brra/p1) M)
Yn+2 = [ flns1 ) (96)

with the quantities p,, A, given in Theorem 2 with initial conditions (cf. (63)),

log = —p1do —c1/2, Og/y1 = —ay + c1p1 + do(q + qfl) :

Here it was used pf —ry = 1,7 + pi = 3(¢+ ¢*). Thus, we recover

Bn: [01(q+04(q2n . qn . qn—l)) + 0_3(1 o qn o qn-‘rl + 04q2n—1)}

n—1

% q
2(1 — 04¢®)(1 — 04¢*>2)’

1 (1= )1 — 04" )G
Tn 4 (1 _ 04q2"*3)(1 _ U4q2n—2)2(1 _ U4q2n—1) ’

n>0, (97)

n>1,v%=1, (98)
where

G,=(1- alazq”_l)(l — alagq”_l)(l — a1a4q"_1)
x (1— agagq”’l)(l — a2a4q”’1)(1 — 043044q"’1) )

18



4.2.2  The associated of Askey-Wilson polynomials

Firstly, let us adopt a new mnotation. Henceforth we denote the recurrence
relation coefficients of the Askey-Wilson polynomials by 4, 5,,n > 0, with
the convention 49 = 1.

The Stieltjes function related to the associated of Askey-Wilson polynomials,
{PM},50, is defined through

515W(z) = —Sjm) (@ o), (99)

where S is the Stieltjes function related to the Askey-Wilson polynomials.
Thus, using (12)—(15), we get

ADSY = BE, SWE,SY + o,MSY + Dy (100)
with (see also [20])
A1 =A- 27‘(5L‘).D7 Bl = ’3/1D, Cl =-C— 2DM($ - 50),

Here, A, C, D are the polynomials in sub-section 4.2.1.

The polynomials Ay, By, Cy, Dy satisfy the bounds (57). Indeed, it only remains
to analyse deg(D;). Substituting dy and taking into account the coefficient of
x in the second equation of (35), we get deg(D;) = 0.

Thus, the data to be used in Theorem 2, that is, the coefficients of the Riccati
equation, are as follows:

Ai(z) = agl)xQ + agl)x + a(()l), By (z) = b(()l), Ci(x) = cgl)x + c(()l), Dy(x) = d(()l) ,

with
ag) = az(1 4 2r9) + 2rycipr agl) = a1 + 2ri(az + pica) (101)
ai) = ag + 2ro(az + cipr) , by = Ado (102)
Cgl) = —C — 2d0p1 , C((]l) = —Cy — 2dO(pO - ﬁO) ) (103)
1 ~ L
i ) (ao + co(po — Bo) + do(p§ — 10 — 2p0B0 + 5(2))) - (104)
1

Here, the a’s, b’s, ¢’s and dy are given above (see (93)—(95)). The recurrence
relation coefficients 3,7, of P are determined through (80) with the data
(91)—(92) and (76), now given by

- YiroDr + Xp_o Hk (A1(Br+1/p1) + 2r(Brs1/p1) k)

Tnt+2 = )
Hnfhn41

19



with the quantities p,, A, given in Theorem 2 with initial conditions (cf. (63)),
£0’1 = —pldél) — Cgl)/2 s @0/’}/1 = —agl) -+ Cgl)pl + d(()l) (q + qil) .

Recall that p? — 75 = 1,72 4+ p} = 3(¢+ ¢7'). Thus, we recover

ﬁn = 5n+1 y Tn = :Yn+1 , N > 1. (105)

Acknowledgements

The manuscript was substantially improved thanks to the suggestions and
comments of two anonymous referees. The authors are greatly indebt to them.

The work of M.N. Rebocho was supported by the Centre for Mathematics of
the University of Coimbra — UID/MAT/00324/2013, funded by the Portuguese
Government through FCT/MCTES and co-funded by the European Regional
Development Fund through the Partnership Agreement PT2020.

The work of G. Filipuk is supported by the Humboldt fellowship.

References

[1] R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials
that generalize Jacobi polynomials, Memoirs AMS vol. 54 n. 319, AMS,
Providence, 1985.

[2] G. Bangerezako, Variational calculus on g-nonuniform lattices, J. Math. Anal.
Appl. 306 (2005) 161-179.

[3] G. Bangerezako, The fourth order difference equation for the Laguerre-Hahn
polynomials orthogonal on special non-uniform lattices, Ramanujan J. 5 (2001)
167-181.

[4] A. Branquinho and M.N. Rebocho, Characterization theorem for Laguerre-
Hahn orthogonal polynomials on non-uniform lattices, J. Math. Anal. Appl.
427 (2015) 185-201.

5] Y. Chen Y and M.E.H. Ismail, Jacobi polynomials from compatibility
conditions, Proc. Amer. Math Soc. 133 (2004) 465-472.

[6] M. Foupouagnigni, On difference equations for orthogonal polynomials on
nonuniform lattices, J. Difference Equ. Appl. 14 (2) (2008) 127-174.

[7] M. Foupouagnigni, M. Kenfack Nangho and S. Mboutngam, Characterization
theorem for classical orthogonal polynomials on non-uniform lattices: the
functional approach, Integral Transforms Spec. Funct. 22 (2011) 739-758.

20



[8] W. Hahn, Uber Orthogonalpolynome, die q-Differenzengleichungen geniigen,
Math. Nachr. 2 (1949) 4-34.

[9] M. E. H. Ismail, Classical and Quantum Orthogonal Polynomials in One
Variable, vol. 98 of Encyclopedia of Mathematics and its Applications,
Cambridge University Press, Cambridge, 2005.

[10] R. Koekoek and R. Swarttouw, The Askey-scheme of hypergeometric orthogonal
polynomials and its g-analogue, Faculty of Information Technology and
Systems, Delft University of Technology, Netherlands, Report no. 98-17, 1998.

[11] A.P. Magnus, Associated Askey-Wilson polynomials as Laguerre-Hahn
orthogonal polynomials, Springer Lect. Notes in Math. 1329, Springer, Berlin,
1988, pp. 261-278.

[12] A.P. Magnus, Riccati acceleration of the Jacobi continued fractions and
Laguerre-Hahn polynomials, in: Padé Approximation and its Applications
(Proceedings Bad Honnef 1983), H. Werner, H.T. Bunger (Eds.), Lect. Notes
in Math. 1071, Springer Verlag, Berlin, 1984, pp. 213-230.

[13] A.P. Magnus, Special nonuniform lattice (snul) orthogonal polynomials on
discrete dense sets of points, J. Comput. Appl. Math. 65 (1995) 253-265.

[14] P. Maroni and M. Mejri, The symmetric Dw-semiclassical orthogonal
polynomials of class one, Numer. Algorithms 49 (2008) 251-282.

[15] A.F. Nikiforov and S.K. Suslov, Classical orthogonal polynomials of a discrete
variable on non uniform lattices, Letters Math. Phys. 11 (1986) 27-34.

[16] A.F. Nikiforov, S.K. Suslov and V.B. Uvarov, Classical Orthogonal Polynomials
of a Discrete Variable, Springer, Berlin, 1991.

[17] A.F. Nikiforov and V.B. Uvarov, Special Functions of Mathematical Physics:
A Unified Introduction with Applications, Birkh&auser, Basel, Boston, 1988.

[18] G. Szegd, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ. 23, Amer.
Math. Soc. Providence, RI, 1975 (Fourth Edition).

[19] N.S. Witte, Semi-classical orthogonal polynomial systems on non-uniform
lattices, deformations of the Askey table and analogs of isomonodromy, Nagoya
Math. J. 219 (2015) 127-234.

[20] A. Zhedanov, Rational spectral transformations and orthogonal polynomials,
J. Comput. Appl. Math. 85 (1997) 67-86.

21



	Motivation
	Preliminary results
	The operator D, the related non-uniform lattice, and fundamental quantities
	Laguerre-Hahn orthogonal polynomials on non-uniform lattices

	Difference equations and compatibility conditions
	Laguerre-Hahn orthogonal polynomials from compatibility conditions
	Laguerre-Hahn orthogonal polynomials of class m=0 in (27)
	Specializations: the Askey-Wilson divided-difference calculus

	References

