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Summary. We obtain explicit formulas for the entries of the inverse of a
nonsingular and irreducible tridiagonal k—Toeplitz matrix A. The proof is
based on results from the theory of orthogonal polynomials and it is shown
that the entries of the inverse of such a matrix are given in terms of Chebyshev
polynomials of the second kind. We also compute the characteristic polyno-
mial of A which enables us to state some conditions for the existence of A~!.
Our results also extend known results for the case when the residue mod k of
the order of A is equal to O or k — 1 (Numer. Math., 10 (1967), pp. 153-161.).
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1 Introduction

Tridiagonal matrices arise in many contexts in pure and applied mathematics.
For instance, besides their own interest in linear algebra, they are a basic tool
in approximation theory, particularly in the study of special functions and
orthogonal polynomials. They also come out naturally in numerical analysis
and partial differential equations, in the discretization of elliptic or parabolic
partial differential equations by finite difference methods. In the application
of such methods, the study of the inverse of the involved matrices appears
to be very important. For a review of the inverse of a tridiagonal (and block
tridiagonal) matrix, as well as applications of tridiagonal and inverse of tridi-
agonal matrices, we suggest to the reader the paper by G. Meurant [22] as well
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as the references therein. According to [22], D. Moskovitz [23] in 1944 was
the first to give an explicit formula for the inverse of a tridiagonal matrix (in
connection with one dimensional and two dimensional Poisson problems).
A closed explicit formula for the inverse is known from several references in
the case of a tridiagonal Toeplitz matrix (cf. P. Schlegel [25], T. Yamamoto
and Y. Ikebe [28], Heinig and Rost [11, p.28], R. K. Mallik [18]), i.e., a tridi-
agonal matrix with constant entries along the diagonals parallel to the main
diagonal, which is a matrix that corresponds to a discretization of an ellip-
tic partial differential equation with constant coefficients (cf. (4.26) bellow).
In [6] the authors also gave closed explicit formulas for the inverse of an
irreducible tridiagonal matrix with 2—periodic and 3—periodic entries along
the diagonals parallel to the main diagonals. Other explicit examples for the
entries of the inverse of some tridiagonal matrices can be found in Lewis [13].
Formulas (usually not explicit) for the inverse of a general tridiagonal matrix,
as well as criteria for a given matrix to have a tridiagonal inverse, also have
been given by several authors, some of them involving recurrence relations or
some canonical decompositions for the matrices in consideration (for details,
see again [22] and the references therein, e.g.). Finally, explicit formulae for
the entries of the inverse of a general tridiagonal matrix were given by R. K.
Mallik [18] by using an approach based on linear difference equations.

In this paper we generalize the above mentioned formula for the inverse
of a tridiagonal Toeplitz and tridiagonal 2—periodic and 3—periodic matrices
to some more general matrices. In fact, the purpose of this paper is to calcu-
late explicitly the elements of the inverse of a tridiagonal k—Toeplitz matrix,
a concept introduced by M. J. C. Gover and S. Barnett [10]. By definition,
given a matrix A = [q;;] of order N and a positive integer number k < N, a
tridiagonal matrix A is k—Toeplitz if

Qiskj+e =aij (G, j=1,2,--- N —k).

This means that A is a tridiagonal matrix of the form

a) bl
C1 .
Ay bk
Cr a b1
(1.1) A= cr e e CV*V,
Ay bk
¢k a1 by

Cl.




Explicit inverse of a tridiagonal k—Toeplitz matrix 459

Notice that if £ = 1 then A is a (tridiagonal) Toeplitz matrix; and when the
order N is a multiple of k then A is a block Toeplitz matrix. If b;c; # 0 for
alli =1, -+, k we say that A is irreducible. In this paper we will assume
that A is irreducible.

The structure of the paper is as follows. In the next section some basic
tools concerning the general theory of orthogonal polynomials are presented.
We also consider systems of orthogonal polynomials that can be obtained
from other (“old”) ones via a polynomial mapping, in some appropriate way
describe further on, and we obtain explicit formulas, in terms of the “old”
polynomials, for the (“new”) polynomials obtained by the polynomial map-
ping. In section 3 a review of some known facts concerning the inverse of
a tridiagonal matrix is given, pointing out the connection with the theory of
orthogonal polynomials. An application of the results in the previous sections
is given in section 4, where we give explicit expressions for the entries of the
inverse of the tridiagonal k—Toeplitz matrix A. Essentially we show that the
entries of this inverse can be computed by using an appropriate polynomial
mapping taking as “old” polynomials the classical Chebyshev polynomials
of the second kind. Our results are special cases of the general formulas given
in [18], but we would like to point out that our approach gives more concise
formulas, taking into account the special structure of the matrices treated
here. On the other hand, the conjugation of our results together with the ones
in [18] will lead to some interesting formulas giving closed expressions, in
terms of Chebyshev polynomials, for certain intricate sums. The results pre-
sented in section 4 are stated assuming that the matrix A is nonsingular and
so in section 5 we state conditions for the existence of A~!. These conditions
will be obtained from an explicit expression for the characteristic polynomial
of A. Such expression generalizes results by L. Elsner and R. M. Redheffer
[5] stated for the case when the residue (mod k) of the order of A equals O or
k—1.

2 Preliminary results on orthogonal polynomials

Most of the basic facts from the general theory of orthogonal polynomials
presented in this section can be founded in the books by G. Szeg6 [26] and
T. S. Chihara [4]. The theoretical basis for most orthogonality proofs in this
paper is the Favard’s theorem (also called the spectral theorem for orthogonal
polynomials), which states that any orthogonal polynomial sequence (OPS)
{P,}.>0 is characterized by a three-term recurrence relation

22) xP,(x) =a,Pop1(x) + B Py(x) + Y Prmi(x), n=0,1,2,---

with initial conditions P_;(x) = 0 and Py(x) = const. # 0, where {a, },>0,
{Bn}n>0 and {y, },>0 are sequences of complex numbers such that o, ;41 # 0
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foralln =0,1,2,---. Ifa, = 1forallmn =0,1,2,--- theneach P, is a
monic orthogonal polynomial of degree exactly n, and we say that {P,},>0
is a monic orthogonal polynomial sequence (MOPS).

In matrix form the three-term recurrence relation (2.2) can be written as

Py(x) Py(x) 0
Pi(x) Py (x) 0

X . == Jn+l . +anPn+l(x) . s
P,(x) P,(x) I

where J,4; is a tridiagonal Jacobi matrix of order n + 1, defined by

,300[00‘” 0 0
wbBrap--- 00
0»vp-- 0 0
Jn+l:= . .. . . (n=09152a“')'

00¢O0:-- ﬁn—l Qn—1

000 yu PBa
(In fact, usually a Jacobi matrix is understanded as a real symmetric tri-
diagonal matrix, but here we avoid this distinction.) Hence if {xnj};?:l is
the set of zeros of the polynomial P, then each x,; is an eigenvalue of the
corresponding Jacobi matrix J, of order n, and an associated eigenvector
is [ Po(xnj), P1(xnj), - -+, Pa—1(x,j) I'. Moreover, the (monic) characteristic
polynomial of J, is precisely P,, i.e.,

Py(x) =det(xl, —J,), n=1,2.--,
where I, denotes the identity matrix of order n.
Two of the most useful OPS’s are the Chebyshev polynomials of the

first and second kind, denoted by {7, },>0 and {U,},>0, respectively. These
polynomials satisfy the three-term recurrence relations

2T,(x) =T1(x) +T,1(x), Tox)=1, Ti(x)=x,

(2.3)
2xUp(x) = Upp1(x) + Up—1(x),  Upx) =1, Ui(x) =2x,
foralln =1, 2, ---. It is well known that U, and T}, also satisfy
sin(n + 1)6
T,(x) = cos(nd), U,(x)= g cosf (0<6 <m)
Sin

foralln =0, 1,2--- (where,ifsinf = 0, sin(n+1)0/ sin @ must be replaced
by its limit as & — 0), from which one easily deduce the orthogonality rela-

tions
/1 dx 7 ifn=m=0
L) (x) ——— =
1 V1 —x2 % 8,u.m otherwise
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and

1
/ Un(x)Um(x) \% 1 —x2dx = %Bn,m s

as well as the explicit formulas

n n/2] (n—v— 1), ,
D@zEE;—VEE—TF@N‘VM=LL~J,
n/2] )

24 U@ = EJ—V = 20" (1=0,1,2,--),

—2v)!

where |x| denotes the greater integer less or equal to the real number x.
Further, the asymptotic result

(2.5) lim &)

=z+Vz2 -1
n—>+400 Un—l(z)

holds, where this complex square root is taken in such a way that z ++/z2 — 1
is an analytic function in C \ [—1, 1] with |z ++/z2—1| > 1 when z ¢
[—1, 1].

Next we will describe some polynomial transformations on orthogonal
polynomials which will be used to study k—Toeplitz matrices. Let { p, (x)},>0
be any MOPS. According to the Favard theorem it can be characterized by
a three-term recurrence relation. For our purposes, it is convenient to write
this recurrence as a general block of recurrence relations of the type

(x = BD) Pty (X) = Pkt ji1 (%) + @ puiy -1 (x)
(2.6) j=01---,k—1; n=0,1,2,---,

and satisfying initial conditions

p-1(x) =0, po(x)=1.

Without lost of generality, we will take a(()o) = 1, and polynomials p; with
s < —1 will be always defined as the zero polynomial. Also, we make the
convention that empty sum equals zero, and empty product equals one. Since
we assume that {p, (x)},>0 given by (2.6) is a sequence of orthogonal poly-
nomials, we need to impose the conditions

al’ 40, j=0,1,-- k—1;n=0,1,2,---.
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We also assume that k£ >
S. Monsalve [3], for n = 0,
by

3. Following J. Charris, M. E. H. Ismail and
1,2, ..., we introduce polynomials A, (i, j; -)

0 ifj<i-2
An(i, jix) = 1 ifj=i-2
x—=biVifj=i—1

and, for j > i > 1, by the determinantal form

x—bi=h ] 0o ... 0 0
a  x—b» 1 . 0 0
0 ali+h x —pl+h 0 0
A o= . . . .
0 0 0 ..x—bYY 1
0 0 0 - a4 x—pY

In [3] the authors showed that in order to determine the polynomials p,, for all
n=20,1,2,---,itis only need to compute the p,;’s foralln =0,1,2,---.
A special case of main interest in applications occurs when the given MOPS
{Pn}u>0 is obtained from another MOPS {g, },>0 via a polynomial mapping,
in the sense that there exists a polynomial 7" of degree exactly k such that,
up to an affine change in the variables,

(27) pnk(x) = Cln(T(x)), n = 09 1’ 2’ R

Assurance of the existence of such an orthogonal sequence {g,},>0 is not
easy in practice. It is known, e.g., that if { p,,},,>0 is obtained from some other
system of orthogonal polynomials via a polynomial mapping (in the above
sense) then b® and A, (2, k — 1; x) must be independent of n (see [3],[8]).
This, however, is not a sufficient condition, as examples show. A sufficient
condition has been improved in [3] (cf. Theorem 4.1 and Remark 4.2), and
it states that if both b,(lo) and A, (2, k — 1; x) are independent of n and if, in
addition,

aO N, 12k —2:x)+aPA, Bk —1;x) —al MG, k — 1; x)

is independent of x foreveryn =1, 2, - - -, then {p, },>0 can be obtained via
a polynomial mapping of the type (2.7). These kind of polynomial mappings,
such as (2.7), were extensively studied by J. Geronimo and W. Van-Assche
in [8] and J. Charris and M. E. H. Ismail in [2]. Some examples, making a
connection with the so-called sieved orthogonal polynomials on the real line
and on the unit circle, were given in [12] and [24]. Other examples and appli-
cations, in the particular cases of quadratic and cubic polynomial mappings,
appear in [1], [19], [20] and [21].
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A polynomial mapping of the type (2.7) comes essentially from the
expansion of the p,i;’s in terms of p,; and p,41)k. Next we consider a
slightly different polynomial mapping, which we found to be more appropri-
ate to study tridiagonal k—Toeplitz matrices. The idea consists of expanding
the p,k4;’s in terms of p,x_1 and p(,41)k—1, which will lead to a polynomial
mapping of the type

Pritk—1(x) = p(X)gn (T (x)), n=0,1,2,--,

where p and T are fixed polynomials of degree k — 1 and k, respectively.
This fact is stated in the next proposition.

Theorem 2.1 Let {p,},>0 be a MOPS characterized by the general block of
recurrence relations (2.6). Forn =0, 1,2, - - -, define

ra(x) 1= A\ At 2ok = 200) — aV Ay 2,k — 2 x)

+a® DALk =3;x) —al VA1 k —3;x).
Assume that, foralln =0, 1, 2, - - -, the following conditions hold:

(i) b*=Y is independent of n
(1) A,(1,k—2;x) =: p(x) is independent of n for every x ;
(iil) r,(x) =: r, is independent of x for every n.

Consider the polynomial T of degree k defined as
T(x):=Aog(l,k—1;x) —a”Aj(2,k — 2 x),
and let {q,},>0 be the MOPS generated by the recurrence relation
(28)  gny1(¥) = (x =) gn(x) = $pgn—1(x), n=0,1,2,---
with initial conditions q_1(x) =0 and qo(x) = 1, where
Sy = a,go)a,gl) . -a,(Lk_l) .
Then, for each j =0,1,2,--- ,k—landalln =0,1,2,---,

Prn+j(x) = Ay(1, j = 1: x) g (T (x))

(2.9) ;
+a®ald - a Ay + 2.k — 2 %) gar (T ().

In particular, for j =k — 1,

(2.10) Pin+k-1(x) = p(x) gu(T(x)), n=0,1,2,---.

Proof The proof is based on the approach developed in [2] and [3]. We begin
by rewriting (2.6) as a system in matrix form,
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Pnk a,(zo) Pnk—1
DPnk+1 0
174 . — . ,
Dnk-+k—3 0
Prk+k—2 Pn+1k—1
Pn+1k (x = b "M putiyk—1

where V is the tridiagonal matrix of order k defined by

x—b" -1
ol _p
—a? x—-bp? -1
V.=
—a x _pky
—a*k=2 x —p%=2 0
a1

Solving this system for p,i; in terms of p,x4«—1 and p,x—; by Cramer’s rule,
it follows that the polynomials of the sequence {p,},>¢ satisfy the relations

Ap(L k=25 ) priy j () = Ay (1, j — 15 0) prasyk—1(x)
+ayall - al) Ay (j + 2,k — 2 X) k1 (%)
(2.11) j=0,1,--- k=2, n=0,1,2,---

and
Ap(1, k=2 x)pnk+k(x)
= {&=bF"NA1L k—2:x) —a* VA1 k= 3: X)) prgiyk—1 (%)

—a®a® . a® D p (), n=012,---.
(2.12)

Hence, one sees that in order to determine the polynomials p; for all i =
0,1,2,---, we only need to compute the p,;_;’sforalln =0,1,2,---.In
(2.11) replacing n by n + 1 and then setting j = 0 we get

Ani1(1, k=25 %) pukar (%)
(2.13) = Poark—1(X) + @ Api1 (2, k = 25 %) piag i1 (¥)

for every n = 0,1,2,---. Since A,(1, k — 2; x) is independent of n, the
left-hand sides of (2.12) and (2.13) coincide, so that (after a new change of
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indicesn — n — 1),

0 k-1
PintDik—1(x) + a,(l_)la,(l_)l - 'a,(,_l )p(n—l)k—l(x)

- { (=% Ag(1 k — 2 %) —a* TV Au_ (1, k — 31 x)
(2.14) —a" N2k =2, puci(x), n=1,2,---.
Now, expansion of the determinant Ay(1, k£ — 1; x) along its last row gives
Ao(1Lk—1;x) = (x — b ) Ag(1, k —2;x) —al " Ao(1, k —3; x).
Therefore, (2.14) can be rewritten as
Pn+k—1(x) + a,io_)la,i‘_)l . 'a,(,k:ll)P(n—l)k—l(x)

— { Ao(L k= 13 x) +a ™V Ag(1, k — 3; x)

n—1
={T(x) —rp1(x) } ppi—1(x)

foralln =1, 2, ---, hence

—a Ay (k=350 = a0 A2k = 200 | puicr ()

P+ k—1(X) = (T (X) = rp1) Puk—1(X) — Su—1 Pn—1yk—1(X) ,
n=1,2,---.

Since pr_1(x) = Ap(l,k — 2;x) = p(x), (2.10) comes now easily by
induction over n. Finally, (2.9) is an immediate consequence of (2.11) and
(2.10). O

3 Inverse of a tridiagonal matrix

Let us consider a general tridiagonal matrix of order N, say

ﬁﬁ (03] [V 0 0
viBraz--- 0 O

0ympBs-- O 0
(3.15) J=1. .2 .3- : .

When J is invertible, J ~! can be computed according to the following result.

Proposition 3.1 (Usmani [27]) Assume that J is nonsingular. Then the entries
of J~! are given by
(Do ;101 /0y i<

(3.16) (J 7Y = . e
Yl 0y 0 i oy i >
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where 6_1 =0, 6p =1,

(3.17) On = Bnbn—1 — An—1Yn-16h—2 (n=12,---,N),
and ¢n12 =0, ¢yt =1,

(3.18)  &u = Bunt1t — Vupia (m=N,N—1,--- 1).

Henceforth, one sees that the problem of the determination of the inverse
of a (nonsingular) tridiagonal matrix reduces to solving the difference equa-
tions (3.17) and (3.18). Those are homogeneous linear difference equations
of second order with variable coefficients. The explicit solutions to such
difference equations (in the general case, with variable coefficients) were
found in the last years by R. K. Mallik (see [14]-[18]). In fact, based on
these results on difference equations, in [18] explicit formulas for the entries
of the inverse of a general tridiagonal matrix were given, only in terms of
the entries of the matrix. These results can be summarized in the following
proposition, where the definition of a set S, (m + 1, n) is needed, which has
been introduced in [14] as follows: for g, L, U € N, S, (L, U) is the set of
all g—tuples with elements from {L, L + 1, --- , U} arranged in ascending
order so that no two consecutive elements are present, i.e.,

{L,L+1,---,U}, ifU=>L and g=1 ;

{(klv"'vkq) : kla"',qu{L,L'i_l,"',U}and
Sy(L,U) := ke —key>2for£=2,---,q},

if U>L+2and 2<q < |(U—-L+2)/2] ;

a, otherwise .

Proposition 3.2 (Mallik [18]) Assume that J is irreducible and set

(_1)n7m+l 1

am ... an
[(n—m+1)/2]
X\ Bm-Bnt Z Z Omn(ky, -+ 5kq) >
g=1 (k1 kg)€ Sq(m+1,n)
E,(m) =
n(m) Em=1n—1,n=2- N;
—'B—n, fm=n,n=1,---,N;

(7]

1, iftm=n+1,n=0,---,N;

0, otherwise ,
where

q

Omnkrs -+ k) = B+ B (=D ]

s=1

Oy —1Viks—1

Br,—1Bk,
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Then J is invertible if and only if En(1) # 0. Under such conditions, the
entries of J~! are explicitly given by

CE(DENG+D

ifi <j
(3.19) Y = o En(1)
N Fio()FyG+1) ..
— ifi >j,
vi Fn(1)

where, form < n,

F,(m) = u E,(m) .

A J/n
Remark The expression for 0,, ,, (k1, - - - , k) is well defined even if some of
the B’s are zero, since all the denominators S, B, (s = 1,--- , g) cancel

out with some factors in 8, - - - B,.

Formulas (3.19) follow from (71)—(72) in [18], and the invertibility con-
dition is a consequence of (77) in [18], which reads as

(3.20) detJ = (=D ay---ay Ex(1) .
Further, it follows from (18) and (63a)—(63b) in [18] that E, (m) satisfies
Yn—1

an

En(m)=—f%En_1(m)— E, p(m), 1<n<N, 1<m<n.

(3.21)
This recurrences, together with the relations

E(1)=0, Em+D)=1 (0<n=<N),

(3.22) E,(n) = —5—" (I1<n=<=N),

can be used to determine all the E,(m) for 1 <n < N and 1 <m <n.
In fact, Mallik found the explicit expressions (3.19) for the entries of J~! by
solving recurrences (3.21)—(3.22), as well as

En(m) = =P B om 4 1) =

U Q41

E(m+2), 1<m<n,1<n<N
(3.23)

(cf. (25) and (63a)—(63b) in [18]). Now, using (3.17) and (3.21)—(3.22) one
sees that

(3.24) 0, =(-D"ay---a,E, (1), —-1<n<N.
Similarly, using (3.18) and (3.22)—(3.23) one verifies that
(3.25) ¢u=D"""oyayEy(n), 1<n<N+2.
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These relations (3.24)—(3.25) show that Propositions 3.1 and 3.2 are consis-
tent. In fact, Proposition 3.1 can now be derived from Proposition 3.2.

Notice that the above difference equations (3.17)—(3.18), or (3.21)—(3.23),
also make clear a connection between the theory of orthogonal polynomials
and the problem of the inversion of a tridiagonal matrix. This connection
has been explored by the authors in [6] to evaluate the inverse of tridiagonal
2—Toeplitz and 3—Toeplitz matrices. We point out that the technique used
in [6] is not easy to apply to the general case of the tridiagonal k—Toeplitz
matrix, since it does not give a general procedure to solve the mentioned
difference equations. On the other hand, in practice (depending on the spe-
cific structure of the given matrix J) it may be hard to work with the explicit
expression for E,(m) as in Proposition 3.2. In the next section it will be
shown, using the results presented in section 2, that the difference equations
(3.17)—(3.18), or (3.21)—(3.23), can be solved for the case of the tridiagonal
k—Toeplitz matrices in terms of the Chebyshev polynomials of the second
kind and an appropriate polynomial mapping. As an indirect consequence,
the conjugation of our results together with the ones in Proposition 3.2 will
lead to some interesting closed formulas, in terms of Chebyshev polynomials,
for some sums involving the sets S, (U, L).

4 Inverse of a tridiagonal k—Toeplitz matrix

Explicit formulas for the inverse of a nonsingular tridiagonal k—Toeplitz
matrix A such as (1.1) have been given in the case k = 1 by several authors
(see some references in the introduction). In this case A reduces to a tridiag-
onal Toeplitz matrix, say

ab

ca b

c a ,
c a

and so, if A is nonsingular and irreducible, putting d := a/(2+/bc), the
inverse is given by
b~ U1 (d)U,—; () .

(\/%>j—i+l U, (d) ifi<j

¢ U @U@
(x/b_>i_j+1 A
C

(_1)i+j

(4.26) (A7h);; =
(_1)i+j
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When k£ = 2 the inverse of the (assumed irreducible and nonsingular)
tridiagonal 2—Toeplitz matrix (1.1) has been given in [6]: if we put

pL2 = bbycica, ,32 :=byca/bicy

1
S(x) = 70 {(x —a))(x —az) — bicy — byca}
m

and define {Q; (-; &, ¥)}i>0 the sequence of monic polynomials such that

Oniv1(x; o, ) 1= (x — &) ' U (£2(x))
00 (x; @, y) i= w {U; (52(x)) + v Uit (E2(x))}

where « and y are some parameters, then

(P I g g, it
(4 )ij: i+j LG=0/2] L(j—i+1)/2] A .
(=D ep! cq/ O 1¢iv1/On, if i >j

4.27)

where p, =3 — (—-19/2, ¢¢ = B+ (—-1)H/2,
6 = (—=1)'Q; (0; a1, B) ,
and

b { (=1 Quy1—i O:ar, 1/B)  if nis odd

(=Dt Q0,12 (0; a2, B) ifniseven.

Notice that (4.26) follows from (4.27) when we take a; = a; = a, by = by =
b and c¢; = ¢; = c (see [6]). The inverse of a tridiagonal nonsingular and
irreducible 3—Toeplitz matrix (case k = 3) also have been given in [6], but
we point out that a misprint appeared in the statement of the corresponding
theorem. Nevertheless, the next procedure is valid for any k£ > 3.

In order to give the inverse of the general tridiagonal k —Toeplitz matrix
(1.1), with k > 3, we need to introduce some notation. We denote

2,2
T 1s k X
Wi, + -+, Wi

x+z1 1 o -- 0 0 1
wy x+zp 1 .- 0 0 0
0 wy x+2z3--- 0 0 0
0 0 0 © X+ Zk—2 1 0
0 0 0 Wi—2 X + Zk—1 1
Wi 0 o .- 0 Wi—1 X+ 2k
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and
x+z; 1 o .- 0 0
w; Xx+22 1 0 0
<ZI,--.,ZS ) 0w x4z 00
A ;X )= . ) ) ) ) ,
Wi, -0, Wy : : : : :
0 0 0 - x4+z;q 1
0 0 0O - w1 x4z

so that m; is a monic polynomial of degree exactly k in x, depending on 2k
given (complex) parameters, and A is a monic polynomial of degree s in
x which depends on 2s — 1 given parameters (with the usual conventions
A=0ifs <0,A=1ifs =0and A =x + z; if s = 1). Then, if w; # 0
holds for every i, putting

(4.28) w? = [ Jwi

(i.e., we choose w to be a square root of ]_[f:1 w;), we set
Tyt 5 Xk
U, DX
n’k<w17"'7wk )
=w"U, | 5= {7 Lhrrs Xk s x )+ (=DF (wk+w2/wk)
2w wl’ SR wk

and notice that U, 4 is a monic polynomial of degree nk in x. Finally, define
a sequence of monic polynomials {Q;};>o by

Qk . Z]y"'azk © X
ety w]y"'awk’
21,05 4 AT
= A ! Fox VUi [ Kox
Wi, » oy Wi Wi, =+, Wk

Z. DY Z _
+wkw1"'w/ A Jj+2s s Lk—1 X
' Wi, ", W2

AT 4 2
XUnl’k(wl,"',wk’x)’
forn =0,1,2,--- and 0 < j < k — 1, each Q; being a monic polynomial

of degree exactly i (for every i). With these notations we can state our main
result.

Theorem 4.1 Let A be the tridiagonal k—Toeplitz matrix of order N defined
by (1.1), with N > k > 3. Assume that A is non-singular and irreducible.
Then
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(=)™ oqr - oj_1 Om1 i /Oy i i <
(A_l)"] = 7 oo .
(=D yiyis1-vic10—1 ¢iv1 /Oy if i >,

where

Qktrstl =it Vierst1 =Cop1 (=0, k—1;£=0,---, [ X==1])

and the 6,’s and the ¢,,’s are explicitly given by

_ ay, -, dg .
% = O (blcl,"- s brer’ 0)
and, r being an integer number characterized by 0 < r < k — 1 and
N =r (modk),

by = Onas Qr, Qr_1,--+ , A1, A, Ak—1, ", Qrl 0
" N boryCotrys -+ s Po1)Co(l)s PotyCok)s s bora1)Cotri1) ’

where o stands for the following cycle of length k:

o ::(r’r_la"' 71’k,k_11”‘ 7r+1) )
with o .= (k,k—1,---,1) ifr =0.
Proof According to the considerations in the previous section, the problem
of the determination of the inverse of the general tridiagonal k—Toeplitz
matrix (1.1) reduces to the determination of the transformations 6, and ¢,

from (3.17)—(3.18). In order to evaluate 6,,, notice that for the matrix (1.1)
relations (3.17) become the following system of difference equations

Onktj+1 = Aj41Onksj — bjCiOnisj—1,
j=0,1,---k—1;n=0,1,2,--- , (N —j—1)/k],
with initial conditions 6_; = 0 and 6y, = 1. Hence, one sees that
6, =p,0), n=0,1,---,N,

where {p,},>0 is the MOPS given by the block of recurrence relations (2.6)
with {a\’} and {b’} defined by

a® =byey, a’ =bjc; (j=1,2,-- k=1,
429 bV =—a;y (j=0,1,---,k—1).
Under these conditions, it is clear that all the determinants A, (i, j; x) are

independent of n and r,, (x) = 0 is independent of x, so that all the hypothesis
(1)—(iii) of Theorem 2.1 are fulfilled. Moreover,

k
ro=r,=0, s,,:const.:l_[bici =:,u2, n=1,2,---,

i=1
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and it follows that in this case the sequence {g, },>0 defined in Theorem 2.1
is explicitly given in terms of the Chebychev polynomials of the second kind
by

a0 =10, (%), n=01.2--
(compare with (2.3)). Now, the polynomial 7" in Theorem 2.1 is given by
(4.30) T(x)=Aog(1,k—1;x) — brcr Ao (2, k — 25 x),

and by some computations on the determinant bellow one easily verifies that

T+ (=D (beee + T1IZ) bier)

xX4+a 1 o - 0 1
bici, x4+a, 1 --- 0 0
0 byer x+az--- 0 0
0 0 0 - x+ar 1
bkck 0 0 cee bkflckfl X+ ag
_ ay, -, d .
(4.31) = T (blcl,--- e’ x)

(notice that the first equality is true since k > 3). It follows that

ay, -, dg .
bici, -+, brey’

qn(T(X))=Un,k( X), n=0,1,2,---.

Further, notice that in this case we have

An(l,j—2;x)=A( ai, -+ ,a; ;X),

bicy, -+ 7bj—1Cj—1
. Ajyo, 5 A1
A(G+2,k=2;x)=A Ul cx ).
nUJ ) (bj+2cj+2, < brack

As a consequence, from (2.9) we conclude that

_ ap, -, dg . _
(432) pu(x) = 0, (blcl,_,_ Fo x) L on=0.12,

Hence the representation for 6, as in the theorem is proved. In order to
compute the ¢,’s, notice first that (3.18) gives

Puk+j = Aj1Pnk+j+1 — bjCiburyjt2 s
(4.33) j=0,1,--- k—1;n=0,1,2,---, [(N — j)/k],
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with initial conditions ¢yio = 0 and ¢y,; = 1. To find the solution of
(4.33) it is convenient to make a change of variables. Set
wn::¢N+l—n7 n:1727"'aN'
Let r be the integer number characterized by
O0<r<k-—1, N=r(modk).
Then (by straightforward computations) from (4.33) we obtain
Ynksj+1 = b;g])Wnk+j - ar(/)l/fnkﬂ—l ,

j=01,--- k—=1;n=0,1,2,---, (N — j)/k],

with initial conditions ¥_; = 0 and v, = 1, where

(4.34) S| brejee 0= <y
n bk+"—jck+r—jifl’§j§k_1’
and
(4.35) b = —ar—j if0=<j<r
—gqr—jifr <j<k-—1.

Therefore, we see that
Wn:pn(o): n:071923""N’

where, now, {p,},>0 is the MOPS given by the block of recurrence relations

(2.6) with {a'”’} and {b}"’} defined by (4.34) and (4.35). Hence, if we proceed
mutatis mutandis exactly as we have done above for the determination of the
0,’s, for this sequence {p,},>0 we find

Ar, Ar—1,**, A1, Ak, Ak—1, ", Ar41
X) = ;-x ’
Pu() = On (ba(r)ca(r)v L be(1)Co(1)s bok)Catkys s Dora)Co(rt1) )
where o = (r,r —1,---,1,k,k—1,--- ,r+1) is a cycle of length k.
For x = 0 this gives 1,,. Hence we get the desired expression for ¢,,. O

Remark Asremarked before, the case k = 2 have been solved in [6] by using
an appropriate quadratic transformation. However, the inverse of a tridiago-
nal 2—Toeplitz matrix also follows from the case k = 4 in the result above,
when we take az = ay, a4 = az, b3 = by, by = by, c3 = ¢y and ¢4 = ¢,. Of
course, when all @;’s are equal as well as all the b;’s and all the ¢;’s, we also
get the inverse of a tridiagonal Toeplitz matrix (case k = 1).

In order to see an application of Theorem 4.1, we include an example,
where we consider that the matrix A in (1.1) has order N = 19, with period
k =5, and the entries are given by
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Cl]=1, 612=2, a3:3, a4=4, a5=5,
by=i, by=2, b3y=bs=1, by=1-—1,
co=cs=1, a=-1, =22, =2.

Let us compute, e.g., the entries (A™") 15.4 and (A1 )7.7. We begin by comput-
ing det A = 09 (cf. (3.20) and (3.24)). Notice that for the computation of the
U,.x’s we need to fix w from (4.28). Since w? = ]_[3:1 bjc; = —8v2 (1+1),
we choose

w:=—2\/2—ﬁ+2i\/2+ﬁ.

Therefore, by Theorem 4.1 we have

1,2,3,4,5
det A =019 = Osxsra <i, ~2,2/2,2-2i,1° O)

1,2,3,4 1,2,3,4,5
=4 (i, ~2,24/2,2 - 2i " 0) Uss (i, ~2,24/2,2-2i, 1’ O)

= (15185728 — 1685504+/2) — i (79315648 — 39653440+/2) .

The last equality is easily derived using MATHEMATHICA, e.g.—in this pro-
gram the Chebyshev polynomials of the second kind are already pre-defined.
To compute (A~ Y 5.4 we must determine 03 and ¢ in Theorem 4.1. We have

1,2,3,45 N (123 \_ . ..
93_Q0X5+3<i,—2,2ﬁ,2—2i,1’0)_A(i,—2’0)_8_31'

To compute ¢ we need to consider the cycle o = (4, 3,2, 1, 5), so that
4,3,2, 1,5 ) _ 4,3,2,1
P16 = Qoxsa (2&, ~2,i,1,2-2i" O) =4 (NE, ~2,i’ 0)

=(32—-4v2)—i(12-2V2) .

Therefore,
(A Disa = 64851
O19
538720642301203 + 238439657119632+/2
- 1636328964782229099
. 257831938678629 + 60369019908005+/2
- 1636328964782229099

= —0.00535299 — 0.000209742i .
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Next we compute (A*1)7,7. We need to find 6 and ¢s. Again by Theorem

4.1,
1,2,3,4,5 .
06 = Q1x5+1 (i, -2, 2\/22—21',1 ’ 0)
1,2.3.45 NS
=U;s (i, —2,24/2,2-2i,1° 0) +1A(2ﬁ, O)
= (118 — 16v2) —i (26 — 8v2) ,
and

4,3,2,1,5 )
P = Orx542 (2\/5’ 2122 O)

4,3 4,3,2,1,5
=4 (2&’ 0) Vas (2&, —2,i,1,2 -2’ O)

4,3,2,1
_sﬁ(l—i)AC;o) Ul,s( 32,15 0)

22, —2.i 1,2 —2i"

— (165632 — 62320+/2) — i (130048 — 63472+/2) ,

hence

)
(A" = 2_¢8 — 0.28809 + 0.133898 i .

19

Remark In the above computations, corresponding to a matrix of order N =
19 with £ = 5, we just needed to compute determinants of order 5 (to find
75(+; 0)) and at most of order 4 (to compute the A(-; 0)’s determinants), and
only values of Chebyschev polynomials of degree at most 3 were needed. This
is important from computational aspects. As a matter of fact, in the general
case of a k—Toeplitz matrix of order N, in order to apply the formulas in
Theorem 4.1 to find any specific element of the matrix A~!, we only have to
compute

(1) a determinant of order at most k (to find the value of 7 (-; 0));
(i) some determinants of order at most k — 1 (to compute the A(-; 0)’s
determinants);

(iii) and some values of Chebyshev polynomials of degree at most | N/ k|—
but we also notice that from the explicit formulas for the Chebyschev
polynomials (cf. (2.4)), the computation of U, y /) only requires to sum
1+ ||N/k]/2] terms.
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Henceforth, if N is large enough, and if a “good relation” exists between N
and k, then the determinants that we have to compute, as well as the degree
of the involved Chebyshev polynomials of the second degree, may be very
lower when compared with N. For instance, if N = 5000 and & = 70, so that
LN/k| = 71, then we only have to compute determinants of order at most
70 and values of Chebyshev polynomials of degree at most 71 (which only
involve at most 36 summands).

5 Some remarks on invertibility conditions

Our aim, in this section, is to give some information about invertibility con-
ditions for the k—Toeplitz matrix A. In what follows we put

b= Hf=1bi’ ¢ .= Hf:l ci, wri=hc.

For j > i, define

X —a; 1 0 0 0
b,‘C,‘ X — a4 1 0 0
0 bipiciyr x —aipn -+ 0 0
Ajjx) = . : S : s
0 0 0 e x—ajq 1
0 0 0 bj,1Cj,1x—Clj

so that A; ; is a polynomial of degree j —i + 1in x, and for j <1i set

0 ifj<i—1
A,-,j(x) = 1 1f]=l—1
x—a;ifj=i.

We also define the following polynomial of degree k
o) = o | Deto + (=DF (brcw + 12/ (rew) |

where Dy is a monic polynomial of degree k,

x—a; 1 o .- 0 1
b]C] X —ap 1 0 0
0 b2C2 X —az--- 0 0
Dk(X) = . . . . . .
0 0 0 s X —Ag—q 1
bka 0 0 bk_lck_l X — ag
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It is important to keep in mind that in what follows we consider that these
polynomials ¢, and Dy, are defined only when £ > 3. We begin by pointing out
that, up to a constant factor the characteristic polynomial for A, p(x; A) :=
det(xIy — A), Iy being the identity matrix of order N, is obtained by an
affine change in the variable in the polynomial Q y, introduced in the previ-
ous section, corresponding to the entries which appear in A.

Theorem 5.1 Assume that the tridiagonal k—Toeplitz matrix A of order N
is irreducible, with k > 3. Then its characteristic polynomial is

P(X;A)=(—1)NQN( Aot —x).

bicy, -+, brey’
Alternatively, r being characterized by 0 <r <k — 1 and N =r (modk),

px; A) = p N AL () Uiy (0c(x)
+ b (TTiZ bici) Ariok—1(0) Uiv—ky/x) (9x (X)) } .

"
In particular, if N = (k — 1) (mod k), then
plx; A) = WAL (x) Uiy (or(x))

and the eigenvalues of A are the k — 1 zeros of Ay x_1(x) together with all
the solutions of the following | N/ k] algebraic equations of degree k

Jjkm )
= CosS , =1,2,---,|N/k].
ok (x) Ny LN/k]
Proof First, remark that
A=D"'JyD,

where D is a diagonal matrix of order N,

i—1 k n
D :=diag{d;,dy, - ,dn}, dusi = (1_[ bs) (H bs)
s=1 s=1

1<i<k;n=0,1,---,|N/k]), and Jy is the tridiagonal k—Toeplitz
matrix
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a) 1
bicy
Ay 1
bkck aj 1
]NI= b16‘1"- E(CNXN.
Ay 1
bkck a) 1
bicy -

\

Now notice that Jy is the Jacobi matrix of order N corresponding to the
MOPS {(—1)" pp(—x)}n>0, Where { p, (x)},>0 is the MOPS generated by the
block of recurrence relations (2.6) with {a\”’} and {b\"’} defined by (4.29).
We have seen in the proof of Theorem 4.1 that this sequence {p, (x)},>0 is
determined by (4.32). Hence since A and Jy are similar matrices, and the
characteristic polynomial of Jy is (—1)" py(—x), it follows that

p(x; A) = (=D py(=x) = (=1)V Qn ( ke —x) :

bicy, -+, brek
The alternative expression for p(x; A) stated in the theorem comes now

easily taking into account the definition of Oy in terms of the Chebyshev
polynomials of the second kind as well as the relations

ay, -+ ,da
(— 1)k ( ! ko —x) + brex + 1/ (brer)

bici, -+, by’
(5.36) = Dy(x) + (=" (brek + 1*/ (brcy))
o _(_1\Jj—it] ai,diy1, -+ ,dj .
Aij@) = (=D A (bici,bi+1ci+1, e, bjiciy x)

and U, () = (—1)"U,,(—x) . The formula given for the case N = (k —
1) modk, i.e., r = k — 1, is a consequence of the general formula since
Akt14—1(x) = 0; and the algebraic equations for the determination of the
eigenvalues follows from the trigonometric expression for the Chebyshev
polynomials of the second kind. m|

Remark We have proved the preceding theorem assuming & > 3. However, a
direct inspection of the proofs in the previous theorems shows that the second
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expression for p(x; A) (and the formulas after it) remains valid for k = 1
and k£ = 2 provided one defines

1
p1(x) = 2 (x —a1),

1
p2(x) = o {(x —a))(x —az) — (bicy + bacy) }.
m

(In fact, this can easily be seen by comparing the relation (—1)*T(—x) =
2@y (x), which is true for £ > 3 — according to (4.31) and (5.36) — with
the definition (4.30) of T, which is valid for any £ > 1.) As a consequence,
we conclude that Theorem 5.1 recovers and generalizes results from [5], [9],
[19] and [20], where the characteristic polynomial of A has been computed is
some special situations. In fact, the cases r = 0 and » = k — 1 (for arbitrary
k) have been treated in [5]; the case k = 2 in [9] and [19], but we notice
that this is a particular situation of the cases treated in [5]; and the solution
for the case k = 3 have been presented in [21] (which only partially follows
from [5]).

From Theorem 5.1 we get

— (—1\N . _ at, -+, ag
detA—( 1) p(O’A)_QN<blcl,,bka’O)’

or
det A= (=D u"H L AL 0) Uiy (01(0))
o+ 22 (T bici) Arsai1 ©) Uiy (960 | -

nw

Hence, it follows that A is nonsingular if and only if

QN( A dk ;0>¢0,

bicy, -+, brek

which, of course, can be reformulated in terms of the second expression for
det A. In particular, when N = (k — 1)(mod N) then A~ exists if and only
if

Jjkm
N+1’
Consider again an arbitrary N and assume that the conditions
(5.37) A0 #0, @(0) ¢ [-1,1]
hold (the last one ensures that U, (¢ (0)) # O for all s). Then the quantity

Ari25-1(0)
Ay,-(0)

A1-100) #0, ¢ (0) # cos

j=12,---,IN/k].

n(A) 1= — %% (ITi2, bici)

n
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is effectively computable and from the above expression for det A we find
that A is nonsingular if and only if

Uinyky (9 (0))
Ui v—iy/k) (0 (0))

This and (2.5) enable us to state the following asymptotic result: under con-
ditions (5.37), for N large enough A~! exists provided that

1(A) # @i(0) +/9;(0) — 1,

where the square root is taken in the same sense as in (2.5).

n(A) #

Remark The characteristic polynomial ®y(-; J) of the general tridiagonal
matrix J in (3.15) has been computed in [18], as an explicit expression in
terms of the entries of the matrix J. It reads as (cf. (80a) in [18])

Py(x;J) = =) (x = Bn)
LN /2]

X 1+Z Z My (X) ==, () | s

g=1 (ki, ,kq)€ S¢(2,N)

where

Oe—1Ye—1
Ly Ty B

Regarded from the view point of orthogonal polynomials, it is clear that this
formula gives a general explicit expression for the monic orthogonal poly-
nomial of degree N, of any given system of orthogonal polynomials, only in
terms of the coefficients in the three-term recurrence relation characterizing
this system. When J becomes the tridiagonal k—Toeplitz matrix A in (1.1)
one has &y (x; J) = p(x; A), and the conjugation of the above expression
for @y (x; J) (in this specific case J = A) with the expression for p(-; A) as
in Proposition 5.1 leads to closed formulae to compute the above intricate sum
involving the set S, (2, N). In the particular case when N = (k — 1) modk,
one gets

LN/2]

4 bk_lck_1
D IO s s
s=1

g=1 (ki ,kg)e S42,N) 6 —a )& —a)
_ YA () Ui (@)
(x —ap) - (x —an)

Giving concrete values to the variable x, as well as to the involved parameters,
many identities can be obtained as special cases of these kind of formulae

1.
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(for instance, conjugating the explicit expressions for the entries of A~! given
by the two approaches) for computing sums involving the sets S, (L, U). We
believe that this may leads to interesting combinatorial-type identities, as
well as corresponding combinatorial interpretations.

Acknowledgements. The authors would like to thank the anonymous referees for the
many valuable comments and references.
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