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Abstract In this paper we consider the modified Shewhart control chart for
ARCH processes and introduce it for threshold ARCH (TARCH) ones. For
both charts, we determine bounds for the distribution of the in-control run
length (RL) and, consequently, for its average (ARL), both depending only
on the distribution of the generating white noise, the model parameters and
the critical value. For the ARCH model, we compare our bounds with others
available in literature and show how they improve the existing ones. We present
a simulation study to assess the quality of the bounds calculated for the ARL.
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1 Introduction

Control charts are an important tool of Statistical Process Control (SPC)
extensively used in industry. They allow monitoring whether an observed pro-
cess diverts from a supposed target process by issuing out-of-control alerts.
These schemes were introduced by Shewhart in the 1920’s (Shewhart 1931)
and his original design is still widely used, despite multiple alternatives that
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have appeared in literature, like EWMA and CUSUM charts. Several studies
show that Shewhart type charts are still the best to detect large shifts.

In the last decades, the applicability of control schemes has been extended
from independent processes to time series, namely, with the appearance of
charts which incorporate the time series structure into its design, named mod-
ified charts. Vasilopoulos and Stamboulis (1978) were the precursors, suggest-
ing the modified Shewhart chart for AR processes. The first modified chart
for conditionally heteroskedastic models was presented by Severin and Schmid
(1999), who considered the generalized ARCH model. The conditionally het-
eroskedastic models are particulary well-suited for modeling financial time
series, so combining them with control charts opens the door to the use of
SPC techniques also to practitioners of the financial field.

Given the variety of control charts available to monitor a time series, raises
the question of evaluating the best design to detect a deviation from target
as soon as possible. The average run length (ARL) is widely used as a per-
formance measure for control charts and, when dealing with time series, is
defined as the average number of instants that must go by before one indi-
cates an out-of-control condition.

Formally, let Y = (Y;,t € Z) be the target process, (weakly) stationary,
such that E (Y;) = po and V (Y;) = o2 The observed process X = (Xt,t € IN)
is in-control if X; =Y, for ¢ > 1. For the modified Shewhart chart, given the
critical value ¢ € R™, X is said to be out-of-control at time ¢ if | Xy — ug| > coy
(Schmid 1995). Consequently, we have ARL = E (Ng), where Ng is the run
length (RL) of the modified Shewhart chart defined as

Ng =inf{t € N : | X} — po| > coy} . (1)

The ARL is also important to set the design of the control chart, since c is
often taken so that the in-control ARL is equal to a specified constant. For
example, Severin and Schmid (1999) state that, in financial applications using
daily stock market values, the in-control ARL should be 20, 40 or 60, because
these values correspond to 1, 2 or 3 months of stock market, respectively, in
this way conditioning the value of c.

The primary goal of this paper is to improve or derive theoretical bounds for
the in-control ARL of the modified Shewhart chart for two classes of condition-
ally heteroskedastic models: the ARCH model (Engle 1982) and the threshold
ARCH (TARCH) model (Zakoian 1994). Whenever possible we will compare
the ARL of these charts with the ARL of classical Shewhart charts, which
allows to realize what happens if the process is wrongly assumed independent.

The remainder of this article is organized as follows. Section 2 introduces
the two conditionally heteroskedastic models which are taken into account in
this study. Section 3 is dedicated to the ARCH model. We start this section
with an overview of existing bounds for P (Ng > n), obtained by Severin and
Schmid (1999) and Pawlak and Schmid (2001), and derive a new lower bound
for this probability following the method present in Gongalves and Mendes-
Lopes (2007). This enables us to calculate the corresponding bounds for the
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ARL, which we then compare. In section 4, we introduce the modified She-
whart chart for TARCH processes and determine bounds for P (Ng > n) and,
consequently, for ARL. Section 5 provides a simulation study to assess the
quality of the bounds calculated for the ARL by comparing them with the

estimated ARL. In this paper, we will make use of the following conventions:
0

S () =0 and tle () =1.

i=1

2 The ARCH(q) and TARCH(gq) models

In conditionally heteroskedastic models, the real stochastic process Y = (Y3,t € Z)
is set to be, for every t € Z,
1/,{ - ZtUt (2)

where Z = (Z;,t € Z) is a sequence of independent and identically distributed
(iid) real random variables, with zero mean and unit variance, such that Z; is
independent of the o-field generated by the past of Y, Y, ; = o (Yi—1,Yi—2,...),
and where of =V (Y;|Y,_,) is a measurable function of past observations of
Y.

The specification of o, determines the model. When Y is an ARCH(q)
process, we set

q
Ut2 =g+ Z OéthQ,i (3)
i=1

with ap > 0 and «; > 0 (i =1,...,¢q). When Y is a TARCH(q) process, we
specify

q q
o = g + z Ozth"_'i - Zﬁth:i (4)
i=1 i=1

where Y;+ = Yt]l{YtEO}a i/t_ = Y}]l{yt<0} and with g > 0, a; > 0, 3; > 0
(i=1,..,q).

Regarding the specification of o, the main difference between these two
models is the ability which only the TARCH model has to take into account
different reactions of volatility according to the sign of past values of the
process. Nevertheless, both models are well-established among practitioners
particularly of the financial field.

Our aim to evaluate the in-control ARL requires that we work with station-
ary processes. We observe that, under weak stationarity conditions, the con-
ditionally heteroskedastic models are centered and non correlated processes.
A necessary and sufficient condition of stationarity for the ARCH(gq) model is

a
> a; < 1. Under this condition, the variance of Y, V (V;) = 0%, exists and is
i=1

equal to

032/:7(1. (5)
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For the generalized TARCH (GTARCH) model, the necessary and sufficient
condition of stationarity depends not only on the parameters of the model but
also on the moments of Z;" and Z;” (Gongalves and Mendes-Lopes 1994). For

the TARCH(1) process, the condition is £ [(alZ:“ - ﬂth_)z} < 1 and the
variance of Y, V (Y;) = 0%, exists and is equal to

of [1+E (a1 2] — 127 )]
=Bzt - 420)] {1 E|(@z - 527)°|}

(6)

oy =

Remark 1 In both formulations of o;, when all parameters, apart from «y, are
equal to zero, the model is no longer conditionally heteroskedastic. In this case
Y is an iid process and Ng follows the geometric law G (), with support IN
and § =1 — F|z| (c) = 1 — Fy2 (¢?), where F|z| and Fy2 are the distribution
functions of |Z;| and Z2, respectively. Thus, in the in-control state,

1
Py (NS >TL) = (1—0)”, n=0,1,2,.., and ARLiid: 5

with the index ”iid” meaning that the target process Y is an iid process.

3 In-control ARL of modified Shewhart chart for the ARCH
process

In this section we assume that the target process Y follows a stationary
ARCH(g) model and that the observed process X is in-control. So,

P(Ng>n)=P(|Y1| <coy,...|Yn| <coy) ,n=1,2, ...
We note that P (Ng > 0) = 1.

3.1 Bounds for P, = P (Ng > n)

The first bounds for the P,, = P (Ng > n) were derived by Severin and Schmid
(1999). Their upper bound,

UB,P, = [Fzz (‘20%)]” : (7)

ARCH(q) Qo

valid for every ¢ € R' and obtained by an elementary technique, is simple
to use but its performance is not always good. Nevertheless, it is the unique
known in the literature until now. In what concerns their lower bound,

max{0,n—q}

c?

LB1P, = P(Ng > min{g,n}) X |Fgz 7
ARCH(q) 1+ (02 _ 1) Z a;
=1
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also valid for every ¢ € R", we remark that it depends on the probability in
evaluation. This problem was firstly addressed by Pawlak and Schmid (2001),
who obtained the following lower bound depending only on the distribution
function of Z? and the parameters of the model, considering Z; absolutely
continuous with a differentiable density of probability fz:

LB:P, = | [[ Fr ¢ x [Fy (2)]™04(9)

valid for every ¢ € R" such that 2fz (z) + 2f},, (z) > 0, where z = ch)‘f;,
with u > 0.

We also consider this matter following the method proposed in Gongalves
and Mendes-Lopes (2007) for generalized TARCH processes. We begin by de-
riving a lower bound for the laws of finite dimension for the process Y2. The
proof of this result is set in the appendix.

Theorem 1 Let Y = (Y;,t € Z) be an ARCH(q) process such that Zy is ab-
solutely continuous with a differentiable density of probability fz. Then, if Y
s stationary, it holds:

(a) forn <gq,
2 x1 - Tt
P(}/t Sxt,tzl,...,n)ze2 0’72 HFz2 1 P s
Y/ =2 a0+ Y Qir i+ oy Y
i=1 i=t
(b) forn>q,
2 2!
P (Yt <xy,t =1, ,n) > Fye <2> X
Oy
TF It Tre| o
XH z? t—1 q X H z? q J
=2 ag + Z QiTe—i + 032/ Z (e t=q+1 ap+ Y T
i=1 i=t i=1

in both cases, for all (x1,...,x,) € ]0,+00[" such that

sz2< i )+ i f'ZQ( i )zo,tzl,...,min{q,n},

ag+u ag+u ag +u

with u any non-negative real number.
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Taking into account that, for the in-control state, we have

P(Ns>n)=P(Y? <oy, t=1,..,n) ,

the previous theorem will be useful considering 1 = ... = z,, = c¢?0% . Using
the fact that 03 = —%— a new lower bound for P (Ng >n),n € N, is
1— Z (677
i=1

deduced from theorem 17

Corollary 1 Under the conditions of the previous theorem, a lower bound for

P, is
min{q,n} 02
LBsP, = [ Fz — X (10)
ARCH(q) t=1 1+ (c2-1) o
=1
max{0,n—q}
2
X Fz2 ¢

q
14+ (c2=1) > oy
i=1

which is valid for every ¢ € R such that 2fz2 (z) + xf}. (x) > 0, where
z= S with u > 0.

aptu’

We note that, when a; = ... = ag = 0, we have

UBlpn = LBlpn = LBQPn = LBan = [Fzz (62)]n = I75id (NS > n) .
ARCH(q) ARCH(q) ARCH(q) ARCH(q)

3.2 Bounds for the ARL

The bounds for the ARL are determined using the bounds for P (Ng > n),
considering that

—+o0 —+oo
ARL = E(Ng) =Y nP(Ns=n)=>» P(Ns>n) .
n=1 n=0

Starting from UB1 P, and LB;P,, Severin and Schmid (1999) deduced,
ARCH(q) ARCH(q)

respectively, the following upper bound for the in-control ARL

-1

2

UBLARL = |1-Fp | —5 —
ARCH(q) 1_ Z i
i=1
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and the lower bound for the in-control ARL

qg—1
P (Ns >
LB;ARL =1+ P (Ngs>n)+ s >4 (12)
ARCH(q) ne—1 9
1 - Fz2 ¢

q
1+ (2=1)> «;
i=1

with both bounds valid for every ¢ € R™.
Using the two other lower bounds for P (Ng > n), LByP, and LBsP,,

ARCH(q) ARCH(q)
we have the following result:
Corollary 2 Under the conditions of theorem 1,
qg—1 n 02
LBy ARL =1+ > [ Fz2 — + (13)
ARCH(q) n=1t=1 1+ (82 . 1) Z o
i=1
q c? 1
+ H Fy p—
= - 1—F 2
t=1 1 + (62 _ 1) o Z2 (C )
=1 B
and
qg—1 n 62
LB3ARL :1+E HFZ2 1 +
ARCH(q) n=1t=1 1+ (62 _ 1) o
i=1
a c? 1
+ |11 Fze t—1
t=1 2 )
1-‘1-(0 1)1_;1% 1— Fy» c2 ;
14(e2-1) X @
(14)
are lower bounds for the ARL, for every c € R™ such that 22 (x)+afl. (x) >

2 2
0, where x = <2 with u > 0.
ap+u

In the following, we analyse in some particular cases the regions where
these bounds are valid.

Example 1 1f Z; follows the standard normal distribution, then, for = > 0,

1 e—z/Z

fz2 (x) = \/72? X 172
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Y e (1)

Consequently
2fz2 () +x2fhe () >0 2 <3 .

Asz = £ with u > 0, it holds that @ < 3 if ©2¢ < 3. Then for

ap+u’

LBsARL and LB3ARL are lower bounds for the in-control ARL.
ARCH(q) ARCH(q)

Ezxample 2 1f Z; follows the unit variance distribution based on the Student’s
t-distribution with o > 2 degrees of freedom, then

RSP IC D AN
= e T G )
So, for © > 0, fz2 (z) = ﬁ[fz (Vz) + fz (=Vz)] = \/(a;)m ‘ Fpg) ‘

_atl

(1 + ﬁ) * Hence

2fz2 (SC) + xflz2 (x) = fz2 (x) |:2 _ 01—2“1‘2254'0133:|

2(—2+x)
As a > 2, we get
2fz2 () +afhe () >0 2 <3 .
Thus, just like in the previous case, LBs ARL and LB3ARL are lower bounds

ARCH(q) ARCH(q)
for the in-control ARL, if

\/3(10 -

Oy

0<c<L

3.3 Comparing the lower bounds for the ARL

In this section, we show that, for 0 < ¢ < 1 such that 2f2 (z) +xf7,, (z) > 0,
where 2 = <% with u > 0, it holds that

ao+tu’

LB1ARL > LB3ARL > LB, ARL > ARL;;q4 -
ARCH(q) ARCH(q) ARCH(q)
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In fact, as P (Ng > n) > LB3P,, for all n € IN, then

ARCH(q)
- LBsP,
LB{ARL > 1+ LBsP, + ARCH(q) — LB3ARL .
ARCH(q) n—1 ARCH(q) ARCH(q)
1 - F22 %
LH(e2=1) 3 as
. 82 2
Since, for 0 < ¢ < 1 we have 7 > ¢, thus
14+(2=1)>
i=1
1 1
> s~ ¢ LB3ARL > LB, ARL .
1— Fg2(c?) ARCH(q) ARCH(q)
1 - F22 %
14+(c2-1) _Z:l a;
Finally, for 0 < ¢ < 1, it holds
qg—1 n q 1
LBsARL > 1+ Fyo () + Fy2 (®)| ——— = ARL;;q .
ARCH(q) ; t131 () tl;[l () 1—Fy2(c?)

As LB1 ARL depends on the probability in evaluation, we point out that for
ARCH(q)

small critical values (0 < ¢ < 1), the best lower bound for the in-control ARL

is LB3ARL. Furthermore, we can state that if the analyst falsely assumes
ARCH(q)

the process to be independent, then, for small values of ¢, the ARL for an
ARCH(q) process is always greater than in the iid case.

4 In-control ARL of modified Shewhart chart for the TARCH
process
In this section we assume that the target process Y follows a stationary
TARCH(g) model and that the observed process X is in-control.

Bounds for the ARL of a TARCH model are obtained considering the work
of Gongalves and Mendes-Lopes (2007).
4.1 Bounds for P, = P (Ng > n)

In what concerns the upper bound of P,, it is straightforward that

T L A

TARCH(q) ;5

is an upper bound for P (Ng > n), valid for every ¢ € R™.
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In order to determine a lower bound for P (Ng > n), we present a new
version of theorem 4 of Gongalves and Mendes-Lopes (2007), in which a smaller
and, therefore, better upper bound for o; is considered, introducing ¢; =
max {ay, B; }, for i = 1,...,q. The proof of the following result is omitted due
to the similarity with the proof of theorem 1.

Theorem 2 Let Y = (Y;,t € Z) be a TARCH(q) process such that Zy is ab-
solutely continuous with a differentiable density probability fz. Then, if Y is
stationary, it holds:

(a) forn <gq,
x L x
1 ¢
P(lYi| <@t =1,....n) > Fig (Uy) Fig 1 7
t=2 ag+ D piri—i + oy Y @
i=1 i=t
(b) forn >q,
1
P(D/t| S xtat = 1,...7’1’L) 2 F‘|Z\ () X
oy
q T L Tt
X I:[2F‘|Z‘ t—1 q X 7H 1F’\Z| q
= Qg+ Y bt + oy Y O tmat ao+ D Pixi
i=1 i=t i=1

in both cases, for all (x1,...,2,) € ]0,+o00[" such that

2fZ|( Tt >—|— Tt f|'Z( It )ZO,tzl,...,min{q,n},

oo +Uu oo +Uu oo +u

where u is any non-negative real number.

For the in-control state, P (Ng > n) = P (|Y;| < coy,t =1,...,n) and using

this theorem with z; = ... = z,, = coy, we have the following lower bound for
pP,,
min{q,n} ¢
LB\P, =Fz(c F X 16
TARéH(Q) a1 ) t:H2 . 5 S (o)

ety bty b
i=1 i=t
max{0,n—q}
&

q
setc)l o
=1

%

X | Flz|

COy

valid for every ¢ € R™ such that 2f7 (z) + zflz (x) = 0, where x = 22,
with u > 0.
We observe that, if oy = ... = ay = 0, considering remark 1, then

UB\P, = LBiP, = [Fiz (c)]" = Pia(Ns >n) .
TARCH(q) TARCH(q)
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4.2 Bounds for the ARL

Considering UB1 P, and LBiP, ,respectively, we derive the following upper
TARCH(q) TARCH(q)

bound for the in-control ARL

1
UB1ARL = AN (17)
TARCH(q) | _ (7Y
2 ()
valid for every ¢ € R™, and lower bound for the in-control ARL
q—1 n c

LBlARL = =1 + .F|2| (C) Z H ﬂz| —1 + (18)
TARCH(q) n=1t=2 d

Srtcd dit i
=1 1=t

q
Fzi( Il Fiz| | —=———
t=2 %-ﬁ-cz(ﬁﬁ-z i
+ i=1 i=t

C
L=Fig | —a—
W+c,i§1¢i

valid for every ¢ € R such that 2fz (z) + xf|’Z‘ (z) = 0, where z = 2,
with w > 0. For example, for a TARCH(1) model, we have

F
LBiARL =1+ LA '
TARCH(1) 1—Fiz (”f)-s-crnacx{al,el}>
oy ’

We analyse now the regions where these bounds are valid for the same
distributions of Z; considered in the ARCH case. The results are summarized
in the next example.

Ezxample 3

(a) Considering that Z; follows the standard normal distribution, then, for
x>0,
2e~"/2

fiz () = fz (x) + fz (—x) = =

Hence, for x > 0,
2fiz) (@) + 2 f{z () 20 0<z < V2.

So, for 0 < ¢ < @, LB{ARL is a lower bound for the in-control ARL.
¥ TARCH(q)
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(b) Suppose Z; follows the unit variance distribution based on the Student’s
t-distribution with a > 2 degrees of freedom as in example 2. So, for > 0,

fiz)(z) =2fz (z) and f{, () = fiz| (z) - ;(_O‘zilggf . Hence, for z > 0,

2(a—2)

2fiz(x) +2flz () >0 0<x < o1

Thus LB1ARL is a lower bound for the in-control ARL, if
TARCH(q)

a—1 Oy

In the next remark we analyse the particular case of the TARCH(1) model
and find a region for the critical value for which we can ensure that the ARL
is always greater than in the iid case.

Remark 2 Let us consider ¢ = 1. In this case, the expression of a%, is given in
(6). Then
2 og(l+¢1)  of
oy = 2\ 2
(I=01)(1=¢7) (1-¢1)

since a; < ¢ and B < ¢, so, for every t € Z, a1 Z;” — 51 Z; < ¢1|Z;| and,
by Lyapunov’s inequality, E (|Z;|) < VE (Z?) = 1.

Therefore, 22 +¢1 > 1 & é ( — ﬂ) < 1 and choosing ¢ < i ( — %)

oy gy oy
such that 2f| 7| (z) + xfl’Zl (z) > 0, where z = 72, with u > 0, we have
Do <les ———>ce
oy o tchr
1 1
- ¢ 1 —Fiz(c)  TARCH()
7! oo+ chy

5 Simulation study

The goal of the simulation work, as mentioned, is to evaluate and compare
the bounds obtained for the in-control ARL of the modified Shewhart chart
for ARCH and TARCH processes. We consider, in both cases, the first order
models and present the results in two separate subsections. For Z; we take, in
the case of the ARCH model, the standard normal distribution, N (0, 1), and,
for the TARCH model, we consider the standard normal distribution and the
unit variance distribution based on the Student’s ¢-distribution with 6 degrees
of freedom, ¢ (6). The study for the ARCH process follows Severin and Schmid
(1999).
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5.1 ARCH(1)

We consider the bounds below, already appropriately particularized for the
case where the target process, Y, follows a stationary ARCH(1) model, that
is ap < 1:

1
(i) UB1ARL = — valid for every c € R*;
ARCH(1)  1— Fy» (157&1)
P (1] <
(i) LB1ARL =1+ (] < CUZY) , valid for every c € R*;
ARCH(l) 1 - Fz2 (m)
(iii) LBoARL = T-Fp (@) valid for every ¢ € R" such that 2f: (x) +
ARCH(1) — rz2(c
xfl (x) > 0, where z = ;Zcf;, with u > 0;
Fy2 02
(iv) LBsARL =1+ 2 )2 , valid for every ¢ € R™ such that
ARCH(l) 1 - Fz2 (m)

2fz2 () + xfy. () > 0, where z = oy with « > 0.

ap+u’

We considered ag = 1, g = 0,0.1,0.2,0.3,0.5,0.6,0.8 and Z; ~ N (0,1). For
each parameterization, we generated 25000 trajectories of 150 observations of
the corresponding process Y. They were used to estimate the ARL (ARL),

P (|Y1]| < coy) and, consequently, LB1 ARL (LB/lfﬁ%L). The first 50 observa-
ARCH(1)  ARCH(1)

tions were discarded to eliminate the effect of choosing the value of the first

observation.

In table 1 we report the results obtained in this simulation study, for ¢ = 0.5

and ¢ = 0.8, namely, the value of the LBosARL, LB3ARL and UByARL and
ARCH(1) ARCH(1) ARCH(1)
the estimated LBy ARL and ARL. In each table, for the estimated values, in
ARCH(1)

the line immediately under, we give radius of the 95% confidence interval. The
values typed in italic are the ones where the validity of the bounds cannot be
ensured analytically. As seen on example 1, we have ensured the validity of
the lower bounds LBy ARL and LB3ARL when 0 < ¢ < /3 (1 — aq).

ARCH(1) ARCH(1)
We observe that 1@, LmL and LB3ARL increase with «q, but
ARCH(1) ARCH(1)

LBs ARL maintains its value. For example, for ¢ = 0.5 and 0 < a; < 0.5,
ARCH(1)

the deviation of LB3ARL from ARL is at most 7%.
ARCH(1)
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Table 1 In-control ARL of the modified Shewhart chart for an ARCH(1) process (with
ag=1and Z: ~ N (0,1))
c

a1 0.0 0.1 0.2 0.3 0.5 0.6 0.8

0.5 LB2ARL  1.621  1.621  1.621  1.621  1.621  1.621  1.621
ARCH(1)

LBsARL 1621 1.635 1652 1.672 1.726  1.766  1.892
ARCH(1)

LBiARL 1615 1.639 1661 1.705 1.831  1.915  2.297
ARCH(1)

CI 95% +0.010 +0.010 +0.010 +0.011 +0.012 +0.012 +0.014

ARL 1.623  1.648  1.669  1.729  1.884  2.011  2.736

CI 95% +0.013 +0.013 +0.013 +0.015 +0.017 +0.019 +0.031

UB1ARL  1.621 1672 1.736 1.818 2.086  2.330  3.794
ARCH(1)

0.8 LB2ARL 2360  2.360 2.360  2.360  2.360  2.360  2.360
ARCH(1)

LB3ARL 2360 2388 2418 2452 2529 2573  2.680
ARCH(1)

LB1ARL 2360 2395 2433 2499  2.691 2802  3.214
ARCH(1)

CI 95% +0.014 +0.015 +0.015 +0.015 +0.016 +0.016 +0.015

ARL 2.370 2455 2522 2.682  3.148  3.547  5.903

CI 95% +0.022 +0.024 +0.025 +0.028 +0.034 +0.040 +0.073

UB1ARL 2360 2506  2.695 2.950 3.877  4.857 13.580
ARCH(1)

5.2 TARCH(1)

We consider now the bounds indicated next, already properly particularized
for the case where the target process Y is a TARCH(1) process:

1
(i) UBLARL =
TARCH(L) 1 — Fly (Cg(x;)
Fiz (c)

1= Ezl ([‘:“g-{-cmax{alﬁl})
that 2fz (z) + zf(5 (z) = 0, where z = 2, with u > 0.

ap+u

, valid for every ¢ € R™;

(i) LB;ARL =1 +
TARCH(1)

, valid for every ¢ € R™ such

We note that the TARCH(1) model such that Z; has a symmetrical distri-
bution, as are the cases considered, is stationary if of + 32 < 2.

For each parameterization indicated in tables 2 to 4, we generated 25000
trajectories of 150 observations of the process Y ~ TARCH(1) such that
ag = 1. They were used to estimate the ARL (m) In each table, the 95%

confidence interval of ARL is given. As in the previous study, the first 50
observations were discarded.

Since the distributions considered for Z; are symmetrical, the ARL and its
bounds are symmetrical in a; and 1, meaning that, for example, the cases
(a1, 1) = (0,0.1) and (aq, B1) = (0.1, 0) produce the same results. So, we only
present one of them, leaving the other one blank in the tables.
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Table 2 In-control ARL of the modified Shewhart chart, with ¢ = 0.5, for a TARCH(1)
process (with ag =1 and Z; ~ N (0,1)).

b 0 0.1 0.3 0.5 0.7 0.9
aq

LBiARL 1621 1618 1615 1.616 1.620  1.628

TARCH(1)
0 ARL 1.617 1.635 1.686 1.783  1.936  2.260
CI 95% +0.013 +0.013 +0.014 +0.015 +0.017 +0.022
UB1ARL  1.621 1.661 1.773  1.950 2256  2.897

TARCH(1)
LB1ARL f— 1.632  1.628  1.628 1.631  1.638

TARCH(1)
0.1 ARL — 1.649  1.674  1.781  1.941  2.264
CI 95% o +0.013 +0.014 +0.015 +0.018 +0.023
UB1ARL — 1.706  1.829  2.025  2.372  3.118

TARCH(1)
LB1ARL — — 1.663 1.660 1.661  1.667

TARCH(1)
0.3 ARL — — 1.748  1.831  2.000  2.371
CI 95% o o +0.015 +0.017 +0.019 +0.025
UB1ARL — — 1.986 2248  2.737  3.904

TARCH(1)
LB1ARL f— f— f— — 1.776  1.778

TARCH(1)
0.7 ARL — — — —— 2452  3.217
CI 95% o o I o +0.027 +0.038
UB1ARL — — — — 5.309 13.877

TARCH(1)

In table 2 we report the results when Z; ~ N (0,1). As detailed in example
3 (a), we need to have 0 < ¢ < {2—3“ so that we can ensure analytically the va-

lidity of LB1 ARL. In tables 3 and 4 we report the results when \/%Zt ~t(6).
TARCH(1)

As described in example 3 (b), we have guaranteed analytically the validity of

LB1ARLif0<c< @ When c exceeds the indicated value, the LB1ARL
TARCH(1) Y TARCH(1)

is typed in italic. Nevertheless, we observe, in tables 2 to 4, that all of these
values are still smaller than the ARL. This suggests that there might be less
restrictive conditions than those associated to 2f|z| (z) + mfl’Zl (z) > 0.

Moreover, in tables 2 to 4, if we fix «ay, as (1 increases the ARL and

UB1ARL increase too. But the LB; ARL does not perform as well, since, for
TARCH(1) TARCH(1)

¢ = 0.5, if we fix oy, as f; increases its value is virtually unchanged and,
for ¢ = 1, decreases. However, we can state that the accuracy of the bounds
improves as ¢, a; and (; are closer to zero, regardless of the distribution
considered.
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Table 3 In-control ARL of the modified Shewhart chart, with ¢ = 0.5, for a TARCH(1)
process (with ag = 1 and \/th ~t(6)).

B 0 0.1 0.3 0.5 0.7 0.9
aq

LBiARL 1777 1771 1.765  1.765  1.770  1.781

TARCH(1)
0 ARL 1.780  1.789  1.846 1972  2.170  2.546
CI 95% +0.015 +0.015 +0.016 +0.018 +0.021 +0.026
UB1ARL 1777  1.827 1.964 2179 2551  3.307

TARCH(1)
LB1ARL f— f— 1.832 1.825  1.826  1.833

TARCH(1)
0.3 ARL — — 1.941  2.051  2.288  2.713
CI 95% o o +0.018 +0.019 +0.023 +0.030
UB1ARL — —— 2220 2532 3101  4.376

TARCH(1)
LB1ARL — f— — f— 1.983  1.987

TARCH(1)
0.7 ARL — — — — 2.826  3.796
CI 95% . . . - +0.032 +0.046
UB1ARL — — — — 5.703  11.924

TARCH(1)

Table 4 In-control ARL of the modified Shewhart chart, with ¢ = 1, for a TARCH(1)
process (with ag =1 and \/th ~t(6)).

b 0 0.1 0.3 0.5 0.7
aq

LB1ARL 3751 3510 3.179 2.96/ 2.816

TARCH(1)
0 ARL 3.731  3.851  4.107  4.621  5.477
CI 95% +0.039 +0.041 +0.045 +0.051 +0.063
UB1ARL  3.751  4.007 4759  6.078  8.718

TARCH(1)
LB1ARL — —— 3517 3.190 2.975

TARCH(1)
0.3 ARL - — 4479  4.957  5.946
CI 95% o o +0.051 +0.057 +0.070
UB1ARL — — 6.344 8572 13.423

TARCH(1)
LB ARL f— — — — 3.38

TARCH(1)
0.7 ARL — — — — 8.102
CI 95% o o o o +0.101
UB1ARL — — — — 45744

TARCH(1)
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6 Appendix. Proof of Theorem 1

(b) Let us begin by the case n > g. We start by observing that, if Y? <
x1, ..., Y,2 < 2, then:

(i) fort € {2,...,q},

t—1 q t—1 q
2 _ ‘Y2 'Y2 < . . ‘Y2
o; = o+ oY+ oY, < ag+ o T—i + Qity_ s,
i=1 i=t i=1 i=t

since, for i € {1,..,t —1}, 1 <t—i < ¢g—1 < n and, for i € {¢,...,q},
t—1i<0;

(ii) and, fort € {g+1,...,n},

q q
2 2
o; =g+ E ;Y <o+ E Ty
im1 i1

as, forie {1,..,q}, 1 <t—i<n-—1.
So, for every (x1,...,xy) € ]0, +oo[",

P(Y?<mt=1,..,n)>

T T
>P| 2} < 5.2l < ——— =200,
pn -
! Qo+ > am i+ Y o Y2
i=1 i=t
x
7} < qt ,t=q+1,...n
Qg+ Y T
i=1
Z1 Ty
=F|P ngﬁ,zt% — ; t=2,...q,
! ap+ Y i + >, o Y2,
i=1 i=t
T
Z2 < ! t=q+1,..,n|Y,

q
Qo+ D axg
i=1

As Z, is independent of Y, ; and Y, C Y, ; (t=1,2,...) and Z4,....,Z,
are iid, it holds, according to the expectation and conditional expectation
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properties,

P(Y?<az,t=1,..,n)>

q
> E | Fp (%) I] Fye ot Fyn
01/ t=2

aO"‘Zazxt z+zaz t—i
=1 1=t

Tt

X q
-F |:FZ2 (2)] [[ E |Fz Fyn
g —
! =2 O‘O+Zavxf 7+Za7tz

L i=1 i=t

where

L x
¢
H Fge q

t=q+1 ag + Z QT

For t arbitrarily fixed in {1,.. ,q} we consider the function
R;: [0,400] — [0,1] defined by

Tt
t—1
ag+ D T + Uy

=1

Rt (Ut) = Fzz

t—1
Let my = ap + Y ayxy—; + ug. We have
i=1

dth o Tt Tt .
i o = g 21 () o ()]

hence, if 22 (m—t) + £t fZ2 (7%) > 0, where m; = ag + u, with u > 0, R; is

a convex function. Therefore, if, for each z;,t € {1, ..., ¢}, a0+u I (a0+u> +

2fz2 (a0+u> >0, with w > 0, we can apply Jensen’s inequality and obtain

P(Y2<azt=1,..,n)>

q
Z Fz2 (‘Ea(jl2)> H Fz2 il Fq7n.
g —
! =2 oo + Z oTe— + Z a; B (Yt{z)

i=1 i=t
So, as, for all t € Z, E (Y?) = E (0}) =V (Y;) = 0%, we conclude that

T q Tt
P(Y? <wyt=1,..,n) > Fy (0%) I1 Fz- — Fyn.

=2
040—|—Zo¢3:t L+O'YZOQ
i=1 1=t
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(a) Let us now turn to the case n < ¢. In this case, if Y < x1,...,Y,2 < 2,
then, for t € {2,...,n},

t—1 q t—1 q
2 2 2 2
op = o + E oY, + E @Y <ap+ E Tt + E Yy,
i=1 i=t i=1 i=t

as,forie {1,...,t —1},1<t—i<n-—1and, fori € {t,....q}, t —i <0.
Hence, for every (z1,...,x,) € |0, +oo[",

P (Y? <y, t = 1,...,n) >

T Tt
2 2
EP Z1§?,2t§ —1 ,t:2,...,n
! Qo+ Y apmi— z+zal
i=1

Following the same line of reasoning of the previous case, we can state

that, if, for every z;,t € {1,...,n}, a(?-f-uflz2 (a0+u) +2fz72 (a0+u) > 0, with
u > 0, then

P(Y?<ayt=1,...,n) > Fz (

)HF22 t—1 -

2
%y ao—l—Zaﬂctz—l—UYZa,
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