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Abstract

A quadratic Malcev superalgebra is a Malcev superalgebra M =M@ M; with a non-degenerate
supersymmetric even invariant bilinear form B; B is called an invariant scalar product on M. In
this paper, we obtain the inductive classifications of quadratic Malcev algebras and of Malcev
superalgebras M = My & M; such that Mj is a reductive Malcev algebra and the action of the
Mg on M; is completely reducible.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In this work, we consider finite dimensional Malcev superalgebras over an
algebraically closed commutative field K of characteristic 0. Let M = Mz & M; be a
Malcev superalgebra over K. We denote by Der(M) the Lie superalgebra of su-
perderivations of M and by Z(M) the center of M. The Malcev superalgebra M is
called quadratic if there exists B, an even bilinear form on M, such that B is super-
symmetric, non-degenerate and invariant. In this case B is called an invariant scalar
product on M. Recall that abelian Malcev superalgebras, simple Malcev algebras and
basic classical Lie superalgebras are quadratic [15,23]. In this paper, we give some
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examples of non-abelian and non-simple quadratic Malcev superalgebras and we study
their supernucleus and superjacobian. An invariant scalar product on Lie superalgebras
has been an important tool for developing the structure of quadratic Lie superalgebras
[5-8,11-16,18,20,23]. The main results of this paper are the inductive classifications of
quadratic Malcev algebras and of Malcev superalgebras M = Mz © My such that Mj is
a reductive Malcev algebra and the action of Mz on M; is completely reducible. These
classifications are obtained in the last two sections of this work. In order to obtain
these results we develop in the second section the notion of semi-direct product of
Malcev superalgebras, we introduce the notion of central extension of Malcev superal-
gebras in the third section and in addition we generalize the notion of double extension
to quadratic Malcev superalgebra. This notion was introduced by Medina and Revoy
[18] to study quadratic Lie algebras and transferred to quadratic Lie superalgebras by
Benamor and Benayadi [5].

Lie superalgebras with semisimple even part were studied by A. Elduque in [10]
and with even part reductive such that the action of the even part on the odd part
is completely reducible were studied by S. Benayadi in [7]. For the definitions and
basic facts of the Theory of Malcev algebras and superalgebras we refer the reader to
[1,2,9,20,21,24,25].

2. Some basic properties and examples

Definition. A superalgebra M = Mz @ Mj is called a Malcev superalgebra if

(1) XY = —(—l)nyX, V(X,Y)EMXXM,,y

(2) (=D*(XZ)(YT) = ((XV)Z)T + (= 1) ((YZ)T)X
+(=D)EE(ZDX)Y

+ (D) CTETXYZ, Yirzrem <, <<,

Definition. Let M be a Malcev superalgebra and B be a bilinear form on M. B is
called supersymmetric if B(X,Y) = (—1)"VB(Y,X), Vx.v)em xm,; B is called invariant
if B(XY,Z)=B(X,YZ), Vxy.zem; B is called even if B(X,Y) =0, Vyem;yenm;-

Definition. A Malcev superalgebra M is called quadratic if there exists a bilinear form
B on M such that B is supersymmetric, non-degenerate, even and invariant. In this
case, B is called an invariant scalar product on M.

Remark. A quadratic Malcev algebra has been called a quasi-classical Malcev algebra
[20].

Definition. Let M be a quadratic Malcev superalgebra and B be an invariant scalar
product on M. A graded ideal J of M is called non-degenerate if the restriction of B
to J x J is a non-degenerate bilinear form. M is called irreducible if M contains no
non-trivial non-degenerate graded ideal.
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Definition. Let M be a Malcev superalgebra.

(i) If V=V5®V; a Z,-graded vector space and ¢: M — End(¥') an even linear map.
¢ is called a Malcev representation of M in V if

P(XY)Z) = X )P(Y)P(Z) — (= 1Y G(YZ)p(X)
— (=1 HZ)PX)P(Y )
+ (= 1)U YY)P(ZX), V(X Y,Z)EM, X My X M, -

(ii) If we have two Malcev representations ¢ and iy of the Malcev superalgebra M,
¢:M — End(V) and : M — End(W'), where V' and W are Z,-graded vector
spaces, we say that ¢ and  are equivalent if there is a bijective even linear map
0:V — W such that 6 o p(X) =y(X) 00, Vyeu.

Proposition 2.1. Let M be a Malcev superalgebra and M* be the dual of the vector
space M. Let m: M — End(M) and n* : M — End(M™*) be the linear maps defined by
TC(X)(Y)ZXY, VX,YEM and TE*(X)(F)(Y)Z —(—1)“K-fF(XY), V(XKF)EMVXM)VXM;" Then
n and 7 are Malcev representations of M. n (resp. ©*) is called the adjoint (resp.
coadjoint) representation of M.

Proof. It is known that 7 is a Malcev representation [1]. Now let be X € M,, Y € M,,
ZeM., UeM,, FeM;. If we recall the definition of a Malcev superalgebra we
can write

F((XY)Z)U) = —(=1yC=HIF((YZ)U)X ) — (=)D F((ZU)X)Y)
— (1) CTDE(UX)Y)Z) + (1) F(XZ)(YU)).
But,
F((XY)Z)U) = —(= ) 2 ((XY)Z)(F)(U),
F((YZ)U)X) = —(—= 1)y DO (YZ)n* (X )(F)(U),
F(XZ)(YU)) = (= 1) (Y )yn* (XZ) )(F)(U),
F(((ZU)X)Y) = —(= D)0 (2 ya* (X )m* (Y )(F)(U),
F((UX)Y)Z) = (=)D D0 (O™ (Y )yn* (Z)(F)(U).
Then we have for the map n*,
T ((XY)Z = " (X)n*(Y)n*(Z) — (= 1) n*(YZ)n*(X)
— (=1 (Z)n (X)n* (V) — (=) n" (Y)n*(X2),

*

what is equivalent to say that 7* is a Malcev representation of M. [

In the next theorem we are going to obtain a characterization of quadratic Malcev
superalgebras. In the case of Lie algebras, this characterization is obtained in [8,19].
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Theorem 2.1. Let M be a Malcev superalgebra. Then M is quadratic if and only if
the adjoint and coadjoint representations of M are equivalent and dim M; is even.

Proof. Let us start supposing that M is quadratic with an invariant scalar product B.
Then (Mj, B/ xa;) is @ symplectic vector space and consequently dim Mj is even.
Consider ¢: M — M* defined by ¢(X)(Y)=B(X,Y), Vxyenm. It is clear that ¢ is
an even isomorphism of super-vector spaces. Let © be the adjoint representation of M
and ©* the coadjoint representation of M. Let X €M,, Y €M,, Z € M..

H((Y)X)NZ)=B(n(Y)X,Z)=B(YX,Z)
=—(=DYBWX,YZ) = —(=D)"p(X)(YZ) = " (Y ((p(X )N Z).
Then,
P(n(Y)X)) =n" (YN PX)), Vyvem

and ¢ o (Y) = n"(Y) o ¢, Vyem. So the representations m and n* are equivalent.
Now let us suppose that the representations m and ©* are equivalent. Then there is an
isomorphism ¢: M — M™* of super-vector spaces of degree 0 such that ¢ o n(X) =
n*(X) o ¢, Vxen. We may consider the bilinear form defined by

B:M xM — K,

(X,Y) = B(X,Y) = ¢(X)(Y).

Because ¢ is an isomorphism of degree 0, we can conclude that B is even and
non-degenerate. On the other hand,

B(XY,Z) = p(XY )(Z) = p(n(X)(Y))(Z) = (" (X)$(Y))(Z)

=—(=Do(Y) X )Z)) = —(=1)"B(Y,XZ),Vxem.yem, zem-

Then B(YX,Z)=B(Y,XZ),Vxem,vem,zem and B is invariant. It is clear that B=B,+ B
where B, is the supersymmetric part of B and B, is the superantisymmetric part
of B, that is, B,(X,Y) = %(B(X, Y) — (—1)YB(Y,X)) and By(X,Y) = %(B(X, Y) +
(=1)Y”B(Y,X)), for all X €M, Y eM,. As B is invariant, B, and B, are invari-
ants and let us prove that M? C Rad(B,) = {X € M: B,(X,M) = {0}}. Consider
X eM,, YEM,, ZeM.. Then,

BJ(XY,Z) = —(—1)YB(Y,XZ) = (— 1) "B (XZ,Y) = (—1)YBXZ,Y).
On the other hand,
By(XY,Z)=By(X,YZ) = —(—1Y"B,(X,ZY) = —(—1)Y’B,(XZ,Y).

It follows that B,(XY,Z)=0 so, M? C Rad(B,). As a consequence we have that (M?N
Rad(B)) C Rad(B). Then (M*NRad(B,))={0} because B is non-degenerate. Now, let
V be a graded sub-vector space of M such that M =V @ Rad(B,) and M2 C V. Then
Rad By is a graded abelian ideal of M and V' is a graded ideal of M such that By/y ) is
invariant and supersymmetric. Let X € V' such that By(X, V')={0}. Then B,(X,M)={0}
which proves that X € Rad(B,) and X = 0. We have proved that B,/(y«y) is a scalar
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product invariant over V' and dim V; is even. Consequently, dim(Rad(By)); is even.
As Rad(By) is abelian and dim(Rad(B;)); is even, then there is a bilinear form ¢ on
Rad(By) that is even, supersymmetric, invariant and non-degenerate. Consider now the
even bilinear form 7 : M xM — K, defined by T/(V>< V) :Bs/(VX V)s T/(Rad(BS)XRad(Bx)) = ¢,
T/ (v xrad(8,)) = T/(Rad(B,)x ) =0. It is clear that T is an invariant scalar product
on M. [

Definition. Let M be a Malcev superalgebra. Let SJ : M x M x M — M be the trilinear
map defined by

SIX, Y,2) = (XY)Z + (= 1) OF(Y2)X + (—1 7 (Zx)y,
V(X Y.Z)EM, X My X M. -

SJ(X,Y,Z) is called the superjacobian of X, Y, Z. The Superjacobian is the graded vector
subspace of M spanned by {SI(X,Y,Z)/X,Y,Z € M}. 1t is denoted by SJ(M, M, M). The
supernucleus of M is the graded vector subspace of M: SN(M ) ={X € M/SI(X,M,M )=
{0}}. Recall that SJ(M, M, M) and SN(M) are graded ideals of M [1].

Remark. The superjacobian and the supernucleus of a Malcev superalgebra are of
great importance in the study of the theory of Malcev superalgebras (see for example
[3,4]). In some sense we can say that these ideals measure how far away from a Lie
superalgebra a Malcev superalgebra is situated. Recall that in a Lie superalgebra we
have SI(M,M,M)= {0} and SN(M) =M.

Lemma 2.1. If M is a Malcev superalgebra then for all X e M,, Y €M,, Z € M.,

(1) SIX,Y,Z) = —(—1)'SI(Y, X, 2),
(2) SIX, Y, Z2)=—(—1)"SI(X,Z,Y),
(3) SI(Z Y, X) = —(—1 Y&)T08)(X, Y, Z).

Besides, if M admits an invariant bilinear form B, then Vxy zrecum,
B(SI(X,Y,Z),T) = —BX,SI(Y.Z,T)).
Proof. Only calculations. [

Proposition 2.2. Let M be a quadratic Malcev superalgebra and B an invariant scalar
product on M.

(1) SN(M) = (SI(M, M, M )*,

(2) SN(M) = {0} if and only if SI(M,M,M)=M,

(3) If M(SI(M,M,M))=M then SN(M)={0}. If M(SN(M)) =M then M is a Lie
superalgebra,

(4) Z(M) = (M?)*,

(5) If M is a non-zero solvable superalgebra, then SN(M) # {0}.
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Proof. (1) Let X € SN(M),,(Y,Z,T)eM, x M. x M;. By the preceding lemma
B(SI(Y,Z,T),X) = — B(Y,SIZT,X)) = (—1y7C+Dp(Y,SI(X,T,Z)) = 0. Then
SN(M) C (SI(M,M,M))*. Let X € (SI(M,M,M))* N M,,(Y,Z,T)EM, x M, x M,,
B(SI(X,Y,Z),T)= — B(X,SJ(Y,Z,T))=0. Consequently SJ(X,Y,Z)=0. Then X €
SN(M). We conclude that SN(M )= (SI(M, M, M))*.

(2) is a direct consequence of 1).

(3) As B is invariant, B(M (SN(M)), SI(M, M, M )) = B(SN(M ), M(SI(M,M, M ))) =
B(M, (SN(M))(SI(M, M, M))) = {0} because we know that (SN(M))(SI(M,M,M)) =
{0} [1]. As B is non-degenerate we have the result.

(4) Let X,Y € M and Z <€ Z(M). Then, B(XY,Z)=B(X,YZ) =0 and XY € Z(M)*
so M? C Z(M)*. Now let X € (M?)* and let Y,Z<€ M, B(XY,Z)=B(X,YZ)=0. As
B is non-degenerate, XY = 0. Then (M?)* C Z(M) and so, Z(M )+ C M?. So we can
conclude that, M? = Z(M)* .

(5) If M is solvable, then M # M?. Consequently (M?)*+ # {0} that is Z(M) # {0}.
As Z(M) C SN(M) then SN(M) # {0}. O

Remark. The last assertion proves that there are no non-zero solvable quadratic Malcev
superalgebras with supernucleus zero. Recall that the same assertion is not true if we
consider Malcev superalgebras that are not quadratic. Think in M(1,2,v) that is an
example of a solvable Malcev superalgebra with supernucleus zero [3].

In order to have some examples of quadratic Malcev non-Lie superalgebras of low
dimension, we are going to determine the quadratic Malcev superalgebras in the list
of Malcev non-Lie superalgebras of dim < 4 obtained in [3,17].

Example. Let M =M;@ M; be a Z,-graded vector space such that dim Mz=1 and the
dimension of Mj is even. Let {a} be a basis of My and {v1,v2,..., 00 V1, Y2, > Vn}
be a basis of Mj and {o,0,...,0,} € K\ {0}. If ,j€{l,...,n}, d;; denotes the
Kronecker symbol, that is 6;; =1 if i =j and J;; =0 if i # j. We consider the
following supersymmetric bilinear map. : M x M — M defined by

avi=y;=—-v.a, i=1,...,n,
V.0 = Oua;  Lj=1,...,n,

My, ={0}; i=1,....n
It is clear that Vyyzr €M, we have (XZ)(YT) = ((XY)Z)T =0 and M with this

3(v;vi)v; = 30;; # 0 so M is not a Lie superalgebra. Now consider B: M x M —
K the bilinear symmetric bilinear form defined by B(a,a) = 1; B(yi,v;) = 0;;0 =
—B(vj, yi); B(a,M7)={0}; B(yi,y;)=B(v;,v;)=0, V; jcq1,..n3- With some calculations
we can see easily that B is a scalar product defined on M and consequently M is an
example of a quadratic Malcev superalgebra. Note that if n =1, then M is the Malcev
superalgebra M(1,2) of the list in [3].
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Lemma 2.2. Let M be a Malcev superalgebra such that dim Mg = 2. If there exists
a basis {a,b} of Mg such that ab=b, then M is not quadratic.

Proof. Let B be an invariant, even bilinear form on A . Then
B(a,b) = B(a,ab) = B(a*>,b) =0

and
B(b,b) = B(b,ab) = —B(b*,a) = 0.

Consequently (b,M)={0}. We conclude that B is degenerate. [

Corollary. The Malcev superalgebras M?(2,2), M*(2,2),M°(2,2),M3(2,2), M(2,2,v),
MY(2,2,7),M(2,2,2,1),M(2,2,2,0),M(2,2,1/2,8),M(2,2,1/2,0) [3] are not quadratic.

Lemma 2.3. Let M be a Malcev superalgebra such that Mi2 =Mj and for some a € Mj,
aMy ={0}. Then M is not quadratic.

Proof. Let B be an even invariant bilinear form on M. In this case B(a,Mj) =
B(a,MTZ) = B(aMij,M;) = {0} and B(a,M) = {0}. So B is degenerate. [

Corollary. The Malcev superalgebras M(v,2,2) and M(2,2,1) [3] are not quadratic.

Theorem 2.2. Let M be a non-Lie Malcev superalgebra such that dim M < 4. Then
M is quadratic if and only if M is isomorphic to M(1,2) that is, M= {(a), M7= (u,v),

such that au = v,u* = a.

Proof. If M is a Malcev algebra of dim < 4 then M is a Lie algebra or M has a basis
{61,62,83,64} such that eje; = e3; ejeq = e1; ereq = ep; ezeq = —ey [17]. With some
calculations we see that if B is an even invariant bilinear form then B(e;, M) = {0}
and B is degenerate. If M is a quadratic Malcev superalgebra with M; # 0, then by
the above corollaries, M is isomorphic to M(1,2) or M'(2,2) or M(1,2,v). M'(2,2)
is quadratic as we have seen in the example. Let us prove that M'(2,2) and M(1,2,v)
are not quadratic. Recall that the even (resp. odd) part of M(1,2,v) has a basis {a}
(resp. {u,v}) such that au=v, uv=va (with v # 0). Let B be an invariant even form of
M(1,2,v). B(a,a)=v"'B(a,va)=v"'B(a,uv)=v"'B(av,u)=0. Then B(a,M(1,2,v))=0
and B is degenerate. We conclude that M(1,2,v) is not a quadratic Malcev superalgebra.
Now, the even (resp. odd) part of M'(2,2) has a basis {a,b}(resp. {u,v}) such that
bv=u and uv = a. Let B be an invariant even bilinear form of M'(2,2). B(a,a) =
B(uv,a) = B(u,va) = B(1,0) =0 and B(a,b) = B(uv,b) = —B(v,ub) = B(v,0) = 0. Then
B(a,M"'(2,2))=0 and so B is degenerate. We conclude that M'(2,2) is not a quadratic
Malcev superalgebra. [J
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3. Semi-direct product of Malcev superalgebras

Definition. Let M be a Malcev superalgebra and let ¢ : M — M be an endomorphism
of M. We say that ¢ is a Malcev operator of M if

HVW)S) = (P IW)S — (=)™ (W )VS) — (— 1) (S )W
— (=)W, Vyemwem,sem.-

Proposition 3.1. Let M be a Malcev superalgebra and let D be an even derivation
of M. Then, D is a Malcev operator if and only if D(SI(M,M,M)) = 0.
Proof. If D is a Malcev operator then,
D((XY)Z) = (D(X)Y)Z + XD(YZ) — (= 1)V D(Y )(XZ) + (= 1) (XD(Z))Y,
D((YZ)X) = (D(Y)Z)X + YD(ZX) — (=1)*D(Z)(YX) + (- 1)*(YD(X))Z,
D((ZX)Y) = (D(Z)X)Y + ZD(XY) — (=1)" DX )(ZY ) 4+ (=1)"(ZD(Y))X,
Vxem,yem, zem.-
Consequently,
DSIX, Y,Z))=—-SI(DX),Y,Z) — SIX,D(Y),Z) — SI(X,Y,D(Z)).
As D is an even derivation we have
D(SI(X,Y,Z)) =SI(D(X),Y,Z) + SI(X,D(Y),Z) + SI(X,Y,D(Z))

and D(SJ(X,Y,Z)) =0, Vxem,vem, zem.-
Reciprocally, we know that

D((XY)Z) = D(SI(X. Y.Z)) = (=1)""#D((YZ)X) — (1" D((ZX)Y)
and if
D(SIX,Y,Z))=0
we have,
D((XY)Z) = ~(— 1)V D((YZ)X) — (— 17 ID(ZX)Y).
But SI(D(X),Y,Z) =0 and doing some calculations, we conclude that D is a Malcev

operator. [

Definition. Let M and V' be two Malcev superalgebras and let = be a Malcev represen-
tation of M in V. We say that 7 is a Malcev admissible representation if M =M @ V
with the product

X+ )Y +W)=XY + n(X)W) = (=D 2T +TW,  Vy, reip yiwen,

is a Malcev superalgebra.



H. Albuquerque, S. Benayadil Journal of Pure and Applied Algebra 187 (2004) 19—45 27

Theorem 3.1. Let M and V be Malcev superalgebras and let © be a Malcev repre-
sentation of M in V. m is Malcev admissible if and only if the following conditions
are satisfied:

(1) Vxem.vem,rev.wev,

(XY YDV = =(X)[n(Y X TIW] + (= 1) [m(X ) T)][=(Y )W)

— (=) n(V)rX)(TW) — (= 1) [n(Y)m(X)(W)]T.

(2) Vxem,zem.vev,rev,

—(Z)®X )Y YINT + (=1 =X (M(Z )Y )T)

— (= D)EE XY R(Z )T )Y + (= 1) D (Z) (X (T)Y)
= (—1)*(XZ)(YT).

(3) Vxem,, n(X) is a Malcev operator of V.

Proof. If these conditions are satisfied let us prove that M = M @ V with the product
X +TYY +W)=XY + n(X)W) = (=D)"n(Y)T +TW,  Vy,rem y+wen,

is a Malcev superalgebra. It suffices to prove the axiom of definition of a Malcev super-
algebra with ((XY)Z)T in the following cases: If all these elements are in M or in V
there is no problem because M and V' are Malcev superalgebras. The same for the case
where one of these elements is in V" and the other three in M because we know that 7 is
a Malcev representation of M in V. For the case where X e M, Y e M, Zc V., TV,
we obtain the first condition that is verified. The second condition implies that the ax-
iom is true in the case X € M,, Y€ V,, Z€V., T €V,, and the third condition implies
the equality in the case X € M,, Y €V,, ZecM., T €V,. Conversely, if M is a Malcev
superalgebra these conditions are satisfied. [J

Definition. Let M and V' be Malcev superalgebras and let © be a Malcev admissible
representation of M in V. The Malcev superalgebra M =M @V defined before is called
the semi-direct product of V' by M by means of 7.

Example. If M and V' are two Malcev superalgebras such that V' is abelian then all
Malcev representations of M in V' are Malcev admissible.

We are going next to study two interesting examples of semi-direct products of
Malcev superalgebras.

Proposition 3.2. Let V be a Malcev superalgebra and let ¢ be an even endomorphism
of V. (1) The map n:Ke — End(V') defined by: n(oe)(v) = ad(v), Vyex (Where Ke
is the one-dimensional Lie algebra) is a Lie (hence Malcev) representation.

(2) The map © is a Malcev admissible representation if and only if ¢ is a Malcev
operator of V', (a) GA(XY )=(X )p(Y )+ $($(X )Y HXGA(Y ), Vx.yey and (b) p*(X )Y —
HUNY) = —(— 1YV (G (D)X — p(GNIX)), Vrer,rev,.
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Proof. If ¢ is an even endomorphism the map 7 : Ke — End(V") defined by n(ae)(v)=
a¢(v) is a Lie (then Malcev) representation. Then Ke @ V' is a Malcev superalgebra if
and only if n(e)(=¢) is a Malcev perator and the conditions (1) and (2) of Theorem 3.1
for © and M = Ke are satisfied that is,

H((XY)Z) = (P(X)Y)Z + XP(YZ) — (=17 d(Y NXZ) + (1) (XP(2))Y,
Vxev.rev,zev.
P (XY ) = PX)P(Y) + P(PX)Y) + XP*(Y),  Vxyer,

P*(X)Y — H(PX)Y) = (=D (V)X — ($(Y)X),  Vyer.yer, O

Definition. Let V' be a Malcev superalgebra. An even endomorphism ¢ of V is called
Malcev admissible operator if it is a Malcev operator and satisfies the conditions (a)
and (b) of the last theorem.

Corollary. Let V be a Malcev superalgebra and let ¢ be a Malcev admissible oper-
ator of V. Then the Z,-graded vector space N defined by Ny=Ke ® V5 and N, = V;
with the product: (ce + t)(fe +w)=oad(w) — pp(t) + tw, Yy pek, Ywer, is a Malcev
superalgebra. This Malcev superalgebra is the semi-direct product of V by the one-
dimensional Lie algebra by means of ¢.

Proposition 3.3. Let V be a Malcev superalgebra and let D be an even derivation of
V. D is a Malcev admissible operator of V if and only if D is a Malcev operator.

Proof. It suffices to note that if D is an even derivation of 7/, then
Dz(XY) =DX)D(Y)+ D(D(X)Y) +XD2(Y), Vxver,
D*(X)Y — D(D(X)Y)=—(—1)"D*(Y)X —D(D(Y)X), Vyer.yer, O

Next we are going to obtain a way to construct out of any Malcev superalgebra a
quadratic Malcev superalgebra whose dimension is twice of the dimension of M. It
will be another interesting example of a semi-direct product and very useful to obtain
examples of quadratic Malcev superalgebras. In the ungraded case it has been called
inessential 7* extension in [8].

Theorem 3.2. Let M be a Malcev superalgebra and let M* be the dual of M as a
vector space considered as an abelian superalgebra. Denote by n* : M — End(M™) the
coadjoint representation of M. Then the semi-direct product of M* by M of means
by w* with the bilinear form B defined by

BX + 1Y +9)=f(Y)+(=1D)9(X), Ve, vigen,

is a quadratic Malcev superalgebra.
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Proof. As we already said as M™ is an abelian superalgebra, it is enough to note
that the map ©* is a Malcev representation of M in M*. So M =M @& M* with the
multiplication defined by

X+ Y +9)=XY + 77 X)(g) — (=D X)) Yyyrent,yrgent,
is a Malcev superalgebra. On the other hand, the bilinear form B on M defined by

BX + .Y +9)=f(V)+(=1)79(X),  Vx,rest, yigen,

is supersymmetric. Let us see that B is non-degenerate. Consider X + f such that
BX + f,Y +9)=0, Vy,epr,- Then B(X + f,Y)= f(Y)=0, Vyen and f=0. On
the other hand B(X,g) = g(X), V,cy;, implies that g(X) =0,V cy; and X =0. Let
X+ feMgand Y +geMi, BX + f,Y +g)= f(¥)+ g(X) and if (X + f)€EM;
and Y—i—ge]\;li we have that f(Y)e€K; =0. If ge M and X € M we have that
g(X)€K; =0. Then B is even.

Now, let X + feM,, Y +geM,, Z+heM.,,

B(X + /)Y +9),Z +h)=B(XY + "X )(g) — (=D 7"(Y)(/).Z + h)

=1 (X)9NZ) = (=)' (Y )/ )NZ)
+ (=17 R(XY)

=—(—)g(XZ) + f(YZ) + (=17 h(xXY)

= (=)' RN(Z)g(X) + f(YZ)
+(*l)Z(x+y)+Xy+yZ7t*(Y)(h)(X)

= fQYZ) + (1)@ (Y )(h) — (=177 (Z)g)(X)

=BWX + [,YZ + 7" (Y)(h) — (=1)"7"(Z)(9))

=BX + f,(Y + 9)(Z + h))

and we have concluded that B is invariant. [

Proposition 3.4. Let M be a Malcev superalgebra and M =M & M* the semi-direct
product of M* by M by means of the coadjoint representation. Then

(1) If M _is solvable then M is solvable.
(2) SN(M)=SN(M) @ { f € M*: f(SI(M,M,M))={0}}.

Proof. (1) It is a consequence of the following general result: For a non-associative
algebra A4, if I is a solvable ideal of 4 and A/I is solvable then 4 is solvable. (2) It
is easy to see that SI(M, M, M) is equal to SI(M,M,M) & K, where K is the span of
all elements of the form

SIS Y.2) = (f)Z + (1) IYZ) [+ (=D Zf)Y.
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But by Proposition 2.2 (1) the orthogonal space of SJ(M,M,M) is SN(M), which
is the direct sum of the annihilator space of SJ(M,M, M), that is SN(M ), with the
annihilator space of K that is {f € M™* : f(SI(M,M,M))={0}}. O

Corollary. Let M be a Malcev superalgebra and M = M & M* be the semi-direct
product of M* by M by means of the coadjoint representation. If SI(M,M,M)= M
then SN(M & M*) = SN(M).

Example. For the non-Lie simple Malcev superalgebra C, we know that SJ(C,C,C)=
C. Consider the semi-direct product of C* by C by means of the coadjoint represen-
tation. Then C is a quadratic non-semi-simple Malcev superalgebra because C* is an
abelian ideal of C with SN(C) = SN(C) = {0}. This example shows that there are
quadratic non-semi-simple Malcev superalgebras with nucleus zero.

4. Central extension of Malcev superalgebras

Proposition 4.1. Let M be a Malcev superalgebra and V be a super-vector space.
Let w:M x M — V be an even bilinear map. In the space M =M @ V we consider
the multiplication: X +0)(Y +t)=XY +w(X,Y), V(X,Y)EMXM,(U,Z)GVX V.

M with this multiplication is a Malcev superalgebra if and only if

(1) wX,Y) = —(=1)"w(Y.X)

(2) (=1)*W(XZ,YT) =w((XY)Z,T) + (— 1) V= w(YZ)T,X)
+ (= D)EEDW(ZTX Y ) + (= 1) CDw(TX)Y, 2),

Vxem,.vem,zem..rem,- (In this case M s called the central extension of V by M by
means of w.)

Proof. We must recall the definition of a Malcev superalgebra and consider the
identity:

(X +0) Y +w)Z +u)T + q) =(XY)Z)T + w((XY)Z,T). O
Definition. Let M be a Malcev superalgebra and V' be a super-vector space. Let w: M X

M — V be a homogeneous bilinear map. If assertions (1) and (2) of the last theorem
are satisfied we say that w is a Malcev 2-cocycle of M with values in V.

Proposition 4.2. Let M be a Malcev superalgebra, V be a super-vector space and
w:M X M — V be an even Malcev 2-cocycle. Let M be the central extension of V
by M by means of w. Then,

SIX +P,Y +W,Z+T)=SIX,Y,Z)+ [wXY,Z) + (=1)Uw(YZ X)

+ (1) w(ZX Y], VX 4 PeM,.Y+WeM, Z+TeM. "
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Proof. This result follows easily if we note that,

(X +P)Y +W))Z+T)=XYV)Z+wXY,Z). O

Corollary. Let M be a Malcev superalgebra, V be a super-vector space and w: M X
M — V be an even Malcev 2-cocycle. Consider the graded super-vector space A =
A5 @ A7 with A, = {X € My w(XY,Z) + (—1)0DW(YZX) + (~ 1 Iw(ZX, Y ) =
0, Yyem,zem. . Then SN(M) = (SN(M)NA)&® V, where M is the central extension
of V-by M by means of w.

Proposition 4.3. Let M be a Malcev superalgebra, V be a super-vector space and
wiM xM — V be an even 2-cocycle. Let M be the central extension of V by M by
means of w. If M is nilpotent (resp. solvable), then M is nilpotent (resp. solvable).

Proof. Only calculations. [

Definition. Let (M, B) be a quadratic Malcev superalgebra and ¢ € End(M ) homoge-
neous of degree 6. We say that ¢ is B superantisymmetric if Vyeu, yem,

(—=D™BX, ¢(Y)) = —B((X), Y).

Proposition 4.4. Let (M,B) be a quadratic Malcev superalgebra and let w: M x M —
K be a bilinear form of degree 9.

(1) There exists ¢ € End(M) homogeneous of degree 6 such that ¥Vxyey,w(X,Y) =

B(p(X),Y).
(2) w is a 2-cocycle if and only if ¢ is a Malcev operator and ¢ is B-super-
antisymmetric.

Proof. (1) As B is non-degenerate there is a unique ¢ € End(M) such that w(X,Y) =
B(¢(X),Y). (2) Let us begin by proving that w is superantisymmetric if and only if B
is ¢-superantisymmetric: w(X, Y )= —(—1)"w(Y,X) if and only if (—1)VB(¢(Y),X )=
— B(¢(X),Y). But B(¢p(Y),X)=(—1)*+*B(X,$(Y)) then we can conclude that
B(¢(X),Y)= — (—1)*B(X,$(Y)). Now, suppose that the second condition of the
definition of a 2-cocycle is satisfied by w, that is, Vxeu, yem, zem.rem,s

(=1 B($(XZ),YT) = B($((XY)Z), T) + (=1 *HB(¢((YZ)T),X)
+ (= D)EEEOB(G((ZT)X), Y )
+ (D) CTIB(GUTX)Y ), Z).
But
(=1 FHIB(G(YZ)T), X ) = —(= 1) HIOTHIB(YZ)T, (X))
_ (_ 1 )(x+5)(y+z+t)+t(y+z)B(T’ (YZ)(}')(X))
= —B(p(X)(YZ), T).
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Analogously,
(—=D)IIEEDBG(ZT)X), Y ) = —(= 1) Bxp(Y NZ,T),

(=D IDBGTX)Y ), Z) = —(= DT B (YP((2)). T).
So, as B is non-degenerate we have

(-1 p(X2)Y
=p((XY)Z) — pX)YZ) — (— D) (XP(Y))Z — (—1)°IX(YP(Z))

and ¢ is a Malcev operator. The reciprocal is immediate. [J

Now, let M be a Malcev superalgebra. We denote by Op(M); the vector subspace
of End(M) formed by the Malcev operators of degree 6. Then Op(M ) = [Op(M)]; B
[Op(M)];. Let us denote by (Op,(M))s the sub-space of B-superantisymmetric
elements of Op(M)s. Let us put Op,(M) = [Op,(M)]; & [Op,(M)];, which is a sub
super-vector space of Op(M).

Theorem 4.1. Let My and M, be Malcev superalgebras with M, quadratic with an
invariant scalar product By. Suppose that there is an admissible Malcev representation
Y of My to My such that Vxcp,, W(X)€Op,(M;). Let us consider the bilinear map
¢ My x My — M5 defined by

P YNZ) = (=17 IBI(W(ZYX),Y ), Vzeon). xemn).reon),-

Then ¢ is a 2-cocycle of My with values in M and consequently M, ® M with the
multiplication defined by

X+ M +9) =X + X1, Y1), Yy ryirgeonaoms)
is the central extension of My by M, by means of ¢.

Proof. Let us prove that ¢ is an even 2-cocycle of M, with values in M;. Let
X eM),,Y e(M),,Z (M),

QXY NZ) = (=1 IBI(Y(Z)X),Y) = —(— 1B (X W(Z)(Y))
= — (—D)PPEIB(YZYNY),X) = —(— 1)V (Y. X)(2Z).
On the other hand,
QXY NZ) = (=17 BI(W(Z)X, Y ) €Kiy

and ¢(X,Y) € (M>);, ,. Then we have concluded that ¢ is even and superantisymmet-
ric. But as  is a Malcev operator then the bilinear form ¢ defined by ¢(X, Y )(Z) =
(=1 IIBI(W(Z)X), Y ), Vzenn).xewn ). yeon), is a 2 cocycle and consequently M@
(M,)* with the defined product is a Malcev superalgebra, called the central extension
of (My)* by M; by means of ¢. [

Proposition 4.5. Let (M,B) be a quadratic Malcev superalgebra, and let D be a
homogeneous derivation of M of degree 0. Then the bilinear form w:M x M — K
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defined by w(X,Y) = B(D(X),Y) is a 2-cocycle if and only if D = —D" and
DSI(X,Y,Z)) =0, Vxyzem-

Proof. We have proved already that w(X,Y) is a 2-cocycle if and only if D is
B-superantisymmetric and D is a Malcev operator. By Proposition 3.1 D is a Malcev
operator if and only if D(SJ(X,Y,Z))=0. O

5. Double extension of Malcev superalgebras

Theorem 5.1. Let (My,B)) be a quadratic Malcev superalgebra and M, be a Malcev
superalgebra. Let \y: My, — End(M) be an admissible Malcev representation of M,
in My such that Vyeum,, (X)) € Op, (M) and the following condition is satisfied,

WY(SX)YZ) = Y(SHW(X)Y)Z) = (=1 (W(S)HW(X)Z))Y
+ (=DYWY + (= DWW (S Y))Z,

VXEMZX»YEMI)»»ZEMIZsSeMZs :

Let us consider the bilinear map ¢: M, x M, — My defined by

QXY NZ) = (17" IBWZ)X), YY), Vzewn)xeon)reon),-

(1) Then ¢ is a 2-cocycle of M, with values in My and consequently M, & My
with the multiplication defined by

X+ M +9) =X+ dX1, 1), Yy rnrgeanaems)

is the central extension of My by M, by means of ¢.

(2) Let us consider the linear map p:M, — End(M; & M) defined by p(X,) =
Y(Xo) + 7" (Xa) that is, p(X2)(X1 + F) = Y(X2)(X1) + 7" (X2)(F), Ve xoers Fems
where ©* is the coadjoint representation of M,. Then p is an admissible Malcev
representation of M, in My ® My and consequently M = M, & M, & My with the
multiplication

K+X+ )2+ Y1+ G)=X0)2) + (X)) + 1" (X)(G) + (X 1)
+ d(X1, Y1) — (=17 Y(Y2)(X)

— (=D (Y2)F, Yoo ix +F)eM(hin+G)eM,

is the semi-direct product of M, & My by M, by means of p.
(3) Let y be an even supersymmetric invariant bilinear form on M, not necessarily
non-degenerate. Then the bilinear form B on M =M, & M, & M; defined by

B+ X1 +F YL+ Y14+ G)=9X, 1) + Bi(X1, Y1) + F(Y2) + (- 1)V G(Xa),

v(Xz+X1 +F)EM,(Y2+Y1+G)EM,

is an invariant scalar product. The quadratic Malcev superalgebra M, & M, & M5 is
called the double extension of (My,B1) by M, by means of .
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Proof. (1) is proved by the result of Theorem 4.1.

(2) It is easy to see that p is even. Let us prove now that p is a Malcev admissible
representation of M, in My ®M;. As p is the direct sum of two Malcev representations
it is a Malcev representation of M, in M; ®(M,)*. Now let X € (M3),, Y € (M2),, V +
Fe(M, ®M;}),, W+Hec(M, ®M),. Then,

(pXY YV + F)NW + H) = WXY)(V) + 2" (XY )E)(W + H)
= XYYV + (XY )(V), W).
Analogously, we can prove that,
pX) Y)YV + FYW + H)) = yXO)WY)V).W) + 7 (X)p(p(Y)(V), W),
(PO + F))p(Y )W + H)) = p(X)V WX )W) + ¢p(X)V ),y (Y )W),
ppX )V + FYW + H)) = y(Y WX )YVW) + 7 (Y )n"(X)p(V, W),
(P(V)p(X)W + H))V + F) = WX W X)) + ¢Q(Y WX )W), V).
As  is Malcev admissible, p satisfies (1) of Theorem 3.1 if and only if]
POXYY(V), W) = (X)W (Y )V ), W) + (= 1) ¢(Y(X)(V ), p(Y )W)
— (=D (V)" (X)(V, W)
— (=TS WX ), V).
But ¢(Y(XY )(V), W)(T) = (= 1)+ 9B, (Y(T (XY )(V), W) and analogously,
T (XWX )V ), W T ) = —(= 1) IB (WXT WY V), ),

(=1 SOOI ) P (V)W )NT) = —(= 1) DB (y(Y)
XY(T WXV ), W),
—(= 1)y (V) (XY, WNT) = =(= 1)/ B (WX (YT))(V ), W),
—(= 1y WY WX ), VIT) = (=1 By QOW NIV ), ).
As we know B; is non-degenerate then,
(=D Y(T (XY )
= — (=D WY)) = (=1 Y W(T (X))
—Y(X(YT)) + YO W(T),
what is equivalent to,
Y(OYT)X) = Y W(TWX) — (=1 OO (Y W(T)
+ (=D POEOYXT WY ) + (= 1) O T (XY
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and this last equality is verified because  is a Malcev representation of M, in M. Let
us consider now, X € (M), Z€ (M), and (Y + F)e(M; © My),,(T +G)e(M; &
(M>)*);. Doing some calculations we conclude that

(P(Z)pX)(Y + FINT + G)) = (WZ)WYX)YNT + 7" (Z)¢p(p(X)Y, T),
PX)(P(Z)Y + F)T + G)) = y(X)(W(Z)Y)T) + 7" (X )p(W(Z)T, Y ),
PX)(P(ZNT + G)Y + F)) = p(X)W(Z)T)Y + ¢(p(XW(Z)T, Y),
P(Z)pX T + G)Y + F)) = W(Z)W(X)TY) + 2 (Z)W(X)T, Y )),
p(XZ)(Y + FXT + G)) = W(XZ)(YT) + n*(XZ)$(Y, T).

As  is Malcev admissible, p satisfies (2) of Theorem 3.1 if and only if,
(D)WY, T) + (1) 07 (X)G(W(Z)Y, T)

— (=D)FED WYX WZ)T), V) + (= 1) D252 ) WX, V)))
= (=) (n*(XZ)p(Y, T)).

But this equality is satisfied because B; is non-degenerate and  is a Malcev repre-
sentation of M, in M.

Finally, let us prove now that p(X) is a Malcev operator, Vxews),, that is, for
XeM),Y+FeM; ®My)y,Z+GeM ©My)., T +Hec(M & M), we must
have

PXO((Y + F)Z + G)T + H)) = (p(X)(Y + F)NZ + G)XT + H))
—(~1)"p(X)Z + G)(Y + F)T + H))
—(~)U (X T + H)(Y + F))Z + G)
— (1Y p(X(Z + GXT + H))(Y + F).
But,
P +F)Z + G)XT + H)) = p(X\YZ + p(Y.Z)XT + H)
= p(X)(YZ)T + $(YZ,T))
= Y(XN(YZ)T) + 0" (X)P(YZ T).
Analogously,
(PCO(Y + FINZ + G)NT + H)) = (VXYY NZ)T) + X )(VIZT),
pXNZ + G)((Y + F)T + H)) = WX N2))IT) + $(W(X)Z,YT),
(PCX(T + HYY + F)Z +G) = WX NT)V)Z + dW(XNT)Y.Z),
PXN(Z + GXT + H))Y + F) = (X )ZT)Y + $(y(X)(ZT).Y).
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As (X)) € Op(M;) is a Malcev operator then p(X) is a Malcev operator if
T (X)QYZT) = p(W(X)Y)ZT) — (=1)"P(Y(X)Z,YT)
— (=) OYXNT)Y, Z) = (=1 (X )ZT), Y).

Now let us verify if this last condition is satisfied. We know that for an element
Se (M2 )s:

T (X)P(YZ,T)(S) = (= 1)V =B (Y(XS)(YZ), T),
HWX)Y)Z,T)S) = (= 1) =B (W(SHW(X )(Y)Z,T),
(=1 (W(X)ZYT)(S) = (= 1) =028 (Y(SYW(X NZ)), YT),
(=D WXNT)Y, Z)(S) = (= 1) 0By (Y(S)(W(X)T)HY ), Z),
(=1 EIPEX)NZT), Y )(S) = (= 1) EHBEEITZ0R (Y(S)Y WYX N(ZT)), Y).
Thus, we must prove that,
—(=1)"Bi(Y(XS)(YZ),T)
=B1(Y(SWX)Y)ZT) — (1) Bi(W(S)(W(X)Z)Y, T)
— (= DYOHEBI(Y(S)PX)T)Y, Z) — (= 1) OB (WS WX NZT), Y).

Isolating 7', we see that the last condition is equivalent, as B; is non-degenerate, to
the following identity:

Y(SX)YZ) =Y (S)WX)Y)Z) — (= 1) Y(SHY(X)Z)Y)
+ (=D XS Z2)Y ) + (=D WX Y ))Z.
Let us define in M the following bilinear form:
BXo + X, + [.Ys + Y1 + G) = 9(X0, ¥a) + Bi(X1, Y1) + F(Y2) + (—1)VG(X),

where 7 is an even supersymmetric invariant form over M, not necessarily non-
degenerate. By construction we see that B is even and supersymmetric. Let us prove
that it is an invariant, non-degenerate form. B is non-degenerate because if we con-
sider X, + X, +F €rad B and G € (M;)}; we have, B(X; +X; +F, G)=0 which implies
G(X>) =0 and X, = 0. On the other hand, let Y, € (M),. B(X, + Xi + F.Y1) =0,
Bi(X1,Y1)=0 and X; =0. If B(F,Y,) =0, szE(Mz*)y then F(Y;)=0, and F =0. Let
us prove now that B is invariant. Consider (Xo +X) +F)eM,, (Y, +Y1+G)eM,
and (Zz + 7, +H)€MZ

B+ X +F)Y YL+ Y1 +G),(ZL+7Z+H))
=BXaoYs + Y(X)(Y1) + " (X)) (G) + X1 Y1 + (X1, Y1) — (= 1)VP(Y2)X
— (=) (2)F),Z2 +Z1 + H)
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=Bi(y(X2)(") + X1 Y1 — (=D)Y(Y2)(X1), Z1)
+ (1" (X2)(G) + ¢(X1, Y1) — (=) (Ya(F))(22)
+ (=1 I HXYy) 4+ 9(Xa Ya, Z5).

On the other hand,
B(Xa + X, + F,(Ya+ Y1 + G)\(Z + Z) + H))

=B(Xy + X1 + F,YaZs + Y(Ya)(Z)) + 0 (Y)H — (= 1) Y(Z)(Y)
+VZy + ¢(Y1,Z1) — (=) 1" (Z)(G)) = 7(X2, Y225) + Bi(X1, y(Y2)(Z1))
— (1" BIX0 W(Z)(N) + Bi(X1, Y1 Z)) + (=10 (2)(H)(Xa)
+ B (X)) + F(Y22) + (=D (1 (Y2)(H )(Xa)
+ (Y1, Z)X, — (—1)*1°(2)G(Xa)) + F(YaZy).

As Y(X2Y2,7Zy) = y(Xa, Y2Z,) and by the known properties of the bilinear form B; we
have,

B+ X +F)Y YL+ Y1 +G),(ZL+7Z+H))
=B(XL+Xi+F),(L+ 1" +G)ZLL+7Z +H))

and B is invariant. [

Corollary 1. Let M be a quadratic Malcev superalgebra and B an invariant scalar
product defined on M. Let ¢ € (Op,(M)); such that,

(1) $*(XY) = pX)P(Y) + G($(X)Y) + Xp*(Y),

(2) (XY — H(PX)Y) = ~(= 1) (P (V)X — H(d(Y)X))  Vxem.rem,zem.-

Then N=Ke & M @ (Ke)* (where Ke is the one-dimensional Lie algebra and
(Ke)* =Ke* its dual) with the multiplication,

(ae + X +ae*)(be+ Y + pe*)
=ap(Y) —bP(X) + XY + B(P(X), Y)e*,  Voapbek xv)emxm
is a Malcev superalgebra. Moreover, the bilinear form B:N x N — K defined by,
B(ae + X + oe*,be + Y + fe*)=af + ab + B(X,Y),
is an invariant scalar product on N.
Proof. Since ¢ € (Op,(M)); satisfies conditions (1) and (2) it follows that ¥ : Ke —
End(M) defined by y(oe)=0¢ is an admissible Malcev representation of the one-

dimensional Lie algebra on M. Consequently by the last theorem we have the
result. [J
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Corollary 2. Let M be a quadratic Malcev superalgebra and B an invariant scalar
product defined on M. Let D be an even derivation of M such that D € (Op, (M ));.
Then N =Ke ® M @& (Ke)* (where Ke is the one-dimensional Lie algebra and (Ke)* =
Ke* its dual) with the multiplication,

(ae + X + ae™)(be + Y + fe*)
=aD(Y) — bD(X) + XY + B(D(X),Y )e*
and the bilinear form B:N x N — K defined by,
Blaf +X +oae*,bf +Y + pe*) = (aP + ab) + B(X,Y),

is a quadratic Malcev superalgebra.
Proof. By the last corollary and the result of Proposition 3.3. [

Definition. Let (M, B) be a quadratic Malcev superalgebra.

(1) A graded ideal / of M is called non-degenerate (resp. degenerate), if the restriction
of B to I x I is a non-degenerate (resp. degenerate) bilinear form.

(i) (M, B) is called irreducible if M contains no non-trivial non-degenerate graded
ideal.

Proposition 5.1. Let (M, B) be a quadratic Malcev superalgebra and let I be a graded
ideal of M. Then,

(1) I (the orthogonal of I relatively to B) is a graded ideal of M;
(2) If I is non-degenerate, then M =1 ® I and I+ is a non-degenerate ideal.

Proof. (1) Let X €I+, YeM, Z<1.
B(YX,Z) = B(Y,XZ) = {0},

which implies that YX €I+ and I is an ideal of M. Is graded because / is graded
and B is even.

(2) Let us suppose that / is non-degenerate. Then I NI+ = {0} so M =1 @ I+
and I+ is a non-degenerate ideal: if there exists 4 € I+ such that B(4,1+) = {0} then
B(A,M)={0} and A=0. [

Proposition 5.2. Let (M, B) be a quadratic Malcev superalgebra. Then M =@, M;
such that Vicqy, . nys

(1) M; is a non-degenerate graded ideal,
(2) M; contains no non-trivial non-degenerate graded ideal of M,

.....

Proof. By induction on the dimension of M. The proof is analogously to the one in
Lie case [7]. O
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Theorem 5.2. Let (M,B) be an irreducible quadratic Malcev superalgebra. Let I be
a maximal graded ideal of M and suppose that there exists a sub superalgebra A
of M such that M = A® 1. Then M is a double extension of the quadratic Malcev
superalgebra (1/1 L.B) by A by means of ¢, where B is the bilinear form defined by
(denote by X =X +1+,X €1),B(X,Y)=B(X,Y),Yxrerxs, and ¢:A4 — End(//I*)

defined by ¢p(a)(X) = aX,Yux)caxi-

Proof. Since I is a maximal graded ideal of M it follows that 7+ is a minimal graded
ideal of M. Consequently as M is irreducible then 7+ C I. Therefore M =1+ @ L34
where L =1+ @ 4 and I =1+ @ L*. 1t is easy to see that AL* C L. Now if
X, Y €Lt, then XY = a(X,Y) + B(X,Y) where a(X,Y)c [+ and B(X,Y)EL*. It is
clear that f induces a structure of Malcev superalgebra on L+ which we denote by
[,1,+. Moreover B’ =B ;1 is invariant . Consequently (L*,[,],.,B’) is a quadratic
Malcev superalgebra. It is clear that //;1 is a Malcev superalgebra and the bilinear
form B on I/, defined by B(X,Y) = B(X,Y), Vxyes is a well defined and it is
an invariant scalar product on I//*-. We consider the map v:/+ — A4* defined by
v(X)=B(X,.), Vye;r. This map is an isomorphism of Z,-graded vector spaces. On
I+ and A* there are structures of Malcev A-modules defined by

(1) aX = aX, VaeA,XelLs

(2) XF)Y)=—(—D)YFXY), Vxyieaxi,re), -

Let ¢p:4 — End(I/;1 ) defined by ¢p(a)(X)=aX, Yux)caxs. It is easy to see that ¢
is an admissible Malcev representation of A4 in (I/IL) and ¢(a) € (Op,)(I/1+), Yaca.
Consider 0:L+ — I/I+ be defined by 0(X) =X, Vyc;1. 0 is an isomorphism of
Malcev superalgebras. Denote by N =4 @ I/I+ EBA* the double extension of (//I+,B)
by 4 by means of ¢. Consider f:M =A® L+ @I+ — N=AOI/I*+ © A* defined by
Bla+X +Y)=a+ 0(X)+v(Y), Yxy)caprtprr- This map is an isomorphism of
Malcev superalgebras. Moreover if 7 is an invariant scalar product on N defined by

Ta+X +Fd+X +F)
=BX, XY+ F(d)+ (—1)F'(a)
=BX,.X") + F(d') + (*I)XX/F/(")’ Va+)Z+F€1Vx,a’+X/+F’€NX/’
then
TO(a+X+7Y),00d. X, Y)=Bla+X+Y,d+X +7)

V(@ X +Y.a' + X/ 1Y) EM X M- O

Corollary. Let M be an irreducible quadratic Malcev superalgebra such that
dimM > 2 and B be an invariant scalar product defined on M. If Z(M) N My #
{0}, then M is a double extension of a quadratic Malcev superalgebra A such that
dimA4 =dim M — 2 by the one-dimensional Lie algebra.
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Proof. Since Z(M) N My # {0} it follows that there exists X € Z(M) N Mz # {0}.
Consequently J = KX is a graded ideal of M and J # M because dim M > 2. So
I=J" is a maximal graded ideal of M. The fact that X € Mj implies that M; C J* so
there is a ¥ € M such that M =J ®KY. The sub-vector space KY is a sub-superalgebra
of M because Y € M and it follows by the last theorem that M is a double extension
of (I/I*+,B) by KY by means of ¥ : KY — End(I/I*) defined by y(Y)(X)=YX, Vxes,
where B(X,X')=BX,X"), Vyxe,. 0O

Theorem 5.3. Let M be an irreducible quadratic Malcev algebra such that dim M > 2
and B be an invariant scalar product defined on M. Then M is a double extension of
a quadratic Malcev algebra A such that dimA < dim M — 2 by the one-dimensional
Lie algebra or by the simple non-Lie Malcev algebra.

Proof. If Z(M) # {0} then by the last corollary, M is a double extension of a quadratic
Malcev algebra 4 such that dim 4 =dim M — 2 by the one-dimensional Lie algebra.
Now suppose that Z(M)={0}. As M?>=Z(M)* then M>=M. Consequently M =S DR
where S is a semi-simple subalgebra of M such that S # {0} and R is the solvable
radical of M. Since S is semi-simple then S=S5, &S, & --- B S, where S; is a simple
MJI is a simple Malcev algebra then I is a maximal ideal of M. So, by Theorem 5.2,
M is a double extension of the quadratic Malcev algebra I/I- by S| because M =S; B/
and S) is a subalgebra of M. [

Definition. Let (M, B) and (N, C) be two quadratic Malcev superalgebras. The quadratic
Malcev superalgebra M &N with the invariant scalar product 7 defined by: 7/ %y =B;
T/vuxy = T/vxu = 0; T/yxny = C, is called the orthogonal direct sum of (M,B) and
NV, C).

Let U be the set formed by {0}, the one-dimensional Lie algebra and by the simple
Malcev algebra. Recall that if M is a simple Malcev algebra then either M is a simple
Lie algebra or M is the non-Lie Malcev simple algebra C [20,22].

Corollary. Let (M,B) be a quadratic Malcev algebra. Then either M is an element of
U or M is obtained by the following way: we take My, M, ... ,M, elements of U and
we complete by double extensions by the one-dimensional Lie algebra or by a simple

Malcev algebra andlor by orthogonal direct sums of quadratic Malcev algebras.

Proof. This corollary is a result of the last theorem and Proposition 5.2. [

6. The action of the even part on the odd part is completely reducible

Lemma 6.1. Let M =M+ M; be a quadratic Malcev superalgebra and B the scalar
invariant product on M, such that My is a completely reducible My module. Then
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M; =), U; such that,
(1) U; is an My submodule of My such that B/, xu,) is non-degenerate, ¥i—y,_u;
(2) U; is irreducible or U; = Uy & Uy where Uy and Uy are irreducible Mj

.....

(3) B(U;, Uj) = {0}, Vijeq1,..nyii)

Proof. We must remind that every representation of a semi-simple Malcev algebra is
completely reducible, and that the Lemma of Schur stay true in the Malcev case. That
is, if p:M — gl(V') is a simple representation of a Malcev algebra and f € End(V)
such that p(m)o f = f o p(m), Vyueum, then there is a y € K such that, f = yld. Then
the proof of this lemma is the same that the proof of the equivalent result in the Lie
case [7]. [

Lemma 6.2. Let (M,B) be an irreducible quadratic Malcev superalgebra. Let us sup-
pose that the action of Mg over My is completely reducible and that My # {0}. Then
MsM; = M; and Z(M ) = Z(M ) " Mj.

Proof. Let M{uﬁ ={me Mj: Mzgm={0}}. Then MIM(’ is a submodule of Mj, so there
is a submodule W of M; , such that M; = ;Wﬁ @ W. Let x € My and m € M;. Then

m = v+ w where v GMéwﬁ, w € W. Consequently, xm = xv + xwe& W and MzgM; C
W. If we suppose that MzgM; # W then there is W' submodule of W such that
W = MzM; & W' because MzM;j is a submodule of W. As MzW' C MzM; N W' we
have that MzW’ C {0} and consequently W’ C MIMG N W ={0}. Then W' = {0} and
W =MsM; and My =M;" & (MgMy). As B is invariant then B(MgMy, M:")={0}. Let
us consider J = Mz © MgM;. It is easy to see that J is a graded ideal of M and is
non-degenerate because B(M(-)MI,M?/I 9)={0} and B is even. As M is irreducible then

M =J because J # {0}. Consequently M; =MzM; and M{wﬁ ={0}. On the other hand,
as Z(M) = (Z(M) N M) ® (Z(M) N M;) we have that Z(M) = Z(M) N M because

Z(M)NM; C M ={0}. O

Theorem 6.1. Let (M,B) be a non-zero irreducible quadratic Malcev superalgebra
with reductive even part My # 0 and the action of Mg on M is completely reducible.
Then M is simple if and only if Z(M) = {0}.

Proof. If M is simple then Z(M) = {0}. Reciprocally, if M; = {0} then M was a
semi-simple Malcev algebra and it follows that M is a simple Malcev algebra because
M is irreducible. If M7 # {0} and M is not simple, there is a non-zero minimal
graded ideal / of M. As [ is minimal then / NI+ =1 or I NI+ = {0}. Since M is
irreducible it follows that 7 N7+ =1 and 7> = {0} (because B is non-degenerate) with
Mgzl; C I;. Consequently, there is P a Mz submodule of M5 such that My =P @ I;.
The fact that [;P C P N I; = {0}, implies that [zM; = {0}. As [;jM; = {0}, then I;
is a graded ideal of M. As [ is minimal then /7 = {0} or /; =/ and consequently,
I =1I; or I =1j. If we suppose that / =I5, then B(/, M;) = B(I;,M;) = B(Il;, MzM5) (by
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Lemma 6.2, MGMT :Mi)' Thus, B(],MI) = B(ITMT’M(_)) = {0}, as ]lMT Q I() = {0}
Consequently, I; = {0} because B is even and non-degenerate. Therefore / = {0} which
is a contradiction. Then / = /5. Let us prove now that / is a minimal ideal of Mj. Let
J be an ideal of M such that J C /. As IM; = {0}, then JM; =0 and J is a graded
ideal of M which implies that J = {0} or J =1 because / is a graded minimal ideal
of M. Then I is a minimal ideal of M with /> = {0}. By hypothesis Mj is reductive,
then My=S @ Z(Mj) where S is the greatest semi-simple ideal of M. ST C SNI={0}
because SN/ is an abelian ideal of S. Consequently, Mzl = {0} and MI = {0} . Then
I CZ(M)={0} that is a contradiction with / # {0} and we can conclude that M is
simple. [

Corollary. Let (M,B) be a non-zero irreducible quadratic Malcev superalgebra with
semi-simple even part My # {0}. Then M is a simple Malcev algebra or a simple
Lie superalgebra.

Proof. If Mj is a semi-simple Malcev algebra then the Mz-module M; is completely
reducible. Consequently by Lemma 6.1, we have that Z(M) = Z(M) N Mj. It follows
that Z(M) C Z(Mj) = {0} because Mj is semi-simple. Therefore by the last theorem,
M is a simple Malcev superalgebra. As we know, simple Malcev superalgebras are
simple Malcev algebras or simple Lie superalgebras [24]. [

Corollary. Let (M,B) be a non-zero quadratic Malcev superalgebra with semi-simple
(1) M; is a non-degenerate graded ideal of M that is either a simple Malcev algebra
or a simple Lie superalgebra or the two-dimensional Lie superalgebra N = Ny;

.....

Let us recall that a Malcev superalgebra M = My & Mj is called trivial if M12 =0.

Definition. Let M = My ® M; be a Malcev superalgebra with Mz = A5 @ (ideal(M7));,
where A is a subalgebra of M and (ideal(M7)); is the even part of the ideal of M
generated by Mj. If V' is a Malcev module of 4;, V' becomes a Malcev module of
M by imposing that the action of the (ideal (M7)) = ideal(M;)o @& M; on V is trivial
and that ' = V7. Then the split extension M =M @ V = My & (M; © V) is a Malcev
superalgebra called the elementary odd extension of M by the module V.

One of the main results of [4] is

Theorem 6.2. Let M = My & M; be a Malcev superalgebra with reductive My and
completely reductible action of My in M;. Then M = A & B such that

(1) 4 and B are graded ideals of M,

(2) 4 is a trivial Malcev superalgebra,

(3) B is an elementary odd extension of a Lie superalgebra L = Li®L;, with reductive
Ly and completely reducible action of Ly in Ly, by a Malcev module.
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Theorem 6.3. Let (M,B) be an irreducible quadratic Malcev superalgebra such that
My # {0} is a reductive Malcev algebra and the action of My on Mj is completely
reducible. Then M is either a simple Malcev algebra or a Lie superalgebra.

Proof. By the last theorem, M = A4 & T where 4 and 7 are graded ideals of M.
Moreover A4 is a trivial Malcev superalgebra and 7T is an elementary odd extension of
a Lie superalgebra L =L ® L; with reductive L; and completely reducible action of L;
in L7 by a Malcev module ¥ = V5. Consequently, B(4145, M7)=B(A5, A;M;)={0} and
B(VTy, My)=B(Ty, VM;)={0} because B is invariant, 4;M;={0} and VM;={0}. Then
A;A5=VTy=0. It follows that (4; & V)M ={0} because Ajd;=4;T =VI;=VA={0}.
Since Z(M) C Mj it follows that A; &V ={0}. Therefore 4=4; is a reductive Malcev
algebra and 7' =L is a Lie superalgebra. Consider S the greatest semi-simple ideal of
A. Then S is non-degenerate and S = {0} or 4 =S = M because M is irreducible. If
S # {0} then M =S is a simple Malcev algebra. Now if S ={0} then 4 is an abelian
Malcev algebra and M =4 @ L is a Lie superalgebra. [

Now, consider (L,B) be a quadratic Lie superalgebra such that the Lz-module L;
is completely reducible. In the following we are going to recall the notion of an
elementary double extension of (L,B) by the one-dimensional Lie algebra Ke [7]. If
L; = {0} we take y = 0. If L; # {0} by Lemma 6.1, L; = @}_, U; such that,

(1) U; is an Lz submodule of L; such that B/y,xy,) is non-degenerate, for all i€

{1,...,n};

U; = Uy @ Up, where U;; and Uy, are irreducible Lg-submodules of L; such that
B(Ui, Un) = B(Ui, Up) = 0, Viciimt1,..n}s
(3) B(U,Uj) =0, V, je(1,..n}(i%))-
Let D:L — L be the linear map defined by
(1) D(Lg) = D(D, Ui)={0};
(2) D/y, =kildy, and D/y, = —kiIdy,, where k; €K, for all i€ {m+1,...,n}.

It is easy to see that D is a homogeneous superantisymmetric superderivation of
degree 0 of L. Consider the linear map v : Ke — Der,(L) C Der(L) defined by y(ae)=
oD, Y,cx (Ke is the one-dimensional Lie algebra).

Let G be the set formed by {0}, the basic classical Lie superalgebras [15,23], the
one-dimensional Lie algebra, and the two-dimensional Lie superalgebra N = Nj.

Theorem 6.4 (Benayadi [7]). Let (L,B) be a quadratic Lie superalgebra such that Lg
is a reductive Lie algebra and the Ly module Ly is completely reducible. Then either
L is an element of G or L is obtained by a sequence of elementary double extensions
by the one-dimensional Lie algebra andlor by orthogonal direct sums of quadratic
Lie superalgebras from a finite number of elements of G.

We know that if M is a simple Malcev algebra then either M is a simple Lie algebra
or M is the Malcev non-Lie simple algebra C(dim C = 7). Then by the last theorem
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and the result of Theorem 6.3 we have an inductive classification of the quadratic
Malcev superalgebra M = Mz ® My such that Mj is a reductive Malcev algebra and the
action of M on M; is completely reducible. More precisely we obtain the following
result:

Theorem 6.5. Let (M, B) be a quadratic Malcev superalgebra such that Mg is a reduc-
tive Malcev algebra and the My module M; is completely reducible. Then, M =A &L
where A and L are non-degenerate graded ideals of M such that:

(1) A4 is a direct sum of copies of C, where C is the non-Lie Malcev simple algebra;

(2) L is a Lie superalgebra with L reductive and the Ly module L; is completely
reducible such that L € G or L is obtained by a sequence of elementary double
extensions by the one-dimensional Lie algebra andlor by orthogonal direct sums
of quadratic Lie superalgebras from a finite number of elements of G.
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