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Abstract

In this paper we extend the concept of coherent pairs of measures from the real line to Jordan arcs and
curves. We present a characterization of pairs of coherent measures on the unit circle: it is established that
if (g, (1) is a coherent pair of measures on the unit circle, then g, is a semi-classical measure. Moreover,
we obtain that the linear functional associated with y is a specific rational transformation of the linear
functional corresponding to fiy. Some examples are given.
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1. Introduction

Let u be a nontrivial positive Borel measure supported on a subset E of the real line. There
exists a unique sequence { P, } of monic polynomials, with deg P, = n, such that

/ Py(x) Py (x)du(x) = d,%én,mv d, # 0.
E

In this case {P,} is said to be the sequence of monic orthogonal polynomials associated with [i.
It is well known that { P,,} satisfies a three-term recurrence relation

XPn(x)ZPn+l(x)+ann(x)+CnPn—l(x), n=0, (1)
where P_;(x) = 0 and

Jg P (0 dp(x) _ JprRiwdu)
[z P2(x)ydux) ~ " [ P20 du(x)

Cnt+l =

On the other hand, if (1) holds with ¢, > 0, there exists the sequence of monic polynomials
defined by (1) orthogonal with respect to the measure p.

Let (19, 11) be a pair of nontrivial positive Borel measures supported on subsets Eg and E
of the real line. We introduce an inner product in the linear space P of polynomials with real
coefficients

(p,q)=/E p(x)q(x)duo(X)+A/E P'(xX)q (x)dpy(x), 2)
0 1

where p, g € P and 2>0.

This kind of inner products define a sequence { Q,, (-, 4)} of monic polynomials that is orthogonal
with respect to (2). It can be constructed using the standard Gram—Schmidt process. But these
polynomials do not satisfy a three-term recurrence relation as (1). If {P,} and {R,} denote,
respectively, the sequences of monic polynomials orthogonal with respect to fi, i, then Iserles
et al. introduced the concept of coherent pairs of measures in [6].

A pair of nontrivial Borel measures (1, (1) supported on subsets of the real line is said to be
coherent if the corresponding sequences of monic orthogonal polynomials satisfy

!

P);+1 Pn
Ry(x) = ——x)ton—(x), o #0, n=12,.... (3
n+1 n
From here, a relation between {P,} and {Q, (-, 1)} follows:

Pu(x) +

1 P (1) = Q6. 2) + By (D) Qi (. ),
Vn—2(/l)
Yn—1 (/1)
three-term recurrence relation.

In [6] the authors ask about the description of all coherent pairs of measures. The answer
was given by Meijer [8], where he proves that at least one of the measures must be a classical
one (Laguerre or Jacobi). In particular, when the support is a compact subset of the real axis,

where f8,_;(4) =

, ¥ 1s a polynomial of degree n in the variable 4, and {y,} satisfies a
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the following cases appear:
@ dug =1 —-x)*(1+x)fdx, o p>-1,

1 — )%t p+1
dyy = x)| (aﬂ) dx +Mo(x — &), 18>1, M>0,
-

(b) dpg = (1 —x)*( + )P |x = ¢ldx,  dpy = (1 —x)* (1 + 0 dx, o p> -1,
) dug=(1—x)*dx + Md(x + 1), du; =1 —x)* dx, a>—1,
) dug= A +x)Pdx +Mé(x—1), du =1 +x)dx, p>—1.

The aim of this contribution is the analysis of the concept of coherent pairs of measures
supported on compact subsets of the complex plane. In particular, we will focus our attention
when the support is the unit circle.

The structure of the manuscript is as follows. In Section 2 we define coherent pairs of measures
supported on Jordan arcs or curves using the connection between the corresponding sequences
of orthogonal polynomials as in (3). As a consequence, the relation between these sequences
and the sequence of monic polynomials orthogonal with respect to the Sobolev inner product
associated with the pair of measures (1, ;) is deduced. In Section 3 we present the basic results
concerning Hermitian orthogonality on the unit circle which will be used in the forthcoming
sections. We give a sufficient condition for a sequence of orthogonal polynomials on the unit
circle (OPUC) satisfying a first order structure relation to be semi-classical (see Theorem 3).
This result is an extension to the result deduced by Branquinho and Rebocho [3]. In Section
4 we present a characterization of pairs of coherent measures on the unit circle; we prove that
if (g, 1) is a coherent pair of measures on the unit circle (ug, t1) then y is a semi-classical
measure and the linear functional associated with y; is a specific rational transformation of the
linear functional corresponding to y (see, for example, [2]). Finally, in Section 5, we study the
companion coherent measure associated with the Bernstein—Szegd measure supported on the unit
circle.

2. Coherent pairs of measures supported on Jordan arcs and curves

Let pg, p1, be positive Borel measures on Ey, E1, respectively, which are Jordan curves or arcs.
For A € RY, consider the inner product

(f.e)s=(f, 8o+ Af g where(f g = /E F(©O& dw (), k=0,1.
k

Let us denote by {Q,,(-; 1)}, {Pn}, {R,}, the sequences of monic polynomials orthogonal with
respect to (-, -)s, (-, -)o, (-, -)1, respectively.
We also denote
Smoan = (", 2")s = Cgm + }m”crln—l,n—l’ m,n € N,
where {¢j, 0},
respectively.

are the moments with respect to the measures y; for k = 0,1,
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Taking into account this expression, we obtain the following representation in a determinantal
form for the polynomials Q,:

0 0 0
CO,O C],O e Cn,()
0 0 | 0 1
Co,1 gt ’lco,o 1t }“”Cn—l,o
0 0 ) | 0 1
Con—1 C1n-1 + An — 1)C(),n—Z B G | + )J’l(n - 1)Cn—l,n—Z
Z “ .. Zrl
On(z; 4) = 0 0 0
0,0 1,0 n—1,0
0 0 1 0 1
€o,1 €)1t A Cpoy A —1)e, 5
0 0 ) | 0 ) 21
Come1 Clp TA=Dco, o oy F =D, 5,

Since the coefficients of the above polynomial are rational functions in 4, when /A tends to infinity
we get the sequence of limit polynomials, {S,}. It is straightforward to prove that the polynomial
S, satisfies

(Sp, o=0, n>1, (8,751 =0, 0<k<n—2, n>2,

andso S (z) =nR,—1(z),n =1,2,... . See [4] for an analysis of such limit polynomials when
a pair of measures supported on the real line is considered.

Therefore, using the same arguments as in [6], we get the Fourier expansions of S, with respect
to the sequences {P,} and {Q,}, i.e.

n—1

S22 =Y a1k Pr@),  $i(2) = Qu(@ D+ Y B, ;(DQj(z: 4. )
k=1

j=0

From this we do not get more information, but if in (4) we assume thata,_; y = 0fork <n —s
(with s a fixed nonnegative integer number), it follows that f8, j (1) =0 for j < n —s. Thus, for
n=s,

Yo @ Pe@ = Y B (D0 ). (5)

k=n—s j=n—s

Conversely, notice that if (5) holds, and a,—1,4—s # 0, B, ,—s(4) # O, then

n
/ Z an—l,jR;(Z)Pl(Z) dﬂ] =0, pE Pr_s—1.
Ey .

J=n—s
From this the following relation holds:

n—1

Zan—l,ij/-(Z)= Z by, iR;(2).

j=n—s j=n—s—1
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Therefore the following problem arises: 7o describe the measures L, 1, such that the correspond-
ing sequences of monic orthogonal polynomials { P,} and {R,} are related by

P, (2) Pioi@
_n=7 + a}’l*l L s
n n—1
From now on, for a sake of simplicity, we write 8, instead of f8, ,,, as well as a,, instead of a, .

For a coherent pair of measures we get some extra information about the sequence (f,,(1)).
Indeed,

Pu(2) + an—1Pp—1(2) = Qn(z; A) + B, 1 (D) Qn—1(z; 4), (N

where forn = 2,3, ...

Ry—1(2) = o1 #0, n=2,3,.... (6)

n
ap—1 = n— ]O‘n—la
(Pa—1, Qn—1( D)o 1P I}
ﬁnil()\,)=an71 n — n - =an71n—02' (8)
(On—1(52), On-1(5 A)s 1Qn—10; Dllg
Therefore, taking into account (6) and (7), after some calculations we get
1Qn—1C: DI =(Qn-1(: ). Paci)s
= 1Pacillg + A = D Ryl + @n—2 [an—2 — Bua(D] I Pa21l5.
Now, substituting in (8), and using the preceding notation for n = 3, 4, ..., we deduce that
An
1) ==, )
ﬁn ! Bn - ﬂn—Z(i)
where

I Pai 13+ A(n — D? | Ry—2 12

an—2l| Pa2li}

2

_ an—1 ”Pnfl”o

an—2 | Pn—2llg
Il P11

AIRollf + IIP11I3

Notice that By, is a polynomial of degree one in 4. In this way, once we obtain the coherent pairs
we can deduce a representation for f3,_; (1), which are rational functions of 4 and, eventually,
from (7) we get an explicit expression for Q,(-; 4) in terms of { P, }.

B, =ay— +

3

with B, (2) =

Theorem 1. The sequence (5, (1)) is given by
) (})
Tn—1 ()“) ’

where {y,} is a sequence of orthogonal polynomials associated with a positive Borel measure
supported on R.

Po_1(A) = n=2,3,..., (10)

Proof. Taking into account f3; is a rational function in /4 such that the degree of the numerator is
zero and the degree of the denominator is one, by induction we get (10) where y,, is a polynomial
of degree n. Moreover, from (9), we get

By
1a(A) = A”* 1 (A) —

Pz (). (1D)
n+l An+1/ 2
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Taking into account that B, is a polynomial of degree one in £, we get that {y,,} is a sequence of
polynomials orthogonal with respect to a linear functional. This is a straightforward consequence
of the Favard Theorem, since they satisfy a three-term recurrence relation (see [5]).

Indeed, if 7, (1) = s, A" + lower degree terms, then (11) becomes

Sp—2 ~

B
ntl Vn—2 (/1) )

S}’l?’n(}“) - A

Sn—1Tp_1(A) —
apr ot Ant1

or, equivalently, forn = 2, 3, ...
?n(;b) = (l + Cnfl):)jnfl(i) - dl’l*ls;n72(i)9
where

4 2
1Pa—1llglan—1|
n2(n — D2 Ru-1 171 Ru—2lI}

2 2 2
_ lan—1] ||Pn71||0+ ||Pn||0
- 2

nzlanflnl

dp—1 =

n—

and initial conditions 7(4) = 1,7,(4) = 2+ || P1 |13/l Ro|l3. Notice that, according to the Favard
Theorem, {7,} is a sequence of monic polynomials orthogonal with respect to a finite positive
Borel measure supported on R. [J

3. Quasi-orthogonality on the unit circle

Let T ={ze€C: |zl =1}, and A = span{zk . k € 7}, be the linear space of Laurent
polynomials with complex coefficients. Given a linear functional u : A — C, and the sequence
of moments (¢ ),ez of u, ¢, = (u, &"), n € Z, ¢y = 1, define the minors of the Toeplitz matrix

A = (ck—j), by
CO .« .. Ck
Akz . AO:CO, A_lzl, kGN
C—k P CO

u is said to be Hermitian if c_,, = ¢, Vn € N, and quasi-definite (respectively, positive definite)
if A, # 0 (respectively, A,, > 0), Vn € N. We will denote by H the set of Hermitian linear
functionals defined on A.

In the positive-definite case, # has an integral representation given in terms of a nontrivial
probability measure ¢ with infinite support on the unit circle T,

, 1 [
<u, e’"9> = —/ e”’ed,u((?), nez.
2n 0
The corresponding sequence of orthogonal polynomials, called OPUC, is then defined by
1 2 ) B )
ﬂfo Pn(elH)Pm(eﬂH)d,u(H) Zenén,ms ep >0, nm=0,1,....
If P,(z) = 7" + lower degree terms, {P,} will be called a sequence of monic orthogonal poly-

nomials, and we will denote it by MOPS. It is well known that MOPS on the unit circle satisfy
the following recurrence relations, known as Szegd recurrence relations, for n > 1:

Py(z) = zP1(2) + anP,;k_l(Z)» P;(Z) = P:_l(z) + anzPr-1(2),
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with a, = P,(0), Po(z) = 1, and P (z) = 7" P,(1/z), n = deg(P,). In the literature of OPUC,
the polynomials { P} are called either reversed or reciprocal polynomials (see [9]).
{ P} satisfies, forn € N,

W, P*(2)z7 %y =0, k=1,....n, (u, P'(2)) = en. (12)
The following relation holds (see [7]):

(P)*(2) =nPy(z) —z2(P) (z), n=1. (13)
Foru € H and A € P, we define

(Au, f) =(u, A f(@), [fEeA,

(A+ A, f)=(u, (A@) + A(1/2) f(). [feA.
Notice that (A + A)u is a Hermitian linear functional. We will use the notation

ut = (A(z) + A(1/2)u.

Definition 1 (cf. Alfaro and Moral [1]). Letv € H, p € N, and let { P,} be a sequence of monic
polynomials. { P,} is said to be T-quasi-orthogonal of order p with respect to v if

i (v, Py(x)z %) =0, for every k with p<k<n — p — 1 and for every n >2p + 1.
(ii) There exists no>2p such that (v, P,,(z)z~"0"P) £ 0.

Theorem 2 (cf. Alfaro and Moral [1]). Let u € H be quasi-definite and let { P,} be the MOPS
with respect to u. Then { P,} is T-quasi-orthogonal of order p with respect tov € H — {0} if and

only if there exists only one polynomial B (B # 0) with deg(B) = p, such that v = u®.

Taking into account Theorem 4.1 of [1] we give the following definition.

Definition 2. Let u € H be quasi-definite and let {P,} be the MOPS associated with u. u is
said to be semi-classical if there exists it € H — {0} such that the sequence {P,} given by
P,(2) = %zP,; (z),n>=1, Py(z) = 1, is T-quasi-orthogonal with respect to . In such a situation
{P,} is said to be a semi-classical sequence of orthogonal polynomials.

In the sequel we define f;,(z) = P,(z)/P,;(z), Vn € N, and we study the conditions in order to
{ fn} satisfies a Riccati differential equation. This result will be useful to the following theorem.
Using the Szegd recurrence relations we get

fn+1(2) — ans1
1 = apt1 fa1(2)

2fn(2) = =1,.... (14)

Lemma 1. Let {P,} be a sequence of monic orthogonal polynomials on the unit circle and { P’}
the sequence of reversed polynomials. If { f,} satisfies a Riccati differential equation with bounded
degree polynomial coefficients, i.e.,

An(2) f7(2) = Bu(2) /() + Cu () fu(2) + En(2), ¥n €N 15)
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then, for every n € N, the following relations hold:

Apy1 = Ay, (16)
2By = iy | B = G 2Cy + An) + 2 2 En |, (17
2Coi1 = 7 {(“2a001 By + @Gy + AN + lansa ) = 20112 | (s)
2B = I {a21 By = a1 ZCo + An) + 22En, (19)

with J = (1 — |ap411?).
Proof. If f, satisfies (15), then
2An(2fa) = Ba(af)* + (2Co + A)2fo + 2 En.
Using (14) in previous equation we get
1 2
—a, —a —a
ZAy (—f S —— ) =B, (—f L ) +ECotAn) (—f”f‘ L ) +22E,.
l=ani1 fat1 I=an41 fat1 l=ant1 fos1
Since
< Jnt1 — anti >/ B dn frgi
I = any1 fut1 (I = Gpy1 fuy1)?
from the previous equations we get

p 2 2
I fgr B (fn-H ta, .~ 2an+1fn+1)
n

"= a1 fua)? (1 = Gng1 fus1)?

—dad
+(zCp + Ap) (M) + 72E,,
I — apq1 fu

with 2, = 1 — |aps1/%,

zA

as well as
Inzhnfyr = Bo = a1 GG+ A) + @2 P 12
+{(=2au 1By + GCo + AN + It ) = 201122 Ea | frsn
a2, By — an1(zCn + Ay) + 22Ep.
If we divide by /4, = (1 — |a,41|%) then
A fyr =i | B = 1 GCu+ A + @21 E | £
i | 2000 By + @Co+ A+ i) = 20112 En | fos

+iy ! {a5+1Bn —ant1@ZCh + Ay) + ZZE,,} .
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Now, comparing previous equation with (15) to n + 1 and multiplied by z, i.e., with
zAn+1f,;+1 = ZBn+1f,,,2+1 +2Cht1 fut1 + 2Ep+1,
we get (16)—(19). O

Theorem 3. Let {P,} be an MOPS the unit circle and {P,'} be the sequence of reversed poly-
nomials. If { P} satisfies a structure relation with bounded degree polynomials, n > 1,

A1, (2) Py(2) = Gu(2) Pu(2) + Ha(2) P, (2), (20)
A1, (2)(P)) (2) = Su(2) Pu(2) + Tu(2) P (2) 21

then I1,, does not depend on n.
Let p = max{deg(G,), deg(H,)+1, deg(S,,), deg(I1l1—T,)}, VneN. If there exists no =>2p
such that deg(Ily — T,,,) = p, then {P,} is semi-classical.

Proof. If we multiply (20) by P}, (21) by P,, and divide the resulting equations by (P,f)z,
we get, after subtracting the corresponding equations,

I (P,é Py - Pn(P,i‘)’) _ (G = TPy Py + Hy(P)? — Sy (P)?
] =

(P)? (P)?
P P\’ P,
& zII, P_: =-S5, P_,;k +(Gn_Tn)P_l;k+Hn-

Thus,
Znnf,; = _Snfn2 + (G, — Tn)fn + H,.

From previous lemma, I1,, = I1,,_1, Vn € N. Thus, IT, = I1;, Vn € N.
Let us write (20) and (21) in the form

P~ -

AZn” = G, P, + H, P, (22)
P*y - "

AqunPn—i—TnP,:‘, n>1, (23)
n

with A = I1;, 5,, =Gy,/n, ﬁ,, =H,/n, S, = S,/n, 7",1 = T, /n. Furthermore, if we use (13) in
(23) then

2P \* ~ ~
A( ”> = —S5,Py+ (A—Ty)Pr. (24)

n

On the other hand, from the Hermitian character of u, we have

P/ P/ P/ k
o )i fon () )
n n n

Using (22) and (24) in previous equation we get

P _ ~ _ ~ _
<uA,7"z ">=<u,GnPnz Ky (u, Hy Prz75)

— (14, Sy Pazk=m) + (u, (A — T) Pizk—n). (25)



A. Branquinho et al. / Journal of Approximation Theory 153 (2008) 122137 131

Since
,GuPrz ¥y =0, k=deg(Gy),....,n—1,
(u,ﬁnP:z_k)=0, k:deg(ﬁn)-l-l,...,n,
W, Sy P2y =0, k=1,....n—deg(S,),
u, (A=T)PZ*" =0, k=0,....,n—deg(A—T,) —1

then, with p = max{deg(an), deg(ﬁn) +1, deg(gn), deg(A — f,,)}, Vn € N, it follows that

4 P i
ut, —z =0 forevery p<k<n— p—1andforeveryn>2p+ 1.
n

Next we show that condition (ii) of Definition 2,
4 2P
ng>2p : (ut, —L0z7m0tP ) £,
ng

holds for n >2p if and only if deg(A — Ty,,) = p.
From (25)
/!

zP ~
<MA7 ﬂznOer> = <u’ Gno Pnozin0+p> + (u, H,, P} ZinOer)

notn
no 0

—{1t, Sng Pag2™P) + (0, (A — Tyy) P 2P). (26)
Since deg(én) <p, deg(ﬁn) <p-—1, deg(gn) <p,Vn € N,and nyp — p > p, then

(U, G Pag2 ™) = (u, Hyo Pl z™"P) = (1, Sy Pagz=?) = 0.

Therefore, (26) is equivalent to

zP/ -
<MA7 ﬂzno+p> = (u, (A — Tno)P,i‘OZ_”>-

no
Taking into account the orthogonality relations (12) and deg(A — T,,) < p, we get
(U, (A =T )PrzP) #0 < deg(A—T,) = p.

Thus,

zP/ ~

<uA’ n_"OZ—no+p> #0 & deg(A—T,,) = p.
0

Therefore, if there exists ng>2p such that deg(A — N,,O) = p, then the sequence {%zP,:} is

T-quasi-orthogonal of order p with respect to the Hermitian functional u* and we conclude that

{P,} is semi-classical. [
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4. Characterization theorem

In the sequel we will use the vectors defined by

Y, (2) = [Pu(2) PFIY, 9n.(2) =[Ru(z) RE)]', neN.

We will use the Szegd recurrence relations in the matrix form for {{,, },

V(@) = An(@DY,—1(2),  An(z) = [t’liz a]"} , neN, a, = P,(0), (27)
and for {9, },
0,6 =Bha@, B =7 | e b =0 (8)

We will write X @) to denote the entry (i, j) of amatrix X, i, j = 1, 2.

Theorem 4. Let (4, v) be a coherent pair of Hermitian linear functionals on the unit circle and
{P,}, {R,} the corresponding MOPS. Then, there exist A € P and matrices K,,, My, of order two
whose elements are bounded degree polynomials such that, forn > 1,

ZA@Y,(2) = Kn(¥, (2), (29)
2A(2)0,(2) = My (@)Y, (2). (30)
Moreover,

(a) {P,} is semi-classical,

(b) {R,} is quasi-orthogonal of order p (p <6) with respect to the functional u**. Thus, there

exists a unique polynomial B of degree p such that u*4 = v®.

Proof. From

P P
R, = n+1 +an_n (31)

we get

(P )" (P
R* — n+1 = n’_
" n+1 +

Using (13), last equation is equivalent to

_ Py _ (P
Ry =Py | +0,2P) — Znn—-:ll - anzzﬁ. (32)

If we write (31) and (32) in a matrix form and use (27), we obtain

19}1 :Snlpn +771‘M17 n>1, (33)
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with

To o 0 0 1/(n+ 1) 0 1 0

_[y@a+1 0 o/n 0
T’"[ 0 —z/(n+1):|A”+]+|: 0 —&nzz/n]

Using (33) for n + 1 and the recurrence relations (27) and (28), we get
M), = M, (34)
where the matrices H,, and Mn are given by

~ 1 0
Hn = Bn+1771 - 7;1+1~An+ls Mn = Sn-l—l-An-i-l + 7714—1 I:a +1 0] - Bn—HSn-

Now, if we multiply (34) by the adjoint matrix of H,,, adj H,, we get
hy l//;l =K, lﬁn s

where h,, = det(#,) is a nonzero polynomial and C, = adj(Hn)ﬂn. Moreover, h,(0) = 0,
Vn € N, and deg(h,) <5, Vn > 1. From Theorem 3 it follows that 4, is independent of n. Thus,
we obtain (29) with zA = h and K, defined as above.

To obtain (30) we multiply (33) by zA and use (29). Thus, we obtain (30) with M,, = zAS, +
Talln-

To prove assertion (a) we remind that Eqs. (29) can be written as equations of the same type as
(20) and (21) of Theorem 3. Moreover, if

p = max{deg(K{"D), deg(KL1?) 4 1, deg(KP V), deg(A — K2?)}, VneN,

then one can see that p <4 and deg(A — ICf,z’z)) = p, n > 1. Thus, from Theorem 3 we conclude
that {P,,} is semi-classical.

To prove assertion (b) we use an analogue argument as in the proof of Theorem 3. We write
(30) in the form

ZAR, = G, P, + H, P, (35)
ZAR;, = S, P, + T,P;, n=l1, (36)
with G,,, Hy, Sy, T, € P. From the definition of #%4 and the Hermitian character of u, we have
W, Ruz ™%y = (u, 2ARyz %) + (u, ZARZZF™). (37)

On the other hand, using (35) and (36) in (37) we get, for n, k>0,

WA, Ruz ™) = (u, Gu Paz ™) + (u, Hy PFZ75) + (u, Sy Puzh=") + (u, T, Przk—n).
(38)

Using a similar reasoning as in the proof of Theorem 3, we obtain for

p = max{deg(G,), deg(H,) + 1, deg(S,), deg(T;)},  Vn € N,
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that
W, R,z %y =0 forevery p<k<n — p — 1 as well as forevery n >2p + 1.

Thus the condition (i) of Definition 2 is satisfied.
Then, we can also establish that condition (ii) of Definition 2,

B0 22p 1 (U, Ragz "0HP) £0

holds for ng>2p if and only if deg(7;,) = p. Moreover, we get that p <6 and deg(7,,) = p,
Vn>1.

Thus {R,} is quasi-orthogonal of order p with respect to the functional #%4. In this case,
from Theorem 2, we conclude that there exists a polynomial B with deg(B) = p such that
wA =08 0O

5. Examples of coherent pairs on the unit circle

In this section we present the examples of coherent pairs corresponding to the Bernstein—Szegd
class.

Theorem 5. Let (1, 1) be a coherent pair of measures supported on the unit circle. If u is the
Lebesgue measure, then p belongs to the Bernstein—Szegd class, and the corresponding MOPS,
{R,}, is given by, R,(z) = 2"~ Y(z + ¢), n>1, with ¢ a constant, |c| < 1.

Furthermore, dyy, = d0/2n|z + c|?).

Proof. If in (6) we assume the sequence {P,} is a classical Hahn MOPS in the sense that
(P, +1/(n+1)}isasequence of monic polynomials orthogonal with respect to a measure supported
on the unit circle, we know that P,(z) = z" (see [7]). Therefore,

Ri-1(2) = 2" 4 a1 2" 2

If we want that {R,} is a monic orthogonal polynomial sequence on the unit circle, then it will
satisfy a forward recurrence relation

ZRy—1(2) + Ry (O)R¥_,(2) = Ry (2), (39)
and so o, = o1 = - -+ = ap = ¢. As a consequence,
Ri(z) =" 'z + o).

Thus the MOPS {R,} belongs to the Bernstein—Szegd class and y; is defined as stated (see [2],
for example). [

Theorem 6. The only Bernstein—-Szegd measure, L, that admits a companion measure [
supported on the unit circle such that it yields a coherent pair, is the Lebesgue measure.

Proof. Let (1, it;) be a coherent pair of measures supported on the unit circle and { P, }, {R, } the
corresponding MOPS. We will prove that if P, belongs to the Bernstein—Szegé class,
then P,(z) = 7".



A. Branquinho et al. / Journal of Approximation Theory 153 (2008) 122137 135

Let us suppose that the monic orthogonal polynomial sequence {P,} is defined by P,(z) =
2"k Pi(2) for n >k (for a fixed nonnegative integer number k), where Py is a monic polynomial
of degree k with zeros of absolute value less than 1 and such that P (0) # 0. Thus

Pl(z) = (n — k)" * 1 P(2) + 2" FPl(2).
From (6) it follows that

k+1
+1

e n— n—k _ Z o
Ry(z) =7"* lPk<z>[ - <+ o — :|+z" kmz)[ +—’].

n+1 n
Since R, (0) = 0 for n >k + 2 and taking into account (39), we have
Ry(2) = zRy-1(2), n=zk+2.

Thus, forn >k + 2

n—k+1 n—k n—=k n—k—1
Pr(2) -, z+ 0 — Op—1

n+1 n—1
, 1 1 oy, Op—1
+z2P(2) [(— - —) 2+ — - } =0. (40)

n+1 n n n—1

Hence, taking into account that P (0) # 0, we get from (40) with z = 0,

. n
(k+ D@m=k
Substituting this expression in (40),

k41, n=k—+2.

On

nn+1) 1
k+1 n—k(n—k—

kPi(z) — P{(2) [Z + 1)0(k+1j| =0, n>k+2

then o1 = 0, as well as Px(z) = z. But this contradicts the fact P(0) # 0, up to k = 0.
In such a case we are in the previous situation. So we obtain that P, (z) =z",n € N. [

Lemma 2. Let (u,) be a sequence of complex numbers. If a sequence of monic polynomials { P, }
orthogonal with respect to a linear functional v on the unit circle satisfies

" P.(z P._1(z
E b= D g, a0 @)
where we assume that 0,1 #0,n =2,3,...thenu, =0,n=1,2,....
Furthermore, the moments cy,, associated with v, are zero forn = 2,3, ... and c1 # 0.

Proof. Take n = 2,3, ..., multiply (41)by 1, 1/z,...,1 /z”’l, respectively, and use the linear
functional v to get

=t iym1c9 =0, 42)
Cn—j _ .

+u,1c; =0, j=12,...,n-2, 43)
c _ Oy — —
A unmiE = (0, Pt ()P (1/2). (44)
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From (42) and (44) with n = 2 we get that ¢; # 0. From (42) to (44) with n = 3, 4 we get that
¢y = c3 = 0 and, as consequence, u; = up = uz = 0.

Now, we use induction arguments to conclude the proof, i.e. assuming u;_; = 0 as well as
cy = 0fork = 2,3,...,n — 1, then from (43) we get that u,_; = 0 and thus, from (42),
¢, =0. 0O

Theorem 7. Let (1, ;) be a coherent pair of measures supported on the unit circle. If u; is the
Lebesgue measure then i must be an absolutely continuous measure

do -
d — _“2_’ — 19.
to =1z — ol g =€

Proof. If we assume y; is the Lebesgue measure supported on the unit circle, i.e., R, (z) = 7",
then (6) becomes

P P (2)
! zﬁ—i—an_lL, n=273,....
n n—1

Integrating the above expression, there exists a sequence of complex numbers (u,) such that

" Py (z Py_1(z
_+un—l: n()+an—lL()a n=2137"' .
n n—1

According to the previous lemma, the moments, c,, associated with the linear functional, v, such
that {P,} is the corresponding MOPS, satisfy ¢, = 0,n = 2,3, ..., and ¢, ¢ are two complex
arbitrary constants.

Furthermore, since v is a positive-definite linear functional associated with a positive Borel
measure /i, supported on the unit circle, then we get an integral representation of such a functional
taking into account its moments cg and c;. Indeed,

A 2n A 2
co:_/ Iz — a|? do, clz—/ zlz — | do,
21 0 2n 0

. o c
with z = el Thus, co = (1 + |o¢|2)A, c; = —oA. In other words, —— = ——]. |
1+ |af? o
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