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Let 4 = (a;) be an n-by-n matrix. For any real u, define the polynomial

PM(A) = Z A1o(1) - - - Ano(n) /‘LZ(U):

€S,

where (o) is the number of inversions of the permutation o in the symmetric group S,. We
prove that P, (A4) is a strictly increasing function of u € [—1, 1], for a Hermitian positive definite
nondiagonal matrix 4, whose graph is a tree.
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1. Introduction

Given an n x n matrix 4 = (a;) and a real u we will be interested in the polynomial
P, (A4), the p-permanent of A, defined as

Pu) =Y ([ Tawm |n, (1.1)

oeS, \i=1

where £(o) is the number of inversions of the permutation o in the symmetric group S,
of degree n, i.e.,

o) =#{(i,)) e {1,....n}*|i <j and o(i) > o(j)}.
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The p-permanent is a generalization of the determinant and of the permanent, making
uw = —1and u=1, respectively. Note also that Py(A) = ayi... au.
Using the positive definiteness of f(0) = u“® on S, (cf [1]), Bapat proved:

Lemma 1.1 ([2]) For any Hermitian positive semidefinite matrix A,

Bapat conjectured and proved for n < 3:

CoNJECTURE 1.2 ([2]) Given an n x n Hermitian positive definite nondiagonal matrix A,
P, (A) is a strictly increasing function of p € [—1,1].

This conjecture has been proved for a tridiagonal positive definite matrix in [3].
If Conjecture 1.2 is true, then

det4 < P,(A) < perA4,

and it will give a generalization of both the classical Hadamard inequality and the
permanental analogue proved by Marcus [4] more than three decades ago.

The aim of this note is to verify Conjecture 1.2 when the graph of 4 is a tree, in
addition to the given hypothesis. In the end an illustrative example is given.

2. Weighted digraphs

A graph G consists of a finite set V whose members are called vertices, and a set £
of 2-subset of V. By a digraph or directed graph D = (V, A) we mean the same finite
set V, and a subset A of V x V, whose members are called arcs. Note that an arc
is an ordered pair (i,j), whereas an edge of a graph is an unordered pair {i,j}. If
to each arc we assign a real or a complex number, we have a weighted digraph.
We write i ~j, if {i,j} is an edge of G, with i #j. For background information
on graphs and digraphs, we refer the reader to [5].

A directed path from 7, to i,, P;, ;, in the digraph D is a sequence of distinct vertices
(i, i2, ..., 01, 0y) such that each arc (i1, i2), ..., (i—1,1) is in A. If to the path P; ; we
add the arc (i, i;), then we have a cycle (of length r). Analogously we can define the
same concepts for a graph. A tree is a connected graph without cycles.

Given an arc e = (i,j) of D, D\e is obtained by deleting e but not the vertices i or j;
on the other hand, D\i is obtained by deleting i and all arcs including i.

Let 4 = (a;) be an n x n matrix. The graph of 4, G(A4), is the pair (V, &), where
V={1,...,n} and {i,j} is an edge if and only if a; # 0 or a; # 0. Analogously, the
(weighted) digraph of 4 = (a;) is a directed graph having (i,j) as an arc if and
only if a; #0, for i#j. The matrix 4 can be viewed as a weighted adjacency
matrix of digraph D(A4) on n vertices, with loops (arcs of the type (i,7)) allowed
on the vertices.
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3. A p-permanental formula
A systematic and detailed account of various determinantal formulas relating the

structure of the digraph and the associated matrix can be found in several papers
(cf [4,6-9]). For example, the following is well known:

THEOREM 3.1 Given an nxn matrix A = (a;) and i € {1,...,n}, let us assume that
{c1,...,cn} is the set of all (directed) cycles in D(A) = D containing the vertex i. Then
m
detAd =Y (=1 detAD\¢) [] a.. (3.1
J=1 ecA(cy)

Notice that if D\ ¢; is disconnected, then det A(D \ ¢;) is a product of the determi-
nants of the weighted adjacency matrices of each component.
We can easily generalize (3.1) to the u-permanent defined in (1.1):

m

Pu )= T] a|Pua®\ ).

J=1 \ecA(c))

If 4 is Hermitian, then we have:

THEOREM 3.2 Given an nxn Hermitian matrix A = (az) and i€ {1,...,n}, let us
assume that {cy, ..., cp} is the set of all cycles in G(A) = G containing the vertex i. Then

Py(A) = aiPu(AG\ i) + ) layl* Pu(A(G \ if)) @

i~j

m

oL T a | Pu(a(G\e)) nie. (3.2)

=1 \eeéic))

Since a tree has no cycles, we may establish the corollary:

CoOROLLARY 3.3 Given an n x n Hermitian matrix A = (a;) whose graph is a tree T and
iefl,...,n}, then

Pu(A) = aiPu(A(T \ D) + Y lag P Pu(A(T \ if)) n'@. (33)

i~j

Notice that if i<j, then £(ij) = 2(j — i) — 1, and therefore £(ij) is always odd.

4. The conjecture for trees

Given a Hermitian matrix A = A(G) and a subset of indexes S let us denote throughout

by Ag the complementary principal submatrix of 4 in the rows and columns defined
by S, i.e., As = A(G\ S).



11: 34 13 Novenber 2008

2007] At:

Downl oaded By: [B-on Consortium -

228 C. M. Da Fonseca
In this section we prove that under the conditions of Conjecture 1.2, the derivative
of P, (A) with respect to p is positive, when the graph of 4 is a tree.

LemmA 4.1 If' A = (ay) is an n x n Hermitian matrix whose graph is a tree, then

d ) .

g P = > tiplagl Pu(Ay) P, 4.1)
i~j

with i<j.

Proof We use induction on the order n. For n=2,

d
@ P, (A) = a%z-

Suppose now that the result is true for matrices with order less than n. Since,
from (3.3),

P (A) =ayan + ,uafz and

Pu(A) = anPu(A) + Y layPPyu(Ay) pY,

I~j
we have

d

d : .
2 P = an g Pl + > eplayPPu(Ay) w0

I~j

d ;
+§}mbﬁmmmmw.
~

Assume without loss of generality that if k£ ~ 1, then k <j, for all j # 1. By inductive
hypothesis:

d

@ Pu(4) = an Z K(U)|GU|2PM(A1y) =1

1<i~j

+ ) eR)lan P Py(Ayg) w0

~k
+ Z laye]? Z €(ij) ay? Ppu(A )1 100
~k k<i~j

= Y LiplayPPu(Ay) p !

1<i~j

+ DUk anl? Pu(Au) p O,
1~k

from (3.3). Hence we get (4.1). |

Since the graph of a tridiagonal matrix is a path, the result of Lal [3] is obtained as a
corollary.

CoROLLARY 4.2 If A = (ay) is an n x n Hermitian tridiagonal matrix, then

d

n—1
7 D) = > lai izt PPu(Aiig).
K i=1

From (4.1) and Lemma 1.1 we get the main result of this note.
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THEOREM 4.3 Given an n x n Hermitian positive definite matrix A whose graph is a tree,
P, (A) is a strictly increasing function of u € [—1,1].
5. An example

Consider the Hermitian matrix

ayy  dpn 0 0 0
an apn ax 0 0

A=| 0 axn a3 au azs
0 0 534 (277} 0

0 0 535 0 ass

The graph of A4 is the tree

@

O—=@ ;

®)

Notice that

2 2 4 2 3 2 2 2
P(A) = apyazsass ) + a11a20a35aas 11 + d15d34dss 14

2 2 2
+ (a1,a33a44a55 + A11033044055 + A11G2203,4055) 4 + A11022033044055
Then the derivative of P,(A4) is

d
dn P (A) = 4a7,a35a34 11 + 3 an1anaisas i1 + 2 aj,a3,ass 14

+ a%2a33a44a55 + 0110!%30446155 + 611161220546155 (5.1
On the other hand, by Lemma 4.1

d

dp P = a(assassass + a3uass o+ a3sas 1)

2
+ ays(anassass)
2 2
+ a34(a11a22a55 + aj,ass M)

> > 2
+ 3azs(ariandau + aj,ass ) 1,

which is the equal to (5.1).



11: 34 13 Novenber 2008

[B-on Consortium- 2007] At:

Downl oaded By:

230 C. M. Da Fonseca

For example, consider the matrix

2 12 0 0 0
12 1 —1/4 0 0

A= 0 -1/4 3 1 -2/3
0 0 1 1 0
0 0 -2/30 1

Then

1 8 1 23
PM(A):§M4+§/«L3+ZM2+§H+6~

whose graph, for u € [—1,1], is
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