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1. Introduction

The method of constructing transitive compatible quasi-uniformities for an arbi-
trary frame [11], extending classical results of Fletcher for quasi-uniform spaces
[12], naturally raises the question of its functoriality. The purpose of the present
paper is to address this question.

To put this in perspective, we recall that a topological space (X, 7) is uni-
formizable if there exists a uniformity & on X such that the corresponding induced
topology 7' (&) coincides with the given topology 7 . As is well-known, the topo-
logical spaces that are uniformizable are precisely the completely regular ones.
This result has a perfect analog in the two-sided theory of quasi-uniform spaces
(where they are considered over their induced bitopologies): a bitopological space
(X, 71, 77) is quasi-uniformizable, i.e. there exists a quasi-uniformity & on X such
that 7(8) = 77 and T(&~') = T3, if and only if it is pairwise completely regular.
However, in the one-sided theory, where a quasi-uniformity is considered over a
single underlying topology, the resemblance with the symmetric case is over and
one gets a striking result: every topological space is quasi-uniformizable. Indeed,
for every topological space (X, 7), there exists a (transitive) quasi-uniformity
&p(T) on X, admissible on (X, 7), that is, which induces as its first topology
the given topology 7 ([9, 18]). The quasi-uniformity &p(7) is nowadays called
the Csdszdr—Pervin quasi-uniformity. So, every topological space (X, ) gives rise
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to a bitopological space (X, T (&p(T)), T(Ep(T)~ ")) where T(Ep(T)) = T, and
one can easily see that T (Ep(7)~") is the topology having the closed sets of (X, 7)
as a base. The join of these two topologies thus coincides with the well-known
Skula modification of the topological space (X, 77) (that is, the b-topology of Skula
[24]) and the above bitopological space is referred to as the Skula bitopological
space.

Let T denote the forgetful functor from the category QUnif of quasi-uniform
spaces and uniformly continuous maps to the category Top of topological spaces
and continuous maps which assigns to each (X, &) € QUnif its first topology
T(8). A functorial admissible quasi-uniformity [5] on the topological spaces is
a T-section, that is, a functor F : Top — QUnif such that TF = Iy. In other
words, F assigns an admissible quasi-uniformity to each topological space in such
a way that continuous maps become uniformly continuous.

In [5], Briimmer proved that the Pervin quasi-uniformity defines the coarsest
T-section G : Top — QUnif, and in [23] (pp. 37-39), Salbany proved that,
for any T-section F, the bitopological space underlying F (X, 7) is precisely the
Skula bitopological space of (X, 7) mentioned above. The most important ex-
amples of functorial admissible transitive quasi-uniformities have received a great
deal of study (in particular, the well-monotone quasi-uniformity, which plays a
pivotal réle with respect to the bicompletion and reflective subcategories of the
category of Ty-spaces [17]). Briimmer [7] described all functorial admissible tran-
sitive quasi-uniformities via a construction due to Fletcher [12]. This is a strik-
ing aspect of transitive quasi-uniformities: they can all be obtained by Fletcher’s
construction, in terms of the interior-preserving open covers of their underlying
topological spaces. This, together with its functorial nature, implies that transitive
quasi-uniform spaces have a simple and elegant theory and makes the respective
category an important subcategory of QUnif.

The present paper is devoted to placing these results in a pointfree context.
It is part of a larger program started in [11], motivated by Problem 3 of
Briimmer [8], asking for a pointfree formulation of the classical theory of functorial
transitive quasi-uniformities. After recalling some basics on frames and quasi-
uniform frames (Section 2), we study general functorial frame quasi-uniformities
(Section 3). In the remaining sections we apply the general method of constructing
compatible transitive quasi-uniformities on an arbitrary frame, introduced in [11],
to describe functorial transitive quasi-uniformities.

2. Preliminaries

In this section, we recall the specific notions and facts which will be used later on.
For general concepts concerning frames we refer to Johnstone [16] or Pultr [22].
Additional information concerning biframes may be found in [1] and [3]. For
details concerning frame entourages and uniform structures see Picado ([20, 21]).
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2.1. FRAMES AND BIFRAMES

Pointfree topology is part of the study of frames (or locales), that is, complete
lattices L satisfying the infinite distributive law

x/\\/S:\/{x/\s|seS}

for every x € L and every S C L. This notion generalizes both the lattice of
open sets of a topological space and that of a complete Boolean algebra. A frame
homomorphism f : L — M is a map between frames which preserves finite meets
(including the top element 1) and arbitrary joins (including the bottom element 0).
The corresponding category will be denoted by Frm. If L is a frame and x € L
then x* := \/{a € L | a A x = 0} is the pseudocomplement of x. Obviously,
if x v x* = 1, x is complemented and we denote the complement x* by —x.
Note that, in any frame, the first De Morgan law (\/,_,; x;)* = /\,; X} holds but
of the second only the trivial inequality survives.

Recall also that a biframe is a triple (Lo, L1, L,) where L, and L, are sub-
frames of the frame L(, which together generate L. A biframe homomorphism,
f : (Lo, L1, Ly) — (Mo, My, M), is a frame homomorphism f : Ly — M,
which maps L; into M; (i = 1,2) and BiFrm denotes the resulting category.
We shall denote by CRBiFrm the full subcategory of completely regular
biframes [3] and by K; : CRBiFrm — Frm (i = 0, 1, 2) the functor given by
Ki((Lo, L1, L)) = L;.

Further, a biframe (L, L1, L») is strictly zero-dimensional [1] if it satisfies the
following condition or its counterpart with L; and L, reversed: each x € L, is
complemented in Ly, with complement in L,, and L, is generated by these comple-
ments. Along this paper, we always assume that strictly zero-dimensional biframes
satisfy this condition, not its counterpart with L, and L, reversed.

2.2. THE SKULA BIFRAME OF A FRAME L

The lattice of frame congruences on L under set inclusion is a frame, denoted
by €L. This is the analogue, in pointfree context, of the Skula modification of a
topological space (indeed, the spectrum of €L is homeomorphic to the Skula modi-
fication of the spectrum of L and, consequently, the Skula topology of
the spectrum of L is the spatial reflection of €L [4]). A good presentation of
the congruence frame is given by Frith [14]. Here, we shall need the following
properties:

(1) For any x € L, V, and A, are, respectively, the congruences defined by
{a,b)e LxL|avx=bvx}and{(a,b)e L xL|anx=>bAx}.

(2) Each V, is complemented in €L with complement A,.

(3) VL :={V, | x € L} is a subframe of €L. Let AL denote the subframe of €L
generated by {A, | x € L}. Since 0 = \/{V, A A, | (x,y) € 6,x <y}, for
every 0 € €L, the triple S(L) := (€L, VL, AL) is a biframe (usually referred
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to as the Skula biframe of L [14]). This is the analogue, for frames, of the Skula
bitopological space and it is, clearly, a strictly zero-dimensional biframe.

(4) The correspondence x +— V, defines an epimorphism and a monomorphism
Vi : L — €L and gives an isomorphism L — VL, whereas the map x — A,
is a dual poset embedding L — AL taking finitary meets to finitary joins and
arbitrary joins to arbitrary meets.

The following result from [14] will be crucial in the sequel.

LEMMA (J. Frith [14]). Let h : L — M be a frame homomorphism. If each
element of h[L] is complemented then there exists a unique frame homomorphism
hY making the following diagram commutative:

A\
L—">¢L
|

4
\V

M

Proof. Clearly, if there exists such an 2V, we must have

hY (Vy) = h(x), 2.2.1)
hY (Ay) = hY (=Vy) = =h(x). (2.2.2)

Then, for any 6 € CL,
1) = b7 (V1A AV, | () € 6,x < 3))
= \{=hx) ARG | (x, ) €6,x < y).

This defines a frame homomorphism #Y : €L — M (for a proof see [14], Theo-
rem 5.17). The uniqueness follows from the fact that V;, is an epimorphism. a

For any frame homomorphism / : L — M, consider the map & := (Vj; o h)¥

L—t-¢r
|
hl I 2.2.3)
¥
M ?M) M
given by the lemma. Clearly, by (2.2.1) and (2.2.2), & is a biframe map S(L) —
S(M). We refer to the functor

S:Frm — BiFrm
L —> S(L)
(h:L— M)r+— (h:S(L) —> S(M))

as the Skula functor. Clearly, one has the natural isomorphism K|S = 1gm.
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2.3. WEIL ENTOURAGES

For a frame L consider the frame D (L x L) of all non-void decreasing subsets of
L x L, ordered by inclusion. The coproduct L & L will be represented as usual (cf.
[16]), as the subset of H(L x L) consisting of all C-ideals, that is, of sets A for
which

{x}ngA:><x,\/S)eA
and

Sx{y}gA:><\/S,y)eA.

Since the premise is trivially satisfied whenever S = @, each C-ideal A contains
0 :={(0,a),(a,0) | a € L}, and O is the bottom element of L & L. Obviously,
eachx @y := |(x, y) UO is a C-ideal. The coproduct injections u- : L — L& L
are defined by uf(x) = x @ 1 and ul (x) = 1 ® x, sothatx & y = ul (x) Aul(y).

For any frame homomorphism 4 : L — M, the definition of coproduct ensures
us the existence (and uniqueness) of a frame homomorphism 2 & h : L & L —
M @& M suchthat (h @ h)oul =uMoh (i = 1,2).

A Weil entourage [19] on L is just an element E of L & L for which \/{x € L |
(x,x) € E} = 1. The collection WEnt(L) of all Weil entourages of L with the
inclusion is a partially ordered set with finitary meets (including aunit 1 := L@ L).

If E and F are elements of L @ L then

EoF:=\/lx®y|3ze L\{0}: (x.2) € E, (z.)) € F}.

A Weil entourage E is called transitive if E o E = E.

2.4. QUASI-UNIFORM FRAMES
For a system & (always understood to be non-void) of Weil entourages of a frame L,
we write x < Yif Eo(x ®x) C y®y, for some E € &. Similarly, we write

X 22 y whenever (x @x)o E C y® y, forsome E € &, and & is called admissible
if, for every x € L,

x=\/lyeLly &, x. (2.4.1)

where & stands for & U {E~! | E € &}. Note that, since & is symmetric, the partial

5 3 .
orders <; and <, do coincide.

An admissible filter & of WEnt(L) is a quasi-uniformity on L if it satisfies the
following condition:

(QU) For every E € & there exists F' € § suchthat F o F C E.
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A quasi-uniform frame is just a pair (L, &) where L is a frame and & is a quasi-
uniformity on L. If (L, &) and (M, &,) are quasi-uniform frames, f : (L, &) —
(M, &) is a quasi-uniform homomorphism if f : L — M is a frame homomor-
phism such that (f® f)(E) € &, forall E € &,. The resulting category is denoted
by QUFrm.

A quasi-uniform frame (L, &) is called transitive if & has a base consisting
of transitive entourages. For more information on transitive quasi-uniformities we
refer to [15].

We note further that the partial orders <; and <, induce the following important
subframes of L:

L) :={xeLlx=\/yeLlyS n},
£2(8):={xeL|x=\/{yeL|y£12x}}.

It might be added that the admissibility condition (2.4.1) is equivalent to saying
that the triple (L, £1(&), L£2(&)) is a biframe [20]. Then, condition (QU) implies
that this is a completely regular biframe [19]. This is the pointfree expression of
the classical fact that each quasi-uniform space (X, &) induces a completely regular
bitopological structure (77(&), 72(&)) = (7(&), T(§~")) on X.

We also point out that 21 and 22 may be characterized in the following
way [21]:

e X 21 y if and only if there exists £ € & such that

st E):=\/{e €L | (@ B) € E.pAx#0} <y (2.4.2)

o X 22 y if and only if there exists £ € & such that

str(x, E) := \/{,B eL|(a,B)e E,anx #0} <y. (2.4.3)
The elements st;(x, E), i = 1,2, satisfy the following properties, for every
x,y € L[19]

S x <y=st;(x, E) <st;(y, E),forevery E € L& L;

(S2) For every Weil entourage E, x < st;(x, E) A sta(x, E);

(S3) Forevery E, F e L® L, st;(x, ENF) <st;(x, E) A st;(x, F);

(S4) For every E,F € L & L, sti(sti(x,E),F) < sti(x,F o E) and
str(str(x, E), F) < st,(x, E o F);

(S5) For every quasi-uniformity &, st;(x, E) < y for some E € & implies the
existence of z € L£;(8), j #i,suchthatzAx =0andzVvy=1;

(S6) Forevery E € L® L, st;(\/,x;, E) =\/, sti(x;, E);

(S7) Forevery E € L @ L and every frame homomorphism# : L — M,

sti(h(x), (h @ h)(E)) < h(st;(x, E)).
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3. Functorial Compatible Quasi-Uniformities
3.1. THE FORGETFUL FUNCTOR T : QUFrm — Frm

As we recalled above, for every quasi-uniform frame (L, &), the corresponding
biframe (L, L£1(€), L£2(8)) is a completely regular biframe. This correspondence
defines a faithful functor 7, : QUFrm — CRBiFrm. Indeed, for any quasi-uniform
homomorphism 4 : (L, &) — (M, &), h maps L£(&;) into L(&): for any

€ €
x € L&), x =\{yeL|ya xhsohx)=\{h( |y < x};but by
property (S7), h(y) fﬁ h(x) whenever y ili x (i =1,2), thus

hx) = \/(h) |y 4 x)
< \/(hO) 1h() 31 ()
< \zeM |25 h@) <h)

and, consequently, A(x) € £(&;). Similarly, 4 maps £,(&;) into £,(&;) and
therefore 4 is a biframe map from (L, £1(8), £2(&1)) into (M, L1(&,), L2(&2)).

Then, we can consider the functor 7 := K7, : QUFrm — Frm. This is a
faithful functor if we restrict it to the (L, &) such that T,,(L, &) is strictly zero-
dimensional:

LEMMA. Leth,k: (L, &) — (M, &) be quasi-uniform frame morphisms with
Th = Tk. If the underlying biframe T,(L, &) is strictly zero-dimensional,
then h = k.

Proof. By what we have seen above, T,h and Tk are just biframe maps
hok: (L, L1(E1), L2(E1)) = (M, L£1(&2), L2(&2)).

Their restrictions to subframes «£1(&;) and £,(&;) are frame maps, respectively
Th, Tk : L1(8&) — L1(8) and, say, r, s : L2(E) — L2(82). The strict zero-
dimensionality of 7, (L, &) yields the set C := {—a | a € L1(81)} S L2(&1),
the complements —a being taken in L, and such that C generates £,(&;). Now
consider any b € J£,(&1). Since C is closed under finite meets, we have b =
\/{—a | a € £,(&)) and —a < b} and thus

h(b) = \/{ﬁh(a) | a € L£1(8)) and —a < b}. (3.1.1)

But, for each a € £,(&)), we have h(a) = (Th)(a) = (Tk)(a) = k(a).
Thus, it follows from (3.1.1) that h(b) = k(b). Consider any x € L. Since
x = V{aAnb | ae L£(&),b € L£5(6),a nb < x}, we have h(x) =
\V{h@@) A h(b) | a € L£1(&),b € L2(&),a A b < x}. So, for the
elements considered, we have h(a) A h(b) = k(a) N k(b). It follows then that
h(x) = k(x). O
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3.2. THE FRITH QUASI-UNIFORMITY

Let (Lg, L1, L,) be a strictly zero-dimensional biframe. For any a € L let
E,=@®d1)Vv (& —a).

This is obviously a transitive Weil entourage of L. It is also worth pointing out
that, since (a ® 1) U (1 @ —a) is already a C-ideal, E, is simply (e ® 1) U (1 ® —a).
The following result, which is a particular case of Theorem 5.5 of [15], will be
crucial in the sequel.

THEOREM (Hunsaker and Picado [15]). For any strictly zero-dimensional bi-
frame (Lg, L, Ly), the family 8 := {E, | a € L.} is a subbase for a transitive,
totally bounded quasi-uniformity & on Ly, for which L;(F) = L; (i =1, 2).

The quasi-uniformity ¥ is called the Frith quasi-uniformity on Ly.

For any frame L, the Skula biframe S(L) is clearly strictly zero-dimensional.
Therefore, by the theorem, {Ey, | @ € L} is a subbase for a transitive, totally
bounded, quasi-uniformity F¢; on €L, satisfying L£;(Fe¢r) = VL. This is the
pointfree counterpart of the Pervin quasi-uniformity: starting with a frame L we
have a quasi-uniformity on €L which generates, as its first subframe, an isomorphic
copy of the given frame L.

In what follows we therefore say that a quasi-uniformity & on a frame M is
compatible with a given frame L if there exists a frame isomorphism i : L —
L1(8) satisfying

V Aa =\ Ap, & \/ —ilaa) = \/ —ibp) (3.2.1)

ael BeJ ael BelJ

for every {aq}uer, {bg}ges S L such that i(a,) and i(bg) are complemented
elements of M, foranyax € 1, 8 € J.

REMARK. It should be noted that, in the classical theory, for a quasi-uniformity
to be admissible on a topological space means the same as being compatible with
the topology. In the case of a quasi-uniform frame (M, &), the structure &,
by definition — recall (2.4.1) —, has to be admissible on M but is compatible
with a subframe £,(&) of M. This is a fundamental change from quasi-uniform
space theory to quasi-uniform frame theory. This is also in crucial contrast
to the symmetric situation: for any uniform frame (M, &), one has £,(§) =
L2(8) = M, so the distinction between the two words does not arise and they
are used interchangeably.

EXAMPLES. Obviously, any quasi-uniformity & on €L satisfying L£,(§) = VL
is compatible with L. Therefore, besides the Frith quasi-uniformity ¥¢;, every
example in [11], Section 8 (namely, the locally finite, the point-finite, the well-
monotone, the fine transitive and the semicontinuous quasi-uniformities), is a quasi-
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uniformity on €L, compatible with L. In the sequel, we shall refer to these exam-
ples as standard examples.

In each of the standard examples, £,(§) = VL and £,(§) = AL. This is
not surprising, in view of the following result, which is the pointfree version of
a classical variant of the result by Salbany ([23], pp. 37-39) referred to in the
Introduction.

PROPOSITION.  For every frame L and every quasi-uniformity & on €L
satisfying Fer € & and L1(8) C VL, one has £,(8) = AL and L1(§) = VL.

€
Proof. Let @ € £,(8). Then « = \/{B € €L | B <, «a}. By property (S5),
3
B <1, o implies the existence of V,, € £(8) satisfying AV, =0anda VvV, = 1.
3
This means that 8 < A, < «. Then, A, <y «, since st2(A,, Ev,) = A, < «.

€
Therefore, « < \/{A, € €L | A, <; o} < o and hence &« € AL.

To prove the reverse inclusion we only have to show that A, € «£,(&) for
every a € L, which is easy: as already pointed out, st2(A,, Ev,) = A,; since

&
Ey, € Fer € &,then A, < A, and A, € L£,(8). Similarly, one may conclude
that VL C L£(€). O

3.3. THE FUNCTOR Cj : Frm — QUFrm

Let us show that the correspondence L + (€L, F¢;) defines a functor
Gy : Frm — QUFrm. For any frame homomorphism & : L — M, take the
map h given by (2.2.3). It suffices to check that h: (CL, Fer) — (M, Feu)
is a quasi-uniform homomorphism, which is easy:

(h®h)(Ev,) = h®h)(V.d DV hdh)(1®A,)

= (h(Va) ® h(D) Vv (R(D) ® h(A,))
= V@D VIS Ayw) € Feu.

In conclusion,

Cy: Frm — QUFrm
L > (Q:L, ?Q‘L)
(h:L—> M) —> (h:(CL, Fer) > (€M, Fey))

is a functor such that TC{ (L) = £1(F¢r) = VL and there is a natural isomor-

phism i lem — T ¢}, given by if‘ =V, : L — VL, forevery L € Frm
(recall diagram (2.2.3)).
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3.4. T-PSEUDOSECTIONS

The functor G} suggests to view the type of quasi-uniformity involved here in the
following way. If T : QUFrm — Frm is the above functor forgetting the quasi-
uniformities, a functor F : Frm — QUFrm is a T-pseudosection if there exists a
natural isomorphism i ” : 1, — T F;thatis, for each frame L, there exists a frame
isomorphism if : L — T F(L) in such a way that, for each frame homomorphism
h: L — M, the square

iF
L—X>TF(L)

hi lTF(h)

M—= TF(M)
‘m
commutes. Note here another fundamental change from the classical theory [7]
to quasi-uniform frame theory: T F is the identity functor up to natural isomor-
phism.

A T-pseudosection F is transitive if F(L) is a transitive quasi-uniform frame
for every frame L. As we shall see in the last section of this paper, each standard
example in 3.2, except the point-finite quasi-uniformity, gives rise to a transitive
T -pseudosection.

3.5. T-PSEUDOSECTIONS INDUCE STRICTLY ZERO-DIMENSIONAL BIFRAMES

For any T'-pseudosection F, let Br := T F : Frm — CRBiFrm. Clearly, one has
the natural isomorphism K87 = 1gm given by i

Let 3 denote the three-element frame {0 < o < 1}. It is clear that €3 is just the
Boolean algebra with four elements

It is also an easy exercise to conclude that €3 has a unique quasi-uniform structure,
generated by the entourage Evy,. We refer to it as the Sierpiniski quasi-uniform
frame.

LEMMA. For each T-pseudosection F, Br(3) = §(3).
Proof. Clearly £,(6p@3) = 3 = V3. Letx = i; () denote the non-trivial

&
element of the frame £, (E(s). Since x = \/{y € £1(Er@) | y <1 x} and
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&

L1(EF @) = 3, then x F<(13)1 x. By (S5), this means that there is some b € £,(EF3))
such that b A x = 0 and b v x = 1. This shows that £ (&F)) is complemented by
elements of &£,(Ers)).

Now consider y € £2(Ep). Similarly, y = \/{z € L2(Er@) | 2 42 v} and,
for each such z, there exists w € £(EF)) satisfyingzAw =0andy Vw = 1.
We know already that w has a complement —w € J£,(&F)). This complement
satisfies z < —w < y and thus y is a join of complements of members of £ (EFs)).
In conclusion, 8£(3) is strictly zero-dimensional. This implies that £,(Er)) =
{0, —x, 1} = AS. a

PROPOSITION. Foreach T -pseudosection F, Br (L) is strictly zero-dimensional.
Proof. We need to show the following:

(1) &£1(EF)) is complemented by elements of L2(EFr(r));
(2) Every element of £,(Er)) is a join of complements of members of
L1(EFw))-

(1) For each t € £1(&pr)) leta = (iLF)*l(t) and define the frame map f, :
3 — L by f,(¢) = a, with a as above. Let x = isF(oz) as in the proof of the
lemma. Since the diagram

fa

3 L
z{l J/i{ 3.5.1)
L1(EF ) TR L1(EFr))
commutes, we have r = iLF(fa(a)) = TF(f,)(x). By the lemma, x has a

complement —x € J£(Ef()). Consider the biframe map Br(f,) : Br(3) —
Br(L). Since (K1Br)(fo)(x) =T F(f,)(x) =t, the element (K2BFr)(fa)(—x) €
L2(EF(r)) 1s the complement of 7.

&

(2) Let y € L£2(EF (). For each z € £L,(EF (1)) satisfying z F<(1L)2 y there exists

w € L1(EFrr)) suchthatzAw = 0and yvw = 1. By (1), w is complemented with

complement in £,(EF(r)). Obviously z < —w < y. The conclusion now follows
F(L)

13
from the fact that y = \/{z € L2(Er)) | 2 < 2 ¥} U

3.6. PROPERTIES OF T-PSEUDOSECTIONS

If F and G are T-pseudosections, we say that F' is coarser than G, written F < G,
if there is a natural transformation j : F — G such that T(j;) oi LF = iLG for every
frame L. This is a reflexive and transitive relation, that is, a preorder. The natural
transformation j witnessing F' < G is unique:



292 MARIA JOAO FERREIRA AND JORGE PICADO

LEMMA 1. Given two T -pseudosections F, G : Frm — QUFrm with natural iso-
morphisms it : 1gm — TF, i% : 1gm — TG, suppose that for each frame L we
have a quasi-uniform frame morphism j, : F(L) — G(L) with
T(j)oif =iS. Then, we have:

(1) Each map j is uniquely determined by the given conditions.
2) F <G.

Proof. (1) For each L, T,(F(L)) = Bp(L) is strictly zero-dimensional by
Proposition 3.5. Thus (1) follows immediately from Lemma 3.1.

(2) It suffices to show that the transformation (j; ), ecrm is natural. So, consider
a morphism & : L — M in Frm. We need to show that j; o F(h) = G(h) o ji.
Take the image of the corresponding square under 7', and appropriately join to it

the arrows i, il i% i$ and h, as follows:

-G
3

( il T(jr)

L Y TRy Y

h T F(h) TG(h)

M 7 TF(M) —=TG(M)
L J

G
tm

TG(L)

The commutativity of square , of the upper and lower triangles and of the outer
rectangle implies that 7' (jy ) o T F (h) o i{ =TGMh)oT(jL)o if. Thus, square
also commutes. Now (2) follows at once from Lemma 3.1. O

For any T-pseudosection F, let Fy := K¢Bfr : Frm — Frm. By Theorem 3.2,
we may endow Fy(L) with the Frith quasi-uniformity ). This transitive quasi-
uniformity is coarser than the original quasi-uniformity &r):

LEMMA 2. ‘¢F0(L) - 8F(L)-

Proof. We need to show that, for each a € £,(Err)), E, € Er). For this,
consider the frame homomorphism f, : 3 — L defined by f, () = (if Yy Ha).
By Lemma 3.5, 8r(3) = S(3) so F(3) is necessarily isomorphic to the Sierpinski
quasi-uniform frame. On the other hand, F(f,) : F(3) — F (L) is a quasi-uniform
homomorphism thus (F(f,) @& F(f,))(Ev,) € &r). By the commutativity of
diagram (3.5.1),

F(fa)(voc) = TF(fa)(va) = TF(fu)(l:f(O{)) = l[{:(fa(‘x)) =da.
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Then F(f.)(Ae) = —a since F(fa)(Ay) vV a = F(fo)(Aa) V F(fo)(Ve) =

F(fo)(1) = Tand F(f,)(Ay) Aa = F(fa)(Ae) A F(fa)(Ve) = F(fo)(0) = 0.
Hence

(F(fa) ® F(f))(Ev,) = (F(f)(Va) ® 1) Vv (1 ® F(f)(Ad))
= (@®1)v((e&—a)
= Ea

and E, € Ep(r), as required. O

By Lemma 2.2, for each frame L there exists a frame homomorphism
—-F
i; :CL — Fy(L)

such that the diagram

/
F /
lL Y
/

°Cl(8F(L))/ /p (3.6.1)

L
/

/

»
Fo(L)
commutes.
PROPOSITION. Let F be a T-pseudosection. Then, for each frame L, we have:
(D) l_'f 1 CY(L) = (Fo(L), Frywy) is a quasi-uniform homomorphism.
(2) l_'f : Cf (L) — F(L) is a quasi-uniform homomorphism.
Proof. (1) For any a € L, we have
-F -F -F -F —F =F
(i, @i )(Ey,) = (,@i)VeD DV (I, Di ) DA
TF TF
=, Vo@D VvIei, (A))

= (ij(@® 1)V (1 —if (a))
= Eir@ € Frw)-

(2) It follows immediately from (1) and Lemma 2. O
We may now get the pointfree version of the classical result that the Pervin

quasi-uniformity defines the coarsest T-section for the case of quasi-uniform
spaces [5].
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THEOREM. Cj is the coarsest T -pseudosection.

Proof. For any T-pseudosection F and any frame L, let j; be the quasi-uniform
frame homomorphism ff : C{(L) — F(L) given by assertion (2) of the proposi-
tion. Since T'(j.) oV, = if (see diagram (3.6.1)), Lemma 1 applies and we may
conclude that G} < F. O

3.7. FUNCTORIAL COMPATIBLE QUASI-UNIFORMITIES

The T-pseudosection F' := C7 satisfies, moreover, the condition

\/ G (aa) A =if (b)) = \/ (] (cp) A =i (dp))

ael pelJ
= \/(Va, A Ap) = \/ (Vey A Agy). (3.7.1)
ael BeJ

. . . . . . <F
Note that the reverse implication is always true for any 7'-pseudosection, since i

is a frame map and therefore \/,_, (if (ax) A =i} (by)) = {f(\/ae,(vaa A Ap)).
We say that a T-pseudosection F is a functorial compatible quasi-uniformity on
frames if it satisfies condition (3.7.1). Of course, this condition implies condition
(3.2.1). So, functorial compatible quasi-uniformities correspond exactly to com-
patible quasi-uniformities on frames which are functorial in the sense that any
frame homomorphism % : L — M extends to a frame homomorphism F(h) :
KoBr(L) - KoBr(M) which is quasi-uniform relative to the quasi-uniformities
assigned to F'(L) and F (M), respectively.

The transitive T -pseudosections given by the standard examples in 3.2 (namely,
the locally finite, the well-monotone, the fine transitive and the semicontinuous
quasi-uniformities) are functorial compatible quasi-uniformities.

The following result confirms that the congruence lattice is the right setting for
functorial quasi-uniformities on frames.

PROPOSITION. For every functorial compatible quasi-uniformity F and every
frame L, Br(L) = S(L).
. —F . -F .

Proof. Since i (V,) = zf(a) € L1(Ery) and i; (A,) = —-zf(a) € L2(8F 1),
the frame map sz may be seen as a biframe map S(L) — Bpr(L). Condition
(3.7.1) means that this is an injective map. It then remains to prove surjectivity,
which is a consequence of the strictly zero-dimensionality of Br(L) ensured by
Proposition 3.5:

For each x € Fy(L), we may write x = \/ael()’a A z4) for some y, €
L1(Err)) and z, € L2(EF)). Moreover, z, = \/ﬁela —wg for some wyg €
L1(8F(1)). Therefore, x = \/,; Vgej, Vo A ~wp). Denoting (5 (ya) by aq
and (i)' (wp) by by it is clear that 7{(9) =xforf :=\/,, \/ﬂela (Vg AApy). O
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One may ask whether the above result extends to arbitrary 7 -pseudosections.
While this may well be so, and we certainly do not have a counterexample, the

above approach does not apply since we do not know whether zTZ is injective if F is
not a functorial compatible quasi-uniformity. We recall in passing that any Br(L)
is strictly zero-dimensional but it is not clear, however, whether this fact can be
made to bear on the present question.

4. Functorial Aspects of the Fletcher Construction
4.1. INTERIOR-PRESERVING AND FLETCHER COVERS

We say that a cover A of L is interior-preserving if, for each B C A,
Viep Db = ANB-

REMARK. It should be pointed out that our present interior-preserving covers
were previously called strongly interior-preserving while interior-preserving cov-
ers were defined by the weaker condition /\,_; V, = Vs, forevery B C A
([11], Section 3.1). This change takes account of the fact that the stronger notion
should be viewed as the primary one. We now also find more suggestive to call
those covers satisfying the weaker condition closure-preserving, especially in view
of the analysis carried out in [10].

Further, a cover A is a Fletcher cover whenever Ry :=(),c4,(Va @ DHU(IDA,)
is a Weil entourage of €L or, equivalently,

\/{(/\ va) A (/\ Aa) | A UA, = A} =1 ([11], Proposition 4.2).

acA acAjy

Examples of interior-preserving Fletcher covers are finite covers, locally fi-
nite covers, spectrum covers and well-monotone covers (see [11] for the details).
In summary, the situation is as follows [10]:

Closure-preserving Fletcher

covers covers

Point-finite Interior-preserving
covers | =7~ covers

™~

Locally finite
covers

Spectrum covers | | ‘Well-monotone covers

Finite covers
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It might be added that, for any covers A, B of L,
RiNRp = Rusnp ([11], Lemmad4.1) 4.1.1)

For the remainder of the paper we shall denote the entourage Ey, = (V, @ 1)U
(1 A,) simply by H, and, for each frame homomorphism % : L — M, we denote
by h : €L — €M the morphism given by (2.2.3). Note that (h @ h)(H,) = Hy ().

Interior-preserving covers and Fletcher covers behave well with respect to mor-
phisms:

PROPOSITION. Leth : L — M be a frame homomorphism. Then:

(1) For every Fletcher cover A of L, h|[A] is a Fletcher cover of M.
(2) For every interior-preserving cover A of L, h[A] is an interior-preserving
cover of M.

Proof. (1) Since R, is a Weil entourage of €L, (h @ h)(R,) is a Weil entourage
of €M. But, clearly, (l’l D h)(RA) - maEA(h D h)(Ha) = maeA Hh(a) = Rh[A]~
Thus Ry(4) is also a Weil entourage of €M.

(2) For each B € A we have, using the hypothesis,

\/ App) = \/E(Ab) = E(\/ Ab) = h(ApB) = DuAB) = AAnBI-

beB beB beB

The reverse inequality \/,_z Anp) < A ns) is always true. ]

In general 1 does not preserve arbitrary meets. But, clearly,

E(/\ Ab> = /\E(Ab), for every B C L.

beB beB

Moreover:

LEMMA. Let A be an interior-preserving cover of L. Then:

(1) E_(/\bEB Vo) = Npep h(V) for every B C A.
2) (h ®h)(Rx) = Ryja)- - )
(3) Foreach x € L, st;(h(Vy,), (h ® h)(Ry)) < h(st;(Vy, Ry)).
(4) Foreachx € L, sty(h(A,), (h & h)(Ra)) < h(st2(Ax, Ra)).

Proof. (1) h(Nyep Vo) = h(Vpp) = —h(App) = —h(\epAp) =
—“(Vpep h(AB) = Npep B(Vi).

(2) The inclusion (A @ h)(R4) < Rya) is trivial. On the other hand, let (a, B) €
Ryra). This means that, for every a € A, o < Vj or B < Ay, that is,
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@ < Agea, Viw and B < A,c4, A for some partition A} U A, of A. Con-
sequently, by (1), a < E(/\aeAl V.), and, on the other hand, 8 < h( AL).
But (/\aeAl v“’ /\aeA2 Aa) € RA thus

(@, B) < (E(/\ va),ﬁ(/\ A)) e (A @®N)(Ra).

acAy acA;

acAy

(3) It suffices to check that st;(Vj), Rupa)) < h(st;(Vy, Ry)). Let (a, B) €
Rppay with B A Vi # 0. Then o < /\QGA1 Vi@ and g < /\aeA2 Ap(q), for some

partition Ay U A; of A. But, by (1), Auca, Vi) = Auca, B(Va) = B(Nyea, Vo)
so we only need to show that /\ V, < st;(V,, Ra), which is easy, since

(/\Va,/\Aa>eRA

acAy

aeAl aEAz
and B A Vi # 0 implies 2(A,cq, Aa A Vi) = Nges, Dy A Vi) # O,
that is, /\ueA2 Ay AV, #0.
(4) Similar to (3). O

4.2. THE FLETCHER CONSTRUCTION IS FUNCTORIAL

It is now our goal to study the functoriality of the pointfree version of Fletcher’s
construction presented by the authors in [11]. We begin with a broad outline of
this method of constructing compatible quasi-uniformities for arbitrary frames (the
details can be seen in [11] and [10]).

For any frame L, let 4, be a nonempty collection of interior-preserving Fletcher
covers of L and let &4, be the filter of WEnt#(€L) generated by {R4 | A € AL}
In general, one has £1(84,) € VL and £2(84,) € AL ([11, 10]). So, it may
well be the case that (€L, L£1(E4,), L£2(E4,)) is not a biframe and, consequently,
that &4, is not admissible on €L (this phenomenon already presents itself in the
classical setting). We show in [11] how to remedy this situation by modifying
the congruence frame €L to a certain subframe €L’, and of handling the im-
posed quasi-uniformity &, accordingly, by modifying conveniently the generating
entourages Ry.

Here, in order to keep the readability of the paper and to avoid too much tech-
nicalities, we shall confine ourselves to the class of all quasi-uniformities on the
congruence frame €L (after all, our standard examples are all of this kind); for
details about the general case (CL’, SAL) see [10], where results similar to the
foregoing ones are presented.

Therefore, in what follows we assume that +; is an admissible set of interior-
preserving Fletcher covers of L, that is, a collection of interior-preserving Fletcher
covers of L such that &4, is admissible on €L (in other words, (€L, £,(E4,),
L£2(E4,)) is a biframe with £;(E4,) € VL and L£,(&4,) € AL).
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REMARKS. (1) This method of constructing compatible quasi-uniformities can
be performed more generally for families 4, of closure-preserving Fletcher cov-
ers, as shown in [11]. Here we assume <+, to be a family of interior-preserving
covers because we need to apply the results of the previous section to get the
functoriality.

(2) Note that, if for each a € L there exists A € 4 containing a, then, since
R4 € H,, we have the inclusion F¢; < &4, . Therefore, by Proposition 3.2,
L1(E4,) = VL and L£,(E4,) = AL. This is what happens in each of our standard
examples (cf. [11], Section 8).

(3) If [J AL is a subbase for L, &4, is a transitive quasi-uniformity on €L,
compatible with L (cf. [11], Theorem 6.7).

Following the classical terminology, we say that a natural kind of covers in Frm
is an indexed class & = (oA )1crm Such that:

(1) Each +; is an admissible set of interior-preserving Fletcher covers of L;
(2) For every frame homomorphism 4 : L — M and every A € Ay, h[A] € Ay.

The following observation will be useful later on.

LEMMA. Let A = (AL)Lcrm be a natural kind of covers and let h : L — M be
a frame homomorphism. Then:
Eap . . T Eay —
(1) V, <"y Vyimplies h(Vy) <1 h(Vy).
€y . . Sy
(2) Ay <2 Ay implies h(Ay) < 2 h(Ay).
(3) h(Li(Ex,)) S Li(Eay) ( =1,2).

Proof. (1) Consider Ay,..., A, € #Ap such that st;(V,, ﬂ?zl Ry) < V..
Then, we have h(st;(Vy,()_; Ra)) < h(Vy. But, by (4.1.1),
h(sti(Vy, ()i, Ra;)) is equal to h(st;(Vy, Rpr_, ). Thus, h(st; (Vy, MNi—; Ra))
> sty (h(Vy), (h@®h)(Rp»_, a,)), by Lemma 4.1(3). Clearly, each A; being interior-

preserving, A\!_, A; is also interior-preserving. Therefore, by Lemma 4.1(2),
we get

E(m (Vy, ﬂ RA,~>> > st1(h(Vy), Rupn, a)
i=1

= sti(h(Vy), Rpr_ niay)

n
= Sh (E(V}), ﬂ Rh[A,~])~
i=1

_ _ _ Sy —
Hence, st (h(V,), ﬂl'.’zl Rpura;) < h(V,), which shows that 2(V,) JLMl h(V,).
(2) It can be proved in a similar way to (1).
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(3) It follows immediately from (1), (2) and the inclusions £;(&4,) € VL,
L2(E4,) S AL. O

Assertion (3) of the lemma means that # : €L — ¢M defines a biframe map
h:(CL, £1(Ea,), L2(84,)) = (EM, L1(E4,,), L2(E4,,)).
Moreover, we have:
PROPOSITION. h : (CL, &4,) — (€M, &4,,) is a quasi-uniform homomor-
phism.
Proof. Let E € €,4,. Then (/_; R4, C E for some Ay, ..., A, € 4, from

which it follows that (2 @ h)(()_, Ra;) € (h ® h)(E). On the other hand, by
Lemma 4.1(2),

(h & h) (ﬂ RA,-) =[E@(Rs) =) Rutan € Eay-
i=1 i=1 i=1

Hence (h & h)(E) € Epy- O

Thus the correspondence L — (€L, &4,) determines a functor Q 4 : Frm —
QUFrm.

4.3. WHEN DOES THE FLETCHER CONSTRUCTION INDUCE A FUNCTORIAL
COMPATIBLE QUASI-UNIFORMITY ?

Of course, we are interested in the case when, for every L, Q4(L) = (€L, E4,)
is a quasi-uniform frame compatible with L, that is, when Q4 is a functorial
compatible quasi-uniformity. First, we need to recall the following from [11]:

Let & be a transitive quasi-uniformity on €L, compatible with L, and consider
a transitive base 4§ of &. Since each E € 4 is transitive,

st; (0, E) <€1,- st;(0, E) forevery6 € €L (i =1, 2).

Therefore, st;(0, E) € J£1(8) and st,(0, E) € L,(E). So, by the isomorphism
L1(8) = VL, each st; (9, E) corresponds to Vgpg) for some element E[0] € L. Set

CovE :={E[0]] (0,0) € E}.
By Propositions 7.2 and 7.3 of [11] we have:
PROPOSITION. Let & be a transitive quasi-uniformity on €L, compatible with L,
and consider a transitive base 8 of €. Then:

(1) Each Cov E, for E € &, is an interior-preserving cover of L.
(2) Uges Cov E is a subbase for L.
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For the quasi-uniformity &4, we can say more:

LEMMA. [f|J{CovR4 | A € AL} is a subbase for L, then £,(E4,) = VL.

Proof. Let x € L. By hypothesis, we may write x =
\/ie1(RAf, (1] A A Ry [6,1) for some A; € A and (6;,0)) € RA; (el je
{1,...,n;}). Then

Ve = (Ve en Ao A Ve, 6,
iel 1 "
= /1101, Ry) A=+ Asti (6, Ry ).
iel

So, in order to show that V, € .£,(E4,) it suffices to check that, for every i,

Ea
St 01, Ry) A+ A sty (B, Ray ) <11 V.

For each i, take (_; R,i € &4, Then, by properties (S3) and (S4),
J

sty <st1(91, Rai) A= Asti(Ons Raj ), ﬂ RA;)

j=1

n;
< /\Sll(sl‘l(gl, RAI‘I) Ao /\stl(eni, RAZZ-)’ RAIJ)
j=1

< /\1st1(st1(9j, Ry, RA_,~/_) < /\lszl(ej, Ry o Ry)
J= J=

= N\ st1(6;, Ry) < V. O
J
Jj=1

THEOREM. Let A be a natural kind of covers. The induced functor Q 4 is
a functorial compatible quasi-uniformity if and only if, for each frame L,
(J{CovR4 | A € AL} is asubbase for L.

Proof. The forward implication follows immediately from assertion (2) of the
proposition, since each Q 4(L) = (€L, &4, ) is a transitive quasi-uniform frame,
compatible with L, with transitive subbase {R4 | A € AL}

Conversely, by the lemma, £,(84,) = VL, for each L, so Q4(L) is a quasi-
uniform frame compatible with L. Since the isomorphism i LQ”“’, giving the compat-
ibility with L, is simply V, it is then obvious that Q 4 is a functorial compatible
quasi-uniformity. O



FUNCTORIAL QUASI-UNIFORMITIES ON FRAMES 301

5. The Construction of All Transitive Functorial Quasi-Uniformities

We say that a natural kind of covers A = (Ap)cem 18 an adequate kind of covers
if, for each frame L, | J 4/ is a subbase for L. Then, we have:

THEOREM 1. For each adequate kind of covers A, the induced transitive functor
0 4 is a transitive functorial compatible quasi-uniformity.

Proof. By Proposition 4.2, O, is a transitive functor. The fact that | J A, is a
subbase of L, for each L, allows us to apply Remark 4.2(3) to conclude that Q 4 (L)
is a quasi-uniform frame compatible with L and, therefore, that Q 4 is a transitive
functorial compatible quasi-uniformity. O

So, by Proposition 3.7, for every adequate kind of covers #, each T, Q 4 (L) is
isomorphic to the Skula biframe.

EXAMPLES. The following are examples of adequate kinds of covers and of their
induced transitive functorial compatible quasi-uniformities.

kind 4 of covers functorial compatible quasi-uniformity Q 4
Interior-preserving Fletcher covers F T : “Fine transitive functorial quasi-unif.”
Finite covers @T: “Frith functorial quasi-unif.”

Locally finite covers L F: “Locally finite functorial quasi-unif.”
Well-monotone covers W: “Well-monotone functorial quasi-unif.”
Spectrum covers 4C: “Semi-continuous functorial quasi-unif.”

In fact, they are all examples of admissible collections +4,, of interior-preserving
Fletcher covers such that ] +, is a subbase of L, as we proved in the last section
of [11], thus adequateness follows from the following result.

PROPOSITION. Leth : L — M be a frame homomorphism. For every locally
finite (resp. spectrum, well-monotone) cover A of L, h[A] is a locally finite (resp.
spectrum, well-monotone) cover of M.

Proof. (1) Let A be a locally finite cover, that is, a cover for which there exists
a cover C such that A, := {a € A | a A ¢ # 0} is finite for every ¢ € C. Then
h[C] is a cover of M and, for every ¢ € C, h[Alye € {h(a) | a € A.}, since
h(a) A h(c) # 0 implies a A ¢ # 0. Thus h[A] is locally finite.

(2) Incase A = {a, | n € Z} is a spectrum cover of L, that is, a cover of L
satisfying a, < a,+, for eachn € Z, and \/nEZ A,, =1, then, immediately, 2[A]
is a cover of M, h(a,) < h(a,y1), foreachn € Z, and

\ Anay =\ 7(A,,) = E(\/ Aan> =7 =1.

nez nez nez
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(3) Finally, the case when A is well-monotone, that is, well-ordered by the
partial order of L, is obvious. O

By Proposition 3.7, for any functorial compatible quasi-uniformity F,
Br(L) = S(L) (given by 175) and we may assume, to simplify notation, that
F(L) = (CL, &r(1)).

Our main result is now as follows:

THEOREM 2. Let F be a transitive functorial compatible quasi-uniformity. For
each frame L, let

AL = {A | Ais an interior-preserving cover of L such that Ry € &p(p)}.

Then A := (AL)Lerm IS an adequate kind of covers such that Q 4 = F. Moreover,
A is the largest natural kind of covers whose induced functor is the given F.
Proof. First, we prove that -+ is adequate. Trivially, each A € 4 is an interior-
preserving Fletcher cover of L. Let & : L — M be a frame homomorphism. Then,
for each A € 4y, Ry € &pr thus (h @ h)(RA) € Ery. By Lemma 4.1(2), this
means that Ry4; € &py. Consequently, h[A] € Ay . On the other hand, since
{CovRs | A € AL} C Ay, it follows from Proposition 4.3(2) that |_J 4/ is a sub-
base for L. Moreover, +, is admissible on €L, thatis, (€L, L£1(E4,), L2(E4,)) 1s
a biframe. Indeed, by Lemma 4.3, £,(E4,) = VL; on the other hand, £,(&4,) =
AL, since A, € £,(E4,) for every a € L: by Lemma 2 of 3.6, Fer. C Er1);
therefore, foreacha € L, A := {a, 1} € A, since Ry = H, € Fer C &rr); this
implies that each H, belongs to &4, . But st2(A,, H,) = A, hence A, € L£2(84,).
Finally, the remaining claim follows from Theorem 7.8(a) of [11] that asserts
that for any compatible transitive quasi-uniformity & on €L, A; = {A | A €
Cov L, Ry € &} is the largest set of covers of L that induces &. O

This is the pointfree analogue of Theorem 2.12 of [7].
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