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1. Introduction

Let A C R be a compact interval and M(A) the set of finite Borel measures
with constant sign whose support S(u) is a subset of A such that A is
the smallest interval which contains S(u); we write Co(S(n)) = A. Given
€ M(A), the associated Markov function is defined by

i) = [ W) ¢ 3@ S()

Z—X

which is holomorphic in C \ S(y).
Fix a measure 0 € M(A) and a system of m weights r = (p1,...,pm)
with respect to o; that is, each p € Li(0) and has constant sign. Consider

the system of measures s = (sy,...,S;), where ds; = p;do, and the corre-
sponding system of Markov functions s = (s1,...,5,,). Take a multi-index

n=(ny,...,ny,) €Z7, where Z, = {0,1,2,...}. There exist polynomials
Qn and Py, 7 =1,...,m, such that

i) degQn<|n|=ni+ - +n,  Qu#O0, "
ZZ) (ans\]—Pn,j)(z):(’)(l/znﬁl), Z — 00, j:l))m
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In the sequel we assume that (), is monic.

For each j = 1,...,m, (), annihilates the terms corresponding to the
powers between —1 and —n; of the Laurent expansion of ()»s; whereas P, ;
represents the polynomial part of (),5;. Hence, (), determines univocally
P, ; and, consequently, the rational fraction P, j/Qn.

The vector rational fractions Ry = (Pn1/@n, - - -, Pam/@n) is called type 11
Hermite-Padé approximant corresponding to the system s and the multi-
index n.

When m =1, Ry = Py1/@n = P,/Qn, n = n, is the nth diagonal Padé
approximant of s = 5. It is well known (for example, see [15, Chapter II]),
that in this case (), is the nth monic orthogonal polynomial with respect
to the measure s. Usually, monic orthogonal polynomials are defined for
positive measures, however, the definition is trivially extended to measures
with constant sign. @, has n simple zeros in the interior of Co(S(s)) (see [16,
Lemma 1.1.3)).

In [13], A.A. Markov proved that given an arbitrary measure s € M(A)
the sequence {P,/Qy }nez, converges uniformly to s on every compact subset
contained in the domain C\ A. We write

L] = 5, on C\A.

Qn n—oo
In the present paper, we extend Markov’s Theorem to the context of type II
Hermite-Padé approximation.

The first drawback in extending Markov’s Theorem to the context of Her-
mite-Padé approximation is that in the vector case, in general, (), is not
uniquely determined by (1). However, in [10] it is shown that uniqueness
takes place for the so called Nikishin systems of measures which we introduce
below. In this case, @ also has |n| simple zeros in the interior of A.

Nikishin systems of measures were introduced by E.M. Nikishin in his fa-
mous article [14]. Take two compact intervals A, and Ag of the real line
such that A, N Ag = () and two measures o, € M(A,) and o3 € M(Ap).
We define a third measure (o, 03) whose differential expression is

dlow o) = [ 24

r—1
Observe that (o4, 03) € M(A,).
Now, take m compact intervals Ay, ..., A,, with the property that for each
j=1,...,m—1, A;jNAj, =0. Let (01,...,0,) be a system of measures

doo () = 05(x)doy(x).
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such that o; € M(4,), j = 1,...,m. The system of measures (s1,...,Sy)
given by

S$1 =01, So = <01702>7 53 = <017 <02703>> - <01702703>7

ey Sm = (01, ),
is the so called Nikishin system of measures generated by (o1, ...,0,,). For
short, we write (s1,...,8,) = N (01,...,0,) whereas s = (5,...,5,) =
N(oy,...,04) is the corresponding Nikishin system of functions. Nikishin

systems have received a great deal of attention in the recent past and have
found numerous applications, see for example [1, 2, 3, 4, 6, 7, 8, 11, 12, 17].

In order to state our main result we need to review some concepts. Given
two disjoint compact sets K7 and K of R, dist(K7, K5) denotes the distance
between K; and K i.e. dist(K7, Ko) = min{|z; — xo| : (1, 29) € K7 X Ky}
whereas diam(K;) = max{|z; — xs| : z1,22 € K;} denotes the diameter
of Kl.

The main result of this paper is the following theorem.

Theorem 1. Let {Ry = (Pa1/@n,-- -, Pom/@n) fnea be the sequence of
type II Hermite-Padé approximants corresponding to a sequence of distinct
multi-indices A C 71 and a system (51,...,5,) = J\A/(al, e Om). Assume
diam(Ay) < dist(Ar, Ay). Then, for each compact set K C C\ A4

1/(Inl4ny)
ﬁ S||§bC>OHI(<17 jzla"'ama
Gn ||

where || - || denotes the sup-norm on K and ¢ denotes the conformal
representation of C\ Ay onto the open unit disk such that ¢ (00) = 0 and

¢l (00) > 0.

Notice that the sequence of multi-indices may be completely arbitrary. In
Markov’s Theorem, there is no assumption on the measure. This is also
true in our case whenever diam(A;) < dist(Ay, Ag), £ = 1,2. We have
imposed no restrictions on the measures o3, ..., 0, at all. Another extension
of Markov’s Theorem was given in [10, Corollary 1.1] without any assumption
on the measures, but the indices are required to satisfy n; > |n|/m — ¢/n|",
jg=1,...,m, for c > 0 and k < 1. We believe that a complete analogue of
Markov’s Theorem should hold.

The following result extends [9, Corollary 2] to a larger class of multi-
indices.

lim sup
neA

Sj—
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Theorem 2. Let A C Z' be a sequence of multi-indices such that either
there exists k € {2,...,m} such that for every n = (ny,...,ny) € A, ng =
max{n; +1,ns,..., 0y}, orny = max{ny,no—1,...,n, — 1} (in which case
we take k = 1). Then, for each compact set K C C\ Ay,

1/2|n|
Pn,k:

@n

lim sup |[Sx — k(K) <1, (2)

neA

K

where
K(K) = sup{[|¢¢[|x : t € Ay U{oo}}

and ¢; denotes the conformal representation of C\ Ay onto the open unit disk
such that ¢:(t) = 0 and ¢;(t) > 0.

In the first three sections we give some preliminary results which are nec-
essary for the proof of the Theorems above. Section 2 includes some proper-
ties of multiple orthogonal polynomials corresponding to Nikishin systems of
measures. In Section 3 we study properties of Fourier series of functions ex-
panded in terms of orthogonal polynomials with respect to varying measures.
Theorem 2 is proved in Section 4 as a first step to the proof of Theorem 1
which is completed in Section 5.

2. Multiple orthogonality in Nikishin systems

Let s = (s1,...,8m) =N(o1,...,0n) and n = (ny,...,n,) be given. It is
well known and easy to verify that the conditions (1) imply
0= /x”Qn(x)dsj(x), v=0,....n;—1, j=1,...,m. (3)
For each j = 1,...,m, let h be an arbitrary polynomial such that deg h < n;.
Then
h(z) — h(z)
0= | ——Qn(x)ds;
[ sy a)
hence
Qn(x) 1 h(z)Qun(z) 1
Z_$dsj(x): ) P dsj(x) = 0O pe as z — oQ.
Define

P(Z) _ / QH(Z) B Qn(x>dsj(x)

zZ—T
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Thus

gn_(?dsj(x) =0 (znﬂl‘“) as Z — 00,

(@nsj = P)(2) =

From (1) we see that

P(2) = Paj(z) = O (Zn;l) ceH(T) z-— .

Consequently;,

o= [P0, (@ - Pag) () - ds(2). (4

From [10] we know that the conditions (3) imply that @, has |n| simple zeros
which lie in the interior of Aj. Let o1 < -+ < T | be the zeros of Q.
Decomposing into simple fractions, we get

On(2)

zZ— T

|

Pn,j(z) _ )\z’,j,n 1 5
Qn(z) Zz:; _ ’7 j 7"‘7m‘ ()

Z Tn.i

The coeflicients \; jn, ¢ = 1,...,|n| and j = 1,...,m, were called Nikishin-
Christoffel coefficients in [9, Definition 2|. Taking into account the equality
in (4), we have that

Aivj’n — llm (Z - xnz

. dS (2)
£ n /Ql xnz : xnz). (6)

For each j =1,...,m,
n| In|
Qn($)d3j(x)
)\Z‘ in| — 7
Z Z/ Qi) (@ — ) (7)

= [Isjll < 400,

/ZQ’ (2n:) (2 — Tns) ds] ‘/dsj

where ||s|| represents the total variation of the measure s. In this chain of

equalities we have used that P(z) = Z';;'l On(7)/ (Qy(2ni)(Tn; — x)) is the
polynomial of degree < |n|— 1 which interpolates the constant function 1 at
the zeros of (),. Thus P = 1.

From [10, Lemma 3.2] one can state the following result. We wish to point
out that the measure denoted here with 7 are products of those in [10].
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Lemma 1. Let (S29,...,52,m) = /\7(02, ..., 0m), there is a system of m —
1 measures (751, ... o 1, T8 pqs- - Tom) where Co(S(15,)) C Dy, j =
1,....k—=1,k+1,...,m, such that
1
= = 0y 1(2) + 75, (2), 8
)+ () ®)

where ly ), denotes a polynomial with degree one, and

S25(2)  s24l -
A; o ) = Ty :(2), :27.__’]@—1,]@—1—1,...,77”&. 9
Son(e) a2l W

In [10, Theorem 1.4] refers to so called mixed type multiple orthogonal
polynomials of two Nikishin systems. When reduced to type II multiple or-
thogonal polynomials of a Nikishin system it may be restated in the following
form.

Lemma 2. Let (s1,...,8,) =N(o1,...,0n) andn = (ny,...,n,) € Z7 be
given. Setk =1 ifni+1 = M = max{n;+1,n9,...,n,}, otherwise k is equal
to the subscript of the first component of n such that M = nj. Then, there
exists a permutation X of {1,...,m} which reorders the components of n such
that myay + Ox1),1 = Na@) = -+ = Nygn) With . = nyqy and dy1)1 denoting
the known Kronecker delta function, and an associated Nikishin system's =
(11, .oy rm) = N(p1s- .., pm), where s, =11 = p1 and Co(S(p;)) C A, j =
1,...,m, such that if 0 = (ny),...,N\mm)), the pairs (s,n) and (s,n) have
the same type II multiple orthogonal polynomial. That is, Qv satisfies (3)
and

0= /$”Qn(:v)?27j(:v)dsk($), v=0,...,ny;—1, j=1,....m,

where roj = (p2,...,pj),J =2,...,m, and a1 = 1.

Type II multiple orthogonal polynomials of Nikishin systems with respect
to decreasing multi-indices satisfy other orthogonality relations. In particu-
lar, from [11, Propositions 2 and 3] (see also [2, relations (5)-(7)]), we have

Lemma 3. Let s = (s1,...,8n) = N(o1,...,0m) and n = (ny,...,n,) be
given. Let k € {1,...,m} be as in Lemma 2. Then, there exist two monic
polynomial Qn2, deg Qno = [n| —ny, and Qn 3 = [n| —ny —nyp), whose zeros
are stmple and lie in the interior of Ay and As, respectively, such that:

(B ) =0 () R @\ S(e).
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(hi/de@gﬁﬁg, v =0, |n|—1 (10)

and
. Q) ds() _dpslt)
0= / POnal) | G O Dm0

Here, py is the measure coming from Lemma 2.
p

—0,....|n|—np—1. (11)

Formulas (10) and (11) state that @), and Qn2 are, respectively, the |n|th
and (|n| — n;)th monic orthogonal polynomials with respect to the varying

measures
dse [ Qi) dsi(x) _dpa(t)
Qn,Z t—x Qn,Z(x) Qn(t)Qn,?) (t)

There are other full orthogonality relations with respect to varying measures
satisfied deeper in the system, but we will not need them.

(12)

3. Varying measures and associated Fourier series

Let sign : R\ {0} — {—1, 1} denote the sign function. Analogously, sign(u)
will denote the sign of a given measure y € M(A). Notice that sign(u) - p is
a positive measure. Given a measurable function f: A — R,

1l = \/signoo / F2(@)du(z),

denotes the Ly norm with respect to p. If || ]2, < 400 we write f € La(u).

Let {qun}nez. be the family of monic orthogonal polynomials with respect
to pu. For eachn € Zy let p,n(2) = qun/l|qunl|2,, denote the nth orthonormal
polynomial with respect to the measure p. That is

1 if n=k
/nmmmmwwmw=&m={01fn#k, (n,k) € Z% .

Fix n € Z, for each polynomial h of degree < n we have the identity
h(z) — h(z)
0= [ ——"pun(x)du(z),
[ @duto
thus

/pu,n(as)du(as) 1 /pi,n(:@du(:c)
(13)

Z— - Pun(2) 2 —
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From (10) we see that ¢, n = Qn when du = ds;/Qnp, and p,n =
Qn/ | Qnll2,u-

Lemma 4. Let {dj,}nez, C M(A) be given. Then for eacht € C\ A we

have that

L/n - diam(A)
— dist(t, A)’

q:un;n(x)

q‘un,n(t)
uniformly in {x € A}.

Proof: Fix n € Z4. Since q,,, ,, has its n zeros in the interior of A then

Qpon(7)| _ [ diam(A) \"
Qo (2) | — \dist(K, A)
This proves immediately (14). -

Fix two integers n,v € Z, and a function f € Lo(u,). The sum

n

St (2) = Y Vi), (15)

i=0
where

Yo = sign(in) / F@)pps(@)dp(z),  i=0,....n,

defines the nth partial sum of the Fourier series corresponding to f in terms
of the orthonormal system {p,, ;}icz, -

Substituting in (15) the well known Christoffel-Darboux identity (in [5,
Theorem 4.5, page 23]) we obtain

Sf,n,ul,(z) =y et / p,ul,,n—i—l(z)p,uy,n(x) - puy,n+1($)puy,n(2)f(x)d'uy(x) 7 (16)

Z—XT

where
Ay nt1 = /xpuu,nJrl(x)puu,n(x)dﬂv(x)-

Notice that sign(a,, n+1) = sign(u,). For an arbitrary polynomial P of degree
less or equal to n, we have Sp,, ,, =P.

Proposition 1. Let {{u,}nez, C M(A) be given. Fizt € C\ A such that
dist(¢, A) > diam(A). Then

1
Sl/(z—t),n,,un — ;, for z e A (17)
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Proof: Fix N € Z.. We start by proving
1
Sl/(zft),n,,u]v = :, for z € A. (18)

For two nonnegative integers n > n’ we analyze the difference

Z Yi Npmv,

i=n'+1

ENnn = ‘Sl/(z—t),n’,/uv Sl/ (z—t nuN‘

where v, v = [ puy.i(z)/(x — t)dpy(x). So

Z puwvi(z)/pmv’i(@ d/;]\i(f) ‘

i=n/+1 p ()

ENnn =

Taking into account the identity given in (13) we have that

—~ D (2) / Py () dpin ()

ENnn =

i=n/+1 pﬂNai(t) r—1
i=n/+1 pNN;i(t) r—1 N i=n'+1 pMN;Z(t) dlSt(t7 A)
Hence we obtain that
EN , < 1 zn: pMN;i(Z)
RTRT dist(t, A) ) puzv,i(t)

Lemma 4 implies that there exists a nonnegative integer N’ such that for
every pair (n,n’), with n >n’ > N’

1
c , < e PR — M =0 as n,n — oo,
Nnn' = =Nnan' = dlst(t A) Z;rl

where M = diam(A)/dist(A,¢) < 1. This proves (18).
So, for each n € Z, fixed we can write

- % . i\l d n\L
Zpun, / Puui(®) g () = 3 i) /punx ) (@)

Por vt P Ppuni(t) r—t
Then
Enmico = |S1/(—t) oy — - i t‘ _ Pun,z’.(Z) /pibz(f)_dﬂn(x)
oty Puni(t) r—t
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Taking again into account Lemma 4 we see that there exists a nonnegative
integer N’ such that for all n > N’

1 —
5n,n7m§m;M — 0 as n — oo.

This proves (17) and completes the proof of Proposition 1. u

Recall the definition of Nikishin-Christoffel coefficients introduced in Sec-
tion 2.

Proposition 2. Let n = (ny,...,n,) € Z7 and (s1,...,8,) = N(o1,...,
om) be given. Set k=1 ifny+1= M = max{ny; + 1,n9,...,n,}, otherwise
k is equal to the subscript of the first component of n such that M = ny.
For each n € Z., denote djyn = dsi/Qna. Then, for each j =1,...,m, the
Nikishin-Christoffel coefficients can be written as follows

‘|Qn|‘2;,U/nSQn,2§2,j/§2,k;|n|717Nn(xn7i)
a‘um|n|Q/n(xn,i)p‘um|n|fl(xn,i)
When j = k, the Nikishin-Christoffel coefficients acquire the following form

1 =1

>\i,j,n = Y |Il| (19)

J

|| @n ]2, (Tn,i) .
)‘Lk,ﬂz — ’ , 1= 1,...,|Il|. (20)
aum|n|Q/n(xn,i)p‘um|n|fl(xn,i)
Thus
sign(\jon) = sign(si), i=1,..., |n] (21)
In particular
n|
> il = llsell < +oo. (22)
i=1
Proof: Let us rewrite (6) foreach j =1,...,mand eachi=1,...,|n| as
ds Soi(x dsy.(x
= [ ) [ S8 )y donla)
Q xnz xnz Q xnz — Zn z) 32,11:(37) Qn,Q(ﬂf)

) (Gl
aun,|n|Q/ (xn i)pun,|n| 1(37ni)
< am / Ppin ] (%) Ppa )1 (Zn.i) 85,5() Oun( )dsk(w)

T — Ty, Sox(7) Qna(x)’
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Using the formula given in (16) it follows that

‘ |Qn‘ |27MnSQn,2§2,j/§2,ka|n|*1,un (xmi)
aun,|n|71Q;1($n,i)pun,|n|fl (xn,i)

Aijmn =

When j = k, since 53 /52 = 1 and deg Qno = [n| — ny,

| @nll2,4n@n2(n,)
iy 0| @ (Tri) P i1 (Tmsi)
So (19) and (20) have been proved. It is well known (see [5, Theorem 5.3])
that the zeros two two consecutive elements of a family of orthogonal polyno-

mials interlace, then Q) (2n)ppu, [nj—1(Zn:) must be positive. Hence for each
i =1,...,|n| the equalities (20) imply

i,kn —

Sign(Ai,k,n) = Sign(aun,|n|) Sign(Qn,Q)
- Sign(sk) Sign(Qn,Q) Sign(Qn,Q) = Sign(sk) .
Combining (7) and (21) we obtain (22). |

4. Proof of Theorem 2

We proceed as in the proof of (34) in [9, Corollary 2]. Fix n € A. Taking
into account (22), from (5) we have that for each compact set K C C\ A,

Therefore, the family of functions {§k — Pok/Qntnea, is uniformly bounded
on each compact K C C\ Ay by 2||si||/dist(K, Ay).

Let tny1 < -+ <ty n|-n, denote the zeros of (p 2. From Lemma 3 we know
that {tn1, ..., tnnl-n,} C Az and the zeros of @y lie in Ay, and

~ P
( Qn,Q > (Z) =0 (22|n|+1) ) Zz — Q.

jS\k — %’k —
¢|n|+nk+1 1—[|n|n ng ¢t 4 cH ((C \ A1) )

sl
dlst(K Ay)

So




12 BRANQUINHO, FIDALGO PRIETO AND FOULQUIE MORENO

Take p € (0,1) such that v, = {2 : |¢so(2)| = p} satisfies that Ay C Ext(7,),
where Ext(7,) denotes the unbounded connected component of the comple-
ment of v,. We have then

-~ Pnk
Sk~ - 2|
gttt il e g, T dist(y,, Ag)yRE ()]

Vo
where
V() = mf{[du(2)] : 2 € 7.t € Ap U {00}
Considered as a function of the two variables z and ¢, ¢;(2) is a continuous

function in C . Since v,N Ay = then 1(7y,) > 0. Fix a compact K C C\ A4
and take p sufficient by close to 1 so that K C Ext(v,). Since the function
under the norm sign is analytic in C \ Ay, from the maximum principle it
follows that the same bound holds for all z € K. Consequently,

o P Asele U IIN 0, 2si (m(K))Z""“

k - N = N _— . 9
Qn [l = dist(yp, A)e2niti(q,) 7~ dist(y,, A1) \9(7))

taking x(K) as in the statement of the theorem. Therefore,

P, |[M2m _ H(K)

Q:a ~ ()

So, the continuity of |¢:(z)] in C” and the fact that lim,.; 1¥(7,) = 1 prove (2).
That x(K) < 1 is also a consequence of the continuity of |¢;(2)| in . nm

5. Proof of Theorem 1

We will use the following auxiliary result.

limsup ||s, —

n|—00

Proposition 3. Let (s1,...,5n) = N(o1,...,0,) and A C ZT be given.
Assume that diam(Ay) < dist(Ay,Ag), k = 1,2. Then there exists N
0 such that for each n € A, where |n| > N, every coefficient \; jn, i
L,....n|, j =1,...,m has the same sign as its corresponding measure s;.

v

Proof: Fix an arbitrary permutation A\ of {1,...,m}. Define A, as the set
of all n € A such that there exists s = (ry,...,7n) = N(p1,...,pm) for
which @), is orthogonal with respect to (s,n) and (s,n) (recall that n =
(MA(1)s - -+ > agmy)) in such a way that nyg) + 0y = nae) = - 0 = Do)
According to Lemma 2 we have that UyA), = A. Some of the sets A\ may be
empty or have a finite number of elements. Since the group of permutations
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of {1,...,m} is finite it is sufficient to prove that the result holds true for
all A such that A, has an infinite number of multi-indices. In the sequel we
restrict our attention to such A\’s and fix one of them.

Fix n € A). Let us denote the measures introduced in (12) as

dpy  dsy, Qn(x) dpi(x)  dpa(t)
_ _ d du, .
Qn,Q Qn,Q o s 2( ) t—x QH,Q(:C) Qn(t)Qn,ii(t)

We call £ = A(1). From identities (19) in Proposition 2 it is sufficient to
show that for each j = 1,...,k — 1,k +1,..., m the sequence of functions
150252, /32 n|—~1m1 fnen, converges unifromly to sy /55, on Ay because this
function has constant and constant sign and no zero on Aj.

Denote

d,un,l

- Ppnsn (2) P 1 0)=1(2) = Dy 0 () Py 1 nf—1(2)
z — X

K(z,z,|n| —1

Let us start by analyzing the case when j = 1. Taking into account the
formula (16) and unsing the identity (8) in Lemma 1 we have that

Qn,Q(Z) ‘/S\Q,k(z)

o aﬂn,17|n| 5 2 nl — Qn,Q(x) o QH,Q(Z) T
_C%AQ/K(’Jl D(%A@ ama)mﬁﬂ)

_ | Lpnanl zZ.x. n| — 2ol ) o p(T) — 202 )l k(2 1\@
_ @M(z)/’c(’ 0 = 1) (Qua(@)lox(x) — Qual2)lak(2)) djins ()

Dpin, 1| — )T () — 2(2) T2, (2 1\
ﬂ%xa/waﬁﬂ 1) (Qn2(2)7ok(2) — Qua(2)T24(2)) dpin,1 (2)

‘ SQn,2/§2,ka|n|*1aun,1(Z) 1

Since deg Qnolay < |n| —ni +1 < |n| — 1 (ny = max{ny,...,ny,}), then
SQ /82 k,|n|—1,u (Z) 1
n,2 2,k sMn,1 - — — g 2) — e >
‘ @n2(2) S9.1(2) f24(2) = L24l2)

Q/;n; In] /}C 22, 0| — 1) (Quo(@)7ok(®) — Qua(2)7ok(2)) dpma (z)

= |Gt [ (e = 1) (Qua(o)Poa(x) = Qual)Pos(2) it ().
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Proceeding analogously as above, for j = 2,..., k—1,k+1,...,m, and taking
into account (16) and (9), we obtain

‘ SQn,zgz,j/gzk,|n|*1aﬂn,1 (Z) §2,j(z)

@n2(2) S2.k(2)
Qi 1,/ / (Qn,2($)§2,j(x) Qn2(2)52,(2 ))
= K(z,z,|n| —1 — Apin,1(x
QnQ( ) ( | | ) 827]{;(517) S2k( ) K ,1( )
dtwe / K(z 2, 0] = 1) (Qn2(2)F2y(2) — Qual2)72 (=) dina(a)|.
Summarizing, foreach j =1,...,k—1,k+1,...,m, we need to analyze the
expression:

Qi 1, m _ )Ty () — (VT2 ()]
QH’Q(Z)/’C(ZJ/‘JM 1) (Qn2(2)72,j(2) — @n2(2)72,i(2)) dptn 1 (2)

Using Fubini’s Theorem we obtain the following chain of equalities

Mn1|ﬂ| (1) — 225_\2_2 e
Onsl /’C 2w, 0| — 1) (Qna(2)7(2) — Qna(2)T,(2)) dpin ()

‘ / ““1"“' (2,2, |n| — 1) (Q“’Q(x) - Q“’Q(Z)) dunvl(x)dTkaj(t)‘

Qn 2 r—1 z—1
|/ / (e ol 1) (@2 =202 ) oy
- [ Gty [ dnl ) (22 ) it
+ Qiz(T) / K(z,z,|n|—1) (%li(?) dpin (x)d7s (1)
gzj( ) //c( z,x, |n| —1) (%w(t)) dun,l(g;)dfgj(t)‘

‘/ On2(t) mM/K 20, n| - 1)( L Z;) dun,l(x)mgfj(t)‘

QnZ 1 )
‘/ @n2(2 S1/(—t) Il ¢ dry;(t)

HQnQ
Qn2

51/<z—t>7|n|—1,un,1 e —

Ay
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Combining the requirement diam(Ajy) < dist(Aq, As), k£ = 1,2, Lemma 4
and Proposition 1 we obtain that

Qn 2 1
0 and ||S1/(2—¢) n/— — 0
H Qn 9 ) - al 1/( t)a' | 17”1‘1,1 5 — t Al -
So this oompletes the proof. u

Now we are ready to prove Theorem 1. As in Section 4, we take p € (0, 1)
and 7, = {2 : |p(2)| = p}. Foreach j =1,....k—1Lk+1,....m we
have that

|

o |51
z—anl|  — dist(y,, Ar)

Ve =1
Ve

Ei
_ d
H H% dlSt(Vm A o Qn

The second inequality can be deduced easily from Proposition 3. Combining
the above inequalities we have that

3 Iy
iT || < 2|5,
Lr<1>|+nj+1 — dist(,yijl)p|n|+nj+1

Vo
Let us fix a compact K C C\ A; and take p sufficient close to 1. From

the maximum principle it follows that the same bound holds for all z € K.
Consequently,

n|+n;+1
o Pug| < 2silllowllg
T @nllg T dist(yy, Ag)pinitt
Therefore,
p. || Yinkn)
limsup |[5; — —2 < 19ccl :
In|—o0 (n p

and the result readily follows making p — 1.
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