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A SURVEY ON COSYMPLECTIC GEOMETRY
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ABSTRACT. We give an up-to-date overview of geometric and topological properties of cosymplectic and
coKahler manifolds. We also mention some of their applications to time-dependent mechanics.
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1. INTRODUCTION

In recent years there has been an increasing interest towards almost contact geometry and related
topics, both from the pure geometrical point of view and due to its applications in wide areas of Physics.
In particular, the odd dimensional manifolds proved to be very important for some physical theories like
supergravity and M-theory.

An important class of almost contact manifolds is given by cosymplectic manifolds. By a cosymplectic
manifold in this paper we mean a smooth manifold of dimension 2n + 1 endowed with a closed 1-form 7
and a closed 2-form w such that n A w™ is a volume form. This is the original definition of cosymplectic
manifold, due to Libermann and dating back to 1958. Later Blair used the term “cosymplectic” with a
different meaning, namely for denoting cosymplectic manifolds endowed with a compatible almost contact
metric structure satisfying a normality condition. Despite the wide use of Blair’s terminology, we will
call the latter manifolds coKdhler, which is becoming a common practice now.

Also, there is a weaker notion of almost coKéhler manifold (called sometimes almost cosymplectic!)
which is just a cosymplectic manifold with a compatible almost contact metric structure, without the
normality condition. Note that every cosymplectic manifold admits an almost coKéahler structure.

Since the foundational papers of Libermann and Blair, there have been many advances in the subject
and its related topics. Several papers dealing with cosymplectic or coK&hler manifolds appeared in the
last 40 years, even though in a rather sporadic way. Unfortunately, there is neither a monograph nor
a paper which gives an exposition of the state of art of the theory. In fact the recent very well-written
monographs on contact geometry — the Blair’s and Boyer-Galicki’s books [I5], [23] — treat, from different
points of view, just contact metric manifolds (including Sasakian manifolds), leaving for cosymplectic
geometry not much space.

We hope that the present survey can help to fill this gap and to give a unified view of the subject.

The importance of cosymplectic manifolds for the geometric description of time-dependent mechanics
is nowadays widely recognized. In most of the numerous formulations of time-dependent mechanics
cosymplectic manifolds do play a major role: either in the classical descriptions of regular Lagrangian
systems (see e.g. [54]) and of Hamiltonian systems [54] [106], or in the more elegant descriptions & la
Tulczyjew ([55, 03]) in terms of Lagrangian submanifolds. It is far outside the scope of our presentation
to make a detailed review of these approaches or even a complete list of papers. The 1991 paper [64]
contains a comparative review at that time of various equivalent approaches to the geometric treatment
of regular time-dependent Hamiltonian systems. For further information about more recent literature
on the geometric formulations of time-dependent mechanics see [7, [54], [T06] and references therein. Here
we just briefly summarize, as an example, how cosymplectic manifolds appear in the geometric setup of
time-dependent Lagrangian mechanics 7}, [54]. In such a model the configuration manifold of autonomous
Lagrangian mechanics is replaced by a fibration 7 : M — R and the jet bundle J'7 of the local sections
of 7 is the velocity phase space of the system. In the simplest case the fibration is trivial, i.e. M = Q xR
where Q is a manifold, and one has J'm =2 TM x R. In general the dynamics is controlled by a
Lagrangian density £ € Q'(J'7) which is a semibasic 1-form. The Poincaré-Cartan forms associated
with the Lagrangian density £ are defined using the “vertical endomorphism” S of the bundle J 7 (see
[64, [136]),

O, =1igdL+ L, Q= —dO,.
Geometrically, the Lagrangian density is regular if and only if the pair (d¢, 2,) is a cosymplectic structure
on the manifold J!7, where by dt we denote (with a slight abuse of notation) the pull-back on J' of the
canonical volume 1-form of R. Then, in the regular case, the dynamics of the system is controlled by the
integral curves of the Reeb vector field {,. In the singular case, the structure (dt,{22) is not cosymplectic
and the dynamics is controlled by an implicit differential equation, not necessarily integrable.

We devote the first part of the survey to the basic properties of cosymplectic structures. An important
role in the theory is played by the reduction theory, which was developed by Albert in [I] in order to



Electronic version of an article published as Rev. Math. Phys., 25, (10), 2013, 1343002, 55, doi: |10.1142/

50129055X13430022 (© copyright World Scientific Publishing Company www.worldscientific.com/worldscinet/rmp 3

be able to consider the reduction of time-dependent Hamiltonian systems with symmetry groups. The
reduction procedure was extended to the singular case by de Leén and Tuynman [60]. Then, in [26] the
Albert reduction theorem was adapted to deal with the case of a time-dependent mechanical system with
constraints.

As we pointed out before, any cosymplectic manifold can be endowed with a Riemannian metric which
makes it an almost coK&hler manifold. We thus study, in the second part of the paper, the geometry
of almost coKé&hler manifolds. We collect the most important results of the theory and the various
ways for constructing explicit examples (by suspensions, by using Lie groups, as hypersurfaces of Kahler
manifolds, etc). Due to the importance of the subject, a large part is dedicated to the study of the
curvature properties of almost coKéahler manifolds and to the topology of cosymplectic and coKéahler
manifolds. This last topic has become of great interest in last years, after the very remarkable work [40]
of Chinea, de Leén, Marrero on the topology of compact coKéhler manifolds. Recently Li ([107]) and
then Bazzoni and Oprea [9] discovered new methods for studying the topology of coKéhler manifolds,
which allow us to re-obtain many of the Chinea - de Leén - Marrero’s results.

We also try to explain the several interplays with Kéhler geometry, which make coKahler manifolds the
most natural odd-dimensional counterpart of Kéhler manifolds. This becomes even more evident when
one passes to the setting of 3-structures. Indeed, while both coKahler and Sasakian manifolds admit a
transversal Kahler structure, at the level of 3-structures only the former admit a transversal hyper-Kahler
structure.

There are many further topics related to cosymplectic geometry, that have found almost no room
in this survey due to the lack of space. We mention only few of them: the study of submanifolds of
cosymplectic / coKahler manifolds, the theory of harmonic maps, Einstein-Weyl structures, and several
remarkable generalizations such as locally conformal cosymplectic manifolds, k-cosymplectic manifolds
or generalized almost contact structures. All these subjects, which in turn often have relations with each
other and with Physics, show how rich and wide is the field which we call “cosymplectic geometry”.

Acknowledgement. The authors thank the anonymous referees for the careful reading and for having
improved the paper.

2. COSYMPLECTIC STRUCTURES

2.1. Basic definitions and properties. Cosymplectic manifolds were introduced by Libermann (see
[108, [109]).

Definition 2.1. An almost cosymplectic structure on a manifold M of odd dimension 2n + 1 is a pair
(n,w), where 7 is a 1-form and w is a 2-form such that 7 A w™ is a volume form on M. The structure is
said to be cosymplectic if n and w are closed.

If (n,w) is an almost cosymplectic structure on M, the triple (M, n,w) is said to be an almost cosymplec-
tic manifold. Similarly, a cosymplectic manifold is a manifold M endowed with a cosymplectic structure
(n,w). In the language of G-structures, an almost cosymplectic structure can be defined equivalently as
an 1 x Sp(n,R)-structure.

Among the early studies of cosymplectic manifolds, we mention those of Lichnerowicz [111] [112], Br-
uschi [24], Takizawa [140] and Okumura [124]. Lichnerowicz studied the Lie algebra of infinitesimal
automorphisms of a cosymplectic manifold, in analogy with the symplectic case. Bruschi investigated
homogeneous cosymplectic spaces. Takizawa reviewed the Lagrange brackets and the infinitesimal trans-
formations. The work of Okumura will be described in the next section since it actually belongs to the
coKahler domain.
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Every almost cosymplectic structure (1, w) on M induces an isomorphism of C'>°(M)-modules b, . :
X(M) — QY(M) defined by
(2'1) b(7],0.;)()() =ixw+ U(X)U,

for every vector field X € X(M). A vector bundle isomorphism (denoted with the same symbol) b, . :
TM — T*M is also induced. Then the vector field £ = b(:]lw)(n) on M is called the Reeb vector field of
the almost cosymplectic manifold (M, 7n,w) and is characterized by the following conditions

iew=0, =1
Conversely, we have the following characterization of almost cosymplectic manifolds that follows from [T}

Proposition 2].

Proposition 2.2. Let M be a manifold endowed with a 1-form n and a 2-form w such that the map
D) 1 X(M) — QY (M) defined by is an isomorphism. Assume also that there exists a vector field
& such that iew = 0 and n(§) = 1. Then, M has odd dimension and (M,n,w) is an almost cosymplectic
manifold with Reeb vector field €.

By means of the isomorphism b, ) : X(M) — Q'(M) one can associate with every function f €
C°(M) the vector field grad f € X(M), called gradient vector field, which is defined by

grad f = b(jll’w)(df).
Equivalently one has (cf. [I])

(2'2) lgrad f W = df - §(f)777 U(grad f) = g(f)
If the manifold M is cosymplectic, then it is easy to check that the bracket defined on C*°(M) by
(2.3) {f,9} = w(grad f,grad g),

is a Poisson bracket. Thus, every cosymplectic manifold (M, n,w) has an induced Poisson structure. Its
Poisson bivector field is defined by

(2.4) ) (@ B) = Wb a.b0) ) B),

for each a, 8 € QY(M). Its symplectic leaves are precisely the leaves of the integrable distribution ker .
For further details and properties of the gradient vector fields we refer to [27].
With every function f € C°°(M) one can also associate a Hamiltonian vector field X according to

X =byln(@f =&(f)m)
or equivalently
(2.5) ix;w=df =¢(f)n,  n(Xy) =0.

One can show (see [I]) that the map C*(M) — X(M) defined by f — Xy is a Lie algebra anti-
homomorphism with respect to the Poisson bracket (2.3) and the commutator of vector fields, i.e.

(2.6) Xiry = — (X5, Xl
From (2.2) and (2.5) we get easily that
(27) inw = igradf w

and Xy = grad f if and only if £(f) = 0. Thus, the Poisson structure of a cosymplectic manifold (M, n,w)
can be equivalently written as

{fag} = w(Xf’Xg)'
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Any cosymplectic manifold (M,7,w) of dimension 2n + 1 admits around any point local coordinates
(t,q",p;), i = 1,...,n, such that

n
(2.8) w=>» d¢' Adp;, p=dt, &= _.
i=1
This fact is usually referred to as Darboux theorem.
Cosymplectic manifolds can be thought of as an odd-dimensional counterpart of symplectic manifolds.
In fact, on any cosymplectic manifold (M, n,w) the so-called horizontal distribution ker 7 is integrable to

a symplectic foliation of codimension 1. On the other hand, one has the following result on the product
M x R.

Proposition 2.3 ([59]). Let M be a manifold and n,w two differential forms on M with degrees 1 and 2
respectively. Consider on M = M xR the differential 2-form & = p*w+p*nAdt, where t is the coordinate
function on R and p: M — M s the canonical projection. Then

(a) (M,n,w) is a cosymplectic manifold if and only if (M,&) is a symplectic manifold.

(b) In such a case, p is a Poisson morphism.

Remark 2.4. As in symplectic geometry, at any given point p of a cosymplectic manifold M we can define,
following [60], a cosymplectic orthogonal complement of a vector subspace E C T,M by

Et ={X eT,M|n(X)=0, ixwe€ E°},

where E? C T;M is the annihilator of E. Then, we say that a submanifold C' C M is a coisotropic
submanifold of the cosymplectic manifold (M, n,w) if

(i) the Reeb vector field ¢ is tangent to C

(ii) (TC)* cTC.
The notion of a coisotropic submanifold C' of a cosymplectic manifold M can be related to the usual notion
of a coisotropic submanifold of a symplectic manifold in the following way. If (M,n,w) is cosymplectic,
then the manifold M = M x R has a symplectic structure defined by Proposition One then can prove
that C' C M is coisotropic if and only if one has (T'(C' x R))t € TC @ {0}, where (T(C x R))* denotes
the symplectic orthogonal complement. It follows that C' x R is a special kind of coisotropic submanifold
of M x R in the symplectic sense.

Definition 2.5. A smooth map ¢ : M — N between two cosymplectic manifolds (M, n,w) and (N, n’,w’)
is said to be cosymplectic if ¢Y*n’ = n and ¥*w’ = w. In such a case, the Reeb vector field £ of M is
1-projectable and its projection is the Reeb vector field £ of N, that is,

Tihot=¢ o

As in the symplectic case, a cosymplectic map is not, in general, a Poisson map. In a cosymplectic
manifold (M,n,w) one can use the vector bundle isomorphism b, .y : TM — T*M to pull back the
canonical symplectic 2-form ), of the cotangent bundle T* M to the tangent bundle TM by setting

Qo = b}(kn}w)QM.

Therefore the tangent bundle of a cosymplectic manifold is a symplectic manifold. Actually, the existence
of the vector bundle isomorphism b, .y : TM — T*M means that the tangent bundle of a cosymplectic
manifold has a Liouville structure (also known as special symplectic structure) in the sense of Tulczyjew
[146]. In [27] the authors obtain an explicit expression for the symplectic structure €2, on the tangent
bundle in terms of the cosymplectic structure (n,w), by using the notion of tangent derivation, again due
to Tulczyjew (see e.g. [145]).
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2.2. Reduction of cosymplectic structures. An action ¢ : G x M — M of a Lie group G on a
cosymplectic manifold (M, n,w) is said to be cosymplectic if ¢4 : M — M is a cosymplectic map for any
g € G. In such a case, a smooth map J : M — g* from M to the dual space g* of the Lie algebra g of G
is said to be a momentum map if the infinitesimal generator ap € X(M) of the action associated with
any a € g is the Hamiltonian vector field of the function J, : M — R defined by the natural pointwise
pairing. Moreover, J is said to be Ad*-equivariant if it is equivariant with respect to the action ¢ and to
the coadjoint action Ad* : G x g* — g*, that is

J(pg(x)) = Adj -1 (J (), for any x € M.

An element v € g* is said to be a weakly regular value of J if J=!(v) is a closed submanifold of M
and for each z € J~1(v) the tangent space T,(J!(v)) coincides with the kernel of T,.J. For example, if
v € g* is a regular value of J (i.e. if T,,J has full rank for every z € J=1(v)), then it is a weakly regular
value. Note that, if ¢ : G x M — M 1is a free and proper action, and J : M — g* is a momentum map
for ¢, then one can prove (cf. [3]) that J is a submersion, i.e. all elements v € g* are regular values.

Let v € g* be a weakly regular value of an Ad*-equivariant momentum map J : M — g* for an action
¢:Gx M — M. If G, denotes the isotropy group of v with respect to the coadjoint action, i.e.

G, ={ge€G: Adjv =r},

then ¢ induces an action
¢: G, x J ') = J N v)

of G, on the submanifold J~!(v). Following Libermann and Marle [T10] we will say that this action is
simple (Albert calls such an action “quotientant”) if the orbit space M, = J~!(v)/G, admits a smooth
manifold structure and the canonical projection 7, : J~1(v) — M, is a surjective submersion. A case
in which this happens is when the action is free and proper. If the action ¢ : G x M — M is free and
proper, then the induced action of G, on J~!(v) is again free and proper, for each v € g*.

One has the following reduction theorem that yields an analogue of the well-known reduction theorem
for symplectic manifolds [116].

Theorem 2.6 (Cosymplectic reduction Theorem, [I]). Let ¢ : GxX M — M be a cosymplectic action
of a Lie group G on a cosymplectic manifold (M,n,w). Suppose that J : M — g* is an Ad™-equivariant
momentum map associated with ¢ such that

(2.9) §(Ja) =0,  foranyacg,

where £ is the Reeb vector field of M. Let v € g* be a weakly reqular value of J such that the induced

action of G, on J~1(v) is simple. Then, M, = J~*(v)/G, is a cosymplectic manifold with cosymplectic

structure (n,,w,) characterized by

(2.10) TNy = 1,1, Ty Wy = 1,w,

where 7, : J~1(v) — M, is the canonical projection and i, : J~1(v) < M is the canonical inclusion.
Moreover, the restriction & ;-1(,) of § is tangent to J~Y(v) and m,-projectable onto the Reeb vector

field &, of M,,.

Since each cosymplectic manifold is a Poisson manifold, the above reduction problem can be enclosed
in the more general case of the reduction of Poisson structures, studied by Marsden-Ratiu [I17]. The
supplementary information added by Albert consists in the cosymplectic nature of the reduced manifold.
Furthermore, as it has been remarked in [I06], one can prove that the Poisson structure induced by
(M, wy) coincides with the reduced Poisson structure deduced by the Marsden-Ratiu reduction theorem
for Poisson manifolds.

In [59] de Leén and Saralegi showed that the Albert reduction theorem can be obtained in a different
way, by first extending the phase space M according to Proposition [2:3] and then applying the Marsden-
Weinstein reduction procedure for symplectic manifolds [I16]. This allows them to study cosymplectic
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singular reduction, that is the reduction for singular values of the momentum map, by applying the results
of Sjamaar and Lerman [I37)] for singular symplectic reduction. In this way, the authors of [59] are able
to obtain a stratified cosymplectic space as a result of the reduction of a cosymplectic manifold with a
cosymplectic action of a compact group and a momentum map.

2.3. Universal model for cosymplectic manifolds. The following more general kind of reduction of
cosymplectic manifolds was considered by de Leén and Tuynman [60].

Definition 2.7. Let (M,n,w) be a cosymplectic manifold and let C' be a submanifold of M. Suppose
furthermore that the following three conditions are satisfied:

(i) the Reeb vector field ¢ is tangent to the submanifold C;
(ii) the characteristic distribution F := kern|c Nker w|c has constant rank and hence it is a regular
foliation on C;
(iii) the foliation F is simple, i.e. the space of leaves M, := C/F has a structure of a manifold and
the canonical projection 7 : C' — M, is a submersion.

Under the above hypotheses, it can be shown that there exist unique closed forms 7, € Q!(M,.) and
w, € Q%(M,) such that (M,,n,,w,) is a cosymplectic manifold, the pullbacks of 7*n, and 7*w, coincide
with the restrictions n|¢ and w|c, respectively, and the Reeb vector field £ of M projects onto the Reeb
vector field &, of the cosymplectic manifold M,..

In these circumstances we will say that M,. is the reduction of M by C.

Some properties of the cosymplectic reduction are collected in the following proposition.

Proposition 2.8 ([60]). Let (M,,n,w;) be the reduction of a cosymplectic manifold (M,n,w) by a
submanifold C C M. Then, n is exact implies that n, is also exact. If the Reeb vector field & is complete
and C' is closed in M, then &, is also complete.

One could wonder if the local models for cosymplectic manifolds, which are given by the Darboux
coordinates on R?"+1 could be general universal models, in the sense that all cosymplectic manifolds
can be obtained from an R?V+1 by reduction with respect to a submanifold. Indeed in the Darboux local
model the 1-form is exact and the Reeb vector field is complete. Since for a general cosymplectic manifold
the 1-form 7 need not be exact, Proposition [2.8] shows that local models cannot be universal. Moreover,
since the Reeb vector field of a general cosymplectic manifold need not be complete, it also follows from
Proposition that we cannot always take the submanifold C' to be closed. This is in sharp contrast
with the symplectic case, studied in [91], in which the local model R?¥ is at the same time the universal
model, and in which the reduction can always be done by a closed submanifold. The universal model for
cosymplectic manifolds found by de Leén and Tuynman turns out to be slightly more complicated.

Let us say that a manifold is of cohomologically finite type if the de Rham cohomology H*(M) is a
finitely generated vector space for all k. For any 1-form 7 on a manifold M we define rankg(n) by

rankg(n) = dimg(Q - Periods(n)),

where
Periods(n) = {/n | z a chain in M} CR.

z
Note that for a manifold M of cohomologically finite type the Q-dimension of Q-Periods(n) is always finite.
We can now state the following theorem which gives the universal model for cosymplectic manifolds.

Theorem 2.9 ([60]). Let (M,n,w) be a cosymplectic manifold of cohomologically finite type. Then there

exist integers N and k and real numbers uy,...,u that are independent over Q such that M is the
reduction of the cosymplectic manifold (My, ny,wy) by some submanifold C C M, where
k

M, =RxTHTFxRY),  ny=dbpypy, wu=dt+ Y mdep;,

=1
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where Opr wgn is the Liouville 1-form, ¢; are the angle coordinates on the torus, t is the canonical coor-
dinate on R, and k = rankg(n).

De Leén and Tuynman also proved a corresponding equivariant version of the above theorem, for which
we refer to [60].

2.4. Canonical homology. The canonical homology was introduced by Koszul in [104] for any Poisson
manifold. As every cosymplectic manifold can be considered as a Poisson manifold as well, it is interesting
to study the properties of the canonical homology for them.

Let M be a Poisson manifold and 7 the Poisson bivector. Then we can define the map §: Q7 (M) —
OP~Y (M) by 6 = [ir,d], where i, is the operator of contraction with the bivector 7. It is easy to check
that 62 = 0. Therefore (QP (M), 6) is a complex, whose homology Hpe™ (M) is called canonical homology
of M.

In the case M>" is a compact symplectic manifold it was shown in [25] that HS*" (M) = H**~? (M)
for 0 <p<n.

It was discovered in [77] that a similar result for a compact cosymplectic manifold M2+ is false by
constructing an explicit counterexample of dimension 5. Nevertheless, in [77] Ferndndez et al. were able to
construct a spectral sequence whose first page is given by Hy®" (M) and that converges to H Intl=p (M).
In particular, for any compact cosymplectic manifold M

dim Hp*" (M) > bopy1—p (M), 0<p<2n+1.

Further topological properties of cosymplectic manifolds will be reviewed in the almost coKahler context
in Sections B.7 and

3. COKAHLER STRUCTURES

Historically coKéhler manifolds were defined by Blair in [I2] in the context of quasi-Sasakian man-
ifolds and, independently, by Ogiue in [I23] as normal almost contact metric manifolds such that the
fundamental 2-form ¢ and the 1-form 7 are closed. Actually the notion was used, even if implicitly, for
the first time in an article of Okumura ([124]), where he studied the hypersurfaces of a Kéhler manifold
of constant holomorphic sectional curvature. Okumura studied the conditions for which such a hyper-
surface carries a cosymplectic structure, but he did not realize that in fact he was dealing with a general
geometric structure richer than the cosymplectic one.

It should be remarked that Ogiue used the word “cocomplex”, whereas Blair the word “cosymplectic”.
The latter has been used in many subsequent papers and it is now widely spread across the literature.
However, since it could be confusing, as the same term was used by Libermann for a different (although
related) geometric structure, here we prefer the word “coKéhler”. This name was firstly used by Bejancu
and Smaranda ([I1]) and, later on, by Janssens, Vanecke ([98]) and Marrero ([I14]). More recently the
paper of Li ([I07]) and some other subsequent papers have adopted this terminology.

3.1. Basic definitions and properties. An almost contact structure on a manifold M is given by a
triple (¢, &,m), where £ is a vector field, 7 is a 1-form and ¢ is a (1, 1)-tensor field related by the following
conditions

P*=—-I+n®¢ nE) =1,

where I denotes the identity mapping. From the definition it follows that M has necessarily odd dimen-
sion, say 2n + 1. Further consequences are that ¢¢ = 0 and no ¢ = 0 (see [I5] for the proof and any
detail). This notion was introduced in 1961 by Sasaki ([I34]). In the same year Sasaki and Hakateyama
([135]) introduced the odd-dimensional counterpart of the notion of complex manifold. Their idea was to
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consider the product M x R of an almost contact manifold with the real line and to define on it a tensor
field J of type (1,1) by

(3.1) 1 (xrg) = (ox - rencog)

for any X € I'(TM) and f € C*°(M x R). One easily checks that J? = —I, giving an almost complex
structure on M x R. Then one says that, by definition, the almost contact structure (¢, &, n) is normal
if J is a complex structure. Some long but straightforward computations of the Nijenhuis torsion of J
yield, for any X, Y € I'(T M),

1,7 (X, 0), (V,0)) = (N<1><X, ¥),N®) <X,Y>d)

dt
[lﬂ(@ﬂ&(&i))=<N@mmJW®ugi>,

where we have put

(32) N = [p,6] + 2dn @ ¢

(8:3) NO(X,Y) = (Loxn)(Y) = (Loyn)(X)

(3.4) N® = L

(3.5) N® .= Len.

Therefore (¢, €,n) is normal if and only if all the above fundamental tensors NV, N2 N3 N(4) vanish
identically. However, it was proved that the vanishing of N implies the vanishing of the remaining
tensors. Thus one has the following theorem.

Theorem 3.1 ([135]). An almost contact manifold (M, ¢,&,n) is normal if and only if the tensor field
N wanishes identically.

A Riemannian metric g on M is said to be compatible with the almost contact structure if it satisfies

(3.6) 9(¢X,0Y) = g(X,Y) — n(X)n(Y)
for any X,Y € I'(T'M). Such a metric always exists, provided that M is paracompact. If we fix one, say
g, we call the geometric structure (¢, &, 7, g) an almost contact metric structure. Note that, taking ¥ = ¢

in we get
(3.7) n(X) = g(X.¢).
Moreover, implies that g(¢X,Y) = —g(X, ¢Y) for any X, Y € TI'(T M), so that the bilinear form ®
defined by

B(X,Y) = g(X,4Y)
is in fact a 2-form, called fundamental 2-form (or Sasaki form) of the almost contact metric manifold
(M, $,&,7,9). Since ¢p€ = 0 one easily gets

(3.8) ie® =0

Due to , we can decompose the tangent bundle of an almost contact metric manifold as the orthogonal
sum of the codimension 1 distribution D = ker(n) and the 1-dimensional distribution V defined by the
vector field &.

There are many remarkable classes of almost contact metric manifolds (for a full classification see [43]).
One of them is given by quasi-Sasakian manifolds, that is normal almost contact metric manifolds whose
fundamental 2-form is closed. This class of almost contact metric manifolds, which resembles the class of
Kéhler manifolds in even dimension, was defined by Blair in his Ph.D. thesis (see [12]) and then studied
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by several authors. Among Blair’s results there is the fact that there are no quasi-Sasakian manifolds of
even rank. Recall that an almost contact manifold (M, ¢,£,n) of dimension 2n + 1 is said to be of rank
2p+1 if, for some p < n, one has that n A (dn)? # 0 at any point of M and (dn)P*! = 0, whereas one says
that M has rank 2p if (dn)? # 0 and n A (dn)? = 0 on M. If the rank is maximal, n becomes a contact
form. We now examine the minimal rank case.

Definition 3.2. An almost coKdhler manifold is an almost contact metric manifold (M, ¢,&,7,g) such
that the fundamental 2-form ® and the 1-form 7 are closed. If in addition the almost contact structure
is normal, we say that M is a coKdhler manifold.

Any almost coKéhler manifold is canonically a cosymplectic manifold, with cosymplectic structure
determined by the 1-form 7, the 2-form ®, and £ as Reeb vector field. This can be proved by considering
a ¢-basis, that is a local orthonormal basis {X1,...,X,,Y1,...,Y,, &}, where for each i € {1,...,n},
Y; = ¢X;. Such a basis exists in every almost contact metric manifold (see e.g. page 44 of [15]). Then

nARHE X, .., Xn, Y1, Yy) #0.
Conversely, any cosymplectic manifold carries an associated almost coKéahler structure, as shown in the

following theorem.

Theorem 3.3 (cf. [14,58)]). Let (M,n,w) be an almost cosymplectic manifold of dimension 2n + 1 with
Reeb vector field £. Then, there exists an almost contact metric structure (¢,€,n,9) on M (with the same
1 and &), whose fundamental 2-form ® coincides with w.

Proof. Let £ be the Reeb vector field of (M, n,w) (see page . It satisfies the equalities

n€) =1,  igw=0.
For every non-zero X € I'(ker(n)), we have ixw = ixw + n(X)n = b(;w) (X), which is non-zero since
b(n.w) is an isomorphism. This shows that the restriction of w to D := ker(n) is a non-degenerate quadratic
form. Denote by R¢ the distribution generated by £. Then there exists a vector bundle endomorphism
¢p : D — D and a metric gp on D such that for any vector fields X,Y € I'(D),
gD(Xv ¢DY) = w(Xa Y)a

and ¢% = —Ip, where Ip denotes the identity map on D (see for example [95]). Now, we define a metric
g on M by

g(XaY):gD(va)v g(Xag):Ou g(gvé-):la
for any X,Y € T'(D). Next, we define a vector bundle endomorphism ¢ : TM — TM by
¢(X) :¢D(X)7 Cb(f) =0,
for any X € I'(D). Then, it is easy to check that (M, ¢,£,n,¢g) is an almost contact metric structure and
9(X,9Y) =w(X,Y).
]

Corollary 3.4. Any cosymplectic manifold (M, n,w) admits an almost coKdhler structure (¢,&,n, g) with
fundamental 2-form ® = w.

CoKéhler manifolds were studied for the first time in [I2] and [I6] in the context of quasi-Sasakian
manifolds, since they are quasi-Sasakian manifolds of rank 1.

We collect some basic properties of almost coKéhler manifolds. The first is that, due to the closedness
of n, one has that D is integrable and, moreover, the Reeb vector field is an infinitesimal automorphism
with respect to D, that is [, X] € T'(D) for any X € I'(D).

Notice that, by and the Cartan formula for the Lie derivative, one obtains

(3.9) Le®=0.
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The next theorem shows some properties which almost coKahler manifolds share with contact metric
manifolds (cf. [I5, Theorem 6.2]):

Theorem 3.5. For an almost coKdhler structure (¢,£,m,g) the tensor fields N® and N vanish.
Moreover, NV coincides with the Nijenhuis tensor of ¢ and N®) vanishes if and only if & is a Killing
vector field.

Proof. The claim straightforwardly follows once one observes that N and N® can be written as
NA(X,Y) = 2dn(¢X,Y) — 2dn(X,¢Y), NW(X) = 2dn(, X).
For the last part of the theorem, notice that by one has
0= (Le®)(X,Y) = (Leg) (X, 0Y) + g(X, (Led)Y),
from which, by using the vanishing of N¥), the assertion follows. O
Corollary 3.6. In any almost coKdhler manifold the integral curves of the Reeb vector field are geodesics.
Proof. The vanishing of N yields, for any X € I'(TM),
0 =&(n(X)) —n([& X])

= &(9(X,€)) — 9(Ve X, §) +9(Vx&,§)

= 9(X, V¢),
since g(Vx&, &) = X (9(£, ) — g(§, Vx&), from which it follows that 2g(Vx¢,&) = 0. O

Another general property of almost coK&hler manifolds concerns the harmonicity of the forms n and
P:

Theorem 3.7 ([90]). The 1-form n and the 2-form ® of any almost coKdhler manifold are harmonic.

Now recall the following general formula, which holds for any almost contact metric manifold ([15]
Lemma 6.1]),

29((Vx¢)Y, Z) = 3d®(X,¢Y, ¢Z) - 3d®(X,Y, Z) + g(NV(Y, Z2), ¢ X)
+ N, Z)n(X) + 2dn(8Y, X)n(Z) — 2dn(¢Z, X)n(Y).
Therefore we have the following result for almost coKéhler manifolds.

Corollary 3.8. In any almost coKdhler manifold one has

1
(3.10) 9(Vxe)Y, 2) = 59([9, 91, 2), ¢X).
From (3.10) it follows in particular that
(3.11) Vep =0,

which was already proved in another way by Olszak ([125]). Another easy consequence of (3.10) is that
if M is coKéahler then ¢ is parallel. However also the converse holds. In fact we have the following more
general result.

Theorem 3.9 ([12]). An almost contact metric manifold (M, ¢,&,n,g) is coKdhler if and only if V$ =0
or, equivalently, V® = 0.

On an almost coKéhler manifold it is often convenient to use the operator
1
2
The main properties of this tensor field are described in the following proposition, which can be proved
straightforwardly (see also [67]).

h = %zgqs =-N®,
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Proposition 3.10. Let (M, ¢$,£,7,9) be an almost coKdhler manifold. Then the operator h satisfies the
following properties:

(i) h is a symmetric operator with respect to g;

(ii) h anti-commutes with ¢;

(iii) V& = —¢h.
Then we can state the following important result.

Theorem 3.11. Let (M, ¢,&,m,g) be an almost coKdhler manifold. The following statements are equiv-
alent:

(a) the operator h vanishes identically;

(b) the Reeb vector field is parallel;

(c) the Reeb vector field is Killing;

(d) the foliation D defined by the kernel of n is totally geodesic;

(e) M is locally the Riemannian product of an almost Kdahler manifold with the real line;

((;) Vn =0.

Remark 3.12. Since in any coK#hler manifold, as N = 0, also the tensor field N®) vanishes, by
Theorem [3.11] we have that ¢ is Killing. The converse, in general, does not hold. However, it was proved
that in dimension 3 any among the above six conditions is equivalent to requiring that the manifold is
coKéhler ([90]).

Concerning the operator h, we state the following general identity, due to Olszak ([125]), which relates
h with the covariant derivative of ¢ in any almost coK&hler manifold

(3.12) (Vox @)oY + (Vx )Y —n(Y)hX = 0.
Notice that, from it follows that (V4xn) (@Y ) = —(Vxn)(Y).

3.2. Examples of coK#hler manifolds. The standard example of (almost) coKéhler manifold is given
by the product of an (almost) Kihler manifold (N, J, G) with R (or S*). If ¢ denotes the global coordinate
on R, any vector field of M can be written as (X f %) for some smooth function f on the product. Let
us define a tensor field ¢ of type (1,1) by setting ¢ (X, f%) = (JX,0), a vector field & := %7 a 1-form
n := dt and a Riemannian metric g as the product metric G + dt?. Then one can check that (¢,&,7,g)
is an almost coKahler structure such that ¢ is Killing, and it is coKahler if and only if N is K&hler.

On the other hand by Theorem [3.11] every coKéahler manifold is, at least locally, the Riemannian
product of a Kahler manifold with the real line.

Therefore two natural problems rise:

Question 1 - Are there examples of almost coKdhler manifolds which are not, even locally, the Rie-
mannian product of an almost Kdahler manifold with the real line?

Question 2 - Are there examples of coKdhler manifolds which are not the global product of a Kdhler
manifold with R or S* 2

Clearly, in view of Theorem [3.11 Question 1 is equivalent to the problem of finding examples of proper
almost coKéhler manifolds with non-Killing Reeb vector field. The problem was solved by Olszak ([125]),
who found an example of an almost coKéahler structure with non-parallel Reeb vector field in any odd
dimension. Namely, let g be the (2n+1)-dimensional real solvable Lie algebra with basis { Ey, E1, ..., Ea,}
and non-zero Lie brackets

[Eo, Bi] = —a;E; — 6i4nEiyn, [Eo,Eitn] = —0itnEi + a;Eiyp,

where ay, ..., as, are real numbers such that a? + - -- +a3, > 0. Let G be a Lie group whose Lie algebra
is g and extend {Ey, E1,..., Fa,} to left invariant vector fields on G. We define on G a Riemannian



Electronic version of an article published as Rev. Math. Phys., 25, (10), 2013, 1343002, 55, doi: |10.1142/

50129055X13430022 (© copyright World Scientific Publishing Company www.worldscientific.com/worldscinet/rmp 13

metric g by imposing that {Fy, E1, ..., Fa,} is orthonormal. Then we define a 1-form n and a tensor
field ¢ by setting n(E;) = do; for each j € {0,1,...,2n} and ¢Ey =0, ¢E; = E,1,, ¢E;4, = —F; for
each i € {1,...,n}. Then putting £ := Ey, one can prove that (¢,&,n,g) is an almost coK&hler structure
such that V& # 0.

With regard to Question 2, it was positively solved in dimension 3 by Chinea, de Leén, Marrero in
1993 ([40]). We now describe such an example explicitly. Firstly let us consider the following general
construction, due to Fujimoto and Muté ([83]). Let (N, J,G) be a compact K&hler manifold and f :
N — N be a Hermitian isometry, that is an isometry of the Riemannian manifold (V,g) such that
feoJ = Jo f.. Define an action p: Z x (N xR) — N x R of Z on N xR by p(k, (z,t)) = (f*(x),t+k).
This action is free and properly discontinuous, so that the corresponding orbit space M/ is a compact
smooth manifold. Then the coKéahler structure induced on the product manifold N x R descends to a
coKahler structure on My := (N x R)/Z. Now Chinea, de Leén, Marrero restrict to the case when N is
the 2-dimensional torus T? with its standard Kahler structure and f is the Hermitian isometry induced
by the isometry of R? f(z,y) = (y, —z). They note that the manifold My := (T? x R)/Z is nothing but
the manifold T3 considered in [86], where

0 1
(00,

As, according to [86], A is neither conjugated with a matrix of the form

a=(5 1)
a-(5 1)

the first Betti number of My is 1. Therefore, My cannot be the global product of a compact surface S
with the unit circle S'. Indeed in such a case the first Betti number of S would be 0 and hence S would
be the sphere S?. Then from the homology exact sequence

nor

0— Z* — T (T%) — Z — 0

one would get an injective homomorphism from Z? into II; (T3 ) = Z, which yields a contradiction. This
is the argument used in [40] for proving that M is not the global product of a Kéhler manifold with S*.

In [IT5], Marrero and Padrén generalized this example to any odd dimension. We briefly illustrate
their construction. Let us consider the 2n-dimensional torus T?" with the Kihler structures (J,G) and
(J',G") defined as follows

2n
JXi=-Y;, JYi=X;, G=) (0;@0;+p®p)
j=1
2n
JX] ==Y/, Y/ =X, @=> (aj®a;+p;p))

j=1

for eachi € {1,...,n}, where {X1,..., X,,,Y1,...,Y,} is the canonical global basis of vector fields on T?",

{a1,...,an,B1,...,Bn} the corresponding dual basis of 1-forms, o] := a; + cos T 3;, B := —sin 3; and

{X1{,...,X].Y],..., Y} the dual basis of vector fields of the basis of 1-forms {a},...,a},,51,...,85L}.
Then, as described before, we can consider the action of Z on T?" x R via an Hermitian isometry f

and the corresponding quotient space My := (T?" x R)/Z. Let us consider the case when f is induced
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by an isometry f of R?", Marrero and Padrén considered the following four cases

Fi(@y e T Yts s Un) = (Yls e e ey Uny =15 e e ey — )
fQ(zl,...,xn,yl,...,yn) = (=21, o, Ty —Y1y -y —Yn)
fg(xl,...,xn,yl,...,yn) =(=Yly-eoy—YnsT1 + Y1y Tn + Yn)
Fa(@r, e T Yts ey Un) = (=1 — Y1, ooy =Ty — Yny Ty e oo T,

so obtaining the corresponding compact coKéahler manifolds Mjy,, i € {1,...,4}. Notice that, for n =1,
My, coincides with the 3-dimensional example of Chinea, de Leén, Marrero illustrated before. Then the
authors proved the following remarkable result:

Theorem 3.13 ([115]). The manifolds My,, My,, My,, My, are (2n + 1)-dimensional compact flat
coKdhler solumanifolds which are not topologically equivalent to the compact coKdhler manifolds T2+ x
CP", with m,r >0, m+r =n.

Concerning the above examples, Fino and Vezzoni ([8I]) showed that these solvmanifolds are finite
quotients of a torus. In fact the authors prove a more general result, namely that a solvmanifold has a
coKahler structure if and only if it is a finite quotient of a torus which has a structure of a torus bundle
over a complex torus. Recently, in [9] Bazzoni and Oprea found non-trivial examples of non-product
compact coKahler manifolds in every odd dimension.

3.3. CoKihler manifolds and Kahler geometry. CoKé&hler manifolds are the most natural analogues
in odd dimension of Kahler manifolds. This can be seen for instance by looking at the 1-dimensional
foliation V defined by the Reeb vector field, usually called Reeb foliation. In fact notice that the closedness
of the fundamental 2-form ® together with implies that ® is a basic 2-form. Moreover, by Theorem
the vanishing of N f) also implies that the tensor field ¢ and the Riemannian metric g are projectable
tensors. Roughly speaking, this means that ®, ¢ and g are constant along the leaves of the Reeb foliation,
so that they locally project to a 2-form w’, a tensor field J’ and a Riemannian metric G’ on the leaf space.
Then («’, J’, G') form a Kahler structure. Thus any coKahler manifold is foliated by a transversely Kahler
foliation. If in particular V is simple, then there exists a Riemannian submersion 7 : (M, g) — (N',G")
such that ker(m,) =TV and 7, 0 ¢ = J o m,.

Therefore, at least locally, any coKahler manifold projects onto a Kahler one. On the other hand, given
a coKéahler manifold M there exists a Kéhler manifold N projecting onto M. It is enough to consider
the product of M with the real line (or the unit circle), endowed with the complex structure J defined
by and the product metric G = g+ dt?. An easy computation shows that G is an Hermitian metric.

Moreover, one has
d d d d
(o) (o)) = (o) 7 ()
from which it follows that

do ((x.£5) (vin s (26 2)) = ae(x,v, 2) - 2 (kdn(X,Y) — hdn(X. Z) + fdn(Y, 2)),
de dt dt 3

for any X,Y,Z € I'(TM) and f,h,k € C°°(M). Therefore, the almost Hermitian structure induced on
M x R is (almost) Kéahler if and only if M is (almost) coKéahler.

This construction on the product of an almost contact manifold with the real line can be extended to
a more general setting. Let (My, ¢1,&1,m1) and (Ma, ¢2,&2,m2) be almost contact manifolds. We define
on the product manifold M; x Mj a tensor field J by setting

J (X1, Xa) = (¢1X1 — m2(X2)&1, p2a X + n1(X1)&2) -
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One checks that J? = —I, so that an almost complex structure is defined on M; x Ms. This construction is
due to Morimoto ([121]), who proved that (M; X Ma, J) is a complex manifold if and only if (M7, ¢1,&1,11)
and (Ma, ¢2,&2,12) are normal almost contact manifolds. It is worth mentioning that an interesting
corollary of this is the well-known result, previously proved by Calabi and Eckmann, that the product
§2r+1 % §2a+1 of any two odd-dimensional spheres is a complex manifold. Notice that, since the second
Betti numbers of these compact manifolds are zero, they cannot carry any Kahler structure.

Now let us consider two almost contact metric manifolds (M, ¢1,&1,m1,01) and (Ma, ¢, &2, 12, g2).
Then Goldberg ([88]) proved that the product M; x My, endowed with the above almost complex structure
J and with the product metric G = g1 + ¢o is Kéahler, provided that the factors are coKéhler. Later
on, Capursi ([35]) proved that also the converse holds. In fact he proved the result in a more general
setting, dealing with almost Kéhler and nearly Kéahler manifolds. Summing up, we can state the following
theorem.

Theorem 3.14. The almost Hermitian manifold (My x Ms, J,G) is (almost) Kahler if and only if both
(M, ¢1,81,m,91) and (Ma, ¢2,82,72, 92) are (almost) coKdhler.

In [I50] Watson further generalized Morimoto’s construction by considering, for each real number a
and b # 0 the manifold M = M; x M, endowed with the tensor field J,; and the Riemannian metric
G defined by

a a? 4+ bv?
5771(X1)+

Jap (X1, X2) = <¢’1X1 - < 772(X2)> &1, 92X + (2771()(1) + ZTI2(X2)> €2>

and

Gap (X1, X2), (Y1,Y2)) = g1 (X1, Y1) + am (X1)n2(Yz2) + ani (Y1) n2(X2)
+ (@ 4+ 0% + 1)ma(Xa)na(Ya) + g (Xa, Y2) -

In the most general case, that is when (M7, ¢1,&1, 71, 91) and (Ma, ¢a, &2, 12, g2) are almost contact metric
manifolds, one has that (M, J, 4, Gop) is an almost Hermitian manifold. The fundamental 2-form w, p, :=
G(-, Jap+) is then given by
Wa,b = @1 + Do + 20m1 A 1o,
from which
dwgp = dP1 + d®Py + 20 (dm Ang —m1 Adna) .

Again, one proves that (M,Jyp,Gap) is a Kéhler manifold if and only each (M, ¢q, &, 14, 9:) is
coKahler, i € {1,2}. Then Watson used the aforementioned Olszak’s examples of strictly almost coKahler
non-compact solvable Lie groups for constructing new examples of almost Kéhler non-Kéahler manifolds.
It is enough to take the product of any of such Lie groups and to apply the previous results on the almost
Kahler structure on the products. Namely, he proved the following result.

Theorem 3.15. Given two odd integers, 2p+ 1 and 2q + 1, p,q > 0, there exist noncompact, connected,
solvable Lie groups G?p+1 and G§q+1, such that G = G?Zﬁl X Gg‘ﬁl carries a two parameter family of
almost Kdhler structures which are not Kdhler.

Further, one can consider Thurston’s torus bundle W* over T? with strictly almost Kéhler structure
(J,9). Then one puts on W* x S! the standard almost coKihler structure, so that W* x S! cannot be
coKéhler because W* is not Kihler. Thus, the non-K#hler almost Kéhler structure described before is
defined on M = (W* x S1) x (W?* x S'). Note that, as shown in [I50], we could not have obtained the
non-Kéhler property of M from its cohomology. Moreover, if N is any compact Kdhler manifold, then
M = (W* x S1) x (N x S1) can be made strictly almost Kihler in the same way. However, in this case,
b1 (M) =0b1(N)+5 is odd and the non-Kéhler property emerges from cohomological considerations.
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Turning to the general case, we mentioned that the 2n-dimensional distribution D := ker(n) of any
almost coKéahler manifold M of dimension 2n+ 1 is integrable and so defines a foliation orthogonal to the
Reeb foliation. Since ¢ X € I'(D) for any X € I'(D), ¢ induces an almost complex structure J on each
leaf of D, which is compatible with the metric G induced by g. One can easily see that the fundamental
2-form of this almost Hermitian structure is closed, so that we have that the leaves of D are almost
Kéhler manifolds. Olszak proposed the following definition ([127]). An almost coKdhler manifold with
Kahlerian leaves is an almost coKahler manifold such that the leaves of the canonical foliation D are
Kéhler manifolds. Clearly if M is coKéhler or if dim(M) = 3 then M is an almost coK&hler manifold with
Kéhlerian leaves. Thus the question is whether in dimension greater than 3 any almost coKahler manifold
with Kéahlerian leaves is necessarily coKéhler. Olszak gave a negative answer, by finding some explicit
counterexamples (see Example 3 and 4 in [I27]). Moreover he proved the following characterization.

Theorem 3.16 ([127]). Let (M, ®,&,m,g) be an almost coKdhler manifold. Then M is almost coKdhler
with Kdhlerian leaves if and only if the structure (¢,&,m, g) fulfils the condition

(Vx @)Y = g(X,hY)§ —n(Y)hX
for any XY e T(TM).

Corollary 3.17. An almost coKdihler manifold with Kdhlerian leaves is coKdhler if and only if the Reeb
vector field is Killing.

We remarked that in dimension 3 any almost coKéahler manifold with ¢ Killing is necessarily coKé&hler,
but in higher dimensions this is not true. Thus in view of Corollary [3.17] we can say that the condition of
having Kéahlerian leaves is what is missing for an almost coKéahler manifold with £ Killing to be coKéhler.

Furthermore, we mention that recently Dacko has developed a new approach towards almost coKahler
manifolds with Kéhlerian leaves based on the techniques of CR-geometry (see [49] for more details).

3.4. CoKaihler structures on hypersurfaces of Kahler manifolds. Other examples come from
hypersurfaces of Kéhler manifolds. The first author that studied the geometric structures induced on
a hypersurface of an almost Hermitian manifold was Tashiro in 1963 ([I41], [142]). A few years later
Okumura ([I124]) and Goldberg [88] found necessary and sufficient conditions for which a hypersurface of
a Kihler manifold carries a coKéhler structure. Let (M, .J, §) be a (2n + 2)-dimensional Kéhler manifold
and let ¢ : M — M be a C°° orientable hypersurface. Let N be the unit normal of M with orientation
determined by that of M. Then for any vector field X € I'(T'M) let us decompose Ju. X into the
components tangent and normal to M, so defining a (1, 1)-tensor field ¢ and 1-form 1 on M by

Ju X = 1,6X +n(X)N.

Next, one can prove that £ := —JN is a vector field tangent to M and that (6,&,1,¢g) is an almost contact
metric structure, where g := ¢*g is the induced metric. Now we have the following theorem:

Theorem 3.18 ([124], [88]). With the above notation, a necessary and sufficient condition for a smooth
orientable hypersurface M of a Kdhler manifold M to be almost coKdhler is that its Weingarten operator
A anticommutes with ¢,

Ap+ pA=0.
A necessary and sufficient condition for M to be coKdhler is that its second fundamental form h is
proportional to n @ n, that is
h=fn®n,
where f = h(,§), or equivalently
A= fne¢
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In particular it follows that any totally geodesic C'*° orientable hypersurface of a Kéahler manifold
carries a coKéhler structure. Further, Okumura studied the geometry of the hypersurfaces in a Kahler
manifold of constant holomorphic sectional curvature. He proved that there is no coKéahler hypersurface
in a Kahler manifold of positive constant holomorphic sectional curvature. This result was improved by
Olszak in [126], where the following theorem was proved.

Theorem 3.19 ([I26]). There are no almost coKdhler hypersurfaces in Kdahler manifolds of non-zero
constant holomorphic sectional curvature.

3.5. Homogeneous coKéahler manifolds. An almost contact metric manifold (M, ¢, £, 7, g) is said to
be almost contact homogeneous if there exists a connected Lie group G of isometries acting transitively
on M and leaving ¢ (and hence also n and &, cf. [42]) invariant.

Studying almost contact homogeneous manifolds is a very difficult task in the full generality, so one
restricts to some remarkable classes of almost contact metric manifolds. In fact in the coKéahler setting
there is a full classification in dimension 3, due to a recent work of Perrone ([I30]). Namely, a 3-
dimensional simply connected homogeneous almost coKéhler manifold is either a Riemannian product of
the real line with a K&hler surface of constant curvature or a Lie group G equipped with a left invariant
almost coKahler structure. Moreover, in this last case, we have the following classification, based on the
invariant

p = [[Lehll — 2]|h].
CoKdhler case

(1) If G is unimodular, then the metric is flat and G is either the universal covering E (2) of the group
of rigid motions of Euclidean 2-space, or the abelian Lie group R3.
(2) If G is non-unimodular, its Lie algebra g := (e1, ea, €3) is given by

le1,e2] = ez, [e1,e3] =[ez,e3] =0, (a#0)
where e1,es = ¢e; € D and ez = &.
Non-coKdhler case

(3) If G is unimodular, then G is one among the following;:
- EQ2),ifp>0
- the group E(1,1) of rigid motions of the Minkowski 2-space, if p < 0
- the Heisenberg group H?, if p = 0.
(4) If G is non-unimodular, then p = 0 and its Lie algebra g := (e1, ea, e3) is given by

le1,e2] = aea, [e1,e3] =vea [ea,e3] =0, (o, #0)

where e1,es = ¢e; € D and ez = €.

Furthermore, Perrone proves that in all the aforementioned cases except (4) the Reeb vector field & is
harmonic. Recall that a unit vector field U on a m-dimensional Riemannian manifold (M, g) can be
regarded as a map U : (M,g) — (T1M, gs), where gg denotes the Sasaki metric on the unit tangent
sphere bundle 77 M. When M is compact we can define the energy of U as the energy of the corresponding
map:

BO) = 5 [ VI vy = Groldtg)+ 5 [ 19U,

A unit vector field U is then called harmonic if it is critical for the energy functional E defined on the
set of all unit vector fields on M.

A family of examples of homogeneous almost coKéahler structures in dimension greater than 3 is
proposed in [42]. Let us consider the generalized Heisenberg group H(1,r), r > 1, that is the Lie group
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of real matrices of the form

10 0 ajtt ajt?
0 1 0 ab™ ait?
6 0 e 1 aﬁ.‘“l a:.+2 ’
00 -+ 0 1 aff
00 -~ 0 0 1

where a‘Z € R. This is a connected and simply connected Lie group of dimension 2r + 1. Let {x;,y;, 2},
i € {1,...,r}, be the coordinate functions on H (1, r) defined by z;(A) = a/ ™", y;(A) = a2, 2(A) = a/ 13,
for any A € H(1,r). One proves that the 1-forms «; := da;, 5; := dy; — x;dz and n := dz are linearly
independent and invariant under the action of H(1,r). Moreover, by setting

D= 7i0¢i/\ﬂi
=1

it turns out that (n, ®) is a cosymplectic structure. A compatible almost coKéahler structure is defined
in the following way. Let X; = B%i’ Y, = 6%1,7 €= % +>0 mi% be the dual vector fields of the left
invariant forms «;, 8;, 7, respectively. Then one can easily prove that they form an orthonormal frame
field with respect to the left invariant metric on H(1,r) defined by

T

gi=Y (i +8)+nen

=1

Further we define a tensor field ¢ by imposing that g(-,¢-) = ®. One can check that (¢,&,7,9) is an
almost coKéhler structure. Since Vx,§ # 0, the structure is not coKéhler (cf. [42]). Chinea and Gonzalez
give a detailed study of homogeneous structures on H(1,r). In particular, they prove that H(1,7) is a
homogeneous almost coKéhler manifold of type 72 @ T3, according to the classification of homogeneous
structures of Tricerri and Vanhecke ([144]).

Further, we also notice that one can consider the manifold M (1,r) = I'(1,7)\H(1,r), where I'(1,7)
is the discrete subgroup of H(1,r) of matrices with integer entries. M(1,r) is a compact nilmanifold
of dimension 2r + 1. However, we point out that M(1,7) cannot admit any coKéhler structure due
to topological obstructions ([44]). Therefore, as the almost coKéhler structure on H(1,r) given above
descends to M(1,r), we see that M(1,7) is an example of a compact almost coKéhler manifold which
cannot have any coKéahler structure. Another example of a compact almost coKahler manifold that
cannot admit any coKihler structure is M(1,1) x T?" (see [44] for more details).

We notice that some almost contact metric structures on M(1,r) are described in [39].

Another class of examples, due to de Leén ([58]), is given by the compact solvmanifolds M (k) = D1\S1,
where S; is a 3-dimensional solvable non-nilpotent Lie group and D; a discrete subgroup of S;. Namely,
let S7 be the set of matrices of the form

e 0 0 =z
0 e* 0 y
0 0 1 =z
0 0 0 1

where x,y,2 € R and k is a real number such that e + e=* is an integer different from 2. One proves
that the forms dz — kzdz, dy + kydz and dz constitute a basis of right invariant 1-forms on S;. Next, let
D, be the discrete subgroup of Sy such that the quotient space M (k) = D;\S1 is compact ([4]). Then
there exists a global basis {«, 5,7} of 1-forms on M (k) such that 7*a = dz — kzdz, 7*5 = dy + kydz,
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m*y = dz, where 7 : S; — M (k) is the canonical projection. Thus one has dao = —ka A, dB8 = kB A~y
and dy = 0. Moreover, if {X,Y, Z} is the dual basis of vector fields to {«, 5,7}, we have

(X,Y]=0, [X,Z]=kX, [Y,Z]=—kY.

Now, as observed by de Leén, M (k) cannot admit any coKihler structure, since otherwise M (k) x S*
would be a Kahler manifold, but it is known that it cannot admit any complex structure (cf. [75]).
Nevertheless an explicit almost coKahler structure can be defined by putting

p=a®Y -BRX, (=7 ni=7 g=a+p+7"

Notice that the Reeb vector field is not Killing, otherwise the manifold would be coKé&hler in view of
Remark B.12]

A generalization of this example in higher dimensions is considered in [39].

We close the section by illustrating a general method for defining left invariant coKahler structures
on Lie groups. First recall the notion of coKdhler Lie algebra. Namely, a coKahler Lie algebra is a real
Lie algebra g of dimension 2n + 1 endowed with a 1-form 7, an endomorphism ¢ and an inner product g
satisfying the conditions

n€) =1, dyp=0, de=0
¢?=-I+ne¢ NV=0, g(¢¢)=g-non,

where ¢ is the dual vector field of 7, ® is the 2-form defined by ® := g(-, ¢-) and Nd()l) is the tensor field
formally defined as in .

This notion is closely related to that of a Kdhler Lie algebra, a real Lie algebra of dimension 2n endowed
with a 2-form w and an endomorphism J satisfying

dw:(], J2:717 [‘L']}:Oa g(']7J):g
Concerning coKahler Lie algebras, Fino and Vezzoni proved the following characterization.

Theorem 3.20 ([81]). CoKdahler Lie algebras of dimension 2n + 1 are in one-to-one correspondence
with 2n-dimensional Kdhler Lie algebras equipped with a skew-adjoint derivation D commuting with the
complex structure.

It follows in particular that any coKahler unimodular Lie group is necessarily flat and solvable.
Actually, the above result was proved at the Lie group level by Dacko in [45] for almost coKéahler
manifolds. His results can be summarized as follows.

Theorem 3.21 ([45]). Let (¢,£,m, g) be a left-invariant almost coKdhler structure on a simply connected
and connected Lie group G. Then G is a semi-direct product of the form Rx ¢ G, where Gy is a Lie group
and f is a 1-parameter group of automorphisms of G1, and ($,€,1,9) is an almost coKdhler extension
of some almost Kdhler structure on Gy.

3.6. Curvature of coKahler manifolds. Curvature properties of coKahler manifolds are among the

most studied topics in coKéhler geometry. We start by collecting some basic properties of almost

coKahler manifolds. We adopt the following notation. We denote by R the curvature tensor defined by
2n

R(X,Y,Z, W) := —g(R(X,Y)Z,W), by Ric the Ricci tensor, given by Ric(X,Y) := > R(E;, X,Y, E;),
i=0

7=

where {Ey :=¢&, F1, ..., E2,} is a local orthonormal basis. Furthermore we denote by Ric* the Ricei *-
2n

tensor, defined by Ric*(X,Y) := > R(E;, X, ¢Y, ¢F;), and, similarly, s* will be the scalar x—curvature,
i=0

given by the trace of Ric*. Moreover we shall denote by K the sectional curvature, defined by K(7) =
K(X,Y):=R(X,Y,X,Y), where X and Y are orthonormal vectors spanning the 2-plane = C T, M.
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The first systematic study of the curvature of an almost coKahler manifold is due to Olszak ([125]).
He found useful formulas relating the curvature tensor of an almost coKahler manifold with other tensor
fields, such as the covariant derivative of ¢, etc.

Theorem 3.22 ([125]). In any almost coKdhler manifold the following identities hold

(3.13) R(£, X)E — ¢R(E, X )€ + 2h*X = 0,
(3.14) s — s* — Ric(, &) + % Vol =0,
(3.15) Ric(¢, &) + [|VE]|* = 0,

where h = lﬁgqb. Furthermore, any compact almost contact metric manifold (M, ¢,&,m,g) satisfying

(3.14) and (3.15)) is necessarily almost coKdhler.

A variation of the last sufficient condition is the following.

Theorem 3.23 ([125]). Let (M,®,&,m,9) be an almost contact metric manifold such that the integral
curves of the Reeb vector field are geodesics and the formsn and ® are coclosed. If M fulfills the conditions

(3.14) and (3.15), then it is almost coKdhler.

Now, one can prove ([I25]) that in any 3-dimensional almost contact metric manifold one has ||[V¢|* =
2(|V€|?, 3)|d®||* = 2 (1) and ||6®]|* = 2]|dn||*. Thus we can state the following theorems.

Theorem 3.24 ([125]). Any 3-dimensional almost contact metric manifold is coKdhler if and only if the
Reeb vector field is parallel.

Theorem 3.25 ([125]). Let (M, $,&,1n,9) be a 3-dimensional almost contact metric manifold such that
any among the following conditions is satisfied:

(i) At least one among n or ® is a harmonic form.

(ii) M is compact and (3.15]) holds.
Then M is almost coKdhler.

Blair proved that a coKéhler manifold of constant curvature is locally flat ([I2]). Later on, Goldberg
and Yano proved in [90] that an almost coKéhler manifold of constant curvature is coKéhler if and only if
it is locally flat. Finally, Olszak ([125], [127]) showed that almost coKéahler manifolds of non-zero constant
curvature do not exist in any dimension. Summing up, we can state the following important theorem.

Theorem 3.26. If an almost coKdhler manifold M is of constant curvature, then the metric is flat and
the structure is coKahler.

Turning to coKéhler manifolds, we state the following properties.

Theorem 3.27 ([90]). In any coKdhler manifold (M, ¢,&,m, g) the following properties hold
(i) R(¢X,0Y) = R(X,Y),
(ii) K(¢X,0Y)=K(X,Y),
(ii) g(R(X,¢X)Y,9Y)=—-K(X,Y)— K(X,¢Y), where X andY are orthonormal vector fields.
From Theorem [3.27] it follows that
(3.16) Ric(X, ¢Y) = Ric(X,Y)
for any X,Y € T'(TM). In particular we have that Ric(X, &) = Ric(¢X,¢¢) = 0 and Ric(X,¢Y) =

Ric(¢X, —Y +n(Y)¢) = —Ric(¢X,Y). This last property implies that the tensor p(X,Y) = Ric(X, ¢Y)
is in fact a 2-form.



Electronic version of an article published as Rev. Math. Phys., 25, (10), 2013, 1343002, 55, doi: |10.1142/
50129055X13430022 (© copyright World Scientific Publishing Company www.worldscientific.com/worldscinet/rmp

By putting Y = £ in (i) and (ii) of Theorem we get, respectively,
R(X,6)=0, K(X,&)=0

21

for any X € I'(TM). Moreover, as an immediate consequence of Theorem one has that
(3.17) R(X,Y)¢pZ = ¢R(X,Y)Z

for any vector fields X, Y, Z. An important result due to Goldberg and Yano ensures that the converse
also holds.

Theorem 3.28 ([90]). If the curvature transformation of the metric g of the almost coKdahler manifold
(M, ¢,&,1n,9) commutes with ¢, then M is normal, that is, it is a coKdhler manifold.

From (3.17) it easily follows that
(3.18) R(X,Y)¢=0.

Actually (3.18]) holds true for any almost coKéahler manifold with £ Killing, since V€ = 0. We now prove
that this is in fact a characterization of this class of almost coKahler manifolds.

Theorem 3.29. Let (M, ¢,£,m,9) be an almost coKdahler manifold.  Then the Reeb vector field £ is
Killing if and only if R(X,Y)¢ =0 for any X, Y € T(TM).

Proof. Clearly if ¢ is Killing then R(X,Y)¢ = 0, as pointed out before. Conversely, let us assume that
R(X,Y)¢ =0 for any X, Y € I'(TM). Then in particular one has R(§, X){ = 0, where X in any vector
field orthogonal to £&. Then by applying we get h2X = 0. This in turn implies, since g is positive
definite, that hX = 0. As h& = 0, we conclude that the tensor field h vanishes identically, so that, by
Theorem ¢ is a Killing vector field. O

Corollary 3.30. In any almost coKdhler manifold with £ Killing one has Ricﬁf = 0, where Ric* denotes
the Ricci operator.

Now, let X, Y, Z any vector fields on a coK&hler manifold (M, ¢, &, n, g) and decompose Z as Z = Zp+
n(Z)¢&, according to the orthogonal decomposition TM = D @ RE. Then, since VD C D, n(R(X,Y)Z) =
n(R(X,Y)Zp) +n(Z)n(R(X,Y)¢) = 0. Using this, (3.17) and (i) of Theorem [3.27] we obtain

(3.19) R(¢X,9Y,0Z,¢W) = R(X,Y, Z, W)
for all X,Y,Z, W € I'(T'M). Using (3.19)) one proves the following theorem (cf. [68]).
Theorem 3.31. On any coKdhler manifold the Ricci operator Ric* commutes with o.

Proof. Let us consider a ¢-basis {E1, ..., Ea,, &}, where for each i € {1,...,n} E,+; = ¢F;. Then, for
any X,Y e I'(TM),

2n
g(Ric*¢X,¢Y) = > R(E;, ¢X, Y, E;) + R(£, ¢ X, ¢Y,€)

i=1
2n

= " R(¢E:, X, Y, 6E;) — g(R(€, $X)9Y, )
=1
2n
i=1

= g(Ric* X, Y).
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By Corollary [3.30, Ric*¢ = 0, so that n(Ric*X) = g(Ric*X,¢) = g(Ric*¢, X) = 0. Hence we have
—g(¢Ric* ¢ X,Y) = g(Ric* X, Y"), from which it follows that

SRic*pX = —RickX.
Applying ¢ yields ¢Ric! X = —¢2Ric*pX = Ric*¢X — n(Ric*¢X )¢ = Ric* ¢ X. O

Theorem shows that the requirement of constancy of the sectional curvature is too strong for
a coKéhler manifold. This leads us to introduce the notion of ¢-sectional curvature (also called ¢-
holomorphic curvature). Given a manifold M with coKéhler structure (¢, &, 7, g), we call a ¢-section any
plane section of T, M spanned by {X, X}, where X is a vector orthogonal to £. The sectional curvature
H(X) := K(X,¢X) corresponding to such a section is then called ¢-sectional curvature. Eum ([72], see
also [I13]) proved the following important theorem

Theorem 3.32. If a coKahler manifold has a constant ¢-sectional curvature at every point, then the
curvature tensor R of the manifold is given by

(3:20) R(X,Y)Z = J(9(X.2)Y = g(Y, 2)X +9(6X, Z)6Y — g(6Y. 2)9X
+29(¢X,Y)¢Z — (X )n(Z)Y +n(Y)n(Z)X + (n(X)g(Y, Z) —n(Y)g(X, 2))€),

where ¢ is constant.

CoKahler manifolds with constant ¢-sectional curvature are usually referred as coKdhler space forms
M (c). There are several papers dealing with coK&hler space forms, in many different contexts. We men-
tion the result due to de Leén and Marrero that given a (2n+ 1)-dimensional compact coK&hler manifold
M with positive constant ¢-sectional curvature ¢, there exists a diffeomorphism f : M —s P, (C)(c) x S1,
of M onto the product of S! with the complex projective space of positive constant holomorphic sectional
curvature ¢, which is transversally holomorphic isometric. Recall that a diffeomorphism f : M — M’
between two coKéahler manifolds is said to be transversally holomorphic isometric if f*r’ = n and for all
x € M the mapping f|r, : Ly — L’f(w) is a Hermitian isometry between the Kéhler manifolds L, and
L’f(l,)7 where L, is the leaf of D passing through x and where L’f(l,) is the leaf of D’ over f(z).

Remark 3.33. Notice that coKéhler space forms sit inside the more general framework of generalized
Sasakian-space-forms (see [2] for more details).

By using ([3.20]), one can prove that the Ricci tensor of a coKéahler space form M (c) has the following
expression

Ric(X,Y) = 1

c(9(X,Y) =n(X)n(Y)).
More in general, if the Ricci tensor of an almost coKéhler manifold has the form
Ric=ag+np®mn,

where a and b are smooth functions, we say that M is n-FEinstein. In particular if the Reeb vector field
is Killing, by Corollary [3:30] we get a + b = 0. Notice that if £ is is Killing and the dimension 2n+1 > 5
then a and b are necessarily constants. Thus we conclude that any almost coKahler manifold such that
the Reeb vector field is Killing is Einstein if and only if it is Ricci-flat. Regarding to this, we mention
the following result, which can be considered as an odd-dimensional counterpart of the famous Goldberg
conjecture.

Theorem 3.34 ([34]). Every compact Einstein almost coKdahler manifold with Killing Reeb vector field
is necessarily coKdhler.

Corollary 3.35. Any compact Ricci-flat almost coKdhler manifold is coKdhler.
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It follows that if (M, ¢, &, 7, g) is a compact coKéhler-Einstein manifold, then any other almost coKéhler
structure (¢', &', 7', g), compatible with the same metric g, is necessarily normal. Indeed since (M, g) is
coKéhler-Einstein, it is Ricci-flat. Then by (3.15) [|[VE'|| = 0 and so & is Killing. The assertion then

follows from Theorem applied to (¢',&', 7, g).
Concerning 7-Einstein manifolds, de Leén and Marrero proved the following result.

Theorem 3.36 ([50]). Every compact n-FEinstein almost coKdhler manifold M such that the Einstein
constant a > 0 and £ is a Killing vector field is a coKdhler manifold. Furthermore, M is locally a product
of a simply connected compact Kdhler-Einstein manifold and S, and 7y (M) is isomorphic to 7Z.

We close the section by mentioning an important generalization of the condition R(X,Y )¢ = 0 that
characterizes almost coKahler manifolds with Killing Reeb vector field.

Namely, given an almost contact metric manifold (M, ¢, £, 7, g) and two real numbers k and p one can
define a distribution N(x, u) on M by

Ny(k, 1) = {Z € TLM|R(X,Y)Z = k(g(Y, Z)X — g(X, Z)Y) + u(g(Y, Z)h X — g(X, Z)hY)}.

The distribution N(k, ) is called the (k, p)-nullity distribution. In [I7], the case when the Reeb vector
field of a contact metric manifold belongs to the (k, u)-nullity distribution was considered. A few years
later, the almost coKéhler case was also considered ([69]).

Thus an almost coKdhler (k,u)-manifold is an almost coK&hler manifold satisfying the curvature
condition

(3.21) R(X,Y)E =k (n(Y)X =n(X)Y) + pu(n(Y)hX —n(X)hY),

for some k,u € R. In particular, any coK&hler manifold satisfies such a condition for x = 0 and any pu.
However, if kK # 0 any almost coKéhler (k, u)-manifold cannot be coKéhler, because of the relation (see
[69])

(3.22) h? = ko?.
Notice also that from it follows that k < 0 and x = 0 if and only if M is coKéhler. In the
sequel we shall consider the non-coKéhler case, that is k < 0. In this case one proves that the operator
h admits 3 distinct eigenvalues, 0 and +)\ := £+/—k, and the tangent bundle of the manifold splits
up as the orthogonal sum of the corresponding eigendistributions TM = Dp(A) & Dir(—A) @ Dr(0),
where Dy (0) = RE. Moreover, Dy (A) and Dp(—A) are totally geodesic foliations and are related by
¢Dp(£A) = Dp(FA). This decomposition allows us to prove that the condition determines the
curvature completely (cf. [69, Theorem 3.1]). In particular it follows that if X is a unit vector field in
Dr(A) one has

K(Xag):H+Aua K(QﬁX,g):H*)\M, K(X,QﬁX):*KZ
Furthermore, an explicit formula for the Ricci operator is provided
(3.23) Ric* = ph 4 2nkn @ €.

Remark 3.37. From it follows that Ric*¢ = 2nké. On the other hand, as proved in [129] (see also
page 214 of [63]), Theorem implies that the Reeb vector field of an almost coKéahler manifold is a
harmonic vector field if and only if it is an eigenvector of the Ricci operator. In view of this remark and
Corollary it follows that in any almost coK&hler manifold such that ¢ is Killing or belongs to the
(K, w)-nullity distribution, the Reeb vector field is harmonic.

Thus, in view of ([3.23]), almost coKéhler (x, pt)-manifolds are n-Einstein if and only if © = 0, that is
(3.24) R(X,Y)E = 5 (n(Y)X = 5(X)Y).

This case was studied, among others, by Dacko ([46]), who proved that M is necessarily an almost
coKéahler manifold with Kéahlerian leaves and, moreover, gave a full description of the local structure of
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this class. We briefly recall his construction, referring to [46] for more details. Let A be a real positive
number and gy be the solvable non-nilpotent Lie algebra with basis {£, X1, ..., X,,¥1,...,¥,} and non-
zero Lie brackets

for each ¢ € {1,...,n}. Let G be a Lie group whose Lie algebra is g) and let (¢,£,7,9) be the left-
invariant almost coKéhler structure defined by putting at the identity

Then one can prove that the almost coKihler Lie group (G, ¢,€,7,9) satisfies (3.24), with k = —\2.
Dacko proved that locally all almost coKé&hler (k,0)-manifolds are of this type:

Theorem 3.38 ([40]). Let (M, ¢,&,n,g) be an almost coKdhler manifold whose Reeb vector field € satisfies
(13.24), for some k < 0. Then M is locally isomorphic to the above Lie group Gy endowed with the almost

coKahler structure (3.25)), where A = \/—k.

It remains an open question whether it is possible to provide a full classification as in the contact
metric case (cf. [18] and [29]).

Finally, a couple of interesting generalizations of almost coK&hler (x, u)-manifolds are worth mention-
ing. The first is due to Dacko and Olszak ([52]), who defined an almost coKdhler (k, p, v)-manifold as
an almost coKahler manifold satisfying the following curvature condition

(3.26) R(X,Y)E = s(n(Y)X = n(X)Y) + p(n(Y)hX — n(X)hY) + v(n(Y)phX — n(X)phY)

where k, i, v belong to the subring of the ring of smooth functions f on M such that df An = 0. Of
course, taking ¥ = 0 and x and p constant, one reobtains the aforementioned notion of almost coKéahler
(K, pn)-manifolds. Among other results, the authors proved that the leaves of the canonical foliations D
are locally flat Kéhlerian manifolds, and then they found local models for the case k =1 and v = 0 ([51]).

Very recently, Carriazo and Martin-Molina provided an explicit description of the curvature tensor of
an almost coKéhler (k, u,v)-space and proposed a further generalization (see [36] for more details).

3.7. Topology of compact coKahler manifolds. An interesting topic is the study of topological
properties of coKéhler and almost coKéhler manifolds. In particular, it is important to investigate the
topological obstructions to their existence.

To begin with, recall the result of Goldberg and Yano (Theorem that for any almost coKéahler
manifold the 1-form 7 and the 2-form ® are harmonic. In view of Theorem it follows that the first
and the second Betti number of any compact almost coKéhler manifold are different from zero. Actually,
as an application of the formula at page 109 of [87], one can prove that in any almost contact metric
manifold such that ¢ is Killing and 7 is harmonic, the wedge product by n preserves harmonicity. It
follows that in any compact almost coK&hler manifold that satisfies any of the equivalent conditions of
Theorem the 3-form n A @ is harmonic and hence also the third Betti number is non-zero.

In fact if the structure is also normal, a stronger result holds.

Theorem 3.39 ([16]). All the Betti numbers of a compact coKdhler manifold are non-zero.

In order to prove Theorem [3.39] one considers the operators L and A, dual to each other, defined by
La := a A ® and Aa := xLxa, for any form «, where x denotes the Hodge star isomorphism. In the
case when M is coKéhler, Blair and Goldberg (|I6]) proved that L commutes with the Laplace-Beltrami
operator A := dd + dd. Using this, Theorem follows.

Several years later, Chinea, de Ledén and Marrero wrote a fundamental paper on the topology of
compact coKahler manifolds ([40]). An important role in their study is played by the subspaces Q%E(M )
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and QY (M) of the vector space Q5 (M) of harmonic p-forms, on a compact coKéhler manifold M of
dimension 2n + 1, defined by
e (M) = {o € Oy (M)]icor = 0}
0, (M) = {o € Q5 (M)ln A a =0}
Then, the authors of [40] prove the splitting
(3.27) QO (M) = Qi (M) @ Q, (M),
and, moreover, that the dimensions of the above subspaces are topological invariants of M.
Using this and the Poincaré duality, one obtains the following monotonicity property.
Theorem 3.40 ([40]). On a compact coKdhler manifold one has
bo<byp <...<by,=bps1>bps2> ... 2 boyi1.

Next, by studying complex harmonic forms, Chinea, de Leén and Marrero prove the coKahler counter-
part of the well-known property that the odd-dimensional Betti numbers of a compact Kahler manifold
are evern.

Theorem 3.41 ([40]). On a compact coKdhler manifold one has:
(i) For any odd integer p, the dimension of Q’;m(M) is even.
(ii) For any 0 <p <mn, the difference bapt1 — bap is even. In particular, the first Betti number of M
is odd.
Moreover, in [40] an odd-dimensional version of the Hard Lefschetz Theorem is given. The authors first
prove that the linear map L™ P : QII]{E(M) — Qi}lg_p(M), ar— a AP P is an isomorphism. Using this
and the decomposition (3.27)), they proved the following coKéhler version of the Hard Lefschetz Theorem:

Theorem 3.42 ([40]). In any compact coKahler manifold, for each p < n the linear map of the space
QP (M) into the space Q3 "P(M) given by

a€ QP (M) — ic(@AB)AD" P 4 AaAd"P e QT P (M)
18 an isomorphism.

A p-form is said to be effective if it belongs to the kernel of A = xL*. This definition can be given
for any almost contact metric manifold. Next, denoting by Q%(M ) the space of harmonic effective p-
forms and putting Q. (M) == Qf (M) N QY (M), Qf, (M) := Qp (M) N QY (M), one has the following
theorem, relating such subspaces with the Betti numbers of M.

Theorem 3.43 ([40]). On a compact coKdhler manifold one has
dim Qf (M) = by —bp_1,  dimQfy, (M) =b,1 — by_a,
for any p < n+ 1. Thus the dimensions of Q8 (M) and of QF, (M) are topological invariants.
Hg Hn

Many of the results in [40] have been revisited in 2008 by Li (J[I07]) using different topological tech-
niques. His work is based on the notion of “symplectic / Kéhler mapping torus”. We recall the precise
definitions. Let f € Diff(S) be a diffeomorphism on a closed, connected manifold S. The mapping torus
Sy is obtained from S x [0, 1] by identifying the two ends via f, namely

Sy =5x1[0,1]/{(x,0) ~ (f(2),1)]x € 5}

It is known that Sy is the total space of a fiber bundle over S! with fiber S. Now, if (S, ) is a symplectic
manifold and f a symplectomorphism, Sy is called symplectic mapping torus. If (S,J,G) is a Kéhler
manifold and f an Hermitian isometry, we say that Sy is a Kahler mapping torus.

The main result of Li was the following remarkable criteria for the existence of cosymplectic and
coKahler structures in terms of mapping tori.
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Theorem 3.44 ([I07]). Let M be a closed manifold. Then we have:

(i) M admits a cosymplectic structure if and only there exists a symplectic manifold (S,Q) and a
symplectomorphism f of (S,Q) such that M is diffeomorphic to Sy.

(ii) M admits a coKdhler structure if and only there exists a Kdhler manifold (S, J,G) and a Her-
mitian isometry f of (S,J,G) such that M is diffeomorphic to Sy.

Theorem can be regarded as an extension to the cosymplectic and coKé&hler settings of the well-
known result due to Tischler that any compact manifold admitting a non-vanishing closed 1-form fibres
over a circle ([I43]). Moreover, by using the second part of Theorem Li was able to give a simpler
proof of the aforementioned monotonicity of the Betti numbers of a compact coKéhler manifold (Theorem
3.40)).

A key point in the proof of Theorem m (as well as in the proof of Tischler’s theorem) is that one can
approximate the 1-form 7 with a 1-form 7y representing an integral cohomology class. This aspect is used
in a very recent paper of Bazzoni and Oprea ([9]), where the authors, using Li’s characterization, give
another type of structure theorem for coKéahler manifolds. Namely, they prove the following theorem.

Theorem 3.45 ([9]). A compact coKdhler manifold (M, ¢,£,n,g) with integral 1-form n and mapping
torus bundle S — M — S splits as

M%JSl X7 S,

m

where S x S — M is a finite cover with structure group Z,, acting diagonally and by translation on
the first factor. Moreover, M fibres over the circle S*/(Z,) with finite structure group.

Using Theorem [3.45| Bazzoni and Oprea are able to recover, in a very simple way, some of the Chinea,
de Leon, Marrero results on the Betti numbers of compact coKé&hler manifolds. Moreover, they obtain a
result regarding the fundamental group of a coKahler manifold. As we remarked, the fundamental group
of any coKéhler (actually, almost coK&hler) manifold is infinite. In fact we can say more:

Theorem 3.46 ([9]). If (M, ¢,&,n, g) is a compact coKdhler manifold with integral 1-form n and splitting
M = S' xz S, then my (M) has a subgroup of the form H x Z, where H is the fundamental group of a
compact Kahler manifold, such that the quotient

is a finite cyclic group.

Theorem is one of the few results concerning the fundamental group of a coKéhler manifold. We
mention another one, due to de Leén and Marrero. They studied in [56] how some curvature conditions
can affect the topology of a compact coKahler manifold. In particular they were looking for an odd-
dimensional analogue of the well-known fact that a compact Kahler manifold with positive definite Ricci
tensor is simply connected. However, a compact simply connected manifold cannot admit a coKé&hler
structure and, moreover, because of , the Ricci tensor of a coKéhler manifold cannot be positive
definite. In particular, the Ricci tensor Ric of a coKéahler manifold of positive constant ¢-sectional
curvature is transversally positive definite, that is for each point z of the manifold Ric, is positive
definite on D, ([56]). Now, we have the following theorem.

Theorem 3.47 ([56]). Let M be a compact coKdihler manifold with transversally positive definite Ricci
tensor. Then the space Q}Ig (M) is trivial. Moreover, by =1 and w1 (M) is isomorphic to Z. In particular,
the first integral homology group of M is also isomorphic to Z.

The m; part of Theorem was recently reproved in [9] using Li’s approach. Finally, concerning the
almost coKahler case, we mention the following result.
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Theorem 3.48 ([56]). Let M be a compact almost coKdhler manifold such that by =1 and £ is Killing.

Then the following statements hold:
(i) If L is a leaf of the foliation D, then the inclusion map induces a monomorphism i : w1 (L) —
m1(M) and the quotient group 7;11((1\]:4)) s isomorphic to Z.

(ii) There exists a fibration ©: M — S such that the leaves of D are the fibres of .
(i) The leaves of D are compact.

3.8. Coeffective cohomology. We say that a form o € QP (M) in a cosymplectic manifold (M,n,w)
is coeffective if a A w = 0. Denote by AP (M) the space of coeffective forms of degree p. Then since
w is closed (AP (M),d) is a subcomplex of the de Rham complex. The cohomology HP (A (M)) of the
complex (AP (M) ,d) is called coeffective cohomology of M. It was introduced in [41].

The coeffective cohomology for cosymplectic manifolds was studied in [41] [76, [78]. We write HP (M)
for the subspace of HP (M) of cohomology classes 8 such that S A [w] = 0.

Chinea, de Leén and Marrero proved in [40, 41], that for a compact coKihler manifold M2"+1

HP (A(M)) =0, forp<n-—1
HP (A(M)) = H? (M), forp>n+2.

In [78], the authors construct an example of a compact cosymplectic manifold for which the above result
fails, thereby providing an example of a cosymplectic manifold (M, 7, w) that does not admit any coKéahler
metric.

Let M be a (possibly non-compact) cosymplectic manifold. We can consider an almost coKéahler
structure on M. Denote by ¢, the dimension of H? (A (M)). It was shown in [78] that for any p > n+2
one has

bp = bpt2 < ¢p < by +bpra.
In particular, every ¢, is finite. In the case M is a compact coKahler manifold, ¢, always attains the
lower bound b, — bp42, p > n+ 2. An example of a non-compact almost coKéhler manifold M such that
¢p =bp +bpia, p > n+ 2 was also presented in [78].

It is difficult to compute the coeffective cohomology for a general cosymplectic manifold. In [76]
Fernandez et al. provided a way to reduce this problem to a purely algebraic one in the following special
case. Let G be a connected nilpotent Lie group, g its Lie algebra. Suppose that G is equipped with an
invariant cosymplectic structure (7, w) and I is a discrete subgroup of G such that the space of right cosets
I'\G is compact. We can consider the Chevalley-Eilenberg complex (QF (g*) , d) for g* as a subcomplex of
left invariant forms in (27 (G),d). Denote by AP (g*) the intersection QP (g*)NAP (G). Then (AP (g*),d)
is a subcomplex of (QP (g*),d). Then

HP (A(g")) = H? (A(T\G)).

3.9. Rational homotopy type. For a general and detailed treatment of rational homotopy theory the
reader is referred to [74].

Let K be a field. A commutative differential graded algebra (A,d) (CDGA short) over K is a graded
algebra A = @~ Ar over K such that for all z € Ay, and y € A; we have

vy = ()" yz
and d: Ay — Ajy is a differential, i.e. d*> = 0. An example of real commutative differential graded
algebra is given by the de Rham complex (* (M), d) of differential forms on a smooth manifold M, with
the multiplication given by the wedge product.
A CDGA (A,4d) is directly quasi-isomorphic to a CDGA (B, d) if there is a homomorphism of graded
algebras f: A — B such that
H"(f): H* (A) — H* (B)
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are isomorphisms for all £ > 0. Two CDGAs (A, d) and (B, d) are quasi-isomorphic if there is a chain of
CDGAs A = Ay, Ay, ..., A, = B, such that either A; is directly quasi-isomorphic to A;41 or Aj4; is
directly quasi-isomorphic to A;.

Note that from the theory of Sullivan of minimal models it follows that the chain in the above definition
can be always chosen to have r < 2.

For every CDGA (A, d) the cohomology algebra H (A) can be considered as a CDGA with the zero
differential. A CDGA (A4, d) is called formal if (A,d) and (H (A),0) are quasi-isomorphic. A manifold M
is called formal if (2* (M), d) is a formal CDGA, that is if the cohomology ring of M is quasi-isomorphic
to the de Rham algebra of M.

In [139] Sullivan constructed for every connected topological space X a CDGA (A (X),d) over Q such
that if X is a manifold then (A (X)®qgR,d) is quasi-isomorphic to (* (X),d). He also proved that
(A(X),d) is formal if and only if (2* (X),d) is formal.

We say that two topological spaces X and Y have the same rational homotopy type if there is a finite
chain of maps

X—>YV1+Yo—>Y3¢ .- =Y

such that the induced maps in rational cohomology are isomorphisms.
Let G be a group and H;, Hy two subgroups of G. Then [Hy, Hs] is the set of elements hlhghl_lhgl
with hy € Hy, hy € Hy. The lower central series of G is defined to be the chain of subgroups in G

GDGL DGy DGE3D ...

where G; := [G, G] and G}, := [Gk, G]. The group G is called nilpotent if there is an integer n such that
G, is trivial. For example, abelian groups are nilpotent since [G, G| is trivial in this case. On the other
hand, non-commutative simple groups are never nilpotent.

Denote by €: ZG — Z the augmentation homomorphism, that is ¢ (dec cgg) = deG cg. Define

the augmentation ideal I(G) of ZG to be the kernel of . A left G-module N is called nilpotent if there
is n € N such that I(G)"N = 0. This notion can also be explained differently. Define the submodules
N C N by

Ny := N, Ni:=(z—gx|x € Np_1, g € G).

Then N is nilpotent if and only if there is n € N such that NV, = 0.

Recall, that for every topological space X the fundamental group 71 (X) acts on the higher homotopy
groups 7 (X), k > 2. Thus we can consider 7 (X) as m (X)-module for every k > 2. The topological
space X is called a nilpotent topological space if m (X) is a nilpotent group and the modules 7 (X) are
nilpotent 71 (X)-modules.

The following theorem is due to Sullivan.

Theorem 3.49. Two nilpotent topological spaces X and Y with finite Betti numbers have the same
rational homotopy type if and only if (A(X),d) and (A(Y),d) are quasi-isomorphic CDGAs over Q.

Thus in the case of a nilpotent topological space X the algebra (A (X),d) contains full information
about the rational homotopy type of X. In particular, the groups 7 (X) ® Q can be computed from any
CDGA quasi-isomorphic (A (X),d). If M is a nilpotent manifold then the groups 7, (M) ® R can be
computed from any CDGA quasi-isomorphic to (A (M) ® R, d) or to (2*(M),d). In particular, if M is a
formal manifold, then the groups m; (M) ® R can be computed in purely formal way from H* (M).

In [6I], Deligne et al. proved that every compact Ké&hler manifold is formal. Using this, Chinea, de
Leén and Marrero showed in [40] that every compact coKéhler manifold is formal as well. This result is
most useful if the fundamental group of the manifold in question is nilpotent. Note that in contrast to
the case of Kahler manifolds the fundamental group of a coKahler manifold cannot be trivial.
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In [8] Bazzoni, Ferndndez and Mufioz presented a way to construct non-formal compact cosymplectic
manifolds. The idea is as follows. Let S be a symplectic manifold and f: S — S a symplectomorphism
such that for some p > 0 the eigenvalue A = 1 of

H? (f): H? (S) — H? (S)

has multiplicity two. Then by [8, Theorem 13] and by Theorem the mapping torus Sy is a non-
formal cosymplectic manifold. Using this result Bazzoni, Ferndndez and Mufioz show that for every pair
(m = 2n+ 1,b) such that either m = 3 and b > 2 or m > 5 and b > 1, there is a non-formal compact
cosymplectic manifold M of dimension m such that the first Betti number of M is b.

3.10. Cosymplectic 3-structures. When a smooth manifold M is endowed with three distinct almost
contact structures (¢1,&1,m), (92,82,12), (¢3,&s3,m3) related by the following identities

(b'y = ¢a¢ﬂ — "B ®£a = _(b,@(ba + Na ®§B7
f’y = (;50455 = _¢5€aa Ny = Na O(bﬁ = —MNpo ¢a7

for any even permutation (a, 8,7) of the set {1,2,3}, we say that M is endowed with an almost contact
3-structure. In this case M has dimension of the form 4n + 3. This notion was introduced independently
by Kuo ([I05]) and Udriste ([I47]) at the end of the 60s and then it was studied by several authors,
especially from the Japanese school of Riemannian geometry. In particular, Kuo proved that one can
always find a Riemannian metric g which is compatible with each almost contact structure. If we fix one,
we speak of an almost contact metric 3-structure.

Any smooth manifold endowed with an almost contact metric 3-structure carries two orthogonal dis-
tributions, not necessarily integrable: the Reeb distribution V := span{{i,&s,&3} and the horizontal
distribution H := ker(n;) Nker(nz) Nker(ns) = V-+.

The most famous class of almost contact metric 3-structures is given by those for which each structure
is Sasakian. They are called 3-Sasakian structures (or Sasakian 3-structures). For more details on
3-Sasakian manifolds see [23].

When each structure (¢q,&q,Na,g) is (almost) coKéhler, M is called an (almost) 3-cosymplectic man-
ifold. However, it has been proved recently (see [73, Theorem 4.13]) that these two notions are the same,
i.e. every almost 3-cosymplectic manifold is normal and thus 3-cosymplectic.

(3.28)

Remark 3.50. Actually, the name 3-cosymplectic is not coherent with the terminology that we used in the
rest of this survey. A more appropriate name should have been “3-coKéhler”. However in literature the
term 3-cosymplectic is well-established and, so far, we did not find any other name for these structures
(except “hypercosymplectic 3-structure” in [138] and [I0T]). Thus in this section we shall conform to the
terminology currently used in literature.

Remark 3.51. We notice that just as in the case of a single structure, the 3-Sasakian and the 3-

cosymplectic manifolds represent the two extremal cases of the larger class of 3-quasi-Sasakian manifolds
(cf. [31], [32)).

In any 3-cosymplectic manifold the Reeb vector fields &1, &3, 3 are all V-parallel. In particular, for
any «, 3 € {1,2,3}, we have [£,&3] = Ve, &g — Ve, £ = 0. Thus the Reeb distribution is integrable and
defines a 3-dimensional foliation F3 of M. As it was proved in [30], F3 is a Riemannian and transversely
hyper-Kéhler foliation with totally geodesic leaves. Using this, one proves that every 3-cosymplectic
manifold is Ricci-flat ([30, Corollary 3.10]). Moreover, since dn, = 0, also the horizontal distribution H
is integrable and hence defines a Riemannian, totally geodesic foliation complementary to Fs.

On the other hand, Ishihara proved that the Reeb distribution of a 3-Sasakian manifold is a transversely
quaternionic-Kéhler foliation ([97]). The study of transverse geometry allows to understand the difference

between Sasakian and coKéhler structures, as illustrated in Table In fact, while both Sasakian and
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TABLE 1. Transverse geometry

dim(M) =2n+1 dim(M) =4n+3
Sasakian coKéhler 3-Sasakian 3-cosymplectic
1 \ 1 A

Kahler Kahler | quaternionic-Kéhler hyper-Kahler

coKéahler manifolds are considered as a natural odd-dimensional counterpart of Kéhler manifolds, at
the level of 3-structures their role differs: 3-cosymplectic manifolds should be considered as the most
natural odd-dimensional analogue of hyper-Kéhler manifolds, whereas 3-Sasakian structures corresponds
to quaternionic-Kéhler structures.

The standard example of a compact 3-cosymplectic manifold is given by the torus T3 with the
following structure (cf. [II8 p.561]). Let {61,...,04n+3} be a basis of 1-forms such that each 6; is
integral and closed. Let us define a Riemannian metric g on T4"*3 by

4n+3

i=1

For each « € {1,2,3} we define a tensor field ¢, of type (1,1) by

(ba = Z (Ea7z+i & 91’ -E® 9a+i + E’yn+i oY 0,6’n+i - E5n+i @ g'yn+i) + E4n+'y ® 04n+,6’ - E4n+[3 & 04n+’y
i=1

where {F1,..., E4nt3} is the dual (orthonormal) basis of {61,...,04,+3} and (o, 8,7) is a cyclic permu-

tation of {1,2,3}. Setting, for each « € {1,2,3}, &4 := Fintqo and 14 := 0444, one can easily check that

the torus T*"*3 endowed with the structure (¢q,£a; N0, g) is 3-cosymplectic.

For the non-compact case, the standard example of 3-cosymplectic manifold is given by R*"*+3 with
the structure described in [30, Theorem 4.4].

Both the examples above are the global product of a hyper-Kéahler manifold with a 3-dimensional
abelian Lie group. Such a property always holds locally (see [33, Proposition 7.1]). Thus it makes sense
to ask whether there are examples of 3-cosymplectic manifolds which are not the global product of a
hyper-Kéahler manifold with a 3-dimensional abelian Lie group. As shown in [33], the answer to this
question is affirmative and now we illustrate a procedure for constructing such examples. Let (N, J,, G)
be a compact hyper-Kéahler manifold of dimension 4n and f a hyper-Kéhler isometry on it. We define an
action ¢ of Z3 on N x R? by

o((k1, k2, ks), (11, ta, t3)) = (FFr 72 Ths (), 41 + Ky, to + ko, ts + k3).

We then define on the orbit space My := (N x R3)/Z? a 3-cosymplectic structure in the following way.
Let us consider the vector fields &, := % and the 1-forms 7, := dt, on N x R3. Next we define, for each
a € {1,2,3}, a tensor field ¢, on N x R3 by putting ¢, X = J, X for any X € I'(T'N) and ¢&, := 0,
®ap = €apy&y, Where €43, denotes the sign of the permutation («, 8,7) of {1,2,3}. Then (¢q,&a, Nas9)s
g denoting the product metric, defines a 3-cosymplectic structure on N x R3. Being invariant under the
action ¢, (¢a, &, Na, g) descends to a 3-cosymplectic structure on My, which we will denote by the same
symbol. By using this general procedure in [33] a non-trivial example of compact 3-cosymplectic manifold
is constructed. In fact we consider the hyper-Kihler manifold T4 = H/Z* and the hyper-Kéhler isometry
f induced by the multiplication by i (the same can be made by using the multiplication by j and k). Then
the 7-dimensional manifold M := (T* x R3)/Z?, endowed with the geometric structure described above,
is a compact 3-cosymplectic manifold which is not the global product of a compact 4-dimensional hyper-
Kahler manifold K with the flat torus. Indeed one has only two possibilities for a compact 4-dimensional
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hyper-Kéhler manifold: either K = T* or it is a complex K3-surface. In the first case bo(K x T3) = 21,
in the second by(K x T3) = 25. However, in [33] it was proved that by (MJZ) < 21.

We close the section by collecting some results on the topology of compact 3-cosymplectic manifolds.
Every 3-cosymplectic manifold is, in particular, coK&hler, so that all the results in § hold. However
the rigidity given by the relations connecting the almost contact structures forces the topology of
a 3-cosymplectic manifold to satisfy the following more restrictive properties.

Let b’g denote the k-th basic Betti number with respect to the foliation Fj3, that is the dimension of
the vector space

Qf p(M) = {w e U (M)|ig,w =0 for any a =1,2,3}.

Theorem 3.52 ([33]). Let M be a compact 3-cosymplectic manifold of dimension 4n+ 3. Then the k-th
Betti numbers of M are given by

(3.29) b, = bjl + 3b_1 + 30}y + b]_s,
where we assume that bz =0 for p<O.
By using ([3.29) one proves the following theorem.

Theorem 3.53 ([33]). Let M be a compact 3-cosymplectic manifold of dimension 4n + 3. Then the
following statements hold.

(i) Any odd-dimensional basic Betti number bY, | is divisible by 4.

(ii) For any integer k, br—_1 + by is divisible by 4.

In [33], we also proved certain inequalities that the Betti numbers have to satisfy. First notice that, as
the 1-forms 11, 12, 73, the 2-forms @1, ®5, ®3, n; An;, and the 3-forms n1 A2 Ans, n; A ®;, are harmonic
and linearly independent, we have by > 3, bo > 6, b3 > 10. More generally, we have the following formula.

Theorem 3.54 ([33]). Let M be a compact 3-cosymplectic manifold of dimension 4n+ 3. Then, for any
integer k € {0,...,2n + 1},

(3.30) b > <k ;r 2).

Theorem |3.54] should be compared with the corresponding even-dimensional result. Indeed, due to
Wakakuwa ([149]), in any compact hyper-Kéhler manifold the even Betti number bor (0 < k < 2n)
satisfies

(3.31) by > (’“ ;F 2).

Comparing with , we clearly note that in the 3-cosymplectic case we have a much stronger
condition.

We conclude the section by mentioning that the space Q’}{ (M) of harmonic basic k-forms admits an
action of the Lie algebra so(4,1). For each a € {1, 2,3}, let us define the 2-form

|
By = 5(@)& + 213 A ny)

where («, 8,7) is an even permutation of {1,2,3}. Next we define the operators
Lo : QY (M) — Q" 2(M), Low:=Z,Aw
Ay s QFF2(M) — QF(M), Ay = *Lox
One can prove that L, and A, induce endomorphisms of Q%;5(M) (which we shall denote by the same

symbol). Then, by [33, Proposition 4.3] one has that, on Q% 5, [La, As] = —H, where H : Q% 5 (M) —
QF, (M) is the operator defined by Hw = (2n — k)w. Moreover for each o € {1,2,3} we define another
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operator K, on Q¥ (M) by K, := [Lg, A,], where (a,3,7) is an even permutation of {1,2,3}. Then
we have the following result.

Theorem 3.55 ([33]). The linear span g of the operators H, Ly, Ao, Ko, a € {1,2,3}, is a Lie algebra
isomorphic to s0(4,1). Consequently Q5 5(M) is an so(4,1)-module.

4. FURTHER TOPICS

There are many other topics related to cosymplectic / coKahler geometry. Unfortunately, due to the
lack of time and space, we can only give a very brief outline.

4.1. Submanifolds of coK&hler manifolds. In almost contact Riemannian geometry there have always
been a great interest toward the theory of submanifolds. The most important class of submanifolds of an
almost contact metric manifold (M, ¢, &, n, g) is given by invariant submanifolds.

A submanifold M’ of M is said to be invariant if £ is tangent to the submanifold and, for each z € M’,
(T, M') C T,M'. Then M’ inherits an almost contact metric structure (¢',&’,n’, ¢’) from the ambient
space by restriction and (¢',&', 7/, ¢’) is (almost) coKéhler provided that (¢, &, 7, g) is (almost) coKahler
([I13]). An important result that invariant submanifolds of almost coKéhler manifolds share with contact
Riemannian geometry ([I5], page 152) is the following, due to Endo.

Theorem 4.1 ([65]). Any invariant submanifold of an almost coKdhler manifold is minimal.

Theoremsuggests to investigate for conditions ensuring that an invariant submanifold of an (almost)
coKéahler manifold is totally geodesic. In [I13] and [89] Ludden and Goldberg, respectively, studied this
problem for codimension 2 submanifolds.

In [65] [66], Endo obtained some partial results on invariant submanifolds that we collect in the following
theorem.

Theorem 4.2. Let M’ be an invariant submanifold of an almost coKdhler manifold M with pointwise
constant ¢-sectional curvature c. Let 2m + 1 be the dimension of M.

(i) If M’ has constant ¢'-sectional curvature ¢ then ¢ < ¢, with equality holding if and only if M’
18 totally geodesic.

(ii) The scalar curvature s’ of M’ satisfies the inequality s < m(m + 1)c. Moreover, the equality
holds if and only if M’ is totally geodesic and coKdhler.

Another remarkable class of submanifolds of an almost contact metric manifold is given anti-invariant
submanifolds. A submanifold of an almost contact metric manifold is said to be anti-invariant if ¢(T,, M") C
(T, M")*. A systematic study of anti-invariant submanifolds of coK#hler manifolds was developed by Kim
[102]. Among other result, the author found conditions ensuring that an anti-invariant submanifold of a
coKéhler manifold is conformally flat, or locally symmetric, or a totally geodesic submanifold.

We just mention also that the notion of invariant and anti-invariant submanifold were generalized in the
class of CR-submanifold, which was proposed by Bejancu in the context of almost Hermitian geometry
and then extended to the almost contact setting. Namely, a submanifold M’ of an almost coKéhler
manifold M is called CR-submanifold if £ is tangent to M’ and there exists an invariant distribution
D whose orthogonal complement D= is anti-invariant, i.e. TM’ = D @& D+ & R¢ with ¢D, C D, and
¢D; C (T, M')*. Further details can be found in [10] and [I51].

The study of the geometry of submanifolds of coK&hler manifolds is a current topic of research. There
are several papers dealing with the above and other classes of submanifolds of a coKéhler manifold
(especially coKéhler space forms). Here we mention the very recent paper [80] of Fectu and Rosenberg.
In that paper, they study the two-dimensional submanifolds with parallel mean curvature in a coKéhler
space form.
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4.2. Harmonic maps and coKéahler geometry. Another interesting topic is the study of the interplay
between coKahler geometry with the theory of harmonic maps. Recall that given a smooth map f :
(M™, g) — (M’,g’) between Riemannian manifolds, one defines the energy density of f as the smooth
function e(f) : M — [0, 400) given by

oD@ = 3 1l = 530 Gealer), forlei))

for any € M, where {e1,...,en} is any local orthonormal basis of T, M. If M is compact, the energy
of f is defined by

B = [ elrw,

where v, is the volume measure associated with the metric g on M. Then f will be said to be a harmonic
map if it is a critical point of the energy functional E on the set of all maps between (M, g) and (M, ¢').

In particular it is of interest to study the harmonicity of the maps to, from and between (almost)
coKahler manifolds, especially in the case when one of the two spaces is Kahler. We refer the reader to
the papers of Boeckx and Gherghe ([19]), Chinea ([37]), Gherghe ([84], [85]) and Fectu ([79]).

4.3. Generalizations of cosymplectic and coK&dhler manifolds. Several generalizations of cosym-
plectic and coKé&hler manifolds have been considered. We mention just a few of them, recalling the
definitions and referring the interested reader to the references below.

The first generalization that we recall is given by locally conformal cosymplectic manifolds, introduced
by Chinea, de Leén, Marrero in [38] and locally conformal coKdhler manifolds, defined by Olszak in [128].
An almost cosymplectic manifold (M, n,w) is said to be locally conformal cosymplectic (l.c.c.), if there
exist an open covering {U;};c 1, and a family of functions o : U; — R such that 7; = e%in|y, and
w; = eQU'iw|Ui are closed, i.e. (n;,w;) is a cosymplectic structure on U;. Then one proves that the local
1-forms do; glue up to a closed 1-form 6, called the Lee form, which satisfies

(4.1) dn=nA0, dw=—-2wAb.

Clearly, if (M,w,n) is cosymplectic, then it is l.c.c. with zero Lee form. Analogously one gives the defi-
nition of locally conformal coKéhler manifolds. Let (M, ¢,&, 7, g) be an almost contact metric manifold.
Then M is said to be locally conformal coKdhler (l.c.cK.) if there exists an open covering {U; };c 1 of M
and a family {o; };er of real-valued smooth functions on each U; such that (U;, ¢4, &, m:, i) is a coKéahler

manifold, where
2Ui

¢i =9lu, &G=e€T¢Euv, m=e" v, gi=eTglu,
From the definition it follows that any locally conformal coKéahler manifold is normal. Also, one proves
that for any 4,5 € I, i # j, with U; N U; # 0, one has do; = do; on U; NUj, so that the 1-forms do; glue
up to a global closed 1-form @. Moreover, the Levi-Civita connections V* of (U;, g;) glue up to a globally
defined torsion-free linear connection D on M given by

DxY = VxY — % (B(X)Y +6(Y)X — g(X,Y)B),

where B = 6% and V is the Levi-Civita connection of (M, g). It follows that dyn = n A0 and d® = —2® A6,
® being the fundamental 2-form of the almost contact metric manifold (M, ¢,&,n, g). For more details
we refer the reader to the aforementioned papers or also the monograph [62].

We mention also the para-coKdhler manifolds, studied, among others, by Dacko and Olszak (cf. [47],
[B3]). An almost paracontact structure (cf. [100]) on a (2n + 1)-dimensional smooth manifold M is given
by a (1, 1)-tensor field ¢, a vector field & and a 1-form 7 satisfying the following conditions

() nE) =1, #=I1-n®¢,
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(ii) the eigendistributions DT and D~ of g?) corresponding to the eigenvalues 1 and —1, respectively,
have equal dimension n.

An almost paracontact structure (qg,ﬁ,n) is said to be normal if the tensor field Ny := [d;, J)] —2dn®¢&
vanishes identically. Equivalently, an almost paracontact manifold is normal if and only if the distributions
Dt and D~ are integrable and ¢ is a foliated vector field with respect to both foliations ([28]). If an
almost paracontact manifold is endowed with a semi-Riemannian metric § such that

(4.2) 36X, 0Y) = —§(X,Y) + n(X)n(Y)

for all X,Y € T(T'M), then (M, &,g,n,g) is called an almost paracontact metric manifold. Notice that
any such semi-Riemannian metric is necessarily of signature (n,n + 1), where the first index denotes the
number of negative signs, and the above condition (ii) of the definition of almost paracontact structures
is automatically satisfied. Moreover, as in the almost contact case, from it follows easily that
n=g(¢&) and g(-, q~5) = —g(g?s-, -). Hence one defines the fundamental 2-form of the almost paracontact
metric manifold by ®(X,Y) = (X, ¢~>Y) Now, if n and ® are closed the structure is said to be almost
para-coKdhler, and we point out that (, <~I>) is then a cosymplectic structure. Finally, a normal almost
para-coKahler manifold is said to be para-coKdhler. Para-coKahler geometry has a long history, having
its origins in the three papers [20], [21], [22] of Bouzon in the early 60’s (even before than the Blair’s
definition of coKahler manifolds). The theory has some aspects similar to coKéhler geometry even though
there are also some relevant differences, for instance due to the non-positive definiteness of the metric.

Furthermore, another generalization of cosymplectic manifolds was proposed recently by de Ledn,
Merino, Oubina, Rodrigues and Salgado in [57]. A k-cosymplectic manifold is a smooth manifold M of
dimension (k + 1)n + &k endowed with family (9a,wa, F)ae{1,...,k}, Where each 7, is a closed 1-form, each
we, is a closed 2-form and F is a nk-dimensional foliation on M, related by the following conditions

(i) m A Ane#0,
(if) 7a(X) =0 and wa(X,X') =0 for any X, X' € I'(T'F) and for each a € {1,...,k},

k k k
(iii) ( N ker(na)) N ( N ker(wa)) = {0} and dim ( N ker(wa)) =k.
a=1 a=1 a=1
Then on M there are defined k vector fields, &1, ..., &, called Reeb vector fields, such that

i, 18 = 0aps te wp =0

for any o, 8 € {1,...,k}. The k-cosymplectic manifolds may be described locally in terms of Darboux
coordinates ([57]). In fact about any point of the manifold there are coordinates (x4, i, Zai), 1 < a < k,
1 < i < n, such that

n
0 0 0 0
=dry, We = dy; Ndzq;, TJF = span e e e .
Mo e} « ; Yi at 1% {8211 3Zk1 3Z1n 3zzm }
The k-cosymplectic structures were introduced in order to provide a suitable geometric setting for the
description of classical field theories. The reader can find more information on the state of the art of the
theory for instance in [122] or [133].

We conclude the subsection by mentioning the very recent concepts of “contact-symplectic pairs” and
“generalized almost contact structure”. A contact-symplectic pair of type (h, k) on a smooth manifold M
of dimension 2h + 2k + 1 is given by a 1-form 7 and a closed 2-form w such that dthrl =0, wrktt =0and
nAdn™ Awk is a volume form, for some integers h and k. For k = 0 one retrieves the definition of contact
structures and for h = 0 that one of cosymplectic structures. This notion was introduced by Bande in
[6], where he studies the main properties of such structures and finds examples on nilpotent Lie groups,
nilmanifolds and principal torus bundles.
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Next, the theory of generalized almost contact manifolds is the attempt to extend to odd dimensions
the very important theory of generalized complex structures, founded by Hitchin and Gualtieri (cf. [94],
[92]). With this regard we mention the works of Iglesias-Ponte and Wade ([96]) , Vaisman ([148]), Poon
and Wade ([131], [I32]). In particular we recall the approach proposed by Vaisman and by Poon and
Wade. According to their definition, a generalized almost contact structure on a smooth manifold M
consists of a bundle endomorphism ¢ : TM & T*M — TM @& T*M and section £ +n of TM & T*M
such that

p+9" =0, ¢*=-I+E0n, nE)=1, ¢ =3¢ =0.
Here the adjoint ¢* is with respect to the natural pairing of TM & T*M defined by
1
(X+a,Y+8)= 3 (ixB+iva),
and ¢ ® 7 is the endomorphism defined by £ ® n(X + ) = n(X)€ + «(§)n. This notion includes as
particular cases both contact and almost cosymplectic structures. Moreover, Poon and Wade discuss
possible notions of normality / integrability.

4.4. Almost coKiahler manifolds satisfying further conditions. Another important topic in co-
Kahler geometry is given by the study of some classes of almost coKé&hler manifolds satisfying certain
additional conditions (for instance concerning the curvature tensor). More generally, one considers some
sub-classes of almost contact metric manifolds which satisfy conditions closely related to the coKéhler
manifolds. Probably the most important example is given by the nearly coKdhler manifolds. An almost
contact metric manifold (M, ¢,&,n, g) is called nearly coKéhler if the structure tensor ¢ and the 1-form
n are Killing, that is

(4.3) (Vx@)Y + (Vyo)X =0, (Vxn)(Y)+ (Vyn)(X) =0

for any X,Y € T'(TM). The second condition in , which is equivalent to requiring that £ is Killing,
is usually included in the definition, but however it is a consequence of the first one (cf. [I5, Proposition
6.1]). The name “nearly coKahler” is due to the property that a normal nearly coKéhler manifold is
necessarily coKahler ([I3]). Moreover, it is known that any 3-dimensional nearly coK&hler manifold is
coKihler ([99]). A well-known nearly coKihler manifold is S® endowed with the almost contact metric
structure induced by the almost Hermitian structure of S® defined by means of the cross product of the
imaginary part of the octonions (see, for more details, [I5] page 63 and 102). This gives an example of
non-normal almost contact metric structure on an odd-dimensional sphere. Nearly coKahler manifolds,

in particular their curvature and topological properties, have been studied by several authors (see e.g.
103, [, [70], [821, [71).

Another interesting topic concerns the study of almost contact metric manifolds admitting a Weyl
structure. Recall that a Weyl structure on a manifold M of dimension m > 3 is defined by a pair
W = ([g], D'9!), where [g] is a conformal class of Riemannian metrics and D9 is the unique torsion-free
connection, called Weyl connection, satisfying

(4.4) DYlg=_20%g.

for some 1-form #. The Weyl structure is said to be closed if d8 = 0 and Einstein- Weyl if there exists a
smooth function A on M such that

(4.5) Ric?” (X,Y) + Ric?” (Y, X) = Ag(X,Y),

where Ric” . denotes the Ricci tensor with respect to the connection D!, Since the condition
is invariant under Weyl transformations ¢’ = e2fg, ¢/ = 6 4 df, with f € C>(M), one sometimes
abuses the terminology by choosing a Riemannian metric in [g] and referring to the pair W = (g,0) as
a Weyl structure. The existence of Einstein-Weyl structures on almost contact metric manifolds has
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been recently investigated by several authors. Concerning coKéhler geometry, we mention the result that
locally conformal coKé&hler manifolds admit a naturally defined conformally invariant Weyl structure
([I19]). Later on, Matzeu proved that every (2n + 1)-dimensional coKdhler manifold (M, ¢,&,n,g) of
constant ¢-sectional curvature ¢ > 0 admits two Ricci-flat Weyl structures where the 1-forms associated
to the metric g € [g] are £6 = £\, where A = 2551. More recently, she generalized such a result by
proving that if a compact coKihler manifold (M, ¢, &,7, g) admits a closed Einstein-Weyl structure D!,
then M is necessarily n-Einstein ([120]).

A further well-known class of almost coKéahler manifolds satisfying some remarkable curvature condi-
tion is that of conformally flat almost coKdhler manifolds. In dimension greater than or equal to 5 those
manifolds are of non-positive scalar curvature and are coKahler if and only if they are locally flat (cf.
[125], [127]). Moreover, again under the assumption dim(M) > 5, any conformally flat almost coKéhler
manifold with Kéhlerian leaves is necessarily coKéhler ([50]). Contrary to that, in dimension 3, there are
examples of conformally fiat almost coKéhler manifolds (which necessarily have K&hlerian leaves) that
are not locally fiat and not coKéhler (see again [50] and [4]]).
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