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Abstract

Within a perturbative treatment of realistic local electron–ion pseudopotentials for the simple metals, we study structural
phase transitions under pressure in Na and other monovalent metals, Mg and other divalent metals, and Al and other trivalent
metals. For the “good local pseudopotential” metals Na, Mg, and Al, our results are in reasonable agreement with experiment.
The sequence of predicted transitions between crystal structures, and the volume compression ratiosV/V0 at which these
transitions are predicted, are determined largely by the valencez. The valencez also determines the dependence of the total
energy upon the tetragonalc/a ratio along the Bain path from bcc to fcc. This path shows the divalent metals unstable in both fcc
and bcc structures, and the trivalent metals unstable in bcc.q 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

As the properties of molecules and solids are
determined by their valence electrons, it is convenient
to neglect both the core electrons and the oscillations
of the valence-electron orbitals in the cores. Then the
interactions of the valence electrons among them-
selves may be described by density functional theory
[1,2], and their effective interactions with the ionic
cores by electron–ion pseudopotentials [3,4]. Cohen
[5] has called this the “standard model” of electronic
structure theory.

The simplest pseudopotentials are local or multi-
plicative operators [6–10], although greater realism
can be achieved by using nonlocal [11–13] or

angular-momentum-dependent potentials [14,15]. In
the close-packed structures of the simple or sp-bonded
metals, the pseudopotential may be regarded as a
weak perturbation [3] on the electron gas of uniform
density �n; the average valence electron density. The
valencez (number of valence electrons per atom) is
another important parameter.

We have recently constructed local pseudopoten-
tials w(r) for the interaction between an electron atr
and a simple-metal ion centered atr � 0: These
potentials (a) tend to2z/r outside the core; (b)
make the total energy of the close-packed crystal
minimize at the observed equilibrium average valence
electron density�neq� 3=�4preq3

s �; and (c) satisfy a
third condition. For our “individual” pseudopotentials
[16], this third condition is reproduction of the all-
electron interstitial density at equilibrium. For our
“universal” pseudopotentials [17], which depend
upon �neq andz only, it is reproduction of the realistic
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�neq-dependent bulk modulus from the stabilized
jellium model with effective valencezp � 1 [18].
We utilize the local density approximation [1,19,20]
for the exchange-correlation energy, and second-order
pseudopotential perturbation theory for the energy.
Zero-point vibrational energy is neglected, as are
finite-temperature effects. Details may be found in
Refs. [16,17].

Our local pseudopotentials yield realistic bulk bind-
ing energies, bulk moduli and their derivatives, and
shear moduli. For many of the simple metals, they
also predict the observed zero-temperature equili-
brium crystal structures and structural energy differ-
ences. Phonon frequencies [21,22], lattice instabilities
[21,22], and liquid–metal resistivities [21] have also
been calculated, and the transferability of our pseudo-
potentials to atomic or molecular environments has
been studied [23].

In the present work, we investigate the predictions
of our local pseudopotential for phase transitions of
the simple metals under pressure at zero temperature
among the face-centered cubic (fcc), body-centered
cubic (bcc), and ideal hexagonal close-packed (hcp)

structures. We also study energy along the continuous
Bain path [24–27] which connects fcc to bcc at
constant volume.

Qualitative aspects of our results are characteristic
of the most-realistic local pseudopotentials, and
controlled largely by the valencez. Because we get
very similar figures from our individual and universal
local pseudopotentials, only the former results will be
reported here. (We use the individual pseudopotential
as corrected in the erratum of Ref. [16].) We find very
similar figures for all simple metals of a given
valence:z� 1 (Li, Na, K, Rb, Cs),z� 2 (Be, Mg,
Ca, Sr, Ba), andz� 3 (Al, Ga, In, Tl). Thus we shall
report results only for that metal of each valence for
which a local pseudopotential seems most appropri-
ate: Na, Mg, and Al. These metals appear together in
the same row of the periodic table, with p electrons in
their cores and with all d-orbitals high above the
Fermi energy. The dominant role that the valencez
plays in the determination of crystal structure is
consistent with the “universal phase diagrams”
(structure maps in thereq

s 2 z plane) we have
presented elsewhere [17].
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Fig. 1. Bulk binding energies per valence electron for Na in the bcc, fcc, and hcp structures, as functions of the average interelectron separation
req
s �V=V0�1=3: All the figures of this article show energies calculated to second order in the individual local pseudopotential of Ref. [16].



The energy differences between different close-
packed crystal structures are small and delicate, as
shown by Fig. 1 which plots the bulk binding energy
per valence electron versus the average interelectron
distancereq

s �V=V0�1=3 for Na. In our formalism, they
arise from the structure dependence of the Madelung
and band-structure energies. We calculated the
Madelung constants for all the structures (including
the tetragonal ones) by the Ewald summation method;
see Ref. [27, Fig. 2].

2. Structural phase transitions under pressure

For a given volumeV per valence electron, the zero-
temperature crystal structure minimizes the total energy
Eper valence electron. Figs. 2–4 displayE 2 Efcc vs.V/
V0, whereV0 is the equilibrium volume, for Na, Mg, and
Al in the fcc, bcc, and hcp structures. Because the
pseudopotential picture fails when the cores overlap,
only the range 0:2 # V=V0 # 1:0 has been plotted.

For a given pressureP� 22E=2V; the zero-

temperature crystal structure minimizes the total
enthalpy H � E 1 PV per valence electron. Since
DH � 0 at a transition,DE � 2PDV is the work
needed to drive the transition. Figs. 5–7 displayH 2
Hfcc vs. P.

According to Figs. 2 and 5, Na is hcp at zero
pressure, but transforms under slight pressure first to
fcc (at P� 0:7 × 1022 Mbar) and then to bcc (at
P� 1:0 × 1022 Mbar); these pressures are too small
to be seen on the scale of Fig. 5, and so are shown in
an insert with an expanded scale. Na then remains bcc
up toP� 1:64 Mbar; where it transforms back to hcp.

Because Na is well described by a weak local
pseudopotential, these results are reasonably close to
experiment. Na at zero temperature and pressure
seems to have a 9R structure [28], with an enormous
unit cell but otherwise similar to hcp [29]. There are
signs of a transition to bcc at 0:1 × 1022 or 0:2 ×
1022 Mbar [30]. Compression at room temperature
does not show any change from bcc up to 0.27 Mbar
[30]. Perturbative [31,32] and nonperturbative [33]
calculations with nonlocal pseudopotentials place
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Fig. 2. Energy differenceE 2 Efcc per valence electron versus volume compression ratioV/V0 for Na in three crystal structures.V0 is the
equilibrium volume per valence electron.
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Fig. 3. Same as Fig. 2, but for Mg.

Fig. 4. Same as Fig. 2, but for Al.
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Fig. 5. Enthalpy differenceH 2 Hfcc per valence electron versus pressureP for Na in three crystal structures.

Fig. 6. Same as Fig. 5, but for Mg.
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Fig. 7. Same as Fig. 5, but for Al.

Fig. 8. Bulk binding energyE per valence electron versusc/a ratio for Na in the body-centered tetragonal phase along the Bain path.



the zero-temperature hcp to bcc transition at 1:0 ×
1022 Mbar; without an fcc pocket of stability. The
perturbative calculations [31] also show a transition
from bcc to hcp atP� 1:04 Mbar:

In our local pseudopotential approximation, the
other monovalent metals (Li, K, Rb, Cs) have figures
very similar to Fig. 2 for Na. The principal difference
is that the predicted crystal structure atV=V0 � 1 is
correctly bcc for K, Rb, and Cs, with the transition
occurring for V slightly greater than V0. The other
divalent metals (Be, Ca, Sr, Ba) have curves similar
to Fig. 3 for Mg, and the other trivalent metals (Ga, In,
Tl) have curves similar to Fig. 4 for Al.

According to Figs. 3 and 6, Mg is hcp at zero pres-
sure and transforms to bcc atP� 1:37 Mbar: Experi-
ment [30] places this transition atP� 0:50 Mbar;
closer to the predictions of perturbative [31,32,34]
(0.50 Mbar) and nonperturbative [35] (0.60 Mbar)
calculations with nonlocal pseudopotentials.

According to Figs. 4 and 7, Al remains fcc at all
pressures. Experiment [36] has not shown any
transition up to 2.19 Mbar, but a transition to hcp is
predicted by perturbative [31,32]�P� 3:60 Mbar�
and nonperturbative [37,38]�P� 2:20 Mbar� pseudo-
potential calculations, and a further transition to bcc is

predicted at 5.60 Mbar [31,32] and 3.80 Mbar [37,38],
respectively.

The bcc structure is more open (less closely
packed) than the fcc or hcp structures. The transi-
tions that occur under pressure from the less to
the more open structure [30] have been explained
as the result of increasing occupancy of nd orbi-
tals under pressure [31,39]: the ns and np orbitals
of a simple-metal atom lie much lower in energy
than the nd orbitals, but are pushed up relative to
the nd orbitals by the overlap that occurs under pres-
sure. Interestingly, our perturbative treatment of a
local pseudopotential is able to capture the transition
to bcc, accurately forz� 1 but progressively less
accurately forz� 2 and 3.

In fact, the limit V=V0 ! 0 is one in which the
Madelung energy dominates the band-structure
energy in any local pseudopotential model, and so
the limiting crystal structure of the static lattice is
bcc, which minimizes the electrostatic energy of
point ions on a lattice neutralized by a uniform negative
background. However, because the Madelung constant
for bcc is only slightly stronger than those for fcc or
hcp, this limit is sometimes only achieved at very small
V/V0.
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Fig. 9. Same as Fig. 8, but for Mg.



3. Bain path from bcc to fcc

The body-centered tetragonal (bct) crystal structure
has ac/a ratio which may be varied continuously at
constant volume. Forc=a� 1; bct reduces to bcc; for
c=a� ��

2
p

; bct reduces to fcc [24–27]. Figs. 8–10
show the total bulk binding energy per valence
electron as a function ofc/a for Na, Mg, and Al.

For Na and the otherz� 1 metals, these are two
energy minima, at the bcc and fcc values ofc/a. This
suggests that these structures are metastable or stable,
with fcc more stable for Li and Na; and bcc more
stable for K, Rb, and Cs.

For Mg and the otherz� 2 metals, there is a weak
energy maximum at the fcc value ofc/a, surrounded
by two shallow nearby minima, and an energy
maximum or saddle point at the bcc value. In these
metals, our local pseudopotential predicts that fcc and
bcc are unstable against spontaneous lattice distortion.

For Al and the otherz� 3 metals, there is an
energy minimum at the fcc value ofc/a, indicating
the stability or metastability of that structure, and an
energy maximum at the bcc value ofc/a, indicating
the instability of that structure.

The instabilities found here along the Bain path are

confirmed by phonon soft-mode studies [21,22] with
the same local pseudopotentials. The actual existence
of divalent metals (Ca, Sr, Ba) in the bcc and fcc
structures demonstrates that the local pseudopotential
model is unsuitable for these alkaline earth metals, in
which the unoccupied valence d orbitals lie close in
energy to the occupied valence s and p orbitals of the
atom.

4. Conclusion

Local pseudopotentials constructed for the bulk
equilibrium volume of a simple metal may not
transfer well to highly compressed volumes. For the
phase transitions under pressure, local pseudopoten-
tials seem fully satisfactory only for Na.

The local pseudopotential approximation is known
to be more realistic for some simple metals (e.g. Na,
Mg, Al) than for others. Within this approximation,
the equilibrium crystal structures, the patterns of
structural phase transitions under compression, and
the various lattice instabilities of the simple metals
are controlled largely by the valencez alone.

We have not shown results for the tetravalent
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Fig. 10. Same as Fig. 8, but for Al.



metals Sn and Pb, which in local pseudopotential
theory are predicted to remain hcp for 0:2 # V=V0 #
1:0: For these metals, bcc has an unstable energy
maximum (surrounded by neighboring minima) and
fcc has a metastable energy minimum along the
Bain path atV=V0 � 1:0: While in Pb the fcc structure
has the lowest energy along the Bain path, in Sn
one of the minima near bcc has the lowest energy.
Pb is in reality fcc, while Sn has a distorted diamond
structure.

The simple metals display striking trends which
have been observed but not fully explained in Ref.
[17] and here: (1) Electronic properties are fixed
largely by the equilibrium average valence electron
density �neq and valencez, with the bulk modulus
controlled largely by�neq alone. (2) Within the local
pseudopotential approximation, crystal structure is
controlled largely by z alone. Other trends in the
simple metals are discussed in Ref. [17]. There are
also many trends among the larger group of simple
and transition metals which have been treated by Rose
and coworkers [40–42].
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