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ABSTRACT. We show that any regular (right) Schreier extension of a monoid
End(A)
Inn(A) "

where SEnd(A) is the monoid of surjective

M by a monoid A induces an abstract kernel ®: M — If an abstract
h SEnd(A)

Tnn(A)
endomorphisms of A, then we associate to it an obstruction, which is an el-
ement of the third cohomology group of M with coefficients in the abelian

group U(Z(A)) of invertible elements of the center Z(A) of A, on which M

acts via ®. An abstract kernel ®: M — % (resp. ®: M — ?;iggg)

is induced by a regular weakly homogeneous (resp. homogeneous) Schreier
extension of M by A if and only if its obstruction is zero. We also show that

the set of isomorphic classes of regular weakly homogeneous (resp. homoge-
SEnd(A)
Inn(A)

), when it is not empty, is in bijection with the second

kernel factors throug

neous) Schreier extensions inducing a given abstract kernel ®: M —

(resp. ®: M — ?:ng’:;

cohomology group of M with coefficients in U(Z(A)).

1. INTRODUCTION

The classification of extensions is a classical problem in group theory. It is well-
known that extensions with abelian kernel inducing the same action are classified by
the 2-dimensional cohomology group. The case of non-abelian kernels was studied
by Schreier [25, 26]: to any group extension

0 A B G 1
he associated a group homomorphism ®: G — ?gﬁﬁg, called abstract kernel of the

extension, and he determined conditions on such a homomorphism & in order to
get the existence of extensions having it as abstract kernel. Later, Eilenberg and
Mac Lane [10] gave an interpretation of such results in terms of cohomology: to an
abstract kernel ® can be associated an element Obs(®), called obstruction of the
abstract kernel, of the third cohomology group H3(G, Z(A)), where Z(A) is the
center of A and the left G-module structure on Z(A) is induced by ®. Then ® is
induced by an extension if and only if Obs(®) is the zero element of H3(G, Z(A)).
Moreover, if there is an extension inducing ®, then the set of isomorphic classes
of the extensions inducing it is in bijection with the second cohomology group
H?(G, Z(A)). See, for example, [10, 16] for a detailed account of this result.

The same kind of result was then extended to other algebraic structures, such
as associative algebras [12] and Lie algebras [13] over a field, rings [15], categories
of interest [19], categorical groups [11, 7]. A categorical approach to this problem
was initiated by Bourn in [1] and then generalized in [6, 2, 9, 8] to the context of
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semi-abelian [14] action accessible [3] categories.

The situation for monoid extensions is more complicated. Schreier extensions
of monoids, a direct generalization of group extensions, were introduced by Rédei
[24]. In [27] the Schreier extensions of a monoid M by an M-module A were clas-
sified by H?(M, A), the classical second cohomology group of M with coefficients
in the M-module A. Then, in [20, 22] the Schreier extensions of a monoid M by
an M-semimodule A (i.e. a commutative monoid on which M acts) have been
classified by means of the second cohomology monoid H?(M, A), of a cohomology
theory of monoids with coefficients in semimodules [21, 22] which generalizes the
classical Eilenberg-Mac Lane cohomology of monoids. The problem of classifying
Schreier extensions of monoids whose kernels are (not necessarily abelian) groups
was studied in [27]. There the abstract kernel is involved in the definition of the
extension, because the author of [27] was not able to induce an abstract kernel,

i.e. a monoid homomorphism &: M — End(d) " from a given Schreier extension

Inn(A)?
0 A B M 1.

In the present paper, we show how to induce an abstract kernel from a regular
(see Definition 3.6) Schreier extension of monoids, a particular case of which is a
Schreier extension of a monoid whose kernel is a group. More specifically, in Section
3 we associate to any regular Schreier extension of a monoid M by a monoid A a
Tan(a)
a canonical representative of such a monoid extension, called the crossed product

extension. In Section 5 we show that, if the abstract kernel ® takes values in

SIiZ‘Z%), where SEnd(A) is the monoid of surjective endomorphisms of A, then

monoid homomorphism ¢: M — and in Section 4 we show that there is

it is possible to associate to ® an element Obs(®) of the third cohomology group
H3(M,U(Z(A))), where U(Z(A)) is the abelian group of invertible elements of the
center Z(A) of A, and the action of M on U(Z(A)) is induced by ®. Moreover, we
show that an abstract kernel ® is induced by an extension if and only if Obs(®) is
the zero element of the third cohomology group. Finally, in Section 6 we show that
the set Ext(M, A, ®) of isomorphic classes of regular weakly homogeneous (resp.
homogeneous) Schreier extensions of M by A (see Definition 3.10) which induce
the same abstract kernel ®: M — Sfflz"z%) (resp. ®: M — }4:;&;), when it is not
empty, is in bijection with the second cohomology group H?(M,U(Z(A))) of M
with coefficients in the M-module U(Z(A)). This is done, as for the classical case
of extensions of groups, by showing that there is a simply transitive action of the
abelian group H2(M,U(Z(A))) on the set Ext(M, A, ®). Hence our approach is
very similar to the classical one for groups, yielding a new, additional interpretation
of the classical Eilenberg-Mac Lane cohomology in terms of monoid extensions.

2. PRELIMINARIES

In this section we recall some notions we need in the rest of the paper and we
fix some notations.

Given a monoid M, we will denote by Z(M) the center of M, namely
Z(M)y={zeM|zm=mz foralmeM },
and by U(M) the group of invertible elements of M.

Definition 2.1. Given a monoid M and a subgroup H (i.e. a subgroup H of the
group U(M)), we say that H is
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- right normal if, for all m € M, mH C Hm, where
mH={mh|heH} Hm={hm|hecH}

- left normal if, for allm € M, Hm C mH;
- normal if it is both right and left normal, i.e., mH = Hm.

Note that H is right normal in M if and only if H is left normal in M°P.
If H is a subgroup of a monoid M, the relation on M defined by
mi~me < mip=hmy forsomehecH

is an equivalence relation on M, called the right coset relation. The equivalence
class of an element m is cl(m) = Hm. We will denote by % the quotient set.
Similarly we can define the left coset relation.

Proposition 2.2. If H is right normal in M, then the operation
Hmy - Hmo = Hmims
is well defined, and (%, - H) is a monoid.
Proof. It Hmy = Hm/ and Hmg = Hm,, then there exist hi, ho € H such that
my1 = himj, ma = hamb.
Hence mymsg = hym/haoml. Since H is right normal, there exists hy € H such that
mihy = hym}, and so
mimg = him}hamb = hihgmimb,
which proves that Hmims = Hm)m,. O
The same happens for the left coset relation, when H is left normal.

Example 2.3. If A is a monoid, End(A) is the monoid of endomorphisms of
A (w.r.t. the usual composition of functions, (gf)(a) = g(f(a))), and Inn(A) is
the subgroup of inner automorphisms induced by the invertible elements of A, then
Inn(A) is right normal, but not left normal, in End(A). Indeed, if ¢ € End(A),
tg € Inn(A), then

(prg)(a) = p(ug(a)) = plgag™) = v(g)e(a)e(g) ™" = pp(g) (@) = (hu)P)(a),

hence pig = py(g)p, which shows that Inn(A) is right normal in End(A). But i
is mot left normal, in general. A concrete counterexample is the following. If A is
the symmetric group Ss, consider the endomorphism f of Ss defined by

fid) = £((123)) = f((132)) = id,  f((12)) = f((13)) = f((23)) = (12).
Then, for every element s € Ss, fus = f, and so fInn(A) = {f}, but the endo-
morphism ju13)f is different from f, indeed:

) f((12)) = pas) F((13) = pas) F(23)) = (13)(12)(13) 7" = (23),
and so Inn(A)f is not contained in fInn(A).

Proposition 2.4. If G is a group, then Inn(G) is normal in the monoid Epi(G)
of epimorphisms of G.

Proof. As we observed before, Inn(G) is right normal in End(G), and so it is right
normal in Epi(G), too. Let us prove that it is also left normal. If ¢ € Epi(G) and
g € G, let ¢’ € G be such that p(g’) = g (since G is a group, ¢ is surjective). Then,
for all x € G, we have

(kge)(x) = go(z)g™" = (g )p(x)p(g") " = @(g'zg' ") = (pugy)(x),
hence pInn(G) = Inn(G)ep. O

1
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3. SCHREIER EXTENSIONS

Definition 3.1 ([24]). Let

(1) E:0 A" BT M 1

be a short exact sequence of monoids (i.e. o is a surjective monoid homomorphism
and k is its kernel). E is a (right) Schreier extension of M by A (some authors
would say “A by M7 ) if, for every x € M, there exists an element u, € o~ (x)
such that for every b € o~ (x) there exists a unique a € A such that

b= k(a) + ug.

The elements u,,, for x € M, will be called the representatives of E. We will always
choose uy = 0 (we use the multiplicative notation for M and the additive one for
the other monoids involved).

From now on, we will treat « just as an inclusion.

Proposition 3.2. Let E be a Schreier extension as in (1), with representatives uy,
x € M. An element b € o~ (x) is another representative of x for E if and only if
b= g+ u, for some g € U(A).

Proof. Since u, is a representative, there exists a unique a € A such that b = a+wu,.
Moreover, if b is a representative for E, then there is a unique a’ € A such that
u; = a’ +b. Hence we get

b=a+ad +b.

By the uniqueness in the Schreier condition, we get a +a’ = 0. Similarly, from the
equality

/
Uy =a +a+ Uy,

we get a’ +a = 0, and so a is invertible. Conversely, if b = g + u, with g € U(A),
then for every &' € o~ !(z) there exists a unique a’ € A such that

bV =ad +u, =a —g+b.

Moreover, if a; + b = as + b, then a1 + g + u, = as + g + u;, then the uniqueness
in the Schreier condition implies a; + ¢ = a2 + g, and hence a3 = as, being g
invertible. O

Lemma 3.3. Let E be a Schreier extension as in (1), with representatives uy,
x € M. Forae€ A, let a’ be the unique element in A such that uy +a = a’ + uy.
Ifa € U(A), then o’ € U(A), too.

Proof. There exists a unique a” € A such that u, + (—a) = a” + u,. From the
equality u, + a = a’ + u, we obtain

!/ / "
Uy =0 + Uy — A= +a + Ug,

and the uniqueness in the Schreier condition implies a’ + @’ = 0. Similarly, from
the equality u, + (—a) = a”’ + u, we get

" 1 /
Uy =0 +Uz+a=a +a + ug,

from where we obtain a” + o’ = 0. O

Proposition 3.4. Let E be a Schreier extension as in (1), and let uy, uy, vy, vy be
representatives, for x,y € M. If u, 4+ uy is a representative, then so is vy + vy.
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Proof. Thanks to Proposition 3.2, we know that there exist g1, g2 € U(A) such that
Uz = g1 + Uz, Vy = g2 + Uy.
Moreover, there exists a unique h € A such that u, + go = h + u,, and such an h
is invertible thanks to the previous lemma. Then we have
Uy F Uy =91+ Up + g2 Fuy = g1+ h4ug +uy,
with g1 + h € U(A). Then the thesis follows from Proposition 3.2. g
Let E be a Schreier extension as in (1), with representatives u,, © € M. We

already observed that, for all @ € A, there is a unique element o’ € A such that
Uy +a = a’ + u,. This defines a map p(z): A — A sending a to a’.

Proposition 3.5. (a) for every x € M we have that ¢(x) € End(A);
(b) if vy is another representative, and ¥ (x): A — A is the induced endomor-
phism of A, then (x) = pgp(x) with g € U(A).

Proof. (a) From the obvious equality u, + 0 = 0 + u,, we get ¢(x)(0) = 0.
Moreover, on one hand
Uy + a1 + ag = p(z)(ay + az) + ug,
while, on the other hand
Uz + a1 + az = p(x)(a1) + vz + a2 = p(x)(a1) + o(x)(az) + u,.

By the uniqueness we get that o(x)(a1 + a2) = ¢(z)(a1) + p(z)(az).
(b) From Proposition 3.2 we know that v, = g + u, with g € U(A). Moreover,
for all a € A,

vy +a=1Y(x)(a) + v,.

Therefore
vy ta=g+u, +a=g+e)(a)+tu, =g+ ¢(x)(a) - g+ v,

This means that

P(x)(a) = g+ p(x)(a) — g = (uee(2))(a)

for all a € A.
O

The previous proposition implies that, for a Schreier extension E as in (1), there
is an induced well-defined map

End(A)

(2) @:M%m,

given by ®(x) = cl(p(z)), such that ®(1) = cl(id4) (see Proposition 2.2 and Exam-
ple 2.3). In order to have that ® is a monoid homomorphism, we need an additional
assumption:

Definition 3.6. Let E be a Schreier extension as in (1). We say that E is a
regular Schreier extension if, whenever u, and u, are representatives for E, then
50 1S Uy + Uy (Such extensions are called normal Schreier extensions in [22]).

Proposition 3.7. If E is a regular Schreier extension, then the map (2) is a
monoid homomorphism.
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Proof. Let z,y € M, and let uy,u, and u,, be representatives. We have the
corresponding ¢ (z), ¢(y), ¢(zy) € End(A) with
Uy + 0 = 90(33)(@) + Uz, Uy +a= (p(y)(a) + Uy, Ugy +a= (p(xy)(a’) + Ugy
for all a € A. Since E is regular, u, +u, is a representative, hence u, +uy = g+uzy
for some g € U(A). On one hand we have

Up + Uy + 0= g+ Upy +a =g+ @ay)(a) + Uy,
while on the other hand

Uz +uyt+a = uz +p(y)(a) tuy = o) (e(y)(a) +us +uy = @(2)(p(y)(a) +g+uay.
Therefore
g+ p(xy)(a) = (x)(p(y)(a) + g,
whence
e(@)(p(y)(a) = g+ ¢(zy)(a) — g.
This means that ¢(z)p(y) = pgp(zy), i.e. B(x)@(y) = O(xy). O

Definition 3.8. Given a reqular Schreier extension E as in (1), the induced monoid
homomorphism

End(A)

Inn(A)

is called the abstract kernel induced by the extension E. More generally, we will
call abstract kernel any such homomorphism, even when it is not induced by an
ezxtension.

d: M —

The following proposition gives examples of regular Schreier extensions:

Proposition 3.9. Let E be a Schreier extension as in (1) such that A is a group
(such extensions are called special Schreier extensions in [4, 5, 17, 18] ). Then every
element of B is a representative and therefore E is reqular.

Proof. Let x € M, and let u, be a representative. For every b € 0~ 1(x) there exists
(a unique) a € A such that b = a + u,. Being A a group, a is invertible. Then it
follows from Proposition 3.2 that b is a representative. Thus, every element of B is
a representative, and hence FE is regular. O

Definition 3.10. A Schreier extension E as in (1), with representatives u,, x € M,
18:

(a) weakly homogeneous if for all b € o~ '(x) there exists a € A such that
b=u; + a;
(b) homogeneous if for all b € o= (x) there is a unique such a.

Note that, thanks to Proposition 3.2, this definition does not depend on the
choice of representatives. (Indeed, for any representative v,, we have u, = g +
vz, g € U(A). If (a) holds, then b = —g+g+b=—g+u,+a =v, +a. If
(b) holds, then we have v, + a1 = v, +as = gH+ve+a1=g+v,+ay =
Up+ a1 =uy+axs = a3 =as.)

The following proposition is a generalization of Proposition 3.8 in [5], where only
split extensions were considered:

Proposition 3.11. Let E be a Schreier extension as in (1), with representatives
Uy, © € M. Let o(x): A — A be the induced endomorphism of A relative to the
element x € M. Then:

(a) E is weakly homogeneous if and only if p(x) is surjective for all x € M;
(b) E is homogeneous if and only if p(x) € Aut(A) for all x € M.
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Proof. (a) Suppose that E is weakly homogeneous, and consider z € M. Given
a € A, there exists a’ € A such that

i
a+ Uy =Uy + @,

from which we obtain that ¢(x)(a’) = a, and so ¢(x) is surjective. Con-
versely, suppose that ¢(z) is surjective. Given b € o~ !(z), there exists a
unique a € A such that b = a+u, (because E is Schreier). The surjectivity
of p(z) implies the existence of a’ € A such that ¢(z)(a’) = a. Hence

uy +a' = @(x)(a) +uy = a+u, =b.

(b) Suppose that E is homogeneous. We already know that, for all z € M,
(x) is surjective. Suppose that ¢(x)(a1) = ¢(z)(az). Then

Uy + a1 = p(x)(a1) + uzr = o(x)(az) + vy = uy + as,

and the uniqueness in the definition of a homogeneous Schreier extension
implies that a; = as, and so ¢(z) is injective. Conversely, suppose that
p(r) € Aut(A). We already know that E is weakly homogeneous. If
Uy + a1 = Uy + ag, then

p()(a1) + ux = p(x)(a2) + ue-

Being E Schreier, this implies that ¢(z)(a1) = ¢(x)(az), and the injectivity
of p(z) gives us that a; = as.
O

From now on, SEnd(A) denotes the monoid of surjective endomorphisms of a
monoid A.

The previous proposition shows that a regular weakly homogeneous Schreier ex-
SEnd(A)

Inn(A) >
ular homogeneous Schreier extension induces a monoid homomorphism

. Aut(A)
d: M — Trn(A) -

tension E as in (1) induces a monoid homomorphism ®: M — while a reg-

The following result is a generalization of Proposition 3.4 in [5]:

Proposition 3.12. If E : 0 A" B2 M 1 is a regular
Schreier extension and M is a group, then E is homogeneous.

Proof. Given representatives u,, © € M, with u; = 0, consider the induced en-
domorphisms ¢(z): A = A. If p(z)(a1) = ¢(z)(az), then u, + a1 = uy + as,
whence

Up—1 + Uy + A1 = Uyp—1 + Uy + Q2.

Since F is regular, u,-14u, is a representative of 1, hence it is an invertible element
of A (by Proposition 3.2). This implies that a; = aq, and thus ¢(z) is injective.
Moreover, since E is regular, we have

o(x)p(x™") = pgp(ra™) = pgp(l) = pg

for some g € U(A) (see Proposition 3.7). Being p1, an automorphism, we deduce
that ¢(z) is surjective. Then the thesis follows from Proposition 3.11. 0

Example 3.13. Consider the sequence

A" A x, Co(t) —T= Cs(2),
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where A is any monoid, Ca(t) is the cyclic group of order 2 with generatort, g is a
fized element of U(Z(A)), Cs(t) acts on the monoid A in a way thatt-g =g, and
A x4 Cy(t) is the cartesian product A x Co(t) with the monoid operation defined by

(alv 1) + (a27 1) = (a’l + ag, 1)7 (alv 1) + (G‘th) = (al + a27t);

(alat) + (a27 1) = (al +t- a2at)a (alat) + (O'Zat) - (al +t-a2+g, 1)
1t is straightforward to check that this operation is associative and that (0,1) is the
neutral element. The morphism o is just the canonical projection, while k(a) =
(a,1). This sequence is a regular homogeneous Schreier extension. In order to
show that it is Schreier, it suffices to choose the representatives uy = (0,1) and
uy = (0,t). Thanks to Proposition 3.4, reqularity is proved just by observing that
the element

wp +up = (0,8) +(0,2) = (9, 1) = (9, 1) + (0,1) = (9, 1) +wa

is a representative, since (g,1) is invertible (see Proposition 3.2). The previous
proposition implies that the extension is homogeneous.

Several other examples of Schreier and homogeneous Schreier extensions may be
found in [4, 5].

4. THE CROSSED PRODUCT EXTENSION

Let E: 0 A" BT M 1 be a regular Schreier extension,
with representatives u,, x € M. Being E regular, we know that for all z,y € M the
element u, + uy is a representative. Thanks to Proposition 3.2 we get that there
exists a unique element f(z,y) € U(A) such that u, + uy = f(z,y) + ugzy. This
defines a map

fiMxM-—UCA)
such that

f(@,1) = f(1,y) =0
for all z,y € M (because we are assuming that u; = 0). Then we have, on one
hand

Uy + Uy U, = f(x,y) + Ugy U, = f(xvy) +f(xy,z) + Ugyz,
and, on the other hand
U+ Uy +u, = U+ [ (Y, 2)Fuy. = o(x)(f(y, 2)) Fuetuy. = o(@)(f(y, 2)+f (2, y2)+tay-,

where ¢: M — FEnd(A) is the map defined by the following equality (as we ex-
plained in the previous section):

Uy + a = @(x)(a) + ug.
Whence
B) @) (f(y,2) + f(z,yz) = f(z,y) + flzy,z)  forallz,y 2z € M.
Furthermore, for every x,y € M and every a € A we have, on one hand
UpFttyFa =tz +0(y) (a)+uy = p(x)p(y)(a)+us+uy = o(x)p(y)(a)+f (2, y)+tay,
and, on the other hand
Up +uy +a = fz,y) + uzy +a= fz,y) + o(2y) (@) + uay,

whence
e(@)e(y)(a) + f(z,y) = f(z,y) + o(zy)(a).
Being f(z,y) invertible, the last equality implies that

o(@)p(y)(a) = f(z,y) + p(zy)(a) — f(z,y).
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Thus
o(@)e(y) = pp@yelry)  foral z,ye M.

Proposition 4.1. Let monoids M, A and maps ¢: M — End(A), f: MxM — U(A)
such that, for all x,y,z € M,

@(1) = idAa f(.’L‘, 1) = f(la y) =0, Lﬂ(x)@(y) = /’Lf(m,y)@(xy)a
e(@)(f(y, 2)) + f(z,y2) = f(z,y) + f(zy, 2),
be given. Then the set [A, o, f, M] of all pairs (a,z) € A x M with the operation
defined by
(a1, 2) + (az,y) = (a1 + ¢(z)(a2) + f(z,y), zy)
is a monoid, and the sequence

A" (A p, M) P> M, i(a) = (a,1), pla,x) =2z,

is a reqular Schreier extension of M by A, called the crossed product extension,
f:g((:)) sends x € M to the
equivalence class of p(x). Furthermore, a pair (a,x) is a representative if and only

if a € U(A).

Proof. 1t is straightforward to show that the operation is associative and that (0, 1)
is its neutral element. The maps ¢ and p are clearly monoid homomorphisms,
p is surjective and 7 is injective, and the image of i is the kernel of p. Let us
show that we get a regular Schreier extension. For any x € M, we consider the
element u, = (0,2z). These elements are representatives: indeed, every element
(a,x) € A x M can be written as

(a,z) = (a,1) + (0, z),
and such writing is unique, because the equality
(a1,1) 4+ (0,2) = (az,1) + (0, )

implies (a1,2) = (a2, ), and hence a; = az. So, the extension is Schreier. Propo-
sition 3.2, together with the equality (a,z) = (a,1) + (0,z), implies that (a,z) is
a representative if and only if a € U(A). It remains to show that the extension is
regular. For all z,y € M, we have

Uy +uy = (0,2) 4 (0,y) = (0+ () (0) + f(z,y), 2y) = (f(z,y), zy) =
= (f(#,9),1) + (0,zy) = (f(z,9),1) + vay,
and then, since f(z,y) € U(A), uy + uy is a representative by Proposition 3.2.
Hence, thanks to Proposition 3.4, the extension is regular. Furthermore, for all
a € A, we have
uz +i(a) = (0,2) + (a,1) = (¢(z)(a),z) = (¢(z)(a), 1) + (0,2) = i(¢(z)(a)) + ua,
which means that ® sends x € M to the equivalence class of ¢(z). O

such that the induced monoid homomorphism ®: M —

Remark 4.2. If, in the previous proposition, we have that p: M — SEnd(A),
then the crossed product extension is weakly homogeneous. Indeed, every element
(a,x) € Ax M can be written as

(a,x) = (O’x) + (a'lv 1)a

where a’ € A is such that p(z)(a’) = a (such an element exists since p(z) is sur-
jective).

If we have that p: M — Aut(A), then the crossed product extension is homoge-
neous. Indeed, if
(0,2) + (a1,1) = (0,z) + (ag, 1),
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then
(p(x)(a1),z) = (p(z)(az),x) =  e(@)(a1) =o(x)(a2) = a1 =as
(See Definition 3.10 and the note after it.)

We recall from [23] the following version of the Short Five Lemma for monoid
extensions:

Proposition 4.3 ([23], Proposition 4.5). Consider the following commutative dia-
gram of monoid homomorphisms:

A—" BT M

b

A’>—I>B/‘l>>M/,
K g

where the two rows are Schreier extensions and the homomorphism [ sends repre-
sentatives to representatives. Then:

- if a and 7y are injective, then (B also is;

- if a and 7y are surjective, then B also is;

- if a and 7y are isomorphisms, then B is an isomorphism, too.

This fact allows us to prove the following;:

Proposition 4.4. Given an abstract kernel ®: M — ]f:g((ﬁ)), where A and M
are monoids, fixz an endomorphism p(z) € ®(x) for every element x € M (with
©(1) =ida). Then every reqular Schreier extension E as in (1) which induces the
abstract kernel ® is isomorphic to the crossed product extension

A=t s [A, o, f, M] )

Proof. We take representatives v, x € M, of E, with v; = 0. Then, for all a € A
and all x € M, we get that

Ve + 0= $(x)(a) +
for some 9(x) € ®(x). Then, for each x € M,

() = prg(z) ¥ ()
for some g(z) € U(A), i.e. for all a € A,

p()(a) = g(x) +¢¥(z)(a) — g(z).

We define new representatives by putting u, = g(x) 4+ v,, for x € M. Choosing
g(1) = 0, we get vy = 0. Since E is regular, for all z,y € M, uy +u, is a
representative, hence

Uy + Uy = f(x,y) + Ugy
with f(z,y) € U(A). Furthermore, for all a € A and all z € M,
Uy +a = g(x) + v + a = g(x) + P(x)(a) + vz = g(x) + () (a) — g(2) + ta,
that is,
Uy +a = @(z)(a) + uy.

Then the maps ¢: M — End(A) and f: M x M — U(A) satisfy the conditions
of Proposition 4.1 (see the considerations before this proposition) and therefore we
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have the crossed product extension [A, ¢, f, M]. Consider now the diagram

K B o

E

A M
A>—z> [A7¢af7M]?Ma

where the map f is defined by 5(b) = (a,x), where o(b) = x and a is the unique
element of A such that b = a + u;. Then [ is a monoid homomorphism: clearly
B(0) = B8(0+u1) = (0,1), and moreover

Blartug+ag+uy) = Blar+o(x)(ag) +ug+uy) = Blar+o(x)(a2) + f (2, y) +uey) =

(a1 + () (az) + f(z,y), zy) = (a1,7) + (az2,y) = Blar + uz) + Blaz + uy).
Furthermore
Br(a) = Bla+wu) = (a,1) = i(a),
and
pBla+ug) =pla,z) =z =o(a+uy),
hence the diagram is commutative. Finally, 8(u,) = (0,2), and if w, is another
representative of E then w, = g + u,, g € U(A), whence S(w,) = i(g) + (0, z),

and so the representatives are preserved by [ (see Proposition 3.2). Thanks to
Proposition 4.3, 8 is an isomorphism. O

5. THE OBSTRUCTION OF AN ABSTRACT KERNEL

The aim of this section is to show that, to any abstract kernel ®: M — Sli:;‘f%)

(resp. ®: M — ?fﬁgﬁ; ), it is possible to associate an element of the third Eilenberg-

Mac Lane cohomology group of M with coefficients in the M-module U(Z(A)),
called the obstruction of ®. Moreover, we will show that the abstract kernel

& M — Slizc(l%) (resp. ®: M — ?:;Eﬁ;) is induced by a regular weakly ho-

mogeneous (resp. homogeneous) Schreier extension if and only if its obstruction is
the zero element of the cohomology group. In order to do this, we first describe
how to get from ® a structure of M-module on U(Z(A)).

Proposition 5.1. Given an abstract kernel ®: M — Sli:,tz%)f where A and M are

monoids, the center Z(A) of A is an M-semimodule w.r.t. the action defined by

x-c=p(x)(c) forze M, ce Z(A), p(z) € ®(x).

Proof. We first show that - c € Z(A) for all z € M, ¢ € Z(A) and ¢(x) € ®(x).
Consider an element a € A. Being ¢(x) surjective, there exists a’ € A such that
o(x)(a’) = a. Then

a+¢(z)(c) = p(z)(d) + ¢(z)(c) = p(z)(a’ +c) =
= @(z)(c+a) = (z)(c) + ¢(z)(a') = ¢(z)(c) + a.
Now, it remains to show that the definition above does not depend on the choice of

the representative () of the class ®(x) in the quotient Sﬁﬁ‘?%). To do that, con-

sider another representative ¢ (x) € SEnd(A). Then there is an element g € U(A)
such that ¢(z) = pge(z). So, we get

P(x)(c) = pep(x)(c) = g + ¢(x)(c) — g = p(x)(c) + 9 — g = @(z)(c),
where we are using that ¢(x)(c) € Z(A). This concludes the proof. O
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Corollary 5.2. Given an abstract kernel ®: M — Slizc(l%), where A and M are

monoids, the group U(Z(A)) of A is an M-module w.r.t. the action defined by
z-g=op(x)(g) forzeM, geU(Z(A), ¢(x) € ().

Proof. It is immediate to observe that, if g € U(Z(A)), then z - g is also invertible,

with inverse z - (—g), so the action of M on Z(A) restricts to U(Z(A)). O

Now we describe how to associate an obstruction to an abstract kernel. Given a

monoid homomorphism ®: M — Sfizc(l%), we choose a representative p(z) € ®(x)

for any x € M, with ¢(1) = id4. We have that

P(@)p(Y) = (2 P(Ty)
for some f(x,y) € U(A), with f(xz,1) = f(1,y) = 0. Now, given x,y,z € M, we
have, on one hand
o(@)e(y)p(z) = (T (y,2)P(Y2) = o) () P)p(yz) =
= Hp(@) (f (5,2)) s (2,y2) P(TYZ) = L) (£ (y,2))+ £ (w,52) L(TYZ),
and, on the other hand
(@) oY) P(2) = tf(w,y)P(@Y)P(2) = hf(zy) hf(2y,)P(TYZ) = Wf(z,y)+f(zy,) P(TYZ).

Comparing the two expressions, and using the fact that ¢(xyz) is surjective, we get
the equality

Ho(z)(f(y,2)+f(zyz) = Hf(z,y)+f(ey,2)
namely

Hao(@) (£ (,2)+F (w,y2) — (£ (2,0)+F (wy,2) = ida,
which tells us that
o(x)(f(y,2)) + f(z,y2) = (f(z,y) + f(zy, 2)) € U(Z(A)).
This means that there exists a unique element k(x,y, z) € U(Z(A)) such that
e(@)(f(y, 2)) + [z, y2) = k(z,y,2) + f(z,y) + f(zy, 2).
Clearly, k(z,y,1) = k(x,1,2) = k(1,y,2) = 0.
Definition 5.3. The function k: M x M x M — U(Z(A)) we get this way is the

obstruction of the abstract kernel ®.

Proposition 5.4. An obstruction k of an abstract kernel ® as above is a 3-cocycle
of the cohomology of M with coefficients in the M-module U(Z(A)).

Proof. Given elements z,y, z,t € M, we compute the expression

(@) (W) (f(2,1) + [y, 2t) + f(z,yzt)
in two different ways. On one hand, we have
(@) (oY) (f (2, 0)+f(y, 20)+f (z, yzt) = (@) (k(y, 2, )+ f (y, 2)+ f (y2, 1)+ f (z, yzt) =
=z k(y,2,t) + o(x)(f(y, 2)) + o(x)(f(yz, 1) + [ (@, yzt) =
=z -k(y, z,t) + k(z,y,2) + k(z,yz,t) + f(z,y) + f(zy, 2) + f(2y2,1),
where the last equality holds since k takes values in the center of A. On the other
hand, we have

e(x)(p(y)(f (2, 0))+f (y, 20))+f (z, y2t) = o(x)p(y)(f (2, 1)+ (x)(f(y, 2t))+f (z, y2t).
Since ©()p(y) = fif(z,y)@(zy), this is equal to
f@y) +o(@y)(f(2,0) = f(z,y) + o(@)(f(y, 21) + f (2, y2t) =
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= f(a:,y) + k‘l(mya Z’t) + f(xyv Z) + f(xyz,t) - f(xyv Zt) - f(-T,y) + k(ay, Zt>+
+f (@, y) + fzy, 2t) — fz,y2t) + flz,yzt) =

= k(zy,z,t) + k(z,y, 2t) + fz,y) + f(2y, 2) + f(2yz, 1),

where, once again, the last equality holds since k takes values in the center of A.
Comparing the two expressions, and using the fact that f takes values in U(A), we
obtain the equality

z - k(y,z,t) + k(z,yz,t) + k(2,y, 2) = k(zy, z,t) + k(2,y, 21).
Since k(x,y,1) = k(z,1,2) = k(1,y, 2) = 0, we have that k is a 3-cocycle. O

In the construction of the obstruction of an abstract kernel ®, we used the fact
that, given x,y € M, there exists an element f(x,y) € U(A) such that ¢(x)p(y) =
Bf(zy)@(xy). Such an element is not unique. However, if we replace it with an
f'(z,y) with the same properties, the cohomology class of the corresponding 3-
cocycle k' is the same:

Proposition 5.5. Consider an abstract kernel ®: M — SIiZ‘?ES), with chosen

representatives p(x) € ®(x) for any x € M, with o(1) =ida. If, for any x,y € M,
we have

(@) o(Y) = tfoy)P(xY) = pp 2y P(2Y)
with
fla,1)=0=f(l,y) and  f(z,1)=0=f(1,y),
then the 3-cocycles k and k' constructed using f and f’ are cohomologous.
Proof. From the equality
[f () P(TY) = [hp ()P (2Y)
We get flf(z,y) = [hf/(a,y), Decause p(xy) is surjective. This means that
1f ()~ f'(oy) = 1A
Hence
h(.)?, y) = f(mvy) - f/(xay) € U(Z(A))a
so we get a map
h: M x M —U(Z(A))
such that h(z,1) =0 = h(1,y). From the equality
flx,y) = hla,y) + f'(2,),
valid for all z,y € M, and from the definition of the cocycles k and k', we get:
k(z,y,2) = @(@)(f(y, 2)) + f2,y2) — flay, 2) — f2,y) =
= @(@)(h(y, 2)+f'(y, 2))+h(z, y2)+f (2, y2) = [h(zy, )+ (2y, 2)| = [~(2, y)+ (2, y)] =
= (@) (f'(y, )+ 1 (@, y2) = [ (2y, 2) = [ (2, y)+a-h(y, 2)=h(zy, 2)+h(z, y2)—h(z,y) =
=k (2,y,2) — 6%h(z,y, 2).
Thus k' — k = 6%h. O

Conversely, starting with cohomologous cocycles:
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Proposition 5.6. Consider an abstract kernel ®: M — SIIZZL({ES), with chosen rep-

resentatives p(x) € ®(x) for anyx € M, with p(1) =ida. Let f : M x M — U(A)
be a map with p(x)p(y) = pf@ye(ry) and f(xz,1) = 0= f(1,y) for any z,y € M,
and let k: M x M x M — U(Z(A)) be the 3-cocycle induced by f. If k" is a 3-
cocycle which is cohomologous to k, then there exists a map f": M x M — U(A),
with f"(x,1) =0= f"(1,y), such that

(@) (y) = prpr (@) P(ry)
and the 3-cocycle induced by " is precisely k”.

Proof. By assumption, there exists a map h: M x M — U(Z(A)), with h(z,1) =
0 = h(1,y), such that k — k" = §2h. We define f””: M x M — U(A) by putting

f'(@,y) = h(z,y) + f(2,9).
Clearly f’(z,1) =0= f"(1,y). Moreover,
Ky (@y) = Ph(zy)Hf(zy) = Bf(zy)
since h(x,y) € U(Z(A)). Therefore
P(@)p(y) = pp (o) p(ry)-

Furthermore, for any x,y,z € M we have

o(x)(f"(y, 2)) + 1" (@, yz) — [ (2y,2) — [ (2, y) =

= o(x)(My, 2)+f(y, 2))+h(z,y2)+ f (2, y2)—[h(zy, 2)+ f (2y, 2)] = [h (2, y)+ f(2,9)] =
= o()(f(y, 2)+f(2,y2)— [ (2y, 2)— (2, y)+2-h(y, 2)=h(zy, 2)+h(z, yz)—h(z,y) =
= k(z,y,2) — 8°h(x,y, 2) = k' (x,9, 2).
O
It remains to check what happens if, given an abstract kernel ®: M — S;iﬁ‘éfg),
we consider two different representatives ¢(x) and ¢'(z) of ®(x):
Proposition 5.7. Consider an abstract kernel ®: M — SI]ZZ'ZX;) , with chosen rep-
resentatives p(x) € ®(x) for any x € M, with o(1) = ida. Let

[ M x M — U(A) be a map with o(x)p(y) = pifmye(ry) and f(z,1) =0 =
f(1,y) foranyx,y € M, andletk: MxMxM — U(Z(A)) be the 3-cocycle induced
by f. If one chooses other representatives ¢'(x) € ®(x), again with ¢'(1) = ida,
then there exists a map f': M x M — U(A), with f'(z,1) =0= f'(1,y), such that

¢'(@)¢'(y) = ppr@p¥’ (2y)
and its induced 3-cocycle is precisely k.

Proof. Since p(x), ¢'(z) € ®(x) for all x € M, they differ by an inner automorphism
of A. In other terms, there is a map g: M — U(A), with g(1) = 0, such that

@' (x) = prgy ().
Then, for x,y € M, we get
O (@)@ (Y) = tg(2)L(T) gy L(Y) = Hg(a) Ho(a)(g(y) P ()0 (Yy) =
—1
= L) Hip(2)(g(0) Pof (2,0) P(TY) = Hg(@) Heo(@) (9() K f (2,9) Py (ag)  (TY) =

= Hg(z) Ho(2) (9(9) f () g () @ (TY) = Bg(@) () (9(0)+F (@.m)—g(z) ¥ (TY)-
Thus, defining

f(z,y) = g(@) + o(@)(9(y) + f(z,y) — g(zy),
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we obtain that ¢'(z)¢’(y) = pfr (2@’ (zy), and obviously f'(z,1) =0 = f'(1,y).

It remains to check that the induced 3-cocycle is k. We have

o (@)(f'(y,2) + f(@,y2) = [y, 2) — fl(a,y) =

= ¢'(@)g(W)+eW)(9(2)) + £y, 2) —g(2)+g(x) +o(2)(g(y2)) + f (2, yz) —g(zyz)+

—[g(zy) +e(2y)(9(2)) + f(zy,

= Uy [P(@) (9(¥)+e(2)e(y) (9
(

(

g(zyz)] —[g9(x) +(x)(9(y)) + f(x,y) — g(xy)] =
)
+f(x,y2)—g(wyz)+g(zyz)—f

z)—

(2)+e(x)(f(y, 2)—e(x)(g(y2))]+g(x)+e(x)(g(y2))+

zy, 2)—p(xy)(9(2))—g(xy)+g(zy)—f (2, y)—p(x)(9(y))—g(x) =
) o(x
(

~—

)(9(yz)) —g(z) +g

= g(x) + ¢(2)(9(y)) + (x)(y)(9(2)) +@(@)(f(y, 2)) — (2)+
+p(2)(9(y2)) + f(2,y2) — f(zy, 2) — @(zy)(9(2)) — f(2,9) — @(2)(9(y)) — g(x) =
= g(x) + () (9(y)) + e(@)p(y)(9(2)) + ¢(x)(f(y, 2)) + f(2,y2) — flzy, 2)+
—p(zy)(9(2)) = f(z,y) — (@) (9(y)) — g(x) =
(

= 9(z)+(@)(9(Y) + 1.y P(@y)(9(2) +E(z,y, 2)+ f(2,y) —p(2y)(9(2)) — (2, y)+
—p(2)(9(y)) — g(z) =

= k(z,y,2) + g(z) + o(x)(9(y)) + f (=,

—p(2y)(9(2)) — f(z,y) —

= k(z,y,2

and this concludes the proof. O

) —
y) +e(@y)(9(2)) — f(z,y) + f(z,y)+
) —

+
() (9(y)) —g(z) =
z)

)

The previous propositions give the following:

Theorem 5.8. Any abstract kernel ®: M — SIJ?LZ%X;) determines in an invari-

ant way an element Obs(®) of the third cohomology group H3(M,U(Z(A))) of
the monoid M with coefficients in the M-module U(Z(A)). An abstract kernel

Q: M — SIIZZ‘Z%) is induced by a regular weakly homogeneous Schreier extension if
and only if Obs(®) is the zero element of H3(M,U(Z(A))).

Proof. The fact that the element Obs(®) € H3(M,U(Z(A))) is uniquely deter-
mined is a consequence of the previous propositions. If the abstract kernel ® is

induced by a regular weakly homogeneous Schreier extension, we observed at the
beginning of Section 4 that there exists a map f: M x M — U(A) such that

f(z,1) =0= f(1,y) and
e(@)(f(y,2) + f(z,yz) = f(z,y) + f(xy,2)  forallz,y,z€ M.
Hence, the element Obs(®) associated to the abstract kernel ® induced by the exten-

sion is zero. Conversely, if the obstruction of an abstract kernel

¢ M — SIE;LZ‘Z%) is zero, then the crossed product extension built in Proposition

4.1 (which is weakly homogeneous by Remark 4.2) induces ®. O
Aut(A)

In particular, for abstract kernels which factor through Trn(A) i.e. for abstract

kernels of the form ®: M — ﬁ‘égi;, we get:

Theorem 5.9. Any abstract kernel ®: M — ﬁfﬁgﬁ% determines in an invari-

ant way an element Obs(®) of the third cohomology group H3(M,U(Z(A))) of
the monoid M with coefficients in the M-module U(Z(A)). An abstract kernel

d: M — Auﬁﬁ; is induced by a regular homogeneous Schreier extension if and only
if Obs(®) is the zero element of H3(M,U(Z(A))).

If the monoid A is a group, then SEnd(A) = Epi(A) and every Schreier extension
of M by A is regular (see Proposition 3.9). Recalling that such extensions are called
special Schreier in [4, 5, 17, 18], it is worth mentioning the following particular case
of the previous theorems:
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Corollary 5.10. Let M be a monoid and A a group. Any abstract kernel

b M — Epl(A) (resp. ®: M — AM(A)) determines in an invariant way an ele-

ment Obs(®) of the third cohomology group H3(M, Z(A)) of the monoid M with
coefficients in the M-module Z(A). An abstract kernel ®: M — Epi(A ) (resp.

Inn(A

b: M — ?ﬁ(ﬁ)) is induced by a weakly homogeneous (resp. homogeneous) special

Schreier extension if and only if Obs(®) is the zero element of H3(M, Z(A)).

We observe that the particular case described in the previous corollary could
also be obtained from the results of [27].

6. THE CLASSIFICATION OF REGULAR WEAKLY HOMOGENEOUS AND REGULAR
HOMOGENEOUS SCHREIER EXTENSIONS

In this section we show that the set Ext(M, A, @) of isomorphic classes of regu-
lar weakly homogeneous (resp. homogeneous) Schreier extensions (1) which induce

the same abstract kernel ®: M — Sli?l‘(i%) (resp. ®: M — ?;;Eﬁg), when it is

not empty, is in bijection with the second cohomology group H?(M,U(Z(A))) of
M with coefficients in the M-module U(Z(A)). In order to do this, we show that
there is a simply transitive action of the abelian group H?(M,U(Z(A))) on the set
Ext(M, A, ®).

We start by recalling that an action of a group G on a set S is simply transitive
if, for all s,s" € S, there exists a unique ¢ € G such that g - s = s'. Given a
simply transitive action of G on S, every element s € S determines then a bijection
a: G — S, defined by a(g) =g - s.

SEnd(A)
Inn(A
weakly homogeneous Schreier extension (1), i.e. that Sch)e set Ext(M, A, ®) is not
empty. For every x € M, we choose a representative ¢(x) € ®(x), with ¢(1) = id4.
We define an action of H2(M,U(Z(A))) on Ext(M, A, ®) as follows. Given elements
cl(h) € H*(M,U(Z(A))) and cl(E) € Ext(M, A, ®), Proposition 4.4 tells us that E
is isomorphic to a crossed product extension [A, ¢, f, M|, where f: M x M — U(A)

is a map with f(z,1) =0= f(1,y) and

Suppose now that an abstract kernel &: M — is induced by a regular

e(@)o(y) = ts(a,y)e(Ty),
and such that the equality (3) holds. Consider the function h+ f: M x M — U(A)
defined by (h + f)(z,y) = h(z,y) + f(z,y). Clearly
(h+ )z, 1) =0=(h+ f)(1,y),
and, since h(x,y) € U(Z(A)), we also have
P(@)(Y) = K(ht 1) (2. P(TY)-
Furthermore,
2)) + h(z,yz) + f(z,yz) =
(y,2)) + h(z,y2) + f(z,yz) =
)+ (@) (f(y, 2)) + flz,y2) =
+ f(@,y) + flay, 2) =
h(x y) + [, y) + hzy, 2) + f(zy, 2),
z) €

where we are using that h(z,yz), h(zy, U(Z(A)), that h is a 2-cocycle and the
equality (3). Thus

(@) (h+ f)y,2) + (h+ f)(z,y2) = (h+ f)(z,y) + (h + f)(zy, 2).

—~
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Thanks to this equality, we can build the crossed product extension [4, ¢, h+ f, M],
which is weakly homogeneous by Remark 4.2. The action of H?(M,U(Z(A))) on
Ext(M, A, ®) we are looking for is then defined by:

(1) cl(h) - l(E) = cl(|A, 0, h + f, M]).
Theorem 6.1. The action (4) is well defined and simply transitive.

Proof. We first prove that the action is well defined, i.e. that it does not depend
on the choice of the representatives. If cl(h) = cl(h’) and cl(E) = cl(E’), with E’
isomorphic to the crossed product extension [4, ¢, f’, M|, then

() - cl(E') = cl([A,p, I + f, M]).

Since cl(E) = cl(E'), there exists a commutative diagram

A>—Z> [A7gp, f,M] *p»M

lc

A= [A7(P,f/,M] */»M
) p

where ¢ is an isomorphism. For every x € M we have ((0,z) = (r(x),z) with
r(x) € U(A). Indeed, ¢ sends representatives to representatives, and (a,x) is, by
Proposition 4.1, a representative if and only if a € U(A). Moreover

(r(1),1) =¢(0,1) = (0,1),
whence (1) = 0. So, we get a map r: M — U(A) with r(1) = 0. Furthermore, for
all a € A and € M we have

la,z) = ¢((a,1) +(0,2)) = ¢(a,1) + ¢(0,2) = (a,1) + (r(z),z) =
= (a+eL)r(z) + f'(1,2),2) = (a+r(@),2).
Using this equality, one gets
(a1, w)+(az,y)) = C(ar+p(z)(az)+f (2, y), 2y) = (ar1+o(x)(az)+f (z, y)+r(zy), zy),
and
(((a1, %) + (az,y)) = ¢(a1, ) + ((az,y) = (a1 + 7(x),2) + (a2 +r(y),y) =
= (a1 +7(2) + p(@)(a2) + () (r(y) + f'(2,), ).
Comparing the two expressions, we obtain
(5) a1 +(x)(a2) + f(z,y) +r(zy) = a1 +r(z) +¢(x)(a2) + ¢(z)(r(y) + f(z,y).
Moreover, since cl(h) = cl(h'), there is a 1-cochain v: M — U(Z(A)) such that
(6) h(z,y) +y(zy) = W'(z,y) + z-v(y) + ().

Consider now the diagram

)
A>—,> [A,g@,h/+fl,M] ‘,»M

7 p
where the map ¢ is defined by &(a,z) = (y(z) + a + r(z),z). Clearly the diagram
is commutative. Using the equalities (5) and (6), and the fact that h, " and 7 take
values in U(Z(A)), it is straightforward to check that & is a monoid homomorphism.

Moreover, it sends representatives to representatives, since ¢(a,z) = (y(z) + a +
r(z),z), and y(z) + a + r(xz) € U(A) whenever a € U(A) (see Proposition 4.1).
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Then, Proposition 4.3 implies that £ is an isomorphism. This shows that the action
is well defined. It is obviously an action, since

(cl(h) + (W) - cl(E) = cl(h) - (cl(h) - cl(E)) and cl(0)-cl(E) = cl(E).

The next step of the proof consists in showing that the action is simple, namely:

cl(hy) - c(E) =cl(hg) - cl(E) = cl(h1) = cl(ha).
If cl(hy) - cl(E) = cl(hy) - cl(E), we have a commutative diagram

>H1'["47907}114’.]”7‘]\4}l>>]\4-

A
]
A [Aa907h2+f7M} pSE M7

where 7 is an isomorphism. As we did for ¢ in the first part of the proof, one can
check that

n(a,z) = (a +b(x),x), with b: M — U(A), b(1) =0.
Let us prove that b is in fact a 1-cochain with hy — ho = 6'b. If a € A and x € M,
then there exists a’ € A such that ¢(z)(a’) = a, because ¢(x) € SEnd(A). Then
we get

(a+b(x),2) =n(a,z) = n(e(x)(d), ) =n((0,2) + (', 1)) = n(0,2) +n(d’,1) =

= (b(z),z) + (a, 1) = (b(x) + ¢(z)(d), z) = (b(z) + a,2),

);
hence a + b(z) = b(x) + a, which means that b(z) € U(Z(A)) for all x € M.

Moreover

1((0,2) + (0,9)) = n(ha(z,y) + f(z,9), 2y) = (ha(2,y) + f(2,y) + b(xy), vy),

and

n((0,z) 4 (0,y)) = n(0,2) +n(0,y) = (b(x),z) + (b(y), y) =

= (b(z) + () (0(y)) + ha(z,y) + f(2,y), 2y).
Therefore
hi(z,y) + f(z,y) + b(zy) = b(z) + ¢(z)(b(y)) + ha(z,y) + f(2,y),

whence

hi(z,y) — ha(z,y) = o(2)(b(y)) — b(xy) + b(z) = 8'b(z, y),
and this tells us that cl(h1) = cl(h2) and the action is simple.

It remains to prove that it is transitive, i.e. that for all cl(E), cl(E’) € Ext(M, A, ®)
there exists cl(h) € H?*(M,U(Z(A))) such that cl(h) - cl(E) = cl(E'). Given
c(E),cl(E") € Ext(M, A, ®), we know from Proposition 4.4 that E and E’ are
isomorphic to crossed product extensions [A, ¢, f, M| and [4, ¢, f’, M] respectively,
where for all z,y € M the following equalities hold:

P(2)p(Y) = Be(ey) P(TY) = B (2.0)P(XY)-
Being ¢(xy) surjective, this implies that gy (4 )—f(z,y) = ida, and so f'(z,y) —
flz,y) € U(Z(A)). Let us then define the function h: M x M — U(Z(A)) by
putting
h(Qj?y) = f/($>y) - f(m,y)
A straightforward calculation (using the equality (3) and the fact that h takes
values in U(Z(A))) shows that h is a 2-cocycle. Then we get

c(h) - cl(E) = cl([A, ¢, h+ f,M]) = cl([A, ¢, f', M]) = cl(E"),

and the action is transitive. O
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The previous theorem gives then the desired bijection between Fxt(M, A, @) and
H?*(M,U(Z(A))):

Corollary 6.2. For any fived cl(E) € Ext(M, A,
to BExt(M, A, ®) which sends cl(h) to cl(h) - cl(

If U(Z(A)) = 0 (in particular, if U(A) = 0 or Z(A) = 0), then both
H?(M,U(Z(A))) and H3*(M,U(Z(A))) are the trivial groups. This means that,
for every abstract kernel ®: M — Sfiﬁ‘f%), Obs(®) = 0. Hence we get the follow-
ing
Corollary 6.3. IfU(Z(A)) =0, for every abstract kernel ®: M — Sli?ff%), there
exists, up to isomorphism, a unique weakly homogeneous Schreier extension of M
by A which induces ®. If U(A) = 0, then also Inn(A) = 0, and so the abstract
kernel is a monoid homomorphism ®: M — SEnd(A), i.e. an action of M on A.
In this case the unique weakly homogeneous extension is the semidirect product of
M and A via the action ®.

®), the map from H*(M,U(Z(A)))
) is bijective.

It is immediate to see that the results of this section are valid, in particular,

for abstract kernels of the form ®: M — ?gﬁgi; and regular homogeneous Schreier

extensions. Let us state them explicitly.

Theorem 6.4. Given an abstract kernel ®: M — ?;L;Eflg , if the set Ext(M, A, @)
of isomorphic classes of reqular homogeneous Schreier extensions of M by A which
induce ® is not empty, then (4) is a simply transitive action of the abelian group
H?(M,U(Z(A))) on Ext(M,A,®). This action induces a bijection between

Ext(M, A, ®) and H*(M,U(Z(A))).
Corollary 6.5. If the monoid A is such that U(Z(A)) = 0, for every abstract kernel

d: M — ?ggg’:g there exists, up to isomorphism, a unique homogeneous Schreier

extension of M by A which induces ®. If U(A) =0, then also Inn(A) =0, and so
the abstract kernel is a monoid homomorphism ®: M — Aut(A), i.e. an action of

M on A. In this case the unique homogeneous extension is the semidirect product
of M and A via the action P.

Finally note that, if A and M are both groups, then Theorem 6.4 turns into the
classical cohomological classification of group extensions with non-abelian kernel
(see, e.g., [16]).
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