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Abstract

The aim of this paper is to study a finite difference method for quasilinear coupled prob-
lems of partial differential equations that presents numerically an unexpected second order
convergence rate. The error analysis presented allow us to conclude that the finite differ-
ence method is supraconvergent. As the method studied in this paper can be seen as a
fully discrete piecewise linear finite element method, we conclude the supercloseness of our
approximations.
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1 Introduction
In this paper we study finite difference approximations for the solution of the coupled system
—(a(0)pz), = @1 in (0,1) x (0,7, (1)

¢+ (b(c,pm)c)x - (d(c,px)cm)m = ¢y in (0,1) x (0,77, (2)

with the following boundary conditions

p(O,t) :pﬁ(t)v p(l,t) :pr(t)vt S (OvT]v (3)
c(0,t) = ¢o(t), c(1,t) = ¢ (t),t € (0,77, (4)

and initial conditions
c(x,0) = co(z),z € (0,1),p(z,0) = po(x),z € (0,1). (5)

The initial boundary value problem (IBVP) (1)-(5) can be used to describe miscible displace-
ment of one incompressible fluid (resident fluid) by another (injected fluid) in one dimensional
porous media. In this case, a(c) = Ku(c)™!, b(c,pz) = %v, d(c,pz) = Dy + Ddé|v|, and
v = —Kpu(c)"'p, denotes the Darcy velocity of the fluid mixture, p the pressure of the fluid
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mixture, ¢ the concentration of the injected fluid, K the permeability of the medium, D,, the
molecular diffusion coefficient, D, the dispersion coefficient and ¢ represents the porosity. The
viscosity of the mixture u(c) is determined by the commonly used rule u(c) = po((1—c)+M %c)*‘*,
where M denotes the mobility ratio and pg represents the viscosity of the resident fluid. The
two-dimensional or three dimensional versions of this problem with Dirichlet boundary condi-
tions or with Neumann or Robin boundary conditions were largely considered in the literature
to study the miscible displacement of one incompressible fluid by another in a porous medium
(see for instance [10], [17], [18], [20]).

Piecewise linear finite element method for (1) leads to a first order approximation for the
space derivative of p in the L?-norm. This accuracy deteriorates the numerical approximation
for ¢ obtained from (2) if the same method is considered. Several approaches have been consid-
ered in the literature to increase the convergence order of the numerical approximation for the
velocity. Without be exhaustive we mention the use of cell centered schemes ([21]), mixed finite
element methods ([2], [5], [12], [19]), gradient recovery technique ([7] and [16]) and mimetic finite
difference approximations which can be seen as a mixed finite element methods with convenient
quadrature rules ([4]).

Finite difference methods that can be seen as fully discrete piecewise linear Galerkin methods
that allow to obtain a second order approximation for the gradient of the solution of elliptic
problems have been studied in [3], [8], [9], [13] and [14].

In the present paper we introduce for the IBVP (1)-(5) a finite difference method belonging
to the class of methods analysed in the last mentioned works that enable us to compute second
order approximations for the pressure, for its gradient and for the concentration. As such finite
difference scheme can be seen as a fully discrete Galerkin method based on piecewise linear
approximation and convenient quadrature rules, our results can be also seen as supercloseness
results.

In the convergence analysis we do not follow the approach introduced by Wheeler in [22] and
largely followed by a huge number of authors in the study of numerical methods for parabolic
problems (finite difference methods or Ritz-Galerkin methods). In the present paper we treat
in an adequately way the error considering the error equation. We point out that our approach
avoids the smoothness requirements imposed when Wheeler’s approach is used.

The paper is organized as follows. In Section 2 we introduce the semi-discretization of
problem (1)-(5) and its convergence analysis is presented in Section 3. In the main result of this
paper - Theorem 1-presented in this section we establish that the semi-discrete approximations
introduced for the pressure, velocity and concentration are second order accurate. This result is
illustrated numerically in Section 4. Finally in Section 5 we draw some conclusion. We remark
that for the implicit-explicit method used in the numerical illustration we can show that a fully
discrete version of Theorem 1 holds.

2 The semi-discrete approximation

In what follows we introduce the variational formulation of the IBVP (1)-(5). To simplify we
assume homogeneous boundary conditions. By L?(0,1), H'(0,1) and H{(0,1) we denote the
usual Sobolev spaces where we consider the usual inner products (.,.)o, (.,.)1 and the corre-
sponding norms ||.|lo, ||-|l1- respectively. Let Q@ C R™ and r € N. For p € [1,00) we represent by



WTP(Q) the space of functions v : @ — R such that D% € LP(2) for |a| < r and in this space
1/
we consider the following norm ||v||yr.r Q) = ( / |D%(z)P d:c) " In this definition we use the
Q

alely
notation D% = Ey TR la] = a1+ -+ ap, a; € Ng,i =1,...,n. As usual, for p =2 we
[ =
use the notation W™2(Q) = H"(Q).
By W"™>(Q) we represent the space of functions v : ©Q — R such that
[vllwree @) = ) |ax esssup |D%v| is finite. Let V be a Banach space. By L?(0,7;V) we denote
al<r Q

T 1/2
the space of functions v : (0,7) — V such that |[v||p207.v) = (/ lo()13 dt) is finite. Let
0
L>(0,T;V) be the space of functions v : (0,7) — V such that |[v||pe(o,7;v) = esssup [[v(t)v
[0,7]

is finite. The space os function v : (0,7) — V such that its derivatives v) : (0,7) — V,
j=0,...,r, 7 € N, with 00 = v, defined in distributional sense satisfy

[vllwr.ee0rv) = ;max_esssup 09 @)l < oo,

yeensT
)

is denoted by W"™>°(0,T;V).

We replace the IBVP (1)-(5) by the following variational problem: find p €
L>(0,T; H*(0,1)), ¢ € L*(0,T; H*(0,1)) such that ¢ € L%(0,T;L%(0,1)), conditions (3), (4)
hold a.e. and

(a(c(t))pz(t),w’)o = (ql(t)’w)o a.e. in (O,T),Vw € H&(O’ 1)’ (6)
(), w)o  +(d(c(t), pa(t))ex(t), wa)o = (b(e(t), pa(t))e(t), wa )o

= (g2(t), w)o ae. in (0,T),Yw € Hj(0,1).

(7)

N
Let H be a sequence of vectors h = (hq,...,hy) such that Z h; = 1 and hy,q, = max h; — 0.
i=1 ’
Let I, = {x4,i=0,...,N,20 = 0,2y = 1,z;—x;—1 = h;,i = 1,..., N} be a nonuniform partition
of [0,1]. By W}, we represent the space of grid functions defined on I;, and by Wy, o we represent
the subspace of Wj, of functions null on the boundary points. Let Ppup be the piecewise linear
interpolator of a grid function up € Wpy. The space of piecewise linear functions induced by the
partition I is denoted by Sp,.
The piecewise linear approximations for the pressure and for the concentration are solutions
of the finite dimensional coupled variational problem: find Pyp, € L*°(0,7T;S) and Pyep, €
L%(0,T; Sy) such that Pycj, € L*(0,T; Sp,), boundary conditions (3), (4) hold a.e. and

(@(Pren(t)(Prpn)s(t), Pawy,)o = (q1(t), Prwp)o ae. in (0,T),Vwy € Why, (8)

((Phcn)i(t), Prwn)o + (d(Pren(t), (Papn)z(t) (Pren)e(t), Prwy)o

(9)
—(b(Pren(t), (Prph)z wen(t), Phwy,)o = (g2(t), Prwy)o a.e. in (0,7T), Vwy, h,0-
(O(Pren(t), (Papn)e(t))Pren(t), Prwp)o = (g2(t), Prwp) (0,T),Vwy, € W
In the space W}, we consider the norm
lunllf p = llunllf + 1D—zunllf 4 (10)
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where D_, denotes the backward finite difference operator with respect to the space variable,
II|ln is the norm induced by the inner product

N

(whs o) = > % (wn (i 1)on(wi1) + wnl@)on(@:)), wn, on € W, (11)
=1

o\ 1/2 ]
and ||wp||p+ = (Z hiwp(x;) ) . In what follows we use the notation
i=1
N
(Why v )ns = D hiwn(3)vn(x3), wh, v € Wi
i=1
The fully discrete (in space) approximations for the pressure and for the concentration are so-

lutions of the following coupled variational problem: find p;, € L*(0,T;Wy,), ¢; € L?(0,T; Wp,)
such that ¢}, € L*(0,T;W},), and

(ah(t)D_mph(t),D_xwh)h7+ = (th(t),wh)h a.e. in (O,T),th S Wh@, (12)
(ch(t)s wp)n + (dn(t)D—zcn(t), D—gwn)n+ — (Mp(ba(t)en(t), D—gwn)n,+ (13)
= (q2,n(t), wp)p ae. in (0,T),Ywy, € Wy o,
ph(x(h ) t) ph(-’L'N,t) :pT’(t) a.e. in ( 7T)7 (14)
cn(xo,t) = co(t), en(xn, t) = ¢ (t) ae. in (0,7), (15)
cn(x:,0) = con(xi), pr(2:,0) = pop(wi), i=1,...,N — 1. (16)
In (12), (13) the following notations were used

1 Tit1/2
qon(xit) = / gz, t)de,i=1,...,N—-1,4=1,2, (17)

hi+1/2 i—1/2

1
hit1/2 = $(hi + hi1), My (wp)(z;) = E(wh(azi,l) + wp(z;)),i =1,...,N. The coefficient func-
tions ap(t) and dy(t) are defined by

an(wi,t) = a(Mp(cn(t))(x:)), (18)
dp (i, t) = d(Mp(cn(t))(@i), D—apn (i, 1)) (19)
and the grid function by(t) is given by
b(ch(an t)a Dxph(%, t))’ 1 =0,

bh(xl'at) = b(Ch(CCi,t),thh(fEi,t)),i = 1’ s aN - 1) (20)

b(ep(zn,t), D_ypr(xzn,t))),i = N,

with

Dppn(zi,t) = (RiD—gpn(@iy1,t) + hiv1D_apn(zi,t)). (21)

hi + hit1



In what follows we establish an ordinary differential algebraic coupled system equivalent to
the variational problem (12)-(16). In order to do that we introduce the following finite difference
operators

Wi41 — Wi—1 Wi41 — Wy 1/2 Wiy1/2 — Wi—1/2
Dewn)i = ————— (DaWh)ip172 = —— (D wn)i = ;
(Dewn); hi + it Do)ty hit1 (D wn)i hiy1/2
where w; := wp(z;) and wji1/; are used as far as it makes sense. In order to simplify the

presentation we also consider that ap(v;41/2,t) = ap(viz1,t), dp(Tit1/2,t) = dp(Tiz1,t).
It can be shown that the approximations p(¢) and ¢, (t) are solutions of the following discrete

problem:
—D,/*(an(t) Dapn(t)) = qua(t) in Ty —{0,1} a. e. in (0,7] (22)

& (t) = DY2(dy (t) Dupp(t)) + De(bp(t)en(t)) = gop(t) in T, — {0,1} a. e. in (0,T],  (23)
with the conditions (14), (15) and (16).

3 Supraconvergent result

3.1 Auxiliary results

The stability analysis the coupled variational problem (12), (13), or equivalently the stability of
the coupled finite difference problem (22), (23), under homogeneous Dirichlet boundary condi-
tions, that is, pe(t) = pr(t) = ce(t) = ¢ (t) = 0, was presented in [15]. In the analysis that we
present in what follows we need to assume that the semi-discrete approximation for the pressure
satisfies the following

max |D_zpn(xi, t)| < Cp, (24)

=1...,
for some positive constant Cp,. We remark that this assumption can be assumed provided that
q1 satisfies
qu(t)HO < qu’t € [O’T]' (25)

In fact, as we have

a(Mp(cn(t))(@i1)) D—apn(@ir1, )=y hj 12D (an(t) D-opn(t)) ()
j=1

+a(Mp(cn(t))(@1))D—apn(@1,t) = = hji1/oqin(ws,t) + a(Mp(cn(t)) (1)) D_apn (@1, 1),
=1

fori =1,...,N — 1, using (25) we deduce

max ] Ja(My(en(t))(20)) Dapn(wi )] < Coy + a(My(en(t))(21))|D—zpn(21,1)].
It is then effectively plausible to admit that (24) holds for some positive constant C.

We start by introducing two auxiliary problems. We assume that a € WH*®(R), d €
W1L(R?) and b € W2°°(R?). Let pp(t),cn(t) € Wy be solutions of the discrete variational
problems

(an(t)D—zpn(t), D—gwp)n+ = (qu,n(t), wn)n, wp € W, (26)



(dn(£) D—oen(t), D—gwp)n+ — (Mu(ba(£)en(t)), D—awn)n+ = (Gon(t), wn)n s wn € Wiy,  (27)

with Ga 5 (t) defined by (17) with ga(t) replaced by ga(t) — ¢(t). In (26) and (27) the coefficient
functions aj; and dj, are defined by

ap(@i,t) = alc(xi-1/2,1)), dn(@i,t) = d(c(@;-1/2: 1), P2 (Tiz1/2,1)), i =1,..., N,

and Bh(xi,t)éh(xi,t) = b(c(xi,t),pm(xi,t))éh(xi,t),i = 1, e ,N — 1, Bh(xi,t)éh(.%'i,t) = 0, 1=
0, N.

It can be shown that pp(t) and é,(t) are solutions of a coupled finite difference problem
analogous to system (22), (23).

An error bound for py,(t) is established now considering Theorem 3.1 of [3]. By Ry, we denote
the restriction operator Ry, :C[0,1] =Wy, Ryv(x) = v(x),xz €1}.

Proposition 1 If 0 < ag < a then, for py(t) defined by (26) and for h € H with hye, small
enough, holds the following error estimate

N
Ph (1 (t) = Rup(®)) 17 < Cp > o) [371.1,) (28)
=1
provided that p(t) € H*1(0,1) N HE(0,1), s € {1,2}. In (28) I; = (wi—1,7;) and Cj denotes a
positive constant which does not depend on h.

As a consequence of this result, we conclude that, for h € H with h;,q, small enough, we
have

max |[D_gpp(wi,t)] < Cp, (29)

_1

for some positive constant Cs. In fact, from (28) we obtain |D_,(5(x,t) — p(zi,1))] < Chinas,
for some positive constant C. Then

~ ~ 1 (% _1
Do i D1 1D ist) = pai )]+ [ bl 8)dol < Ol + [0
J Jxj1
that leads to (29) provided that p € L>(0,T; H*1(0,1) N HE(0,1)),
s e {l,2}.
In order to obtain an upper bound for the error of ¢, (t) we need to guarantee the stability
of the bilinear form

az, (n,wp) = (dp(t)D_gvp, D_gwp)n+ — (M, (b (t)on), D—gwp)h 4> vns wi, € W o.

In the next proposition we specify conditions that allow us to conclude such stability (see
Proposition 3.1 of [3]).

Proposition 2 Let d(t) and b(t) be defined by d(t) = d(c(t), pz(t)), b(t) = b(c(t), ps(t)), where
p,c are the solutions of the coupled variational problem (6), (7) with homogeneous Dirichlet
boundary conditions. If the variational problem: find u € HA(0,1) such that (d(t)ve,ws)o —
(b(t)v, wy)o = 0 forw € HE(0,1), has only the null solution, then there exists a positive constant



e . which does not depend on h such that, for h € H with hye,e small enough, holds the following
stability inequality

|IPronlli < cee  sup , U € W o. (30)

O#UJ}LGW}L’O H]Phwh”l

Using now Theorem 3.1 of [3] we can state the error estimate for é,. Considering this result,
it suffices to estimate

N

T, = Z hidi_1/2 (D_mc(xi, t) = cz(ziz1/2s 75)>D—wwh(xi)v (31)
=1
N

1, = Z h; (b(xi—l/% t) — i t); s t))D_mwh(xj) (32

with
di—l/Z = (C(xi—l/Zvt)vpm(xi—1/27t))7 and b(vat) - b(c(xg,t),pm(xg,t)), g =1 — 172 - 1/277/
Using Bramble-Hilbert Lemma in 7, we get
Y 2s 2 1/2
ITal < Cll(et), pa(t) oo (3 WM Brery) - ID—wwnll (33)
i=1
provided that c(t) € H*T1(0,1) N H(0,1), for s € {1,2}.
To estimate T}, we apply Bramble-Hilbert Lemma again. In this case we obtain, for s € {1, 2},
al 2s 2 1/2
T3] < (3 2 Ib(et), e (el 3pogry ) 1D stomll - (34)
i=1

As the imbedding of H7*1(0, 1) into 0{3 (0,1) is continuous, where C{g(O, 1) denotes the space of
functions having bounded, continuous derivatives up to order j on (0,1) (Theorem 4.12 of [1}),
we deduce for s =1

N 1/2
T < (X2 B2 (N + IPOy)) I1D-swillns (35)
=1
and for s =2

N
Tl< € (3 5 (eI (el + 1) (lea®) 2 2 + P22 (B2 1)
i=1 (36)
2 2 2 2 2 1/2
Hle®l5e (1P22 O3 Pa211T2 (1) + P23 ll72(r,) + !!cmzHLmi))) 1 D—zwhl|n,+-

We summarize the previous error estimates in the following proposition.



Proposition 3 Under the assumptions of Proposition 2, for ¢, (t) defined by (27) and for h € H
with hypae small enough, holds the following error estimate

N
IPa(@n(t) = Rnc@)IF < Ca Y b2 (Ie®)3ror 1y + 120 vy ) (37)
=1

provided that c(t),p(t) € H*TY(0,1) N H{(0,1). In (37), s € {1,2} and Cz denotes a positive
constant which does not depend on h.

Under the assumptions of Proposition 2, it is clear that ||é,(t)|[1,, < Cé, for some positive
Cs, which implies that
1en(t)]loo < Ca, (38)
provided that ¢,p € L>(0,T; H?(0,1) N H(0,1)), for some positive constant Cz and for h € H
with hype. small enough.
As for pp(t), it is plausible to assume that

max_ |D_,ép(zi,t)| < Ch, (39)

izlv"'7

for h € H with h,,4, small enough.
In the next proposition we establish an upper bound for ||Py(pn(t) — pr(t))]]1-

Proposition 4 If0 < ag < a, then, for h € H with by small enough, we have
= al 2s 2 1/2
1Ban(t) = (DI < Cop(len®) = Ruc®)lln+ (D Wl )~ )s (40)
=1

provided that c(t) € H*(0,1) N HE(0,1). In (40), s € {1,2} and C, 5 denotes a positive constant
which does mot depend on h.

Proof: From (12) and (26) it can be shown that, for w, € Wy, o, holds the following

(an(t)D—z(pn(t) — Pu(t)), D—zwp)n,+
(41)

= ((@n(t) — a},(t)) D—2Pn(t), D—zwp)n,+ + ((a};,(t) — an(t)) D—zpn(t), D—zwn)p +,

where aj (t) is defined as ap(t) but with ¢ () replaced by Rpc(t).
For the second term of the second member of (41) we have

|((ar,(t) = an(t)) D—apn(t), D—zwn)n | < Cllen(t) = Bune@)|[nll D—awnlln -, (42)

for wy, € Wh,O-

Considering now the Bramble-Hilbert Lemma in the first term of the second member of (41) we

deduce
N

pt * = 2s 2 1/2
(@ (1) — ah()D-epn0). Dy o< C( W2 eOery) ID-ctwnllis:  (43)

i=1

for wy, € Wh,o-

Taking (42) and (43) in (41), we conclude the proof of (40) choosing wy = pp(t) — pu(t).



Corollary 1 If0 < ag < a, then for pp(t) and ci(t) defined by (12), (13) and for h € H with
Bmaz small enough, holds the following

1 en(t) = Brp(@)lls < € (llen(t) = Bre@lln

1)+ (IO ) )

=1 =1

(44)

provided that c(t) € H*(0,1) N H}(0,1),p(t) € HST1(0,1) N H}(0,1),s € {1,2}.

Lemma 1 Let ¢&,(t) be defined by (27) and p(t),c(t) € H*T(0,1) N H(0,1),
s € {1,2}. Under the assumptions of Proposition 2 and Corollary 1, for the functional

Ta(t,wy) = (dn(t)D—yen(t), D_ywp)n+ — (d () D_yep(t), D_gwp)p +,

defined on Wy, o and for h € H with hyq,. small enough, holds the following

7a(t, wp) = (dp(t)D—z(Rpe(t) — cn(t)), D—zwp)n4 + Tan(t; wn), (45)
where
N ) 1/2
ran(tswon) < Calllen(t) = Bre@la+ (SB35 )
N =1 (46)
2s 2 1/2
(e rnry) ) ID—cwlln g, wn € Wi,
=1

Proof: For 74(t,wy) holds the representation (45) with 74 (¢, wy) given by

Tan(twn) = 7o (twn) + T (Ewn) + 7ot wh) (47)

where ) )
0t wn) = (dn(t) — (1)) D—sin(t), Dgwn )+

T3t wn) = ((d5(8) — dn () D@, (t), Dy )

n%%i(zzwh) = (dn(t)D—a (en(t) — Rnc(t)), D_ytwp)n s

and dj is defined as dj, with ¢;, and pj, replaced by Rjc and Ryp, respectively. Using the Bramble-

Hilbert Lemma it can be shown that for Tcglg(t,wh), for w, € Wy, and for h € H with hynes

small enough, holds the following

/ al /
it wn)| < C((Zh%n W)+ (02100 e ry) ) IDwnlln e wn € Wio,
=1

For 7+ /2(75 wyp,) we have, for wy, € Wy, g,

it ) < C (I Ruet) = n(®)n + 1D (pn(8) = Rup()ln+ ) | D—stwn -

9



Considering Corollary 1 we get

N

2, wn)| < € (lew® = Rue(®)lh + (3 W21y )

i=1

N 1/2
+ (YRl eary) ) ID-swnllnss wn € Wi,
=1

Taking into account Proposition 3, for Tégg(t, wy,) we deduce, for wy, € Wy, o and for h € H with

hmaz sSmall enough,

3) - 2s 2 1/2 - 2s 2 1/2
i) < O (Bl s y) - + (XA IO Bressry) ) ID-ewillnr-

i=1 =1

From the estimates established for 7 ,)1(75 wy), £ =1,2,3, we conclude (46).
[

Lemma 2 Let ¢,(t) be defined by (27) and c(t),p(t) € H*1(0,1) N H}(0,1),s € {1,2}. If
0 < ap < a, condition (24) holds and the coefficient function b satisfies

bz, y)| < Colyl, (z,y) € R?, (48)
then, under the assumptions of Proposition 2, for the functional
7 (t,wn) = (My(bn(t)en(t)), D—gwon)n,+ — (M (0n(£)n(t))s D—atwn )+
defined on Wy o and for h € H with hyq,. small enough, holds the following
(t, wn) = (Mp (b (8) (e (t) = Bnc(t))), D—gwn)n,+ + 7o,n(t, wn), (49)
where
1/2
[t wn)| < Coallen(t) — Rre()lln + (Zh%u Wessry)
i=1 (50)

N 1/2
(D hEIPOFary) ) ID—cwnlis wh € Wa.
=1

Proof: For 7,(¢,wy,) holds the representation (49) with

Ton(t,wn) = 73 (8 wn) + 75 (6 wn) + T (£ 20,),
) (b wn) = (M by (8) (Rpe(t) — & (1)), D—swn )+
o (twn) = (My((bn () — B (£)n(£)), D—stwn )

10



7 (8 wn) = (My((57,(8) = Bn(£)én(6)), Dgtw )+

being b; defined as by, with ¢;, and pj, replaced by Rjc and Rjp, respectively.
Considering Proposition 3 and condition (24), under the assumptions (48) for b it can be shown

that for 7} (¢,wy,) and for h € H with hynq, small enough, holds the following

N N
1 s 1/2 \ 1/2
i teon)] < C((Xo W1 Brarsry) — + (D0 (IO Berary) ) ID-swnllns
i=1 i=1
provided that c(t),p(t) € H*T1(0,1) N H}(0,1), for s € {1,2}.
As ¢,,(t) satisfies (38), we can establish for Tb(?h) (t,wp,) the upper bound

ryn (8 wn)|< C (llen = Ruclln + ID—o(pa(t) = Rap(t)ln+ ) 1D—swnlln, -

Considering now Corollary 1, for h € H with h;,4, small enough, we conclude

N 1/2
i (twon)| < € (llen(t) = Bue@®ln + (X2 12 @)
=1
N

/
£ (SR B y) ) ID- il

i=1

provided that c(t) €  H®(0,1) n H0,1),p(t) €  HT(0,1) n H0,1),
s e {l,2}.

1
To estimate Tb(g;l) (t,wp) we start by remarking that p,(z;,t) — Dpp(z;,t) = W)\(v),
’ i+ iyt
. R 1
with — A(v) = ve(p) = p(v(1) —v(p)) — E(U(P) —0(0), and  v(&) = p(@i-1 +E&(hi + hita,t)),
p= L, p= L . Applying Bramble-Hilbert Lemma to A(v) we obtain, for s € {1,2},
hi + hita hi1
1 1 Tiy1/2
M) <C [ el de < Cltu+ i)™ [ pes(a )] da
Ti—1/2
Then, for h € H with A4, small enough, we have
(3) o 2 12
it wn)| < C( 3B IpO e y) " IDewnlns
i=1

provided that p(t) € H**1(0,1) N H(0,1), for s € {1,2}.
From the upper bounds obtained for Té? (t,wp),f =1,2,3, we conclude the proof.
[ ]
The following result was proved in [3] and has an important role in the proof of the main
result of this paper - Theorem 1.
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Lemma 3 If g € H%(0,1) and gy, is defined by (17) with q, replaced by g, then there exits a
positive constant Cy, which does not depend on h such that

N 1/2
|(gn — Rrg, wn)n| < Cin(zh?“g”?“{2(li)> lwnll1,ns wh € Who, (51)
=1

for h € H with Hp,q: small enough.

3.2 Main convergence result

Let ecpn(t) = cp(t) — Rpc(t) epn(t) = pr(t) — Rpp(t) be the semi-discretization error induced by
the discretization (12), (13), (14) and (15). An estimate for ||Ppe, 4(t)||1 depending on ||e.n(t)||x
was established in Corollary 1. In the next result we establish an estimate for |le.(t)|s that
allow us to obtain with Corollary 1 an estimate for ||Ppep ,(t)]]1-

Theorem 1 Let ¢ and p be the solutions of the coupled quasi-linear problem (6), (7), ¢ €
L2(0,T; H*1(0,1) N H}(0,1)) N HY(0,T; H2(0,1)), p € L>®(0,T; H*T1(0,1) N H}(0,1)), s €
{1,2}, and let ¢, and pp, be their approximations defined by (12), (13). We assume that the
variational problem: find v € H}(0,1) such that (d(t)ve, we)o— (b(t)v, wy)o = 0 forw € HE(0,1),
has only the null solution, where d(t) = d(c(t), ps(t)) and b(t) = b(c(t), px(t)).

If 0 < ap < a,0 < dy < d, b satisfies (48), then, under the assumption (24), there exists
positive constant C. such that, for h € H with hpqe small enough, holds the following

1
min{1,2(dy — 42

t
lecn Ol + [ 1D-cecn(lf 4 du < 7e (leea)1?

N
+C 32 [ (B U0 ooy + Bl rros1y) + BN ) ) )
i=1

(52)
< =i (lean Ol +Ce (B (el msrony
+HpH%Q(O,T;H5+1(O,1))) + h;lnaa:HCH%{l(O,T;HQ(O,l))))7
where € is nonzero constant such that dy — 4€* > 0, w is given by
w= % (CC% +CEy+ 1Cl?qf) + 2¢2 (53)
€ ' 2

and Cgq, Cy, Cp 2, Cyy, were introduced before.

Proof: It can be shown that e.(t) is solution of the variational problem

(e.n®)swn)n = —(dn(t)D—zen(t), D—zwn)n+ + (Mp(bn(t)en(t)), D—zwn)n,+

+(q;h(t), wh)h — (Rhcl(t), 'Uh)h-

12



As é,,(t) satisfies (27) we obtain

(elc,h(t)’wh)h = (dh(t)D,th(t), szwh)h,-i— - (dh(t)Df:vCh(t)a szwh)h,-i-

+(Mp (b (t)cn(t)), D—gwp )t — (Mp(bp(t)En(t)), D—gwp)n+ + (n(t), wp)n — (Rac (), wp)n,
(54)
where ¢/p,(t) is given by (17) with g, replaced by ¢ (¢).
From (54) with wy, = e ;(t), taking into account Lemmas 1 and 2, we deduce the inequality

(el n(t)secn(t)n < =(dn(t)D—zecn(t), D—zecn(t))n,+ + (Mp(bn(t)ecn(t)), D—zeen(t))n+

H(n(t) = Bud (1), ecn(D)n + Tan(t, ecn(t)) + oa(t, ecn(t)).
(55)
We estimate in what follows the quantities (G, (t) — Ruce(t), ecn(t))n, Tan(t, ecn(t)) and
T, (L, €cp(t)). From Lemma 3 we have

[(n(t) = Bic(t), ecn(t)n] < 4 20 ZWIC Wiz + o lecn®I n, (56)

provided that ¢(t) € H?(0,1). In the previous inequality ¢ # 0 is an arbitrary constant.
We remark that for 744(t, €. x(t)) and 7, (t, €cn(t)) hold the estimates (46) and (50), respec-
tively. Consequently

I7an(t; ecn(t))] CdHec rO7 + 1 D—zecn®)lli 4

1 - 2s 2 2 (57)
5368 DR (DO 1y + e o1y ).
1=1
and 1
0.0 (t ecn(®))] < 2—77205,2\\%,11(75)”% + 1P| D—wecn()7 +
) N (58)
apCha ) B2 (Ip(8) e 1y + e sy )
where € # 0,1 # 0 are arbitrary constants.
Considering estimates (56), (57) and (58) in (55) we obtain
1d
5 gz lecn(t )||%L+(dh(75)17—sc€c,h(t),llxec,h(f))hnL — (Mp(bn(t)ecn(t)), D—aeen(t))n,+
(59)

(303 + 57082 + 0% lecn 81 = (& + 1+ o) ID-secn )R, < a0,
where

N
Wt < (262 €+ 573C8) (01 (D) ety + 10O 1)

1=

Zh4llc Il s,
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In what concerns (dy(t)(D_gecn(t), D_gecn(t))n+ and (Mp(bp(t)ecn(t)), D—gecn(t))n +, we
have

(dn()(D-zecn(t), D—zecn(t))n+ > dOHD—weC,h(t)H%L,Jm (60)
and 1
|(Mp(br(t)een(t), D—zecn(t)n| < chchec,h(t)H% + D zecn®f s (61)

where v # 0 is an arbitrary constants.
Considering now in (59) the estimates (60) and (61) for e = n = v = o0, we conclude

4
dt

with w defined by (53).
Inequality (62) implies

llecn(®)II7 + 2(do — 4€*)|D—zecn(t)ln+ < wllecn 7 + () (62)

t t t
lean(®)]Z + 2(do — 4¢%) /0 1D seen(s)|Z1 ds < llecn ()2 +w /0 leen(a)llZ dy + /0 ()2 d
that leads to (52). =

Theorem 1 and Corollary 1 imply the error estimate for the pressure.

Corollary 2 Under the assumption of Theorem 1, for the pressure we have

N
IBaepn®I < Cpn(llen(0) = c(O)} +Ce > /0 (2 (Ip(n) o1 1,
i=1

) i ry) + B (), ) )
< Cpn(llen(0) = c(0)I2 + Ce (Miae (lelZ 2o,z 01 0,1
1320, 0.) + Biacleln o rimo,y ) (63)

for some positive constants Cy,, and C. which do not depend on h and for h € H with hyqeq
small enough.
[

4 Numerical illustration

We illustrate in what follows the estimates (52) and (63). To do that we next introduce an
implicit-explicit method for the IBVP (1)-(5) defining in [0,7] a uniform grid {¢,} with tp =
0,ty =T and t; —tj_1 = At. By D_; we denote the backward finite difference operator with
respect to t. Let us suppose that the numerical approximations pj (x;) and c}(x;) for p(z;,t,)
and c¢(z;,t,), respectively, are known. By PZH(%) and cZ'H(xi) we represent the numerical

approximations for p(z;,t,+1) and ¢(x;, t,+1), respectively, defined by the following system

(@pD_app ', D_gwn)ny = (q75" wn)n, wh € Wap, (64)
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(D—eei ™ wp)n + (dy ™ Dot Dogwp )y — (Ma (0" ), Doy )+
(65)
(QQHle)wh)h’ Wp, € Wh,O)
with the boundary conditions p}"!(z0) = pe(tnt1), PRt (@n) = prltnt1), ¢ (o) = coltny1),

Z'H(xN) = ¢;(tp+1), and with the initial conditions ¢ (z;) = con(2i), P)(xi) = pon(:), i =

1,...,N —1.

In (64) and (65), qul is obtained from g j,(t) taking t = ¢, 11, (¢ = 1,2), the coefficient a}} is
obtained from ay(t) replacing c(t) by ¢}, and bZ’nH are obtained from dy,(t) and by, (t),
respectively, replacing c(t) and py(t) by ¢} and pZ“, respectively.

Let us consider (1)-(5) with a(c) = 1 + ¢, b(c,p;) = (cpe)?, d(c,pz) = ¢ + psr + 2, where
q1, g2, the initial and boundary conditions are such that this IBVP has the following solution :
p(x,t) = elax(z — 1), e(z,t) = e'(1 — cos(2mz))sin(z), x € [0,1], t € [0,T].

The numerical approximations ¢} and pj were obtained with the IMEX method (64)-(65)
with nonuniform grids in [0, 1] and with 7' = 0.1 and At = 1076, The first spatial grid is arbitrary
and the new grid is obtained from the previous one introducing in [z;,z;1| the midpoint. In
Table 1 we present the errors

n,n+1
dh

n ) 1/2
2 2
Error, = n:Irll?%M (H@Zhnh + At E y ||D,xeih)||h7+) ,  Error, = Hll,a}fM ||D— €, b+
j:

n (Errorhmam,l >

Errory,

and the rates Rate., Rate, that were computed by the formula Rate = 1 (h m:ac,2  where
hmaz,1 and hypqq 2 are the maximum step sizes of two consecutive partitions.
Rmaz Error, Error, Rate. | Rate,
1.3174 x 1071 | 5.5435 x 1072 | 1.1099 x 102 | 1.9492 | 1.5048
6.5869 x 1072 | 1.4355 x 1072 | 3.9113 x 1073 | 2.0010 | 1.5808
3.2934 x 1072 | 3.5863 x 1072 | 1.3075 x 1072 | 2.0024 | 1.8337
1.6467 x 1072 | 8.9511 x 10™* | 3.6682 x 10~% | 2.0008 | 1.9296
8.2336 x 1073 | 2.2366 x 10~* | 9.6288 x 10~° | 2.0029 | 1.9671
4.1168 x 1073 | 5.5804 x 107° | 2.4628 x 10~° | 2.0109 | 1.9866
2.0584 x 1073 | 1.3846 x 107° | 6.2144 x 1075 | 2.0301 | 2.0015
1.0292 x 1073 | 3.3899 x 1076 | 1.5520 x 1076 -
Table 1: Convergence rates for the numerical approximations defined by the IMEX method
(64)-(65).

) and Error, = O(h2,,.)-

The numerical results presented in Table 1 show that Error, = O(h? an

max

5 Conclusions

The behavior of the pressure and concentration of an incompressible fluid in a one dimensional
porous media is described by an elliptic equation for the pressure and a parabolic equation for
the concentration linked by the Darcy’s law for the velocity. Quasilinear coupled problems that
have as a particular case the previous problem were considered in this paper.
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The use of piecewise linear finite element method for the pressure and concentration of a
incompressible fluid in a porous media leads to a first order approximation to the velocity.
Consequently, the concentration is of first order in the L?-norm. This behavior is observed for
uniform and nonuniform partitions of the spatial domain. Semi-discretizations based on the
piecewise linear finite element method with special quadrature formulas were studied in this
paper. For such semi-discrete approximations error estimates were established that allow us to
conclude second order accuracy for the pressure and its gradient and for the concentration.

A common approach in the convergence analysis of the spatial discretization of parabolic
equations is the split of the semi-discretization error into two terms ([22]) considering the corre-
spondent discretization of an auxiliary elliptic problem. Such approach was largely followed in
the literature and implies an increasing in the smoothness requirements of the solution for the
parabolic problem. In this paper a different approach was followed that avoids such smoothness
requirements.
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