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Abstract

Recently, indefinite versions of classical inequalities of Schur, Ky Fan and Rayleigh-Ritz on Her-
mitian matrices have been obtained for J-Hermitian matrices that are J-unitarily diagonalizable, J =
Ir & (—Is), r,s > 0. The inequalities were obtained in the context of the theory of numerical ranges of
operators on indefinite inner product spaces. In this paper, the subject is revisited, relaxing the constraint of
the matrices being J-unitarily diagonalizable.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

ForJ = I, ® (—I) = diag(l,...,1,—1,...,—1),r,s > 0, consider C"** endowed with an
indefinite inner product [-, -] defined by [&, n] = (J&, n), where (&, n) = n*&. Let M,,(C) denote
the algebra of n x n matrices over the field C of complex numbers. A matrix A € M,,(C) is said to
be J-Hermitian if A = A*, where A" = JA*J denotes the J-adjoint of A. A matrix A € M,,(C)
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which commutes with its J-adjoint is called J-normal. A J-normal matrix U € M, (C) is said
to be J-unitary if UU* = U*U = I,,. The J-unitary matrices form a group denoted by U (r, s)
[2,7]. The study of operators on indefinite inner product spaces has various motivations. There
are many articles on this subject in mathematical physics, operator theory and operator algebras.
(We cite some recent ones [13,1,12].)

For A, C € M, (C), consider the J-tracial numerical range

WZ(A) = {r(CUAU™ YU € U, s)}, (1)

which was investigated for J-Hermitian matrices A, C under certain conditions [5,18]. For
J=1,, WCJ (A) is called the C-numerical range of A, and is simply denoted by W (A). Recently
applications of the C-numerical range to NMR spectroscopy and to quantum control and quan-
tum information theory have been discussed [6,23]. We also consider the well-known classical
numerical range defined by

W(A) = {(AE,£)/(5,6):6 € T (£,£) #0)

and the following sets

Wi(A) = {[AE,E1/[&,£1:& € T, [£,€] > 0},
W' (A) = {[A&, £1/[5,£1:6 € T, [€, 6] < 0},
W' (A) = ([Ag, £]/[5,€1:6 € CF°, [£,&] # O},

While the sets W (A), W7 (A) are convex, W/ (A) = W (A) U W/ (A) is pseudo-convex, that
is, for any pair of distinct points x, y € W;(A), either W;(A) contains the closed line segment
tx+ (1 —1)y,0<1t<1or Wy(A) contains the half-lines tx + (1 — )y where 0 >t ort > 1
[15] (see also [3,4]). The boundary of WY (A) has been discussed in [22]. For diagonal matrices
Ci=1®011.Co =0, ® (—1)) ®0s_1, we get W{(A) = Wc, (A), W/ (A) = We, (A). If
A, C are J-Hermitian, then it is not difficult to show that tr(CUAU ') = tr(CUAU "), for
every U € U(r, s), and so Wé’ (A) is a subset of R.

For X € M,(C), we denote by o (X) (0—(X)) the set of the eigenvalues of X with associated
eigenvectors £ with [£, £] > 0 ([§, £] < 0). Throughout, we assume that the eigenvalues of C are
€1,€2,...,¢r € 04(C) and ¢y 41, Cr42, ..., Cr4s € 0—(C), and are non-increasingly ordered

Cl =€ 2 2C Crgl Z2Cry2 2" 2 Crys;  Cr 2 Cryl. 2)

InTheorem 2.1 of [5], ithas been shown that if the eigenvalues of A are not all real, and assuming
that ¢, > ¢,41, then WCJ (A) is the whole real line. Notice that having in mind the inequality
€] > Cr4s, this constraint may be removed. Thus, in the sequel we assume that the spectrum of
A, denoted by o (A), is real. We recall a tracial spectral inequality on Hermitian matrices [17,20].
Suppose that C = diag(cy, ¢2, ..., c,) and A = diag(ay, az, .. ., a,) are real diagonal matrices,
whose eigenvalues are non-increasingly ordered: ¢c; > ¢y > --- 2 ¢, anda; > ax > -+ - 2 ay.
Then the inequalities

n n
Y cianii—i Sw(CUAU™Y) < ciai 3)
i=1 i=l1

hold for any unitary matrix U. These inequalities can be deduced from the inequality between the
diagonal entries of U AU ~! and the eigenvalues of U AU ~! discovered by Schur in 1923 [16, p.
218]. If A is positive semi-definite, Schur’s result can be obtained from Ky Fan’s result of 1951
[16, p. 228; 10]. Inequalities (3) can be interpreted in the context of the C-numerical range of
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A [8], and are related to the numerical computation of the eigenvalues of a Hermitian matrix,
especially, Rayleigh—Ritz procedure. It is also remarkable that Schur’s result is crucial for a proof
given by Poon, based on the theory of majorization [9], of an important theorem on numerical
ranges due to Westwick, by using Morse theory [21,25]. A treatment of majorization based on the
theory of numerical ranges was given in [8]. In [5], spectral inequalities for the trace of the product
of two J-Hermitian matrices that are J-unitarily diagonalizable have been stated and indefinite
versions of the above mentioned classical inequalities have been obtained. The inequalities were
obtained in the context of the theory of numerical ranges of operators on indefinite inner product
spaces. In this note, the subject is revisited, with the aim of removing certain imposed restrictions,
like relaxing the constraint of both matrices being J-unitarily diagonalizable.

This paper is organized as follows. In Section 2, the characterization of W (A) is revisited and
the so obtained results are crucial for the development of the subsequent Sections. In Section 3, we
study conditions under which Wé (A) equals R. In Section 4, we investigate the case of Wé (A)
being a half-line. In Section 5, WCJ (A) is characterized for A being a J-Hermitian nilpotent matrix
and C being a J-unitarily diagonalizable matrix. The main results are Theorem 5.4 and Corollaries
5.2 and 5.3, which generalize the principal results of [5], namely the mentioned indefinite versions
of Ky Fan’s, and Schur’s results for J-Hermitian matrices.

2. WJ(A) for J-Hermitian A revisited

For A € 0 (A) C R, we set
X, ={EcCT: (A — A =0). 4)

For easier reference we state the well-known result [7].

Proposition 2.1. Let A be a J-Hermitian matrix with real spectrum, such that A\ > Ay > +-- >
Am are all the distinct eigenvalues of A. Then the subspaces X, Xy,, ..., X,,, are mutually
orthogonal with respect to [, -]. Moreover, X, is a non-degenerate indefinite inner product
space. IfX,\/. is one-dimensional, j = 1,2, ..., m, then A is J-unitarily diagonalizable.

For the sake of completeness, and inspired by the characterization of WJ{ (A) in terms of
W(JA +1J) (Theorem 4.1 of [14] and Lemma 1.1 of [15]), we give a short proof of the following
result.

Proposition 2.2. Let A be a J-Hermitian matrix. Then

WJ{(A) ={xeRitx+1i) e WUJA+1J) for some 0 <t < 1}, 5)
W/ (A) ={x e Rit(—x —1i) € W(JA +1J) for some 0 <t < 1}. (6)

Proof. We prove (5). Let x € W_{(A). Then, there exists a non-zero vector & € C" such that
[A£,&] = x and [&, €] = 1. Thus
JA+iJ)E, i )
WATINES _ X1 wira+in)
(§.8) (§.6)
being obviously 0 < (£, &)~! < 1. The proof of the reversed inclusion is easy and (6) follows
similarly to (5). O




2998 H. Nakazato et al. / Linear Algebra and its Applications 428 (2008) 2995-3014

We briefly survey some basic facts on the boundary generating curve, or Kippenhahn curve, of
W(JA +1J), where JA and J are Hermitian matrices [11,26]. For Hermitian matrices H, K €
M, (C), we consider the complex projective curve I' defined by I' = {[(¢, x, y)] € C P2 det(t1, +
xH + yK) = 0}, and its dual curve I' = {[(T, X, Y)] € CP%Tt+ Xx + Yy = 0is a tangent
of I'}. The real affine part of I'*, I'* = {(X, Y) € R*: (1, X, Y) € '}, is called the boundary
generating curve, or Kippenhahn curve, of W(H + iK). (For details on plane algebraic curves,
see e.g. [24].) Identifying the real affine plane R? with the Gaussian plane C, W (H + iK) is the
convex hull of the curve I'*. Every boundary point of W(H + iK) lies on the curve I'* or on its
bitangent, that is, a tangent (at least) at 2 distinct points. By duality, a real line afi(z) + b3(z) +
1=0,(0,0) # (a,b) € R?, is tangent to I'* if and only if det(f,, + aH + bK) = 0. A real line
af(z) + b3I(z) =0, (0,0) # (a, b) € R?, is tangent to I'™* if and only det(a H + bK) = 0. The
boundary generating curve I'™* passes through the origin z = 0 if and only if the line t = 0 is
tangent to the curve I at some point [(¢, x, ¥)] = [(0, x, y)] € cP2.

Proposition 2.3. Let A be a non-scalar J-Hermitian matrix. Then A is a real eigenvalue of A if
and only if x = Ay is a tangent line to I'* passing through the origin.

Proof. Consider the family of lines x = Ay, whose homogeneous line coordinates are (1: —A: 0).
A line x = Ay is tangent to the Kippenhahn curve of W(J A 4 iJ), if and only if

det(JA—AJ) =0,
which is clearly equivalent to A being a (real) eigenvalue of A. [

Proposition 2.4 [15,22]. Let A be a J-Hermitian matrix such that
W (A) = [My,+00) or WI(A)= (M, +00)

and
W (A) = (=00, Ma] or W!(A) = (—o0, M2)

for My, My € R. Then My, M, are eigenvalues of A.

Proof. By (5) and (6), the lines 9(z) = M13(z), 9(z) = M»3(z) are real tangents to the Kip-
penhahn curve I'* of W(J A +iJ). In fact, if WJ{(A) = [My, +00), then x = My is tangent to
the Kippenhahn curve of W(J A 4 1J), at least at one point with positive imaginary coordinate.
If W_{ (A) = (My, +00), then x = My is tangent to the Kippenhahn curve at the origin of the
affine plane. An analogous analysis is valid for W7 (A). Thus, by Proposition 2.3 M, M, are
eigenvalues of A. [

The boundary of a compact subset K of the complex plane is denoted by 0K . A support line
of K is a line containing at least one point of K and such that K is contained in one of the two
half-planes defined by it.

Proposition 2.5. Let A be a non-scalar J-Hermitian matrix. Then, W_,J_ (A) = W/ (A) = Rifand
only if there exists a non-degenerate closed interval | p, q] simultaneously contained in Wi (A)
and W/ (A).
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Proof. (=) Trivial.

(<) Assumethat [p, g] C W] (A)and[p, g] C W7 (A).Consider p € W{(A)andg € W/ (A).
We show that (—o0, p] C er’ (A). Having in mind (5) and (6), there exist complex numbers
z,w € W(JA +1J) such that

z=t(p+i), 0<t<1l, w=—-t(g+1), 0<t <1.

Since W(J A +1J) is convex, then [z, w] C W (JA 4+ iJ). The endpoint 7 lies in the upper half-
plane, while w lies in the lower half-plane. The line segment [z, w] intersects the real line
to the left at the origin. This implies that (—oo, p] C Wi (A). Similarly, we can show that
g, +00) C WJ{(A), and it follows from the connectedness of WJ{(A) that WJ{(A) = R. By
analogous arguments we can prove that W’ (A) = R. O

Theorem 2.1. Let A be a non-scalar J-Hermitian matrix. Then W_{_ (A) is a right half-line
W_{(A) = [M;, +00), or WJ{(A) = (M1, +00) for some M| € R if and only if WZ(A) is a
left half-line Wf(A) = (—o0, M»], or Wf(A) = (—00, M) for some My € R and M1 > M.

Proof. (=)W f_ (A) and W7 (A) are unbounded connected subsets of R [15, Theorem 2.3(c), (iv)].
Suppose that WJ{ (A) = [M,, +00) or WJ{ (A) = (My, +00). Then, for M, € R, we consider the
following possibilities:

(2) W/ (A) = [Ma, +00) or W (A) = (M3, +00);
(b) W/ (A) = (—oo, Mz], My > M>;

(©) W/(A) = (—o00, Ma], My < M>;

d) W/(A) =R.

If (a), (c) or (d) occurs, then there exists a real non-degenerate closed interval contained in
W (A)andin W (A). By Proposition 2.5, W/ (A) = W7 (A) = R, contradicting the hypothesis.
(«=) This assertion is proved by similar arguments. [l

The following theorem gives necessary and sufficient conditions for W _{_ (A) to be a half-line
or the whole real line.

Theorem 2.2. Let A be a non-scalar J-Hermitian matrix. Then

(1) Wl (A) = W/ (A) = W’ (A) = R ifand only if 0 is an interior point of W(J A +1J).
2) W_{ (A) is a half-line if and only if either 0 is a regular boundary point of W(JA +1J) or
0¢ WJA+1J).

Proof. (1)(=)If W/ (A) = W/ (A) = W/ (A) = R then{l, —1} € W/ (A), {1, -1} c W/ (A),
and there exist 0 < 11, 13, 3, 4 < 1 such that 11 (1 4+1), (=1 +1), —3(1 +1), —t4(—1 +1) €
W(JA +1J). The origin is an interior point of the convex quadrilateral with vertices # (1 +
1), (—=141), —135(1 +1), —t4(—1 4 1), and which is contained in W(JA +iJ).

(1) («=) If O is an interior point of W(J A + iJ), then there exists a ball centered at the origin
contained in W(JA +1J) and (5) and (6) imply that W/ (A) = W/ (A) = R.

(2) (=) Let A be a non-scalar J-Hermitian matrix, J # £/, and suppose that W_{(A) does
not coincide with the real axis. If O is an interior point of W(JA + iJ), then Wi (A)=R, a
contradiction. Thus, either0 ¢ W(JA 4 iJ)or0 € OW(J A 4 iJ). The hypothesis Ois aboundary
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sharp point leads to a contradiction, since it implies that there exists £ € C"** such that (JA +
i) = 0[10, p. 50, Theorem 1.6.3] so that A§ = —i&, which implies Wi(A) = R[5, Theorem
2.1], a contradiction.

(2) (<) Firstly, suppose that 0 ¢ W (J A + iJ). Then there exist two support lines of W (J A +
iJ) passing through 0, which are a0 (z) + b13(z) = 0 and axN(z) + b23(z) = 0 satisfying
(0,0) # (a1, b1), (a2, by) € R*, araz # 0.

Let the points x; +iy;, x;,y; € R, j =1, 2, with y; > 0, y2 < 0, belong to the mentioned
supportlinesandto W (J A + iJ). Hence, the support lines are of the form 0 (z) = M13(z), N(z) =
M>3(z) and they are tangents to OW(JA +1iJ) at the tangency points z; = #; (M + 1) and
73 = —thh (M3 + 1), for some 0 < f1, 1 < 1. By Propositions 2.3 and 2.4, WJ{ (A) is a half-line
with endpoint M.

Now, suppose that 0 € OW (J A + iJ) is aregular point. Then there exists a unique support line
N(z) = MI(z) of W(J A + iJ) passing through it. Then, by Proposition 2.2 WJ{ (A) is a half-line
with endpoint M. [

Now, we fix some notation:

00(A) = {A € R: A = A& for some 0 # & € C'1 with [£, £] = 0}, @)
X)+=1{6 € C"": AE = 28, [€, €] > 0} U (0}, (®)
X - =1{6 € C™ AE = 28, [£, 6] < 0} U (0}, )
V) ={§ e Xx:lE,nl=16¢01=0Vn € X, + V0 € X5 -} (10)
By Proposition 2.1, there exists a basis {51, ...,g,/,§,/+1, ...,g,/_H/} of X5, satisfying

[/, 861 =0 for j#kand [§.5]1=1,j=1,..../ [§, 51 =—1j=r"+1,....r +5"
The space Xj; is not invariant under J, but a new J-operator for which the invariance holds
may be defined on X ; as follows:

r'+s’ r'+s’

r/
J Zx]'é'j ZZXJE']'— Z x]éj, x; € C. (1
=1 =1 j=ri+1

Theorem 2.3. Let A be a J-Hermitian matrix with real spectrum. If og(A) in (7) contains two
distinct eigenvalues )1, A2, then Wj_ (A) =R.

Proof. The spaces ), Y3, in (10) are invariant under A. Denote by A, i Jj =1, 2, the restriction
of Ato Y,\j and let J' be defined in (11). If Wf(A,\j) = R, for j = 1 orfor j = 2, then the relation
W1 (A) = Risclear. f WY (A;,) = (A1, +00) and W (A;,) = (=00, A1), then by the convexity
Wi(A) = R. So, we may assume that Wi/(AM) = (A1, +0o0) and Wi/(Akz) = (A2, +00). Since
the operator Aj;; has a unique eigenvalue, then R(z) = 1;3(z) is the unique support line of

W(J'A j+iJ "), j = 1,2, from the origin. Hence, the origin is an interior point of the convex
hull of the curves 6W(J’A;L_j +1J'), j = 1, 2. Thus, 0 is an interior point of W(JA + iJ), and

by Theorem 2.2 (1), W/ (A) =R. O

3. When W/ (A) is the whole real line

We denote by X[p,...,q] the principal submatrix of X € M,(C) in rows and columns
Dyeesq.
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Proposition 3.1. Let A be a J-Hermitian matrix on a Krein space of type (r,s) satisfying
W_{ (A) = R. Then there exists a J-unitary matrix U such that for B = UAU™" and at least
one of the pairs

By =B[l,r+1], Ji=J[,r+1], (12)
By =B[1,2,r+11, Jh=J[12,r+1], (13)
By =B[l,r+1,r+2], J=J[1r+1,r+2] (14)

satisfies W (By) = R, k = 1,2, 3.

Proof. Let A be a J-Hermitian matrix such that W. J{ (A) = R, and so A is non-scalar. By Theorem
2.2 (1), 0 is an interior point of W(JA + 1J), and so there exist vectors &1, &, &3 in the Krein
space Ccrts satisfying [A&, &1] > 0, [£1,&1] > 0, [A&, &] < 0, [&2, &] > 0, and [A&3, &] =
0, [£3, &3] < O, ensuring that the triangle with vertices [A&;, &1 +i[§;,&;], j = 1, 2, 3, contains
0 as an interior point.

The linear space X spanned by &1, &>, &3 is two- or three-dimensional. If X is two-dimensional,
it has a basis {n1, n2} satisfying [n1, n1] =1, [2, n2] = —1, and we may assume that a =
[171, n2] = 0. Suppose that there exists a vector n = c1n1 + c2n2 € X, (c1, ¢2) # (0, 0), which
is orthogonal to X. Then [, n1] = c1 + c2a =0, [, 2] = —c2 + cja =0,andsoc; = ¢ =0,
which is a contradiction. Hence, the space X is non-degenerate and the pair (12) provides the
desired result.

If X is three-dimensional, the space X + J (X) is non-degenerate and is isometrically imbedded
in a Krein space of type (3,3). So we may assume that X is a linear subspace of a Krein space CO of
type (3,3), J = Iz & — I3, with a basis {£1, &, &3}, whose vectors satisfy [£1, £1] > O, [&, &] >
0, [&3, &3] < 0. Let us assume that there exists a basis {11, 72, 73} of X such that the vectors
N1, n2 are orthogonal to X. We get [y1n1 + yan2 + y3nz. yini + yana + yansl = |y31*[n3. 3]
This contradicts the existence of vectors &1, &3 satisfying [&1, &1] > 0, [&3, &3] < 0. Thus, the
space

XNXt={teX:[£n]=0Vne X}

is at most one-dimensional.

If X N X~ is one-dimensional, we can replace X by a non-degenerate space X, C X + J(X) as
follows. Let {n1, n2, n3} beabasisof X C C6,Where n =(1,0,0,1,0,0),n, =(0,1,0,0,0,0),
n3 =(0,0,0,0,1,0). In this basis, the vectors &1, &>, & are expressed as & = u1n1 + uzn2 +
u3nz, & =viny + v +v3n3, §3 = win +wanz +wsanz. For ns =(1,0,0,-1,0,0) €
J(X) and a sufficiently small € > 0, let &(e) =u1(n1 + €na) + uznz + usnz, &2(¢) =
vi(n1 + €ng) + van2 + v3n3, £3(€) = w1 (M1 + €nq) + w2z + wins. Fore — 0, we get[A&; (€),
&i(e)] — [A&},&;], and [§;(€), & (e)] — [§;,&;], j = 1,2, 3. The origin is an interior point of
the triangle with vertices [A&;(€), §;(e)] +i[&;(€), &;(e)], j = 1, 2, 3, for sufficiently small €.
The space X (¢) spanned by 11 + €n4, 12, 13, is non-degenerate for 0 < € < 1 and the pair (13)
provides the required result, having in mind Theorem 2.2(1).

For the pair (14) a similar treatment can be used. [

If a J-Hermitian matrix A on the three-dimensional Krein space C? of type (2,1) has an
eigenvector £ with [£, £] # 0, then the J-orthogonal space Y of C¢ is also invariant under A.
The restriction B of A to the two-dimensional non-degenerate space Y satisfies W;’(B) =Rif
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W i (A) = R. So we may assume that A is irreducible and there does not exist an eigenvector &
of A with [£, £] # 0.

Lemma 3.1. Let A be an irreducible J-Hermitian matrix on a Krein space of type (2, 1) with
real spectrum and such that WJ{ (A) = R. Then there exists a J-unitary matrix U for which the
principal submatrix of B = UAU ™" in the second and third rows and columns has imaginary
eigenvalues.

Proof. By the irreducibility of A it has a unique eigenvalue A. By replacing A by A — 11, we
may assume that A is nilpotent. Moreover, by a rotation and a dilation, we may suppose that for
some a,b,c € Randacertain U € U(r, s)

—a—>b c 0
B=UAU"'= c b 1]. (15)
0 -1 a

Considering the (3,3)-entry of B3 =0, we obtain b = a> — 2a and taking the (3,2)-entry of
B3 =0, we find a® + b? 4 ¢* + ab — 1 = 0. This equation has real solutions b if and only if
3a% < 4(1 — ¢?). Since a®> < 4/3 and b = a> — 2a, it follows that |b — a| < 2, beingh —a =2
fora =—1and b —a = —2 for a = 1. In any case, we get ¢ = 0, which is impossible by the
irreducibility. Therefore, |b — a| < 2, and the result follows.

Theorem 3.1. Let C be a non-scalar J-Hermitian and J-unitarily diagonalizable matrix, whose
eigenvalues satisfy (2). Let A be a J-Hermitian matrix acting on C' ™ and let J' be defined in
(11). If there exists a non-degenerate subspace X such that the restriction A’ of A to X satisfies
W1 (A") = R, then Wi (A) = R,

Proof. We apply Proposition 3.1. Firstly, suppose that there exists a two-dimensional restriction
By of B=UAU™! for which Wj:1 (B1) = R, being J; defined in (12). By a translation and a
dilation, we may assume thatc; = 1, ¢,41 = 0. The operator B acts on the non-degenerate space
X, being its orthogonal complement X L also non-degenerate. We have &1, &,.41 € X, [§1,&1] =

L [&+1,5+1]1 = —1,[&1,&+11=0. Let {&, ..., &, & 42, ..., &5} be an orthogonal basis of
X+ satisfying [§;,&§;1=1,j=2,...,1,1§;,§;)]=—-1,j=r+2,...,r +s.For

W(By) = {c1lAn, m] = cre1lAnrst, D1l 01, 1 € X, [n, il = 1,
[r]r+1, 7]r+l] = _1’ [771, 7]r+]] = 0}’

the following inclusion holds:
r N
WE(A) D W (B + ) cjlAE), &1 =Y cryjlAry), &y
j=2 j=2
and so WCJ(A) =R
Now, suppose that there exists a three-dimensional restriction By of B = UAU ™! for which
W_{_z (B2) = R, where J; is defined in (13). Suppose that B; acts on X. If B is irreducible, by

Lemma 3.1 there exists a two-dimensional restriction B’ of A satisfying Wf_/(B’ )=R.
Assume now that B is reducible and so there exists a vector &; satisfying [£1, £&1] = 1 and
By&1 = A& for some A € o (B). We may suppose that the space X is invariant under J, and there
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exists an orthogonal basis {£1, &2, &,11} of X satisfying [§1, 1] = [62, &2] = 1, [§r41, &r 1] =
—1, and such that

Bty =2&1, X' =C&h+Céyy, B(X") C X,

where B” is the restriction of By to X”. In the sequel, J” and J"” are defined analogously to J’
in (11). If WJ{ (B”) = R, it is easy to prove that WCJ (A) = R. So, we only have to consider the
case (M, +00) C W!"(B”) C [M, +00). We remark that W (J2B, + i) is the convex hull of
the point A + i and the (possibly degenerate) elliptical disc & = W (J”B” +1iJ"), and so

[B"&, &1 +1 [B"& 41,6111 — i}

(€2,8) 7 (Ev1 &)

Let p& + q&r41 € C be a vector satisfying [p& + q&r+1, p€2 + g&411=Ipl* —ql> <0
and (p& + q&,+1, p&2 + q&r+1) = 1, and such that the line through the points A + i and [(B” +

ih)(p& + q&r11), p&2 + q&-41] is a support line to the ellipse OW (J”B” 41J") (possibly
degenerate). We set

z . pé2 + gér11
§r+1 - T
lg1* — |pl

and we take p = 0 and g = 1 if the ellipse degenerates. The restriction B” of B; to the non-

W(JpBy +iJ2) D& D {

degenerate space spanned by &1 and §r+1 satisfies WJ{ (BW) D (—o0, A) for the above mentioned
real number A.

Foravectoréz with [52, §2] =1, {&, 52, §H_1}is anorthogonal basisof X.Let{£3, ..., &, &2,
..., &4} be an orthogonal basis of X+ satisfying [§;,6;1=1,j=3,...,r[§;,§;)1=—1,j =
r+2,...,r+s.

By a translation and a dilation, we may assume that ¢y = 1, ¢,+1 = 0. Then, for

w! (B") ={c1lAnt, m] = ¢re1lAnr 41, 1) 01, nes1 € C&p 4 CEpy,
71, m]=1,[n1, 0,411 = 0, [Nr41, nr+1] = —1},

the following inclusion holds:

WZ(A) > W{"(B") + calAby. 1 + ) o[ Ak &1 = Y cr il Abris Erpa]
s=3 =2

and so Wé (A) contains a left half-line. Considering B”, we can show that Wé (A) contains aright
half-line and by the connectedness of Wé (A), we conclude that WCJ A =R. O

4. When W/ (A) is a half-line

Theorem 4.1. Let C be a non-scalar J-Hermitian and J -unitarily diagonalizable matrix satisfy-
ing (2). Let A be a J-Hermitian matrix with real spectrum acting on C" ™, whose eigenvalues are
non-increasingly ordered a1, 2, ...,0r—y € 04(A); Ori1, OCr42, ooy Cpps—pm € 0_(A), and
00(A) = {ro}. Let Yy, in (10) be a Krein space of type (m,m’), let J' be defined in (11), and let
A’ be the restriction of A to Y. Then the following holds:

@) Wé (A) isaright half-line (M, +00), or [M, +00) for some M € R ifand only ifWJ{l (A =
(Ao, +00) and max o_(A) < Ao < mino4(A).
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(ii) WCJ (A) is a left half-line (—oo, M), or (—oo, M| for some M € R if and only ifo(A/) =
(=00, Ag) and max 0+ (A) < Ap < mino_(A).

Proof. We prove the only if part of (i). We assume that WCJ (A) is a right half-line. Since A’

is a non-scalar restriction of A, from Theorem 3.1 it follows that Wi/(A’ ) is also a right half-
line (1, +00). More precisely, from Theorem 3.1 and by the method of its proof we can show
that WJ{/(A/ ) is neither the whole line nor the left half-line. We show that o, +1 < Ag < & —p;-
If o1 < otpy5—py and oy < @r41, it can be easily seen that Wg (A) contains a left half-line,
which is impossible. If [o1, oty —; ] N [0ty 41, Xpag—py] F Band o) # 15—y, €41 F Ar—p, then
WCJ (A) is the whole real line [5]. Thus, oy41 < &r—p. If 0tr—yyy < Ao, then NR(z) = A0 (2) is the
unique support line of W(J'A’ +1iJ’) passing through 0. There exists a point [A’€, €] +i[£, &]
with [£, £] < 0, (£, &) = 1, near the line N (z) = LpI(z). Moreover, there exists a vector n with
(n,n) = land [An, n] +i[n, n] = t(@y—m + 1) for some O < ¢ < 1. The line segment joining the
points [A’, £] +i[£, &£] and ¢ (ay_,, + 1) is contained in W (JA +iJ) due to its convexity, and
hence WJ{ (A) contains a left half-line, which is impossible. If o,41 > ¢, analogous arguments
hold, and the result follows.

We prove the if part of (i). By a translation and a dilation, we may assume that ¢, 11 < 0 < ¢y.
Observe that A is the direct sum of A’ in the hypothesis and

A" = Udiag(ay, ..., Qr—m Orgts s Opggm)U ™!
for some U € U(r —m, s —m’). For an orthogonal basis {&], ..., &1} with [, &] ==
(&, &1 =1, 1641, &+1]1 = -+ - = [§r45, §r+5] = —1, the expression
r

A
D cilAg &1 = ey jlAEy ), &y
j=1 j=1
has the lower bound

r S
ch M + Zcr+j M;
=1 =1

being W (A) C [My, +00) = [Ag, +00) and W (A) C (—oco, Ma] = (—00, Agl.
By the hypothesis, [A§;,&;]1 > Ao, j =1, ..., r,and [A&; . &40 ] 2 —Ao, j=1,...,5,be-
ing W] (A) = (ho, +00) if s > Ao and W] (A) = [Lo, +00) if &y—p = Ao. Thus
r N r S
ZCJ[ASJ, &i]1— ZCr+j[A$r+j, §rvjl > ZC/‘ + Zcr+j o)
Jj=1 Jj=1 j=1 j=1
and (i) easily follows.
The assertion (ii) is similarly proved. O

Remark. We notice that an analogous theorem to Theorem 4.1 involving W’ / (A’) is valid, with
the adequate adaptations.

Theorem 4.2. Let C be a non-scalar J-Hermitian and J -unitarily diagonalizable matrix whose
eigenvalues satisfy (2). Let A be a J-Hermitian matrix acting on C'* . The following conditions
are mutually equivalent:

(i) Wi (A) is a (right) half-line.
(ii) W2 (A) is a (right) half-line.
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Proof. By Theorem 4.1, condition (i) implies condition (ii). We prove the converse by contra-
diction. Suppose that WJ{ (A) is the whole real line. By Proposition 3.1, some restriction B of A
acting on a two- or three-dimensional space satisfies certain condition ensuring that WCJ (A) is the

real line. By Theorem 4.1 WJ{ (B) = R, which is a contradiction. The assumption that Wi (A)is
a left half-line also leads to contradiction. [

We recall that the discriminant Dy, of a monic polynomial h(L) = A"+ 4 g pmtm'=1 4
<+« + Ay is defined as the resultant, or the Sylvester determinant, of h()) and h’'()). The
monic polynomial / has a multiple root in C if and only if Dy, vanishes.

Theorem 4.3. Let J/, A’, A, C be defined as in Theorem4.1. IfWJ{/ (A") = (Mo, +00) and atr 41 <
Mo < &p—p, a lower bound to the endpoint of the half-line Wg (A) is given by

r s—m’ m rts
L = Z Cplr—pt1 + Z CrapQris—m/'—p+1 + ch- + Z cj | 20. (16)
p=m+1 p=1 j=1 j=r+s—m’+1
Proof. Let {¢1,..., ¢, Smt1s -+ s Emymy} be an orthogonal basis of the Krein space Y3, of
type (m,m’) satisfying [¢1, 1] = -+ = [Cm, Sm] = 1, [mt1s Smr1] = -+ = Lmam?s Smgm'] =

—1. Let J" and K be the linear operators defined on Yy, by J'({;) = ¢, 1 < j <m; J' (&) =
—Geom+1<k<m+m' and K(¢;) = j¢j, 1 < j < m+m’, respectively. For a sequence of
decreasing positive numbers (¢,), n € N, converging to 0 with €] < 1, define

Aey) = Al(en) ® A" (&),

Aen) = A + B J 4 et K

A"(e,) = Udiag(ay 4 3€p, ..., Cp—m + 3€n, Cps1 — 3€n, .., Qppsm — 36U,
where U € U(r —m, s — m'),and B, y, are non-negative real numbers chosen as follows. Let 8 €

(0, 1) be such that every eigenvalue A" of A’ + ,363”’”/]/ satisfies |V — Aol < €,,n=1,2,...
By inequality (K.5) in [19, p. 334], we have

12— hol <20m +m' 4+ 1)>(M + 1)&1!/(m+m’)’

where

B +m’
8,/,:ME,T "

, 1/(m+m")
1
/(m+m') <e, (/3)

, M:max{|alfj|:l <i,j<m+m'}.

Hence 6, = , and taking 0 < B < M sufficiently small, it follows that

A — Aol < €n.
Now, choose y;, € [0, 1) so that:

(1) every eigenvalue of A’(¢,) has algebraic multiplicity 1;
(2) every eigenvalue A" of A'(e,) satisfies |\ — A| < ¢, for some eigenvalue A of A’ +
/36,'1"“1/1/;
(3) the origin does not belong to W(JA'(¢,,) +1iJ).
If every eigenvalue of A’ + ,Be,',”””/ J' has algebraic multiplicity 1, we can choose y;, = 0, and
every point z of
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F=WU(A + B Yy +iJ') = Be"™ + WA +iJ) (17)

satisfies [z| > Be+™ /. /1 + A3 > 0.

Suppose that there exists an eigenvalue of A" + 8 e,’{‘*’"lJ " with algebraic multiplicity greater
than or equal to 2. The discriminant D(z) of the polynomial g(A, ) = det(A L, — (1 — £)(A" +
,36,’1"4“’",] "y — tK) with respect to A satisfies D(0) = 0, D(1) # 0, because every eigenvalue of
K is simple. Thus, D(¢) is a non-zero polynomial in ¢, and so it has a finite number of roots. Every
point z’ of W(J'A’(e,) +1J') satisfies the inequality

2 — 2| = Y™™ (JKE, E) < Yn€" ™ Amax (K) = (m + m')y, e+,

n n

for some point z € I' and some unit vector &, Amax (K) denoting the largest eigenvalue of the matrix
K. Hence, we can choose y;,, > 0 so that the asserted conditions are satisfied. Thus, WJ{/(A’(E,,))
is a half-line and by Theorem 2.1 of [5] all the eigenvalues of A’(¢,,) are real.

By Proposition 2.1, A’(¢,) is J-unitarily diagonalizable, and we assume that its eigenvalues
are non-increasingly ordered

)&m (En)» EIEI) )»1(6,,) € U+(A/(en)); )‘m—i-m’(en)a B )\m—i-l(en) S U—(A/(En))
and

Amy1(€n) < Ao < Am(€n).
By Theorem 1.1 of [5], every point ¢, of WCJ (A(ey,)) satisfies

r— s—m'

ty 2 Z Cn1+j(ar+l—j—m + 3e,) + Z Cr+j(ar+s—m’—j+1 — 3¢€,)
Jj=1 j=1

m m’
+ Z Cjim—j+1(€n) + Z Cras—j+1Am—+j(€n).

j=1 j=1
Inanorthogonalbasis {&1, ..., &, & 11, ..., & s} with[§, &1 = =&, & ] =1, [§41. 511 =
o+ = [Er s, Erps] = —1, every point t € W (A) is expressed as
r r+s
t=Y cilAgj. &1 — > ¢j[AE}. &1
j=1 j=r+1

Moreover, [A&;, &;] =lim, oo[A(€,)6j,6;], j =1,...,r +s. This implies that L is a lower
bound. [J

S. WCJ (A) for A being a J-Hermitian nilpotent matrix

In this section, we characterize WC{ (A) for J-Hermitian nilpotent matrices A. A matrix A is
said to have nilpotency index Ny if No = min{n € N: A" = 0}.

In Theorem 4.3, we proved that L in (16) is a lower bound of WCJ (A), under the hypothesis
w _{_/ (A") = (Ao, +00). Later, we shall show that L is the greatest lower bound. Since the restriction
of A—AXjlto XAj is a J-Hermitian nilpotent operator, the study of WCJ(A), W_{(A) and W7 (A)
for a J-Hermitian nilpotent matrix A is of interest. So, we are lead to investigate WJ{ (A) for
J-Hermitian nilpotent matrices.



H. Nakazato et al. / Linear Algebra and its Applications 428 (2008) 2995-3014 3007
The following lemma is used in the proof of Theorem 5.1.

Lemma 5.1. Let A be a J-Hermitian matrix acting on a Krein space ct of type (3,3) with
J = I3 @ —I3. If there exists a vector § € c® satisfying A’E # 0 and A3€ = 0, then at least one
of the following conditions holds:

(1) There exists a non-degenerate subspace X of type (2, 1), or (1, 2), for which the restriction
B of PxAPx to X satisfies B2 #+ 0 and B3=0;
(ii) The matrix A is nilpotent with nilpotency index less than or equal to 4 and satisfies Wf_ (A) =
R.

Proof. The hypothesis implies that [A%&, A2£] = [A, A3€] = 0. Thus, A%£ has zero J-norm
and so we may assume that Azé =(0,0,1,0,0, )T, A& =(0,a2,a,0,b, a)T, where a € Rand
b > 0. Let A = (a;j), with Rej; = a;; and So;j = b;;. By the relations A* = A, A% =0 and
A2& # 0, the matrix A is represented in the form:

ary —bays o)3 o4 o5 -3

—bays —b2ass 1 — b2ass — ibbsg bazs bass —1+ b2ass + ibbsg
a3 1 — b2ass + ibbsg a3 a46 —ibsg  bass —ibse —as3

—ai4 —bays —ag6 — b4 as 45 46

—ays —bass —bass — ibse 045 ass bass + ibse
@3 1 —bass +ibbse az3 46 bass — ibsg —as3

Case 1. The restriction By of Px,APx, to the space Xo = {(0, x2, x3, 0, x5, x6)T: (x2, x3,
x5, x6) € C*} is

—b2a55 1-— b2a55 — 1bbsg bass -1+ b2a55 + ibbsg
By = 1-— b2a55 + ibbsg ass bass — ibsg —as3
—bass —bass — ibse ass bass + ibsg
1-— b2a55 + ibbsg ass bass — ibsg —aszz

and its characteristic polynomial is det(Als — Bg) = (A — (1 — b¥)ass)A3.

If ass (1 — b?) # 0, the minimal polynomial of B is A3(A — (1 — b%)ass), and the space X =
{€ € C*: B3¢ = 0} is three-dimensional. By the theory of Krein spaces [7], X is non-degenerate
and satisfies the condition (i) of the lemma.

If ass = 0, the characteristic polynomial of By is A* and so By is nilpotent. Moreover, some
computations yield thatif 1 — (1 — Iaz)bg6 =+ 0, then the minimal polynomial of By is A>. The non-
neutral vector { = (bsg, 0, bbsg — 1, 0T is an eigenvector of By associated with the eigenvalue
0. Then the space X = {§ € c*: [£, ¢] = 0} is non-degenerate and satisfies condition (i) of the
lemma.

If ass = 0and (1 — lyz)bg6 = 1, the minimal polynomial of By is A2, and

det(Alg — A) = A3[23 — (ar1 + aa)A? + (a11a44 + loral?
+ (lois* — leus| (A = b))+ (1 — b (ar|oas|* — asslens|”
+ 2ay4s5(araars + b1abis) + 2bss(aiabis — bisars))].
If H = ayilass|® — asalars|® + 2ass(araars + biabis) + 2bas(aiabis — biaars) does not van-

ish, then by direct computations we conclude that A> is a factor of the minimal polynomial of A.
In this case, the space X = {£ € ct: A3& = 0} satisfies the condition (i) of the lemma.
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Case 2. We consider the case H = 0 under the assumption (1 — bz)bg6 =1 (and so 1 — b2 *
0).

The restriction of Py, APy, to the non-degenerate space X» = {(0, x2, X3, X4, X5, X6) L €
CS:x; € C,2< j <6}is

0 1 — ibbsg boigs 0 —1 4 ibbsg
1 + ibbse asz ase —ibss  —ibsg —as3
By =| —bass  —ass — by a44 ay4s Q46
0 —ibsg a5 0 ibsg
1 +ibbs as3 46 —ibs —as3

and the restriction of Py, APy, to the non-degenerate space X3 = {(x1, X2, x3, 0, x5, x6) " €
C6:xj' S C,] = 1921 395a6)} iS

aiy —bays a3 ais —a3
—bags —b2ass 1 — b%ass — ibbsg bass —1+ b2ass + ibbse
B3 = o3 al — b2a55 + ibbsg as3 bass — ibsg —as3
—ars —bass —bass — ibse ass bass + ibse
a3 1 — b%ass + ibbsg azs bass — ibsg —as3

The characteristic polynomials of B> and Bz aredet(Als — By) = B2 = agr — (1 — b |ous|?)
anddet(A s — B3) = A3(A2 — aj A + (1 — b?)|ays)?), respectively. If ays # 0, the minimal poly-
nomial of B; coincides with its characteristic polynomial. In this case, X = {£ € X»: B;é =0}
satisfies condition (i) of the lemma. If «15 # 0, the minimal polynomial of B3 coincides with its
characteristic polynomial, and X = {§ € X3: Bg’& = 0} satisfies condition (i) of the lemma.

Case 3. Let us assume that we have simultaneously: H = 0, ;5 = 0 and ay5 = 0. If la1a]? +
ajyaqq # 0, then AZ(A% — (a1 + asuq)A + (|0514|2 + ajjasa)l) = 0. Thus, the minimal polyno-
mial of Ais A2(A2 — (a1 + aas): + |a14]% + a11a44) and does notexista vector & € CO satisfying
A3§ = 0and AZE #+ 0, which is a contradiction. Hence, |oe14|2 + ajjas4 = 0. Consider the restric-
tion of Py, A Py, to the non-degenerate space X4 = {(x1, 0, x3, x4, x5, x6)T € C(’:xj eC,j=
1,3,4,5, 6}

aiy ap o Al 0 —u13

a3 a3y ass  —ibse —as3
By=|—-0og —as aw 0 Q46
0 —ibsg 0 0 ibsg

a3 a3y o4 —ibs¢ —as3

and the restriction By o of P4 0A P4, to the non-degenerate space X4,0 = {(x1, 0, x3, x4, 0, x6)T €
Cl:x;€C,j=1,346}

ari o3 o4 —og3
Byo— | @13 aszy Q46 —asz
4,0 = i

—014 —046  A44  O4g

13 ass 046  —A33

Since |oq4|2 + ajjass = 0, the characteristic polynomials of B4 and B4 are A4(A —(an +
aq4)) and 23 (A — (a11 + aqa)), respectively. Assuming that aj1 + asa # 0, one of the following
conditions holds:
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(1) The minimal polynomial of B4 coincides with its characteristic polynomial.
(2) The minimal polynomial of B4 ¢ coincides with its characteristic polynomial.

Condition (2) is equivalent to the existence of a vector § € ct satisfying B4 0§ = (0, 1, 0, DT,
that is, ajjoae — ajzaia — b13b1a +iajabiz # 0, or equivalently, ajjoae(k +1) + o3(k — 1)
V=ai1aas # 0forais = (1 — k») /(1 + k?)/—arass and big = (2k) /(1 + k*)/—ar1daas.1f (2)
holds, then the non-degenerate space X = {n € c*: Bi of = 0} satisfies the asserted condition.

Suppose that (1) holds, and (2) does not hold. Let no be a non-zero non-neutral vector of
X4 satisfying Bano = (a1 + as4)no. We consider the restriction B4 5 of P4 5B4 P4 5 to the non-
degenerate space X4 5 = {§ € Xa:[&, no] = 0}. Then, the four-dimensional J-Hermitian nilpo-
tent matrix By s satisfies Bi s=0 and Bis % 0. Thus, its Jordan canonical form is necessarily
of the form

If the two-dimensional subspace Y = {§ € X4 5: B4 5& = 0} satisfies [§, n] = 0 forevery &, €
Y, then there exists an orthogonal basis &1, &, &3, &4 with [£1,&1] = [&,&] =1, [&, &] =
[£4, 4] = —1, and {§1 + &3, &2 + &4} is a basis of Y. In this basis, By 5 is represented by

ayy ap  —apj  —ap
ap  axp —ap —axp
ayy app —an  —ap |’
ap  axp —dpp  —axn

whichimplies Bi 5= 0, contradicting that Bi 5 # 0. Hence, the space Y is non-neutral, there exists
a non-neutral vector n; € Y and the non-degenerate space X = {£ € Xys5:[£, n1] = 0} satisfies
the asserted condition.

Case 4. If |Ot]4|2 + ajjass = 0 and aj; + aqa4 = 0, then A is a J-Hermitian nilpotent matrix
satisfying A* = 0, and is represented by

an 0 a3 a4 0 —Qai3
0 0 1 — ibbsg 0 0 —1 + ibbsg
A= | @3 1 +ibbse as3s a4 —ibbsg —az;3
—og 0 —a46 —ap 0 Q46
0 0 —ibsg 0 0 ibsg
a3 1+ibbsg azz s —ibse —as;3

Therestrictionof Py APy toY = {(x, x2, x3,0,0,0) € Cé:xj e C, j = 1,2, 3}isthe Hermitian
matrix:

al 0 13
B=]| 0 0 1 — ibbsg
a3 1 +ibbsg ass

Since bsg # 0, we conclude that [—€, €] C W(B) C Wi (A).
By considering the restriction C of PzAPz to Z ={(0,0,0, y1, y2, ¥3) € C6:xj eC,j=
1, 2, 3} we conclude, by similar arguments to those used for Y, that [—¢, €] C W(C) C w7 (A).
Thus, Proposition 2.5 implies that WJ{ (A) = R and condition (ii) holds. [
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Theorem 5.1. Let A be a J-Hermitian nilpotent matrix acting on a Krein space C'* of type
(r, s) with A? + 0, ANo = 0 for some No > 3. Then W_{ (A) is the whole real line.

Proof. Let A be a J-Hermitian nilpotent matrix with nilpotency index Ng > 3. Then there exists
a non-zero vector & such that AN~1¢ £ 0 and ANog = 0. By replacing & by AN =3¢, we obtain
a vector & such that A%£ =+ 0 and A& = 0. Moreover, [A&, A%£] = 0.

Let X; be the non-degenerate space spanned by (&, A&, A%E, JE, JAE, JAzéL which
may be isometrically imbedded into a Krein space of type (3,3). If A is replaced by A = A @
diag(0, 0, ..., 0), where diag(0, 0, ..., 0) acts on a Krein space of type (m, m’), then w! fd (A)
W] (A), and the nilpotent matrix A also satisfies A2 #+ 0. By replacing A by some suitable A, the
Kreln space on which A acts contains a Krein space X; of type (3,3). We show that the restriction
A’ of Px,APx, to X, satisfies W_{_/(A’) = R, where J' is the restriction of J to X».

If condition (ii) of Lemma 5.1 holds, the result follows. If condition (i) holds, then for the there
mentioned B we have WJ{/(B) C WJ{ (A). Since B3 = 0 and B? # 0, the J-Hermitian matrix B
is irreducible. By similar arguments to those used in the proof of Lemma 3.1, we conclude that
certain scalar multiplication of B is J-unitarily similar to the matrix in (15). Since this matrix has
imaginary eigenvalues, by Theorem 2.1 of [5] Wi (A) is the whole real line. [J

The following corollary is a consequence of Theorems 5.1, 2.1 and 4.1.

Corollary 5.1. If a J-Hermitian nilpotent matrix A satisfies W_{ (A) C [0, +00), or WJ{ (A) C
(—00, 0], then A% = 0.

This corollary is refined in the following.

Theorem 5.2. Let A be a J-Hermitian nilpotent matrix on a Krein space C' ™ of type (r, s)
satisfying A> = 0 and Wi (A) C [0, +00). Then there exist non-degenerate subspaces Y and Z
of C'** satisfying the following conditions:

WHCT =Y®Z,[n,¢1=0VneYVeZ AY)={0},A(Z) C Z;
(2) The restriction of PzAPz to Z is J-unitarily similar to the direct sum of J-Hermitian
matrices of size 2

aj —aj
aj —aj
acting on a Krein space of type (1, 1) for some a; >0, j =1,2,..., m.
Proof. We set X = A(C"™). From the canonical form of J-Hermitian matrices, the equation
[AE, A&] = O clearly holds for every £ € C"™, and X is a neutral subspace of C"**. Hence, there

exists an orthogonal system {£1, ..., &, Emil, - - ., E2) of vectors in €' satisfying [£1, 1] =
=Em. &ml =1, Ens1, &1l = = [E2m. S2m] = —1, and

={x1& +énr) + -+ xmEn +HEm)ix, . X € C}.

We may replace J by J' = UJU ™! for a suitable U € U(r, s) satisfying JED =&, ) =
=& forl <j<mm+1<k<2m. Let

={EecC™: g, =1 J ()] =0Vn e X},
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that is
Y=1{£eC™:[£&]=01<j<2m}.
Then Y is a non-degenerate subspace of C'** such that C"™ = X @ J'(X) @ Y. Thus, the
equation [A£, ] = 0 holds for every £ € Y, n € C'*%, and so A& = 0.
Thus, we may assume that C'™ = Z = X @ J/(X). Since A(&; +&ntj) =0,1 < j <m,
the matrix A is represented by

(A1 —Ay
= 22)
for some m x m Hermitian matrix. By choosing a suitable m x m unitary matrix V, and replacing
Aby (Ve V)A(V* @ V*) we may assume that A; is a real diagonal matrix. Since W_{(A) C

[0, +-00), the matrix A is positive semi-definite and having in mind that A(C"™) = X, A; is
positive definite. [

We observe that by Theorem 5.2, the indices m, m’ in Theorem 4.1 necessarily satisfy m = m’.

Theorem 5.3. Let C be a non-scalar J-Hermitian and J-unitarily diagonalizable matrix whose
eigenvalues satisfy (2). Let A be a J -Hermitian matrix acting on C"** satisfying (A — Aol 45)
0 and W_,J_ (A) C [ro, +00). Then Wé (A) is the closed (or open) right half-line [M, +00) (or
(M, +00)) with endpoint M = Ao(c1 + -+ -+ ¢ +Ccra1 + -+ + Cras)-

Proof. Since we have already proved that M = Ag(cy + ... + ¢r4s) is a lower bound of WCJ (A),
we show that M is the greatest lower bound. We may assume that Ag = 0, that is, A is nilpotent.
For J' defined in (11), C’ = diag(c, ¢z) with ¢; > ¢3, and the matrix S of size 2 with first and
second rows equal to (1,—1), we have

W (S) = (c1 — )W (9).
Taking into account that
[S(coshr, sinh )T, (cosht, sinh )] =e % — 0

as t — +00, the result follows from Theorem 5.2. O
The following theorem is a consequence of Theorems 4.3 and 5.2.

Theorem 5.4. Let C be a non-scalar J-Hermitian and J-unitarily diagonalizable matrix with
eigenvalues satisfying (2). Let A be a J -Hermitian matrix acting on C'** with real spectrum such
that oo (A) defined in (7) is the singleton {Ag}. Consider oy, a2, ..., 0—m € 04+(A), Art1, Ari2,
ooy Orgs—m € 0_(A), non-increasingly ordered, and a, 11 < Ao < op—py,. For Yy definedin (10)
with A = Mg, let the restriction A’ of A to Yy, satisfy W_iJ_/(A’) = (A9, +00). Suppose that Yy, is
a Krein space of type (m, m). Then WC] (A) is the right half-line [M, +00) (or (M, +00)) with
endpoint

r r+s—m m r+s
M = Z cjtr—jy1+ Z Cj0rts—m+1—j + ZCj-i- Z ¢j | Ao-
j=m+1 j=r+1 j=1 j=r+s—m+1

The following corollary is an obvious consequence of Theorem 5.4, and generalizes Corollary
1.2 of [5].
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Corollary 5.2 (Richter—Mirsky inequality of indefinite type). Under the conditions of Theorem
5.4, we have

r4s—m rts
Tr(CA) > Z cjoy_jy1+ Z Cilyys—mil—j + Zc/ Z cj | 2o-
j=m+1 j=r+1 j=r+s—m+1

The following corollary is an easy consequence of Theorem 5.4 and extends Corollary 3.2 of

[S].

Corollary 5.3 (Rayleigh-Ritz inequalities of indefinite type). For A under the conditions of
Theorem 5.4, the following holds:

W If X, ={0},& e O and £*J& = 1, then £*J A& >
() If X5, #{0}.§ € €™ and §*J& =1, then §*JAE > ho (§*JAE > Xo) if otr—m = Ao
(tr—m > A0)-

The following corollary follows from Theorem 5.4 by letting C = diag(1,...,1,0,...,0).

For simplicity of the notation, we change the convention for the spectrum of the J-Hermitian
matrix A.

Corollary 5.4 (Indefinite version of Ky Fan’s inequalities). For A under the conditions of Theorem
5.4 and with dr_my1 = =0 =yl =+ = Qrpm = Ao, 04(A) ={o1 2 -+ 2 p_m},

0_(A) = {0y4m+1 = - -+ = dp4s}, the following holds:

(O If <k <rthen

r k
Z o SZx;fJij
j=1

Jj=r—k+1
forallx; e C"** such thatx}‘]xl =68,j=1,...,r.
Q) Ifr+1<k<r+sthen
r r+s r
Zaj—f- Z aj<Zx;‘Jij Z xjJAx;
j=1 j=2r+s—k+1 j=1 j=r+l
for all x; e C' such that x;flxl =3dj,]= 1,...,r,x;‘Jx1 =8, j=r+1,...,

r—+s.

The following corollary follows from Theorem 5.4 by letting C = diag(1,...,1,0,...,0)

and taking {x1, ..., x;, X,41, ..., Xr4+5} as a rearrangement of the canonical orthogonal basis of
(C D).

Corollary 5.5 (Indefinite version of Schur’s inequalities). Consider A = (a;;) under the condi-
tions of Theorem 5.4, and letay, > --- > aj, andar_ir1 ppl =00 = Gy, be arearrangement
of the diagonal entries aii,...,arr and Ar41,741s - - - » Arys,r+s, respectively. Then,
WIith Oy i1 = =0 =0py| =+ = Oppm = Ag, 0+(A) ={o1 2 - Z2ar_p},0-(A) =

{rim+1 = -+ = qpys), the following holds:
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W If< k<, then

)
2 @< ) dy

j=r—k+1 j=r—k+1
Q) Ifr+1<k<r+s,then
r r+s r r+s
. . / /
DBLTE D DTS BT
j=1 j=2r+s—k+1 j=1 j=2r+s—k+1

with equality fork =r +s = n.

Final remarks. In [5], indefinite versions of classical results of Schur, Ky Fan and Rayleigh—Ritz
were stated for J-Hermitian matrices, J = I, @ —I,_,, 0 < r < n, under the condition that all
eigenvalues correspond to eigenvectors with non-vanishing norm. The results on WC] (A) obtained
in this paper allow the removal of that restriction. Theorem 5.4 generalizes the fundamental
theorem of [5] (Theorem 1.1) and leads to the immediate generalization of all the results in
Section 3.3 of [5].
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