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1 Introduction

The main idea of this paper is to present an n-ary (n > 2) generalization of
the results achieved by the first author on the decomposition of linear spaces
induced by bilinear maps on a linear space [1].

In the mentioned paper, given a linear space V of arbitrary dimension
and a bilinear map f on V, Calderén introduced the notions of f-orthogonal,
f-invariant and strongly f-invariant subspaces, as well as the notion of f-
simplicity, which are just the usual notions of orthogonality, invariance and
simplicity, but now defined with respect to f. Then, for a fixed basis of
V, he developed connection techniques allowing to obtain a first nontrivial
decomposition of V as the direct sum of f-orthogonal vector subspaces. In
order to improve the obtained decomposition he introduced an adequate
equivalence relation on the above family of linear subspaces, leading to the
first main result: a non-trivial decomposition of V as an f-orthogonal direct
sum of strongly f-invariant linear subspaces, with respect to a fixed basis.
After that, observing that different choices of the bases of V may lead to
different decompositions, he studied sufficient conditions to assure induced
isomorphic decompositions of V with respect to different bases of V. Another
important result gives necessary and sufficient conditions for the f-simplicity
of the linear subspaces in the second decomposition of V. The author ends
the paper providing an application of the previous results to the structure
theory of arbitrary algebras.

At this point, a parenthesis is due to underline the considerable amount
of recent works where the above mentioned and similar connection tech-
niques are applied as a tool to obtain interesting results in the frameworks
of several types of algebras. Without being exhaustive, these techniques
were used, for instance, along with the notions of multiplicative basis and
quasi-multiplicative basis not only related with algebras (see Caledrén and
Navarro, [2,3]), but also with some n-ary generalizations (see, e.g., the works
of Calderén, Barreiro, Kaygorodov and Sanchez in [4, [5, [6]). Further, con-
nection techniques were also applied in the context of graded Lie algebras
(see Calderdén (2014) [7]) and to obtain structural results on graded Leibniz
triple systems (see Cao and Chen (2016) [g]).

The present work follows an approach that uses, as close as possible, gen-
eralized n-ary versions of the techniques applied in [I], obtaining generalized
results which are similar to those of Calderon.

The paper is organized as follows. In Section 2 we present the necessary



basic notions related with n-linear maps and develop all connection tech-
niques needed to obtain the main results. As a consequence, we get that
each choice of a basis B of V rises a first nontrivial decomposition of V, in-
duced by f, as an f-orthogonal direct sum of linear subspaces with respect to
B. This decomposition is then enhanced by the introduction of an adequate
equivalence relation on the above family of linear subspaces, leading to our
first main result: V decomposes as a nontrivial f-orthogonal direct sum of
strongly f-invariant linear subspaces, with respect to a fixed basis.

In Section 3 the relation among the previous decompositions of V given
by different choices of its bases is discussed. Concretely, after defining the
notion of orbit associated to an n-linear map f, it is shown that if two
bases, B and B’ of V belong to the same orbit under an action of a certain
subgroup of GL(V) on the set of all bases of V, then they induce isomorphic
decompositions of V.

In Section 4 we generalize the concept of i-division basis to the case of
n-ary algebras. After that, we obtain a characterization of the f-simplicity
of the components of the main decomposition obtained in Section 2. That
is, we prove that any of the linear subspaces in the decomposition of V in
f-orthogonal, strongly f-invariant linear subspaces of V is f-simple if and
only if its annihilator is zero and it admits an ¢-division basis.

Finally, in Section 5 an application of the previous results to the the
structure theory of arbitrary n-ary algebras is included.

2 Development of the techniques. First de-
composition theorem

We begin by noting that throughout the paper all of the linear spaces V
considered are of arbitrary dimension and over an arbitrary base field F.
Hereinafter, V is a linear space and f : V x --- XV — V an n-linear map on
V, n > 2. We start recalling some notions concerning V and f.

Definition 2.1. Two linear subspaces V; and V5 of V are called f-orthogonal
if ‘ ‘
FOV, VO v vy =,

for all 4,5 € {1,...,n}, i # j, where the notations Vl(i) and Vz(j) mean that
Vi and V5 occupy the i-th and j-th entries of f, respectively.



It is also said that a decomposition of V as a direct sum of linear subspaces

V=@V

jed
is f-orthogonal if V; and Vj, are f-orthogonal for any j,k € J, with j # k.

Definition 2.2. A linear subspace W of V is called f-invariant if
fwW,...,W)cCW.

The linear space W is called strongly f-invariant if
fV,... WO V)W,

for all i € {1,...,n}. The linear space V will be called f-simple if

fV,...)V)#£0
and its only strongly f-invariant subspaces are {0} and V.
Definition 2.3. The annihilator of f is defined as the set

Amn(f)={veV:f(V,....,v9 ... )V)=0, forallic{1,...,n}}.

Let us fix a basis B = {e;}ie; of V. For each e; € B, we introduce a
symbol €; ¢ B and the following set

B:={e :e; € B}

We will also write (g;) :=¢; € B, V* :=V \ {0} and P(V*) the power set of
V.

We define the n-linear mapping

F:P(V*) x ((BUB) x --- x (BUB)) — P(V¥) (1)

as

(i) F(0,(BUB,....BUB)) = 0.



(ii) Forany 0 #U € P(V*) and §; € B,i=1,...,n— 1,

F<U7 (517 cee 7511*1)) = U {f(frf(l)a o 7u(k)7 cee 7€U(TL—1)> Tu e U} \{O}
ke{l,...,n}
o c Sn,1

(iii) Forany 0 #U € P(V*) and &, € B,i=1,...,n—1,

FU, (&,...,6,1)) = U {weV: f(&ay, . u® . &mony) € U [\{0}.
ke{l,...,n}
o c Sn,1

(iv) F(U, (&1, &n-1)) = 0, if there are i,5 € {1,...,n — 1}, i # j, such
that &; € B, fj € B.

Remark 2.4. It is clear that

F(U7 (ga(l)a SR 7£U(n—1))) = F(U, (517 B afn—l))7

and B B B B
F(Ua (50’(1)7 SR 7£a(n71))) = F(Uv (517 SR 751171))7
forall&,.... 6,1 €8, 0 €S,_1.

Lemma 2.5. Concerning the mapping F' previously defined, we have

1. Foranyv € V* and &,...,&,1 € B, B B
w e F({v}, (&,...,&-1)) if and only if v € F({w}, (51, e ,fn_l)).

2. For any U € P(V*) and &1,...,&,_1 € BUB, - -
v € FU,(Err. .. &0 1)) if and only if F({0}. (Er.- .. &y 1)) U £0.

Proof. 1. Let us start admitting that w € F({v}, (&,...,&.-1)), being v €
V* and &, ...,&,-1 € B. This means that

w = f(ga(l)a cee 7U(k)7 ce 7€a(n71))a
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for some k € {1,...,n—1} and ¢ € S,,_1, and thus
ve F({wh, G Enry)):
According to the previous remark, we have:
ve F({w}, (&,....&1)).

The reciprocal result can be proved analogously.
2. Suppose that U € P(V*) and & € BUB, i = 1,...,n — 1. Let us

first admit that v € F(U, (&1, ...,&,-1)). Then v € F({w},_(&, .. .Lfn,l)) for
some w € U. By item 1., this is equivalent to w € F({v}, (51, o ,§n_1)) and
thus } B

w e F({U}’ (Sla s 7€n71)) NnU 3& @
The reciprocal assertion can be proved in a similar way. n

Definition 2.6. Let ¢;,e; € B. We say that e; is connected to e; if either,
(i) e; =ej or

(i) there exists an ordered list (X1, Xo, ..., Xpm), where X; := (a1, ..., Q1)
such that ay, € BUB, i€ {1,...,m}, k€ {1,...,n— 1}, satisfying:

L F({ei}, X1) # 0,
F(F({ei}’Xl)’XQ) 7é ®7
F(. (F(F({e:}, X1), Xa), . Xon 1) # 0.
2. €; S F(F( .. (F(F({Gi}7X1)7X2)7 PN aXm—l);Xm)-
In this case we say that (Xi, Xs,...,X,,) is a connection from e; to e;.

Along with the notation X = (¢, ...,{, 1) for any given tuple of elements
of BUB, we will also write X := (51, e ,fnfl).

Lemma 2.7. Let (X1, Xs,..., X1, X)) be any connection from e; to e;,
where e; and e; are arbitrary elements in B, with e; # e;. Then the ordered
list (X, Xm—1,-..,X2,X1) is a connection from e; to e;.



Proof. The proof will be done by induction on m. In the case m = 1 we have
that e; € F({e;}, X1) = F({ei}, (a11, - .., a1,—1)) implying that

e € F({ej}, (@, @) = F({e;}, X1),
by 1. of Lemma . Thus (X) is a connection from e; to e;.

Admit now that the assertion holds for any connection with m > 1 ele-
ments, and let us show this assertion also holds for any connection

(X1, Xoy ooy, Xy Xing1)

with m + 1 ((n — 1)-tuples) elements. So, consider a connection
(X1, Xo, ..., X, Xint1) from e; to e;. Let us begin by setting

U= F(F(...(F(F({e:}, X1), Xa)s + s X1 )y Xom ).

Applying 2. of Definition we have that e; € F(U, X,;,+1). Then, by 2. of
Lemma , F({e;}, Xm41) NU # 0. Admit that

v € F({e;}, Xomp1) N U # 0. (2)

Since x € U we have that (Xl,XgL. . ,i(m_l,Xm)_is a connection from e;
to x with m elements. Henceforth (X,,, X,,—1,..., X2, X1) connects z to e;.
From here, and by equation , we obtain

e; € F(F(...(F(F({e;}, Xpms1), Xom), -, X2), X1),

which means that

(Xont1, Xomy o ooy X2, X1)

connects e; to e;. O

Proposition 2.8. The relation ~ in B, defined by e; ~ e; if and only if e;
is connected to e;, is an equivalence relation.

Proof. The relation ~ is clearly reflexive (see (i) of Definition and sym-
metric (see Lemma . Hence let us verify its transitivity.

Admit that e;, e;, e, € B are pairwise different such that e; ~ e; and e; ~
ex (the cases in which two among those elements are equal are trivial). Then
there are connections (X1, ..., X,,) and (Y1,...,Y,) from e; to e; and from e;
to ey, respectively. Therefore, (X3,...,X,,,Y7,...,Y,) is a connection from
e; to e, showing the transitivity of ~, and the result is proved. O
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Henceforth, by the above defined equivalence relation, we introduce the
quotient set
B/ ~= {[61] e € B},
where [e;] stands for the set of elements in B which are connected to e;.
For each [e;] € B/ ~ we may introduce the linear subspace
V[ei} = @ Fej )
ej€lei]

allowing us to write

V= @ ‘/[6@']' (3)

[ei]EB/N
Next we show that this is a decomposition of V in pairwise f-orthogonal
subspaces.

Lemma 2.9. For any [e;], [e;] € B/ ~ with [e;] # [e;], we have that
FOV Vv ) =0, (4)

ea] 7777 Tleg]

for all ky, ke € {1,...,n}suchthat ky # ks.
Proof. In order to prove equation it is sufficient to show that

k k
f(ga(l)a SR ‘/[ii}l)a ceey ‘/[ijf)7 oo 750(1172)) = 07
for any permutation o € S,,_», &1,...,&,—2 € B. Admit the opposite asser-
tion. Then there are ej, € [e;], e, € [e;] and v € V* such that
k
V= Gy ew™ el ), (5)

for some o € S,,_5. By definition of F', from equation we may deduce two
facts:

(1) v E F({ek}a (6p7§17 ce 7€n—2))7
<ﬁ> CAS F({ep}> (eka £ - - >£n72))'
From (ii) and 1. of Lemma [2.5, we have
(111) €p € F({U}a (Elmgla s agn72))
From (i) and (iii), we observe that (Xj, X3), where
Xl = (epvgla cee 757172) and X2 - (Ekagla cee 7En—2) )

is a connection from ey to e,. Thus, [e;] = [ex] = [ep] = [ej], causing a
contradiction. O



As a consequence of Lemma and equation we have:

Proposition 2.10. Given V and f as initially defined, V decomposes as the
f-orthogonal direct sum of linear subspaces

V= P Ve

[ei]Elg/”v

The family of linear subspaces of V formed by all of the Vi.,j, [e;] € B/ ~,
which gives rise to the decomposition in Proposition |2.10} is not good enough
for our purposes. So we need to introduce a new equivalence relation on this
family, as follows.

We begin by observing that the above mentioned decomposition of V
allows us to consider, for each V), the projection map

Iy, , V= Ve,
Also, let us consider these family of nonzero linear subspaces of V,
F i={Ve : [es] € B/ ~}.

Definition 2.11. We will say that V}.,) & V|,) if and only if either V}.,) = V|
or there exists a subset

{[gl]v [§2]7 et [gm]} C B/ ~,
such that
(i) [&] = le:] and [§n] = [e)]-
(i)

(k1) (k2) (k1) (k2)
Z <HV[§1](f(V77‘/[€2] 7"'7‘/[52] 77V))+HV[§2](f(V77‘/[51] 7"'7‘/[§1] 77V)))7£0
1<ki<ka<n
(k1) (k2) (k1) (k2)
Z (HV[Ezl(f(V""’ lea] 77777 Tlgs] 7""V))—’—HV[%J (Vo v[~’§2] 7""‘/[52] """ V))) # 0.
1<k1<ko<n

(k1) (k2) (k1) (k2)
Z (HV[§m71] (f(V7 e ‘/[gm] ..... ‘/[5771] [ ’V)) + Hv[gm] (f(v7 T ‘/[g'mfll ..... ‘/[gnzfll ..... V))) ?/: 0
1<ki<ko<n



Clearly =~ is an equivalence relation on F and so we can introduce the
quotient set
F| == {[Vieg] : Viey € F}.

~ = .
For each [V}.,)] € F/ =, we denote by V], the linear subspace of V

7

=~
Ve = @ V[Bj]'
V[Ejle[v[eiﬂ
By equation and the definition of ~, we clearly have
=
V= &P V. (6)
[V[ei]}e]:/%

Also, we can assert by Lemma 2.9 that

k1) (k)
FOVoo Vg e Vi e V) =0

when [Vie,)] # [Vie,]] in F/ =, for all ki, ky € {1,...,n} such that &y # k.

~~
Proposition 2.12. For any [V, € F/ =, Vi, is a strongly f-invariant
linear subspace of V.

Proof. We begin by proving that

k1) ~=h2) ~~
f(V,...,VY[ei] sy Ve ,...,V)C‘/[ei]. (7)

(k1) ~(k2)

Indeed, in case some 0 # w € f(V,..., Vi ..., Viey ..., V), decom-
position @ allows us to write

w:w1+w2+-~-+wm

~~
for some 0 # w; € V) for j = 1,...,m and & € B. Observe now that

Lemma gives us that there exist nonzero x,y € V|, with Vj.,; C V], and

21y .. 2n—2 € V. such that

O#w:f(zl,...,x(kl),...,y(k2),...,zn_2) (8)

10



. ~ =~ . ~ =~
Let us consider 0 # w; € Vi), being so w; € V., for some V}.,) C Vj¢;;. By
equation we have

Iy, (f(z1,- .. Loty 9)) = w; # 0.

That is
My, (f(V,..., v v v)) #£0

Vi Ve

and we get that the set {[e;], [e,]} gives us Vi) = V}.,}. Hence

Vied R View = Vie,) = Vg1

=~ = =~
and we conclude Vg, C V). From here w; € V) and so w € V.
Consequently, the inclusion holds, as desired.

Finally, by decomposition @, Lemma and equation ([7), we have the
following inclusion

- =) ~~
IV Ve V) SV,
k=1
=) ~~
and thus f(V,..., Ve ,...,V)C Vg, forallk e {1,...,n}. ]

Theorem 2.13. Let 'V be a linear space equipped with an n-linear map
f:Vx...xV = V. For any basis B = {e; : i € I} of V we have that

V decomposes as the f-orthogonal direct sum of strongly f-invariant linear
subspaces
~ =
V= @D Vi
[V[ei]}e]:/%

Proof. Consider the decomposition, as direct sum of linear subspaces

—~~
V= P Vi
Ve, J€F /=

given by equation @ Now Lemma shows that this decomposition is

~~
f-orthogonal and Proposition [2.12f that all of the linear subspaces V|, are
strongly f-invariant. O

11



3 On the relation among the decompositions

given by different choices of bases
Observe that the decomposition of V as an f-orthogonal direct sum of strongly
f-invariant linear subspaces given by Theorem is related with the ini-
tial choice of the basis. Indeed, as it was exemplified in [1}, for n = 2, two
different bases of V may lead to two different of those decompositions of V.
The same happens in the n-ary case, with n > 2, as shown in the following
example.

Let V be the R-linear space V := R* equipped with the n-linear map
fiR*x ... x R* = R* defined as

f(@1, ..., Tn) = (211291, T11221, 0, 0),

where
T = (Ta, ..., %)

for each i € {1,...,n}.
Let us consider the following two bases of R*:

B :={ei,...,e4},
that is, the canonical basis, and
B :={(1,0,1,0),(1,0,—1,0),eq,€4}.

Then it is possible to observe that the decomposition of V = R*, given in
Theorem with respect to the basis B is given by

R* = (Re; @ Reg) P (Res) ) (Rey).
However, the same kind of decomposition with respect to B’ is given by
R* = (R(1,0,1,0) @ R(1,0,—1,0) & Res) D (Res).

Thus, it will be an interesting task to find a sufficient condition for two
different decompositions of a linear space V, induced by an n-linear map f
and with respect to two different bases of V, being isomorphic. The following
notion will help us in this purpose.

12



Definition 3.1. Let V be a linear space equipped with an n-linear map
f:Vx...xV —V and consider

= V=@ ViandI":= V=PW,

iel jeJ

two decompositions of V as an f-orthogonal direct sum of strongly f-invariant
linear subspaces. It is said that I' and I'” are isomorphic if there exists a linear
isomorphism ¢ : V — V satisfying

flg(v1), .. g(vn)) = g(f(v1, ..., vn))
for any vy, ...,v, € V, and a bijection o : I — J such that
g(Vi) = Woe
for any 7 € I.

Lemma 3.2. Let 'V be a linear space equipped with an n-linear map
f:Vx.-xV =YV and consider B ={e; :i € I} a fized basis of V. Let

also g : V — 'V be a linear isomorphism satisfying

f(9(&),i9(8n) =9 (f (&1 &)

for any & € B. Then for any U € P(V*) and & € B, with k € I, the
following assertions hold:

(2) g (F (U7 (Sla s >§n—1))) =F (g(U)7 (g (51) RERES’) (Sn—l)));
(ii) g (F (U, (€5 &) = F (9(0), (9060, - 9 &) )

where F' is the mapping defined by equation .
Proof. (i) We have

g(F (U, (&, &n1))) = U {9 (F&qy, - u™, o &m)) s u e U} [\{0}
ke{l,...,n}
oES, 1

13



U {f (g (5‘7(1))7“"g(u)(k)>"'vg(50(7171))) :UGU} \{0}
ke{l,...,n}
O'ESn_l

= F(g(U>7 (g (51) yers g (571—1))) :

(ii) In this case we have

g (F (U, (517 e 7gn—1)))

U {ueV:f(&ay g w)®, . Eomn) €U |\ {0}
ke{l,...,n}
UESH,1

U {ueV:f(g(&w), - u® . g(&m)) €g@)} [\{0}

ke{l,...,n}
oE€ES,_1
= F (9(). (9&).- - 9 (&)
Observe that in both cases we took into account Remark 2.4 O

Proposition 3.3. Let V be a linear space equipped with an n-linear map
f:Vx...xV =V and consider B = {e; : i € I} a fized basis of V.
Further, admit that g : V — V is a linear isomorphism satisfying

for any & € B. Then the decompositions
N —~
Fr=V= @ Vi adl':=Vv=H Vi
[V[Ei]]e}-/z [V[g(el.)]]e}"/z

corresponding to the choices of B and B' := {g(e;) : i € 1} respectively in
Theorem (2.15, are isomorphic.

14



Proof. Firstly, let us observe that, according to the previous result, we may
state that if e; is connected to some e;, for some ¢,5 € I, e,e; € B
through a connection (Xi,Xs,...,X,,), where X; = (a;1,...,a;,_1) such
that ag € BUB,i € {1,...,m}, k€ {1,...,n — 1}, then g(e;) is connected
to g(e;) through the connection (g(X1),9(X2),...,9(X,)), where g(X;) :=
(g(ain), ..., g9(am_1)) and g(as) € B'UB, (where g(ey) := g(ex)). Thus, it is
possible to conclude that

9(Viei) = Vigen)
for any [e;] € B/ ~. Further, it is also clear that the mapping p such that
/L(V[ei}) - V[Q(ez‘)]

defines a bijection between the families F := {V}., : [e;] € B/ ~} and
F'i= {Vigey - l9(e:)] € B/ ~}.
Now, from Lemma [3.2] we have

(k) (k2) _ (k) (k2)
9 (M, POV VI V)] = Ty (FOV Ve Vi 1)

for i,5 € I and ky,ky € {1,...,n}, with k; < ky. This allows to deduce that

~ N ~
IVe) = Vig(en) (9)

for any [V,)] € F/ ~, which induces a second bijection, o, now between the
families 7/ ~ and F'/ ~ given by

o([Vieal) = Mgeanl- (10)
From equations @ and we conclude that the decompositions I' and
[ are isomorphic. m

Being f an n-linear map on V, the following set

Op(V) ={g € GL(V) : f(g(v1),...,9(vs)) = g(f(v1,...,v,)) for any vy,...,v, € V},

(where GL(V) denotes the group of all linear isomorphisms of V), is known
as the orbit of V (associated to f). We have that Of(V) is a subgroup of
GL(V). If we also denote by 9B the set of all bases of V we get the action

Of(V)XiB — B (11)
(9, {eitier) = {g(ei)}ier.

15



The previous result states that if two bases B and B’ of V belong to the same
orbit under the action , then they induce two isomorphic decompositions
of V. Finally, this can be stated as follows.

Corollary 3.4. Let V be a linear space equipped with an n-linear map
f:Vx---xV =V and fix two bases B={e;:i € I} and B = {u; : 1 € I} of
V. Suppose there exists a bijection p : I — I such that the linear isomorphism
g:V =V determined by g(e;) := uy) for any i € I, satisfies

k k k k
f (9(”1)7"'7“,8&))""7“L(§§""79(Un—2)> = g(f(vl,-~,65 1)),,.,@5, 2)7,,.,1)”_2))

foranyi,j €1, ki, ko € {1,...,n}, with ky < ky. Then the decompositions

=~ ~~
Ir=V= @@ Ve adl''=V= P V).
ViealeF/~ Viugl€F/~

corresponding to the choices of B and B', respectively, in Theorem are
1somorphic.

4 A characterization of the f-simplicity of the
components

In this section we intend to establish a characterization theorem on the f-

~ =~
simplicity of the linear subspaces V], which appear in the decomposition of
V given in Theorem [2.13

Let us begin by recalling several concepts from the theory of algebras.

Let A be an algebra equipped with an n-ary multiplication [.,...,.]
Ax---x A — A and B a basis of A. The basis B is said to be an i-division
basis if for any e; € B and by,...,b,_1 € A such that

by, ..., e b =w#0

for some w € A and k € {1,...,n} we have that e;,by,...,b,_1 € Z(w),
where Z(w) denotes the ideal of A generated by w.

The above notion can be generalized to the case of a linear space V
equipped with an n-linear map f : Vx---xV — V. We refer to the minimal

16



strongly f-invariant subspace of V that contains v as the strongly f-invariant
subspace of V generated by v, and will be denoted by Z(v). Observe that the
sum of two strongly f-invariant subspaces of V is also a strongly f-invariant
subspace, and that the whole V is a trivial strongly f-invariant subspace.

Definition 4.1. Let V be a linear space, B = {e; : i € I} a fixed basis of V
and f:V x--- xV =V an n-linear map. It is said that B is an i-division
basis of V respect to f, if for any e; € B and by, ...,b,_1 € V such that

f(bl,...,eg’f),...,bn_l) —w#0

for some k € {1,...,n} we have that e;,b,...,b,_1 € Z(w), where Z(w)
denotes the strongly f-invariant subspace of V generated by w.

Let us return to the decomposition of the linear space V, given an n-linear

map f:V x--- xV —V and fixed a basis B,

—~~
V= P Vi
Vie,J€F /~

=
as deduced by Theorem [2.13, For any V) we can restrict f to the n-linear

map

L~ A~ A=
i Ve X0 X Vey) = Vi

3

. AN . =
and consider on V) the basis B’ := BN V.. Then we can assert:

Theorem 4.2. The linear space Vi, is f'-simple if and only if Ann(f") =0

~ =~
and B' is an i-division basis of Vi.,] with respect to f'.

~~

Proof. Suppose that V., is f’-simple. Observe firstly that Ann(f’) is a
~~

strongly f’-invariant subspace of Vi.,j, and thus Ann(f’) = 0. Additionally,

. . =~
if we consider some e; € B and by,...,b,_1 € Ve, such that
f (bl,...,ejk),...,bn_l) =w+#0
~~
for some k € {1,...,n}, since V. is f'-simple, we have
~~
I(w) = V[ei}

17



and so e;,by,...,b,—1 € Z(w). Thus, the basis B’ is an i-division basis of
T//[; with respect to f’.

Conversely, let us suppose that Ann(f’) = 0 and that the set B’ is an
t-division basis of /\-//[el\] with respect to f’. Consider any nonzero strongly

~ =
f'-invariant linear subspace W of V., and take some nonzero w € W. Since
Ann(f’) = 0, there are nonzero elements

617"'7571—1 € B/
such that .
07& f(gla"'aw(j)w"afnfl) eWw
for some j € {1,...,n}. Since B’ is an i-division basis, we get

& € Z(w) C W, (12)
forall k € {1,...,n—1}.

In order to deduce the f’-simplicity of V., we must arrive to W = Vi,
which can be proved following two main steps:
(I) Show that Vie;j,..., Vie,.,) C W ;

(IT) Recalling that
A~
Vi = @D Vi

Viv;1€Vig, 1]
show that, for each £ all Vi) & Vig,) also satisfy Viw,) CW.

(I) In order to prove that Vi,; € W for each k € {1,...,n — 1}, we
have to show that for any v; € [§] such that v; # &, we must conclude
that v; € W. It is clear that § is connected to any v; € [§], and thus
there is a connection (X7, X, ..., X,,), where X; = (a;1,. .., ain—1) such that
ag € BUB,ie€{l,...,m}, Le{l,...,n— 1}, from & to v;.

Recall that we are dealing with an f-orthogonal and strongly f-invariant
decomposition of V (by Theorem . Thus, we may claim that the ele-

ments a; satisfy
a; € BUB, (13)

~ =~
and that the whole connection process from  to v; can be deduced in V).

According to Definition 2.6 we have that
F({gk‘}v Xl) =F ({gk}v (a117 s 7a1n—1)) 7é @
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Given an arbitrary x € F({&}, X1), © # 0, there are two cases to discuss.
First case: ay; € B, 1=1,...,n—1 and so

O#x:f(an,...,f,(;),...,aln_1>,

for some r € {1,...,n}.

_ .
Second case: ay; € B/, 1 =1,...,n— 1 and so x € V|, is such that:

/ (511, Lt ,5171—1) = &k,

for some r € {1,...,n}.
Consider the first case. As a consequence of the inclusion ([12)), we obtain
zeW.

Consider now the second case. By the i-division property of the basis B’
and due to inclusion ((12)) we conclude that © € Z(&,) C W.
So, in both cases we have shown that

F({&} X1) cW. (14)

By the connection definition, we have
FE({&} X1), Xo) # 0,

where F({&},a1) C W as seen in (14)).
Given an arbitrary t € F(F({&}, X1), X2), as before, we have two cases
to distinguish. In the first one ay € B, [ = 1,...,n — 1 and so there exists

z € F({&}, X1) such that

O%t:f(a217'"72(71/)7"-7@27171)7

for some 1" € {1,...,n}.
In the second one ay € B, and then there exists z € F({&}, X1) such that
0# f(@s,....t"), .. Gy_1) =2 .

In the first case the inclusion shows that ¢ € W. In the second case
the i-division property of B’ gives us that t € Z(z) C W.
In both cases, we have

F(F({&}, X1), X2) CW.
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[terating this argument on the connection (13]), we obtain that
v € F(F(...(F(F({&}, X1),X2), ..., Xime1), Xon) C W

and so we can assert that
Vg CW. (15)

(IT) To finish the proof, we must show that all V|, ; such that V}, ; = V¢,
verifies V) CW.

Under the above assumption, there exists a subset

{[&ls [l s ]y € B/~ (16)

satisfying the conditions in Definition [2.11} From here,

(i) (i) (i) (i)
> (g UV Ve Ve V) A Tl PV VG

1<i<i’<n

Therefore, there are i,i" € {1,...,n} with ¢ < ¢, such that

Iy (F(Ve e Vi Vig e V) #0
or ' )
My, (f(V,.. .,V[fj;], , .,V[l(;]), V) #£0.
Consider the first case, in which
HV[VQ](f(V, VO VS V) £
Then there exist e}, e} € [(] and by, ..., b,—o € V such that

07éf(bl,...,6;(i),...,lel(i/),.‘.,bn_2>:$2+C

where 0 #Zzy € Vj,yandce @ V).
[v]#[v2]
Since Ann(f’) = 0, and taking into account Lemma [2.9] there exist
€1, .., €5, 1 € [112] such that

07&f(6,217'"7$2(T)7"'76/2n—1) =dq
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for some r € {1,...,n}. By Lemma [2.9 and we have that

i i (r)
O7éf(e'ﬂ,...,f(bl,...,e;g(),...,e%( ),...,bn_2) o€y ) =

Flehy, o (o) e ) = fehy, .. x" ey ) =qeW.
From here, by the i-division property of B’ we conclude that
€91, €91 € L(q) CW.
Concerning the second case, recall that we have

LV ) #£o0.

[v2]

My, (f(V..... V)

DSERE

Similarly to the first case, there exist €}, €} € [1»] and by,...,b,—2 € V such
that ' }
0% f(br,....e, " el bes) =2 +d

where 0 # 7, € Vigyandd € @ V). Again, since Ann(f’) = 0, there
[v;]7#[8k]
exist €y, . .., €1 € [Ek) such that

O?éf(e;ch"‘7‘rk(r)7"'7e;fnfl) =S

for some r € {1,...,n}.

By Lemma and inclusion ((15)) we have that

i i ()
07éf(e;d,...,f(bl,...,e;(),...,eg( ),...,bn_g) ey € ) =

fl€rs- s (Tp + d)(r), o€ 1) = (€, AN € 1) =5 EW.

Applying the i-division property of B’ this leads to

Fbor,. b el b)) € I(s) C W

A second application of the i-division property of B’ allows us to write €}, e €
W.
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At this point, we have shown in both cases that there are elements in [15)]
belonging to W. Hence by using the same previous argument as done with

&k, (see inclusions and ([15])), we get that
Vi) €W

It is clear that this reasoning can be repeated for all other elements of
the set (16]). Henceforth

V[Vj] cw
and consequently, since
A~ =
Viel = View = Ve
Vie,1€[Vigg]
we proved that
—~~
View =W,
that is V|, is f-simple. O

Remark 4.3. The above result can be restated as follows.
The linear space Vi, is f'-simple if and only if Ann(f') = 0 and every

. /\ . . . . . .
non-zero element in Vi, is an i-division element with respect to f'.

5 Application to the structure theory of ar-
bitrary n-ary algebras

In this section we will apply the results obtained in the previous sections to

the structure theory of arbitrary n-ary algebras.

We will denote by 2 an arbitrary n-ary algebra in the sense that there are
no restrictions on the dimension of the algebra nor on the base field F, and
that no specific identity on the product (n-Lie (Filippov) [9], n-ary Jordan
[10], n-ary Malcev [I1], etc.) is supposed. That is, 2 is just a linear space
over [F endowed with a n-linear map

o] A X o x A=A
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(T1, .o X)) > [Ty, Ty
called the product of .

We recall that given an n-ary algebra (2, [-,...,]), a subalgebra of 2 is a
linear subspace B closed for the product. That is, such that [%B, ..., B] C B.
A linear subspace J of 2 is called an ideal of 2 if [,..., 3 ... A c 7,
for all » € {1,...,n}. An n-ary algebra 2 is said to be simple if its product
is nonzero and its only ideals are {0} and 2. We finally recall that the
annihilator of the algebra (2, [.,...,.]) is defined as the linear subspace

Amn@) ={z cA:[A,...,2® . A =0, forall k€ {1,...,n} }.

If we fix any basis B = {¢;};cr of /A, and denote the product [.,...,.] of
2 as f, Theorem [2.13| applies to get that 2l decomposes as the f-orthogonal
direct sum of strongly f-invariant linear subspaces

PN
A= P U
[, ]€F /=~

Now observe that the f-orthogonality of the linear subspaces means that,
when [,] # [2li,)], we have

k1) ~=k2)
DT TR | EI)

for all ki, ke € {1,...,n}, k1 # ks, and that the strongly f-invariance of a

linear subspace 2,; means that %l is actually an ideal of . From here,
we can state:

Theorem 5.1. Let (U, [, ...,]) be an arbitrary algebra. Then for any basis
B=/{e; i€} of A one has the decomposition

A~
A= D A
R, ]eF /=~

=
being any A, an ideal of A. Furthermore, any pair of different ideals in this
decomposition is f-orthogonal.
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In the same context, if we restrict the product [-, ..., -] of 2 to any ideal

P ~ N .

A, we get the algebra (A, [-,...,:]). Now, by observing that the f’-
PoNY
Q[[eib

simplicity of ( [-,...,]) is equivalent to the simplicity of (A, [-;-..,])

~~
as an algebra, and that Ann(f’) = Ann(%{,), Theorem allows us to
assert the following.

Theorem 5.2. The ideal (Ap,), [, ..., -]) is simple if and only if Ann(A,)) =

~~ ~~ '
0 and B' :== BN /A, is an i-division basis of Ay,
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