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Abstract

In this thesis, we study a system of partial differential equations defined by a hyperbolic equation
- a wave equation, and two parabolic equations - a quasilinear diffusion-reaction equation and a
convection-diffusion-reaction equation. In this system, the reaction term of the first parabolic equation
depends on the solution of the wave equation, the convective velocity of the second parabolic equation
depends on the solution of the wave equation and its gradient, and the diffusion coefficient of the
convection-diffusion-reaction equation depends on the solutions of the other two equations. This
system arises in the mathematical modeling of several multiphysics processes, as for instance in
ultrasound enhanced drug delivery. In this case, the propagation of the acoustic pressure wave, which
is described by the hyperbolic equation, induces an increase in the temperature of the target tissue, an
increase of the convective drug transport, and the increase of the temperature induces an increase of
the diffusion drug transport.

Here we propose an algorithm to solve this coupled problem defined in a two-dimensional spatial
domain. Our numerical method can be seen, simultaneously, as a fully discrete in space, piecewise
linear finite element method, where special quadrature rules are considered, and as a finite difference
method defined in nonuniform rectangular grids. We provide the theoretical convergence support
where we show that the numerical approximations for the solution of the hyperbolic equation are
second order convergent with respect to a discrete H'- norm. This result allows us to conclude
that the numerical approximations for the gradient do not deteriorate the quality of the numerical
approximations for the solution of the last parabolic equation. For the numerical approximations for
the two parabolic equations, we also establish second order convergence but with respect to a discrete
L?- norm. These convergence results are proved assuming lower regularity conditions than those
usually imposed.

In the scope of the finite difference methods, our results can be seen as supraconvergence results
because the method uses nonuniform rectangular grids where the correspondent truncation errors
are only first order convergent with respect to the norm || - [|». As the method can be constructed
considering piecewise linear finite element method, in the language of the finite element methods our
results can be seen as superconvergence results. In fact, it is well known that piecewise linear finite
element methods for elliptic equations lead to first order convergent approximations with respect to
the usual H'- norm.

Numerical results illustrating the theoretical support are also included, highlighting the sharpness
of the smoothness assumption on the solutions of the multiphysics problem. It is reported in the
literature the use of ultrasound to increase the drug transport and its absorption within the target
tissue in different contexts, as for instance in cancer treatment. A simple version of the mathematical



vi

problem studied in this work is considered to illustrate the effectiveness of the use of ultrasound to
enhance the drug transport.

Keywords: hyperbolic equation, parabolic equation, piecewise linear finite element method,
finite difference method, convergence analysis, supra-superconvergence, drug transport enhanced by
ultrasound.



Resumo

Nesta tese estudamos um sistema de equagdes diferenciais de derivadas parciais definido por uma
equacdo hiperbdlica — uma equacio de onda, e duas equacdes parabdlicas — uma equacio de difusao-
reacdo quase linear e uma equacao de conveccao-difusdo-reacdo. Neste sistema, o termo reativo da
primeira equacdo parabdlica depende da solugdo da equacdo da onda, e a velocidade convectiva da
segunda equacgdo parabdlica depende da solug@o da primeira equacio e do seu gradiente. O coeficiente
de difusdo da dltima equacio depende também das solucdes das duas primeiras equagdes. O problema
matemdatico que motivou esta dissertacao surge no contexto de diversos problemas fisicos, como por
exemplo, no contexto da libertacdo controlada de farmacos estimulada por ultrassons. Neste caso,
a propagacdo da onda de pressdo actstica descrita pela equagdo hiperbdlica, induz um aumento da
temperatura no tecido alvo, um aumento no transporte do firmaco, e o aumento da temperatura induz

um aumento do transporte difusivo do farmaco.

Neste trabalho, propomos um método numérico para o sistema diferencial definido num dominio
espacial de duas dimensdes. O nosso método pode ser visto, simultaneamente, como um método
de elementos finitos segmentado linear discreto no espago, e como um método de diferencas finitas
definido em malhas retangulares ndo uniformes. Para este método provamos a segunda ordem de
convergéncia, relativamente a uma norma que pode ser vista como uma versao discreta da norma usual
de H', para a discretizagdo da equacdo hiperbélica. Este resultado permite concluir que a aproximagio
para o gradiente nao deteriora a qualidade da aproximacdo para a concentragdo. Estabelecemos
que as aproximacoes para a temperatura e para a concentracdo também sio de segunda ordem, mas
relativamente a uma norma que pode ser vista como uma discretizacio da norma usual de L. Os
resultados de convergéncia sdo demonstrados utilizando condi¢des de regularidade mais fracas do que
as usadas usualmente.

No contexto dos métodos de diferencas finitas, uma vez que consideramos malhas nio uniformes
onde os erros de truncatura associados sdo de primeira ordem relativamente 2 norma || - ||, 08 N0ssos
resultados podem ser vistos como resultados de supraconvergéncia. Visto que o método proposto
pode ser visto como um método de elementos finitos segmentado linear, no contexto dos métodos
de elementos finitos os nossos resultados podem ser vistos como resultados de superconvergéncia.
De facto, ¢ bem conhecido que os métodos de elementos finitos segmentados lineares para equacdes
elipticas levam a aproximacdes convergentes de primeira ordem, relativamente 4 norma usual de H'.

Os resultados tedricos obtidos sdo ilustrados numericamente. A precisdo das condicdes de
regularidade impostas as solug¢des do sistema diferencial continuo é também analisada numericamente.
Podemos encontrar na literatura que o uso de ultrassons leva a um aumento do transporte do fairmaco
e da sua absorcdo pelo tecido alvo em diferentes contextos, como por exemplo em tratamentos de



cancro. Uma versdo simples do sistema estudado neste trabalho é considerada para ilustrar a eficiéncia
do uso dos ultrassons como estimulo ao transporte de farmacos.

Palavras-Chave: equacio hiperbélica, equacio parabdlica, método de elementos finitos segmen-
tado linear, método de diferencas finitas, andlise de convergéncia, supra-superconvergéncia, transporte
de farmacos estimulado por ultrassons.
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Chapter 1

Introduction

In this thesis, we consider a multiphysics problem where a wave propagation phenomenon is coupled
with two diffusion processes. Our main aim is to propose an adequate numerical method for the

following system of partial differential equations

?p  ,dp _
oT
o5, =V (Dr(T)VT) +kT + f2(p), (1.2)
d
5 TV 0. VP)e) =V - (Delp.T)VE) = fi, (13)

defined in Q x (0,Ty], where Q € R? is a bounded domain with boundary dQ and T; > 0 is a time
duration. The differential system (1.1), (1.2) and (1.3) is complemented with the initial conditions

d

P(0) = po. 5 (0) = pro in &, (14)
T(0)=Tpin Q, (1.5)
c(0) = ¢ in Q, (1.6)

and to simplify, we impose the following homogeneous Dirichlet boundary conditions

p(t) =00n dQ x (0,Ty), (1.7)
T(r) =0 on Q% (0, T}, (1.8)
c(t) =0 0n 9Q x (0, T/]. (1.9)

1



2 Introduction

By simplicity, in this work, we assume that Q = (0,1)2. The coupled initial boundary value
problem (IBVP) (1.1)-(1.9) arises, for instance, in the modeling of ultrasound enhanced drug transport.
For this reason, we will refer p, T and ¢ as acoustic pressure, temperature and concentration, respec-
tively. Basically, from the physical point of view, ultrasound enhanced drug transport involves the
propagation of acoustic waves through a biological tissue. The propagation of these waves generates
heat that dissipates through the tissue. The drug transport is enhanced by both: temperature rise
and propagation of acoustic waves. The acoustic waves propagation can be modeled by the wave-
type equation (1.1), while bioheat transfer and drug transport can be modeled by the parabolic-type
equations (1.2) and (1.3), respectively.

To avoid drug side effects and to increase the drug available in the target tissue, nanocarriers have
been studied to transport the drug. Liposomes, micelles, dendrimers, nanotubes, gold particles, are
some examples that have been used to avoid the side effects induced by chemotherapy systemically
administered. In these cases, to control and to increase the drug released in the target tissue as well
as to increase the drug absorption, the nanocarriers are combined with activation processes. Stimuli
responsive drug delivery systems (SRDDS) are drug delivery systems where the characteristic of the
carriers and the properties of specific stimuli play a central role. They were developed as an answer to
the need to reduce drug side effects, to break the barriers to the drug transport and to increase the drug
available in the target tissue.

The enhancers used in SRDDS can be split into three main classes: physical, chemical and
biological ([28]). Some examples of each class are

(i) Physical enhancers: temperature, electric and magnetic fields, ultrasound, light;
(i) Chemical enhancers: pH, glucose, ionic strength;
(iii) Biological enhancers: enzymes, endogenous receptors.

From here onwards, we focus on ultrasound enhanced drug delivery.

The application of ultrasound to enhance drug transport through biological tissues has been used in
different medical contexts like, for instance, transdermal drug delivery, cancer treatment, blood-brain
barrier disruption, hyperthermia triggered drug delivery. Ultrasound is particularly useful for drug
delivery into impermeable biological barriers, as cell membranes, and on the delivery of large weight
or low diffusivity molecules (see [8], [9], [18], [21], [31], [32], [33], [34], [36], [37], [39], [40], [41],
[43], [47]). In cancer treatment, reports on the use of ultrasounds to increase the drug release from
polymeric micelles, liposomes, or microbubbles are presented in the literature. In this case, ultrasound
generates pressure waves that propagate through the target tissue inducing the drug release from the
carriers as well as increasing the drug absorption ([9], [20], [46]).

The exact mechanisms induced by the propagation of acoustic waves are not completely elucidated.
However, it is known that the ultrasound propagation induces compression and expansion of the
microbubbles dispersed in the medium leading to an oscillatory behavior in the medium pressure. It is
accepted that acoustic wave propagation involves thermal and mechanical processes or a combination
of both. In the first case, acoustic waves lead to a temperature increase due to the absorption of
acoustic energy. Consequently, ultrasound has been used to control the drug delivery from temperature-
sensitive drug nanocarriers. Furthermore, due to the increase of blood flow and permeability in the



target tissue, they have been used to increase drug transport (see, e.g. [38] and its references). The
mechanical effects can originate acoustic radiation forces ([4]) which induce the acoustic streaming
- a convective flow in the fluid phase of the medium. This convective field can also be taken into
account for increasing the drug delivery rate to specific sites ([10]). However, the main mechanical
effect induced by ultrasound propagation is the so-called cavitation. Cavitation is characterized by
the expansion and compression of endogeneous or exogeneous gas microbubbles that oscillate and
induce a fluid flow with velocity proportional to the amplitude of the oscillations. If violent changes
in the acoustic wave amplitude occur, the microbubbles collapse (inertial cavitation) generating
shock waves that can lead to pore formation in the cellular membranes (see [12] and [41] and its
references). Stable cavitation occurs when the bubbles oscillate without collapsing. The increase
of tissue permeability due to cavitation is not completely understood (see [37] and its references).
Nevertheless, it is established that the micro-scale phenomena associated with cavitation induces a
convective and diffusive transport at a macro-scale (see, for instance, [22], [26], [27], [29]).

The previous consideration on the phenomena associating the acoustic pressure propagation with
the increasing on the temperature, the increasing on the convective drug transport as well as the
increasing on the drug diffusion transport, are the basis for the functional relations between the
parameters of the differential system (1.1)-(1.3) and the correspondent unknowns p, T and c. In fact,
we assumed in this system that the temperature source f, in (1.2) depends on the acoustic pressure p;
the convective velocity v in (1.3) depends on p and on its gradient V p; the drug diffusion coefficient
D, in (1.3) depends on T and on p.

Modeling and numerical simulation of ultrasound enhanced drug transport has been subject of
research in the last years. For example, in [24] the following linear acoustic pressure wave equation

19%p adp 1
il 2 _pV. |-V 1.10

v2 8t2+vg o P (p p), (1.10)
and the nonlinear Westervelt-Lighthill equation

13%p 8% B d%p 1
_r _°9P P 9P _,hy.(Zv ,
v2or: vt a3 2pvi or? pY <p p> ’ (111

atvi
4n? f?
the material attenuation coefficient, f the wave frequency. In (1.11), d is the acoustic diffusivity in a

were considered. In (1.10), p is the tissue density, vy is the sound speed, @ = a

+v2, being a

thermoviscous fluid and f is a nonlinear coefficient of the medium. In biomedical applications as the
ones that we would like to consider later, the acoustic wave propagation given by equation (1.10), or
(1.11), is coupled with the Pennes’s bioheat equation
aT .
pK—=-=V-(KVT)+pQ+pS—pscpp(T ~Tp), (1.12)
where T is the temperature, K is the specific heat capacity, K is the thermal conductivity, Q is the

metabolic heat generation rate, @ is the perfusion rate, py,c, and 7;, are the density, specific heat
2

capacity and temperature of the blood, and S =a

P In this paper the drug concentration equation
Vs
was not considered because the authors were only interested in the mathematical description of



4 Introduction

ultrasound and temperature dynamics. In [34], it is also constructed a model to simulate the influence
of the ultrasound absorption in the temperature, in the skull. The ultrasound propagation in fluids and
soft tissues is described by a hyperbolic equation similar to (1.10). However, to study the ultrasound
in the skull, it is considered the visco-elastic wave equation of solids

0u d Jd uad
pa—tz—(u-H]E)AuﬁL(A—HL—FEE—kgE)V(V-u), (1.13)

where A denotes the Laplacian operator, u denotes the particle displacement, A and u are the first
and second Lamé coefficients and 1 and & are the first and second viscosity parameters. These two
wave equations are coupled with a partial differential equation similar to (1.12) for the temperature
behavior.

A multiphysics approach to describe ultrasound enhanced drug transport is introduced in [48]. In
this paper the authors consider the drug release from thermosensitive nanocarriers-liposomes, the drug
transport and the drug absorption by a solid tumor. Pennes’s bioheat equations, similar to equation
(1.12), are used to describe the temperature evolution in the tumor, normal tissue and in the blood
(depending on the acoustic pressure). It is also considered the drug transport in the intersticial fluid
and the drug effects on the tumor cells dynamics. It should be noticed that the diffusion coefficients
are assumed constant which means, temperature and acoustic pressure independent.

A multiphysics and multidomain approach is considered in [35] to mathematically describe the
drug release from thermosensitive liposomes loaded with doxorubicin (a drug used to treat cancer).
The Penne’s bioheat equation (1.12) is coupled with a nonlinear acoustic equation of the type (1.11).
The drug concentration in the nanocarriers is governed by a convection-diffusion-reaction equation
where the reaction term describes the drug released by the liposomes enhanced by the temperature,
and the diffusion coefficient is assumed constant. The released drug admits three states: free, bound
and internalized, being the concentration of the first type described by a convection-diffusion-reaction
equation with a constant diffusion coefficient. The convective velocity is given by Darcy’s law,
which does not depend on acoustic pressure. From the numerical results, the authors concluded that
controlled drug release by heating with ultrasound allows a significant increase in drug penetration
into the tumor.

In [44], experimental results of the effect of ultrasonic waves on solute transport in porous media
are presented. The behavior of the solute concentration ¢, in an one-dimensional domain, is described
by a convective-diffusion equation, where the convective velocity is given by v(p) = v+ v*, and
the diffusion coefficient is D(p) = arv(p) + D4, where v denotes the steady state fluid velocity, v*
represents the enhanced velocity due to the acoustic pressure, Dy is the molecular diffusion coefficient,
and oy is the dispersivity.

The papers introduced before, namely, [24], [35] and [48], presenting a mathematical description
of drug delivery enhanced by ultrasound, do not present any detail on the numerical methods used
to compute the numerical results presented as well as on their convergence analysis. To the best of
our knowledge, the mathematical analysis as well as the design of accurate and efficient numerical
methods for the system (1.1)-(1.3) were not yet object of research. These facts are the main motivation
for our work in what concerns the construction of numerical methods and the development of their
mathematical foundations.



In this thesis, our aim is to propose a numerical method that can be used to accurately compute
numerical approximations for the acoustic pressure, temperature and concentration described by
(1.1)-(1.3), defined in a two-dimensional domain. To simplify we assume that the drug is initially
dispersed in the domain and the previous system is complemented with Dirichlet boundary conditions
for the three unknowns. While for the temperature and for the concentration, these type of conditions
can be realistic in certain scenarios, the boundary conditions for the acoustic pressure should be more
realistic and further studies need to be prosecuted.

The main obstacle in the design of numerical methods to approximate the solution of (1.1)-(1.3)
is the nonlinear dependence of the drug convective velocity on the gradient of the acoustic pressure,
and the nonlinear dependence of the drug diffusion coefficient on the temperature and on the acoustic
pressure. The discretization of the wave equation (1.1) should lead to an accurate approximation for
the gradient of the acoustic pressure that does not deteriorate the quality of the approximation for the
concentration. The methods proposed in this work can be seen simultaneously as fully discrete in space
piecewise linear finite element methods and finite difference methods. The theoretical support for the
convergence of the proposed methods is provided in this thesis under lower smoothness assumptions
on the solution of the initial boundary value problem for (1.1)-(1.3) than those used in the literature
for similar problems. It is shown that the numerical approximation for the acoustic pressure is second
order convergent with respect to a H'- discrete norm while the approximations for the temperature
and for the concentration are second order convergent but with respect to a L>- discrete norm. In the
scope of the finite difference methods, our results can be seen as a supraconvergence results because
the method uses nonuniform rectangular grids where the correspondent truncation errors are only
first order convergent with respect to the norm || - ||.. As the method can be constructed considering
piecewise linear finite element method, in the language of the finite element methods our results can
be seen as superconvergence results. In fact, it is well known that piecewise linear finite element
methods for elliptic equations lead to first order convergent approximations with respect to the usual

H'- norm.

Numerical results illustrating the theoretical support are also included, highlighting the sharpness
of the smoothness assumption on the solutions of the multiphysics problem. It is reported in the
literature the use of ultrasound to increase the drug transport and its absorption within the target
tissue in different contexts, as for instance in cancer treatment. A simple version of the mathematical
problem is studied in this work to illustrate the effectiveness of the use of ultrasound to enhance the

drug transport.

The convergence analysis followed here is based on the approach introduced in [3] for one-
dimensional problems and in [14] for two-dimensional. This approach is based on the use of Bramble-
Hilbert Lemma ([5]), that allows the replacement of the spaces of continuous functions C*(Q) by
the Sobolev space H*(Q). The second convergence order of our scheme is established assuming that
p(t),T(t),c(t) € H*(Q). We remark that in [2] numerical methods to approximate the solution of a
differential system defined by an elliptic equation and an integro-differential equation were studied
using the same approach. Bramble-Hilbert lemma is also the basis of the convergence analysis of the
numerical methods introduced in [13] for a system of two parabolic equations.



6 Introduction

1.1 Outline of the Thesis

In what follows, we describe summarily the organization of this thesis highlighting the main contribu-
tions in each chapter.

In Chapter 2, we consider the hyperbolic initial boundary value problem, defined by the telegraph
equation (1.1) coupled with the initial condition (1.4) and homogeneous Dirichelet boundary con-
ditions. We propose a numerical scheme obtained using the Method of Lines Approach: a spatial
discretization that leads to a semi-discrete approximation (continuous in time) followed by a time
integration. The spatial discretization is defined considering a piecewise linear finite element method
combined with particular quadrature rules that lead to a fully discrete in space scheme. This fully dis-
crete scheme can also be seen as a finite difference method defined in nonuniform rectangular meshes.
The classical convergence analysis of the semi-discrete approximation using the finite difference
language is based on the concept of truncation error. As we will see, the truncation error is only of first
order with respect to the norm ||-||.., provided p(¢) € C*(Q). However, using our approach we prove
that the finite difference approximation for the solution of the hyperbolic IBVP defined by (1.1) is
second order convergent with respect to a discrete H'- norm, provided p'(t), p(t) € C*(Q) (Theorem
2.2). This means that the corresponding discrete gradient is second order convergent with respect to a
discrete L2- norm. First of all, we remark that the obtained convergence order is unexpected. In fact,
error estimates for the approximation of the correspondent elliptic equations have an important role in
the traditional approach followed in the convergence analysis of this kind of methods. It is known that
the piecewise linear finite element method for elliptic equations leads to a first order approximation
for the gradient provided that the solution of the correspondent weak problem is in H>(Q). Following
the approach introduced by Wheeler in [45] for parabolic problems, only first order of convergence
is expected. The second question that we would like to address is the reduction of the smoothness
assumptions imposed before. In fact, using the Bramble-Hilbert Lemma as main tool, we prove the
second order of convergence for our numerical solution, provided p'(¢), p(t) € H*(Q) (Theorem
2.3 and Corollary 2.1). In what concerns the time integration, we present two numerical schemes.
The first one only presents first order of convergence in time. However, rewriting our problem in an
equivalent way and considering a Cranck-Nicolson approach we construct a fully discrete in space
and time problem leading with second order convergence in time (Theorem 2.5 and Corollary 2.4).
The main results of this chapter are included in [15].

In Chapter 3, a simplified version of the differential problem (1.1)-(1.3) is considered: the thermal
effects induced by ultrasonic waves are discarded. Then we study the system of partial differential
equations defined by the hyperbolic equation (1.1) and the following convection-diffusion-reaction
equation, similar to (1.3),

dc

5; TV (P, Vp)e) = V- (D(p)Ve) = fi. (1.14)
The main problem on the computation of numerical approximations for the solution of this hyperbolic-
parabolic IBVP defined by (1.1) and (1.14) is the dependence of the convective term v in (1.14) on the
solution of the hyperbolic equation and its gradient. Here, the results of the previous chapter have a

crucial role, since to compute a second order approximation for the concentration we need to have
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second order approximation for the gradient of the solution of the hyperbolic problem. We recall that
Corollary 2.1 establishes this result.

In this chapter, we propose a fully discrete piecewise linear finite element method for the con-
centration that allows the computation of a second order approximation for the solution c of (1.14)
with respect to a L?>- norm. In Section 3.2 we present the fully discrete in space piecewise linear
finite element method for (1.1), (1.14). Section 3.3 is the main section of this chapter devoted to the
convergence analysis of the semi-discrete approximation. Theorem 3.1 and Corollary 3.1 are the main
results of the chapter that establish the second order of convergence provided p(t),c(t) € H>(Q). We
remark that these results are not expected since the studied method is constructed using the piecewise
linear finite element method that leads to a first order approximation with respect to H'- norm. Again,
as the traditional approach for the convergence analysis of this type of approximation for parabolic
equations is based on error estimates for the solution of the piecewise linear finite element method
applied to the corresponding elliptic equation, that establish first order of convergence with respect
to the H'- norm, we expect only first order convergence for the approximation of the concentration
defined before. To illustrate the applicability of the differential system (1.1), (1.14) in the mathematical
modeling of drug delivery enhanced by ultrasound, we consider a toy model where a wave equation
is coupled with a simplified version of (1.14). Numerical results illustrating the convergence results
established in this chapter are also included. The main results of this chapter are included in [16].

The study of the complete problem (1.1)-(1.9) is presented in Chapter 4. Here, we consider
the thermal effects of the ultrasound propagation, and consequently, in the drug transport. Our
main aim is to design a fully discrete in space piecewise linear finite element approximation for the
differential system (1.1)-(1.9) that leads to a second order approximation for the drug concentration
¢ with respect to a discrete L2- norm. As we are considering the thermal effects and the diffusion
coefficient D, depends on the temperature 7', an error estimate for temperature approximation defined
using the fully discrete in space piecewise linear approximation is needed. The heat source term
f> depends on the acoustic pressure p, and consequently the error estimate for the approximation
for the temperature depends on the error estimates for the acoustic pressure. Such error estimates
are established in Theorem 4.1 and Corollary 4.1 that show second order of convergence provided
that p(¢), T (¢t) € H?(Q). Finally in Theorem 4.2 and Corollary 4.3, we conclude that the numerical
approximation for the concentration remains with second convergence rate. The main results of this
chapter can be found in [17].

This thesis ends with a last chapter summarizing conclusions and open problems that will be

object of study in the near future.






Chapter 2

Acoustic Pressure Propagation

2.1 Introduction

In this chapter, we consider the hyperbolic acoustic pressure equation (1.1) coupled with (1.4), (1.7),
with Q = (0,1)% and p : Q x [0,7¢] — R. In (1.1), the coefficient functions a, b and E are space
dependent, such thata > ag > 0,5 > by > 0 in Q, and E is a second order diagonal matrix with entries
e;, i=1,2, such that ¢; > ¢y > 0in Q, for i = 1,2. Note, that the assumption by > 0 is considered for
simplicity, since similar results can be achieved for by € R. In what follows, if w: Q x [0,77] — R,
then for 7 € [0, 7], w(r) : @ — R is given by w(z)(x,y) = w(x,y,1), (x,y) € Q.

Our main goal in this chapter is the construction of an accurate numerical scheme to compute a
numerical approximation for the solution p of the IBVP (1.1), (1.4), (1.7). We start by presenting some
notations, after in Section 2.3, we define our semi-discrete numerical scheme, being its convergence
analysis developed in Section 2.4. Theorem 2.1 establishes first order estimates for the error for the
semi-discretization taking into account the expression of the correspondent truncation error. A careful
mathematical manipulation of the term involving the truncation error can be used to improve the
quality of the error estimate at least when the acoustic pressure is a smooth function. In Sections
2.4.2 and 2.4.3 we achieve improved convergence results considering p(t) € C*(Q) and p(t) € H*(Q),
respectively. Bramble Hilbert Lemma is the main tool in the convergence analysis of the last result
when p(t) € H3(Q). Fully discrete, in time and space, methods are studied in Section 2.5. Numerical
results illustrating the theoretical results established in the previous section are presented in Section
2.6. Finally, we draw some conclusions in Section 2.7.

The existence and uniqueness of the solution of the IBVP based in the hyperbolic equation (1.1) is
not analyzed in this work. We remark that such results can be established using the results presented
in Chapter 7 of [11].

2.2 Some Notations

We start by introducing some notations and definitions. In the usual Sobolev space H" () we consider

the usual norm

1/2
Wl gm0y = ( Y !D“WH2> W€ H"(Q),

la|<n
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1%y
where, for a = (o1, o) € Ng x No, D%w = ERTENTS For n = 0 we take H(Q) = L*(Q) where we
consider the usual inner product (-,-) and the correspondent induced norm || - ||. Let ((-,-)) be the
usual inner product in [L?(Q)]? and || - || the correspondent norm. By H} (Q) we represent the usual

Sobolev space where we take the usual norm || - |;.

Let X denote a vector space of functions equipped with the norm ||-|[x. By C"(]0,7],X) we
represent the space of functions w : [0, Tf] — X such that w/) : [0, 7] — X, j=0,...,m, are continuous
and

m
_ — () oo
ercmm—uwucmqo,ff],m—jgooggfﬂw o), <+

By H"(0,Tf,X) we represent the space of functions w : (0,77) — X with weak derivatives w/) :
(0,Tr) =+ X, j=0,...,m, such that

1/2
me Ty . 2
Hw|er<X>:rermm,Tf,X):(Z Lol dz> < o
j=0

We also consider L*(0,7f,X) the space of all measurable functions w : (0,7y) — X with

”W”Lw(o,rﬂx) =ess sup [w(t)|ly < +ee.
0<I<Ty

2.3 Semi-Discrete Numerical Scheme

In this section, we present a fully discrete in space method that allows the computation of an
approximation for the solution of the following variational problem: find p(¢) € H}(Q) such that
p(t) € LX(Q), j=1,2,1 € (0,Ty], and

(ap”(t),w) + (bp'(t),w) = —((EVp(t), VW) + (f3(t),w), € (0, T], (2.1)

for w € H}(Q), and
(p’(O),w) = (pv,va)a Yw € LZ(Q)7

2.2)
(p(0),9) = (po,q),  VgeL*(Q).

In Q we introduce an arbitrary nonuniform rectangular mesh defined by H = (h,k) with

N
(i) h=(hy,...,hy), N € N, a vector of positive entries such that Zhi =1;
i=1

M
(ii) k= (k1,...,km), M € N, a vector of positive entries such that Z ki=1.
j=1
Letx;,i=0,...,N,and y;,j=0,...,M, be the nonuniform grids induced by /4 and k in [0, 1], respec-
tively, with h; = x; —x; _yand k; =y; —y;_1. In Q we define the rectangular grid

Qu = {(xi,;),i=0,...,N,j=0,...,M},
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depending on H. Also, we define Qy = QN Qy and 0Qy = dQNQy.

Let Hypax = max{hi,kj;i =1,...,N;j=1,... ,M} and let A be a sequence of vectors H = (h, k)
such that Hp,x goes to 0. Let Wy be the space of grid functions defined in Qp and Who =
{wyg € Wy :wy =00ndQy}. By Ty we denote a triangulation of Q using the set Qpy as ver-
tices. The notation diamA represents the diameter of the triangle A € Jy. For wy € Wy, Pywy
denotes the continuous piecewise linear interpolant of wy with respect to 7.

In order to construct a fully discrete in space approximation we define now discrete inner products
and the corresponding norms. In Wy ¢ we introduce the inner product

Ve wm)a =Y, |Dijlva(xiyj)wa (xi,7), vir. wi € W,
(xi.y;)€Qn
where O; j = (xi_1/2,Xi41/2) X (Vj—1/2,Yj+1/2) N, |T; ;| denotes the area of [J; ;, and x;; 1/, =

hiiq hi .
Xi+—— s S Xil1/2 =Xi— El’ hiy1/2 =Xiy1/2 —Xi—1/2 being y;.1 /5 and k;, 1/, defined analogously. Let

|| - || be the corresponding norm.

For vy = (vig,vom), wa = (Wia,woi), and ve g, we g € Wy, for £ = 1,2, we use the notation

(v, we))n = (Via,wim)ax+ (Vo wan)Hy,

where
1

M—
Z hik j+1/2v1 H Xz,y])Wl H(xnyj)
1 j=1

Mz

(V1 H,WI, H

being (v2.i, w2, )H .y defined analogously.

Let D_, and D_ be the first order backward finite difference operators with respect to the variables

x and y, respectively,
v (Xi,;) — vi (Xi-1,Y,)
h;

and D_, is defined analogously. Let Vy be the discrete version of the gradient operator V defined by

D_wvu(xi,yj) =

Vuve = (D_xvy,D_yvy). We use the following notations

1/2
HVHVHHH = ((DfoHanxVH)H,x + (nyVH’nyVH)H,y>

) ) 1/2
= (ID—cvu 4 1D ) v € W,

Moreover, a straightforward calculation shows that the following Poincaré-Friedrichs inequality
holds

1
vally < 3 IVave g, Yvu € Wi (2.3)

Note that ||||;; and ||Vy-||;; can be seen as discrete versions of L?>- norm, and H'- seminorm,

1/2
= (HH%{ +||Vy - HZ) is a discrete version of H'- norm.

We are now in position to define our numerical scheme. The piecewise linear finite element
method for the wave IBVP (1.1), (1.4), (1.7) is defined as follows: find py(f) € Wy o such that
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Pypp (1) satisfies
(aPupy(t), Pawn) + (bPupy (1), Puwn) = —((EVPupru(t),VPaywn)) + (f3(t), Pawn),  (2.4)

fort € (0,T¢], wg € Wa o, and

(Pupy(0), Puwr) = (PuRuPv0, PaWH), Ywha € Wy,
(Pupu(0),Puqu) = (PuRupo,Puqn),  Vqu € W,

(2.5)

where Ry : C(Q) — Wy denotes the restriction operator and C(Q) represents the space of continuous
functions in Q.

(Xi yYj+1 )

(Xifl/zs){,m/z) (Xt /21)’,,41/2)

(xi—17yj) ('xi+17yj)

(xifl/Z:yjfl/Z) (Xi+l/27yjfl/2)

(xi,yj-1)

Fig. 2.1 Scheme of the partition used for the quadrature rules.

Fori=0,...,N, j=0,...,M, we consider the following partition of [; ;, illustrated in the Figure
2.1: O;; = UL, (0,0 Q), with

= (%, x z+1/2> ()’Ja)’]+1/2)7
= (xi— 1/2,x,) (y/7y]+l/2)7
= (% 1/25% ;) X (y] 1/27)’1)7
D4_(x,, z+1/2) vj- 1/2,)’1)

In order to construct a fully discrete in space finite element problem, we consider the following
approximation formulas:

/ aPy Py (t)Pawrdxdy ~ ;| a(xi,y;) py (xi, v j, ) wr (xi, ), 1 = 1,2,3,4. (2.6)

0y

Then, taking into account that our problem has homogeneous Dirichlet boundary conditions, we have

(aPyp};(t), Puwy) = /QaPHp}/I(t)PHWdedy ~ (aHpZI(t),WH)H,
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where ay = Rya. Analogously we introduce the following approximation

(bPHp}I(t)vaWH) = (pr}'I(t)7WH)H7

where by = Ryb. If f3 i denotes the following grid function

1
f3,H(t>(xi7yj) = / f3(x7y7t)dXdy7 (27)
0:41 Jou,
then, from the same quadrature rule, we obtain

(f53(t), Pawr) ~ (f3.u(t),wn)H-

In the initial conditions (2.5) we consider the same approximation formulas. For the integral term
associated with the second order spatial derivatives with respect to x, and (x;,y;) € Qp, we have

g 0 0

/D ery- (Papu(t)) B (Pawn) dxdy =~ 0| e1(Xis1/2,Y ) D—xpu (Xit1,Y j5t)D—xwr (Xit1,;), [ = 1,4
1

and

0 d
/ 1y (Papn(t)) P (Pagwr) dxdy ~ 0| e1(xi—1 /2,y )D—xpu (xi,yj,t)D_xwr (xi,y;), [ = 2,3.

0y

The last approximation quadrature rules allow us to introduce

((EVPupu(t),VPywn)) ~ (EuVupu(t),Vawn))u,

where Ep denotes the 2 x 2 diagonal matrix with the following diagonal entries: e g (x;,y;) =

e1(xi—12,y;) and ez g (xi,y;) = e2(xi,yj—1/2)-

Then, considering the previous quadrature rules to approximate the integrals, we replace (2.4),
(2.5) by the following fully discrete in space finite element problem: find py(t) € Wy ¢ such that

(aupy(t),wo)u+ (bapy(t),wr)s = —(EaVapu(t),Vawn))u + (f.0), W) H, (2.8)
fort € (0, Tf], wy € WH7(), and

(P (0),wr)a = (Rupvo,WH)H, Ywi € Wh , 2.9)

(Pr(0),90)0 = (Rupo,qu)u,  Yqu € W .

We observe that the fully discrete in space finite element problem (2.8), (2.9) can be rewritten as a
finite difference method. In order to define such equivalent method, we introduce the finite difference
operator Vi, = (D, D) where

Vi (Xit1,Y;) — Ve (%i,Y;)

hit1)2

D;VH(X,',)/‘/) =

)
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and D; is defined analogously. Then, considering in (2.8) wyg € Wy o equals to 1 in (x;,y J-) and 0
in the remaining grid nodes, for each (x;,y;) € Qpy, we obtain that (2.8), (2.9) can be seen as: find
pu € Wy o such that

ap Py (t) +bupy(t) = Vi (EuVapu(t)) + f3u(t) in Qp, t € (0,77, (2.10)
coupled with the boundary condition
pH(l‘) =0o0ndQy X (O,Tf], (2.11)

and the initial conditions
Pu(0) =R pvo,
pu(0) = Rupo.

(2.12)

The existence of a smooth solution of the IBVP (2.10)-(2.12) can be easily established considering
that such problem can be rewritten as the following differential system

anp(t) +bupy(t) = Apu(t) + f3.u(t), 1 € (0,T¢], (2.13)

coupled with the initial conditions (2.12), where the entries of the matrix A depend on the coefficient
functions e;, i = 1, 2. For instance, if f3 () is a continuous function, then (2.13), (2.12) has a unique
solution py (t) € C*((0,T¢])) NC ([0, T¢]) ([7D).

2.4 Convergence Analysis - Spatial Discretization

2.4.1 Classical Convergence Analysis

The classical convergence analysis of a semi-discrete finite difference method is based on the truncation
error Ty p(t) associated with the spatial discretization, and upper bounds for the spatial discretization
error are established depending on the norm of the Ty , (7).

Let e (1) = Rup(t) — pu(t) be the spatial discretization error induced by the numerical scheme
(2.10)-(2.12). Then

(aneqy ,(t),wr)m + (brey (1), wi)n = —((EuVuen p(t),Vawn))u + (T p(t), wa)u,  (2.14)

fort € (0, Tf}, wy € WH70, and

e}l,p(O) 0
eH,p(O) = 0,
with
T p(t) =Ru(V-(EVp(1))) =V - (EnVuRup(t)) + Ru f3(1) — f3,u ().

Considering in (2.14) wy = e}y ,(t), we obtain

(anep ,(t),ep (1) + (buey ,(0), ey () = —(EnVaen p(t), Vaey ,(0))n+ (T p(t), €., () ),
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which implies

S aets )+ bolls O + 5 o WVER em o)l < (Tigp(0). ), 215)

that leads to

d (1 ! 1
5 (3@ O+ b [ et 6) s+ 51V EuTinen ) ) < o)l 0

(2.16)
where v/E denotes the diagonal matrix with diagonal entries Vei, i =1,2. To establish a representation
of the spatial truncation error Ty ,(¢) we remark that if f3(¢) € C*(Q), then

hiy1 —hi df3

f3(xi7yj7t)_f3,H(xiayjat):— 4 ax (xi’yj’t)

J+1 k 8f3

2
4 ay( i J> )+ﬁ(Hmax) (217)

fori=1,....N—1,j=1,...,M—1andt € (0,T7]. If p(t) € C*(Q), ¢; € C*(Q), | = 1,2, then, for
i=1,....N—1,j=1,.... M—1,1 € (0,Tf], we have

d d
Dy (er(x 2D Rup(iyin) = 5= (€102 30 Giovr)) =

h; h; 9%e dp h; h; de 9%p
= +14 S 21( 17YJ)a (-xl)yj7 )—i—% axl( “yj)a z(xl,yj, )
hiv1 —h; 3p
e (0,y)) 55 (50 ) O (o). (2.18)

Note that, we can obtain a similar expression for the term with respect to y.

Finally, from (2.17) and (2.18), fori=1,....N—1, j=1,...,M — 1,1 € (0,Ty], we obtain

1 9% d 1de 02
TH,p(xivyjat) = _(hi+l _hl) (4 ax;( lvyj) 8p(xlayja )+§7xl(xi7yj)aixl;(xiayjat)

1 d’p 1df3
+ gel(xia)ﬁ)ﬁ(xia)’jat) + Zg(xi,)’j,f)

1 9%, dp 1de; ’p
= (kj1 —kj) (48)}2<xi’yj)<9)z(xi’yj’t) + QTy(xiayj)Tﬁ(xi,Yj,f)

1 ’p 1df;
+§82(xivyj)87y3(xiayj’ )+ 4 8 (x,,yj, )> +ﬁ(H§m)

provided that p(t) € C*(Q), ¢, € C3(Q), 1 = 1,2, f3(t) € C*(Q). The term & (H?

= ax) Tepresents a term

such that there exists a positive constant C;, H, ¢, p and f3 independent, satisfying

|0(Hpa)l <G max(||el||C3 P lles @)+ llezlles @) L0l o @ +||f3()||c2(ﬁ)>’
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where || - [|on(g) denotes the usual norm in C™(Q), m € Ny. This means, there exists a positive constant
C,H,t, pand f3 independent, such that

| Tt p (x5 yj,1)| < Clhiyy — h\(Hechz P lles@ + 150 llerg)

+lkjr =k (le2lleo 1Pl s + 1A Ol

+’ﬁ max)}

fori=1,....N—1,j=1,....M—1,1 € (0,Tf] and then

173000l < 2CHmax ((lle1lleaq + le2llea ) 1) sy + 150y ) + 0| 2:19)

An inequality similar to (2.19) can be established for lower smoothness functions. In fact,

1Tit.p(6) 1t < Chimas ((llet oy + ezl ez ) 10 sy + 150 vy

can be obtained, for some positive constant C, H, ¢, p and f3 independent, provided that p(t) € C3(Q),
e €CHQ),1=1,2, f5(t) €CY(Q).

Inequality (2.16) leads to
d 1 / 2 - 2 1 2
o (GIVanes O+ b0 [ et (5)1s ds+ 1 VErVen (01

< CHax  (Ilet 2@ + le2llexq@ ) 1PO ey + 15 Ollci@) ) el

Asa>agy, b> by, e; > e, i = 1,2, in Q, from the last inequality we obtain, for € # 0, the following
inequality

1 4 1
Saolletsp (1) s+ (b0—€2) [ et 5) s ds+ 5 @l Vien (0]
C t
< i [ ((lealo + lealEag@) 1PN g + 1A5(5) 21 ) s

1
+ 3 IVaes O+ S IVErTren Ol

where C is a positive constant, H, ¢, p, and f3 independent. Fixing € such that by — £ > 0, and taking
into account the initial conditions for ey ,() we easily obtain the following estimate

t
ek ()17 +/ lleb ()17 ds+ | Vren )7
< CH?

t
mdx/o ((He]HgZ(ﬁ) + ”62’%2(5)) HP(S)Hgs@ + Hf?(””él(ﬁ)) ds.

for t € [0, T¢|. Taking into account now the inequality (2.3) we conclude

lew (1)1 i < CH2 ((lleragy + le2llZa ) P12 + 153 e) s 220)

for t € [0, Ty], where C is a positive constant, H, t, p and f3 independent. Inequality (2.20) establishes
that the discrete H'- norm of the error is at least first order convergent.



2.4 Convergence Analysis - Spatial Discretization 17

The last result can be summarized as follows:

Theorem 2.1. [fthe solution p of the IBVP (1.1), (1.4), (1.7) is in C([0, T¢],C*(Q))NC?([0, T¢],C(Q)),
e €C(Q), i=1,2,and f5 € C([0,T7],C'(Q)), and the coefficient functions a > ag > 0, b > by > 0,
e; > ey > 0,i=1,2, then there exists a positive constant C, independent of p, f3, H, and t, such that
for H € A, the error ey ,(t) = Rup(t) — pu(t), where py(t) is defined by (2.8), (2.9) (or, equivalently
by (2.10)-(2.12)), satisfies the following

t
2 2 2
||€}1,p(f)HH+/O et () ds+ [ Vaen p(0) |l
< CHZ ((ller oy +lleal2agy ) 11 cs) + 151 er) ) - £ € 0,T5)
From this first attempt based on the truncation error to obtain an estimate for ||eg ,()||3 5, we

conclude that our discretization has at least first order of convergence. However, if we are dealing
with uniform grids, as || Ty (¢)|| < Cmax{h?,k*}, we obtain in this case

lerp()17 4 < Cmax{h* k*}.

2.4.2 Supra-Superconvergence: Smooth Case

In this section our aim is to establish an improvement to Theorem 2.1. We will show that our
method (2.8), (2.9) is in fact second order convergent. In this second attempt to get the desired

convergence order we will pay a serious price - an increase on the smoothness imposed to the solution
p (p(t) € CHQ)).

Theorem 2.2. Ifthe solution p of the IBVP (1.1), (1.4), (1.7) is in C* (0, T¢],C*(Q))NC?([0, T¢],C(Q))
and f; € C1([0,T7],C*(Q)), e; € C*(Q), i = 1,2, and the coefficient functions a > ag > 0, b > by > 0,
e; > eg > 0,i = 1,2, then there exist positive constants Cy and C,, independent of p, f3, H, and t, such
that, for H € A, the error ey ,(t) = Ryp(t) — pu(t), where py(t) is defined by (2.8), (2.9), satisfies
the following

t
ek » () +/0 lets ()17 ds+ llep ()17 + | Virer (1) 17
< Cile® ((lle12 @) + 2l ) 112 oy + 15l ) r € 0.7 @2D)
Proof. As in the proof of Theorem 2.1, (2.15) holds. To get the desired upper bound we need to get

the right form for the error term (7 (1), e}y ,(¢)) . We observe that

(T (0, (01 = 2 (T 0)sr1 61 = (T 0) 1000t e2)
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where, fori=1,....N—1,j=1,....M—1,1 € (0,T¢],

192 22 1de 23
Tfll,p(xhyj»t) = —(hit1—h) <48x;(xi,yj')at£c(xi,yj’t) + ETXI(xi»yj)aTaiz(xianat)

1 *p 9% fs
+ gel(xiayj)m(xia)’ja )+ Zﬁ(xi’yj’t)

1 9%, ’p 1de; °p
— (kjy1 —k;) <48y2(xi7yj)8tay(xi,yj»t) =+ ETy(Xi’yj)W(Xi’yj’t)

1 *p 9% f3 2
+§€2(xi7Yj)Wy3(xi,yp )"’Zﬁ(-xia)ﬁ’ ) +ﬁ(Hmax)

with |0 ()| < CiH (H€1||c% P Dlles@) + llelles @ ||P()||c4(§)+Hfs’(f)ch(ﬁ))-

From (2.15) and (2.22), taking into account the initial conditions for ez ,(7), we get

t
II\/aHeh,p(f)II%ﬂLZbo/o b () |72ds + IVERViren p(0) 7 < 2(Tia p(¢), €15 (1)

) /0 (Ty,.,(),er p())mds, 1 € (0,T7].  (2.23)

To obtain upper bounds for the terms (7w, (t),ex,p(t))n, (T ,(5),em,p(s))n we consider the
generic term

1M—
To(t) = Z i1 ok 2(hivy — hi)vi(xi, ¥, t)en p(Xi, s t).

HM|

We have successively

]
L

Tox(t) = — kji1/2h; (Vl(xiuyjut)e&p(xiuyjat) _Vl(xi—luyjat)eHm(xi—la)’jat))

—_

-
b Tm

2 Xi aVI
kj+1/2hi W(&yj’t)dx eH7P(xiayj7t)

Xi—1

I

|
N =
™=

Il
—_
~
Il
—_

|
=
L

| =

=

I
i
= o~
=< I
N—
.
R
3N
G
—
~
SN—

kj1/2h3vi(xic1,yj,t)D—xer p(xi,y),1)

0=
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For the term TGU)z (¢) it can be shown the following

| N M-l 52 vl 2\ 1/2
00 <5 X X ke ([ (G ) ) e sl
2,:1 i=1 X1 Ox
N M-1 8v1
< 5 Hp o Y X kipoh ( N lewp(xi,yj, 1)l
i=1 j=1 Cc(Q)

5 —1M-1 1/2 N—1M-1 5 1/2
< Hpaxl Vi)l o) Z Z kj12hiv1)2 Y Y kjcipphicrp(en p(xi i)
i=1 j=1
< Hgo Vi ()l o1 ) ||€H,p(f)\|H

1
S Hypox V1 (01121 )+ Ellerp (1)1,

while for TG(? () we have
MZ: 1

1 j=1

Mz

1/2
kj1/2hi( —er,p(xi’J’J"t))z)

et 1/2
)TG(?JZ(Z)‘ S E (Z Z j+1/2h h Vl xl 17)’]; ))2> (

i=1 j=

—_

1

N M—1 1/2
< 343 (ZZ K21 (31, >>2> 1D—serp(0) 1
i=1 j=1
1
<5H max V1) | oy 1D—xer p (1) |1

< gz s M1 O en @ + 131D (1)

where 7);, i = 1,2, are non-zero constants. Consequently we obtain

T6.6(1)] < 3 Hona 1 ()10 ) + 1 lemp (1) 17 + Hopax V1 (1) [0 ) + M3 1D—err o (1) 17

<L b
~an? 1613

Analogously, for the correspondent term in y direction

—1M—
Toy(1) Z Z hic1yakjirja(kjer —kj)va(xi,yj,t)en p(xi,yj,t)
i=1 :

it can be shown that

1

4 2 2 2
oz Hal20) o+ Dy o0

T65(] < Hanax V2 (0) [0 ) + 15 lemp (1) 17 +

2
4an;3
where 1;, i = 3,4, are non-zero constants.

Let 111 = 13 and 1y = 14, then we deduce

|T6.x(1) + Ty (1)]

1 1 2 2 2 2 2
< (apz + e (IO + 1920001 ) + 20 et )+ 3 Vi 1)
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Considering now the term (7 ,(t),en ,(t))n and choosing the convenient terms v;(¢),i = 1,2, we

conclude

1 1
Titp(0) el < (52 + ez ) e (2t o) + lezlles@)Ip ) e
1 2
1 2
3150 )+ 3R llenp (1)1} + &3 Vaen 0

1 2
+ e Gt ((lalo@ +lele@) IPOlog + 150 leo)
(2.24)

where &;,i = 1,2, are non-zero constants. Analogously for (7 ,(s),en p(s)) we get the upper bound

1 1
(T 6)semp)il < (35 + 157 ) s (2et s @ + lezlles@) 1P 9) v
3 4
1 2
31RO cx@)) +38 Nenp (5) I+ & Viren o)

1 2
+ e Gt ((lalo@ +lelom) 17/ 6lem + 156 lea)
(2.25)

where &;, i = 3,4, are non-zero constants.

Taking (2.24) and (2.25) into (2.23), and using the discrete Poincaré inequality (2.3), we obtain

t €o
ol O +2bo [l (5) s + (0= 62 lew p (01 + (3 =283 ) IV en (01

< /0 2(E21Vmen o )+ 383 e p (1 ) s + CH e (RE) + /0 R(s)ds).1 € 0.7}

where C depends on the previous constants &;,i = 1,2,3,4, and C;, and R(i) = Hfg(,u)Héz@) +
L) iy + (a2 + 22 g ) (IP()IZ4 )+ 17 ()12 g ) - Fixing & and & such that

e . . . .
ey — 6512 >0, 9 2522 > 0, it follows that there exist positive constants C;, i = 1,2, p, f3, H and ¢
independent, such that

t
ek, ()17 +/ €br,p () [Frds + llerp ()17 + IV rren,» (0) |7
t !
< Citly (RO + [ RO)s)+Co [ (IVnenp I+ lenp()lF)ds. 226
Applying Gronwall’s Lemma ([6]) to (2.26) we arrive at

t
et p 001+ [ e (5) s i+ e 6) s+ 1 Vv (0]
< CHe® ( (Ile1 25 + llealagey ) 112 ooy + 121 o)) £ € 0.7,

which gives us the desired result. O
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Such result enables us to conclude that |ley ,(#)[|1,4 < CHz,y although || Ty (1) ||ee < CHpax. In

ax =
the context of finite element approach, our result cannot be obtained following the approach introduced

by Wheeler for parabolic equations in [45]. In fact, this approach is based on the split of the spatial
discretization error into two terms introducing the numerical approximation for an elliptic problem
associated with our hyperbolic equation

p(t) —Papu(t) = p(t) — Pypu(t) +Papu(t) — Papu(t)
= PH (t) + 0y (t), (2.27)

where, to simplify, taking a = 1,b = 0,E = I, (the identity matrix of order 2), py(t) satisfies the
following
((VPapr(t),VPawr)) = — (p"(t), Pawn) + (f3(t), Pawn ),

for wy € Wy g and t € (0,T], and Py py(t) is the solution of (2.4), (2.5). It is known that

Ilpr(0)]| < CHZ2r  N1Pa(®)]l1 < CHimax,

provided that p(¢) € H*(Q) N H} () and assuming that the family of triangulations associated with
our rectangular grids are quasi-uniform ([19]). It can be shown that 6 (r) satisfies the following
differential equation

(65 (1), Puwr) + (VOu (1), VPywr)) = (pp (), Puwnr ) ,t € (0, T5].
Then
(64 OIP + 190 (0) 1>+ [ 1965 %ds
< (||6(0)]| +IV6r (0)]*) +/Otets}|p}}(s)H2ds,t € 0,7y
If we assume that p” (1) € H*(Q) NH} (Q), and
16£(0) | + 11V 6 (0) | < CHip

then
V6 (1)||*> < CHj

max*

However, from (2.27) we get

1p(8) = Papu (0]t < llpa (O)]l1 + 1164 (1)1 < CHmax.

If we look to our method as a fully discrete piecewise linear method, then we have shown that

llerp(t)|l1.4 < CHp,

ax?
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which can be seen as a superconvergence result. It is clear that this upper bound was obtained under
severe smoothness assumptions. In what follows we study the accuracy of py(f) under weaker
assumptions than those considered here.

In what concerns the geometry of the triangulations associated with the nonuniform rectangular
grids, they do not need to be quasi-uniform. In fact, we can have triangles with interior angles whose
amplitude is arbitrarily small ([19]).

2.4.3 Supra-Superconvergence: Non-Smooth Case

In this section, we establish an upper bound analogous to (2.21) but under weaker assumptions
than those used in the proof of Theorem 2.2, namely p € C'([0,T}],C*(Q)) N C*([0,T;],C(Q)) and
f3 € CY([0,T¢],C*(Q)). The main tool used in the proof of the next result is the Bramble-Hilbert
Lemma ([5]). Let us assume that

p € H*(0,Ts, H*(Q))NH' (0,77, H*(Q) NH)(Q)).

We remark that if p € H™(0, Ty, H"(Q)) then p € C"1([0,T¢],H"(Q)), m € N, r € Ny (see [1]).

Theorem 2.3. If the solution p of the IBVP (1.1), (1.4), (1.7) belongs to H' (0, Ty, H*(Q)NHL (Q)) N
H3(0,Ty,H*(Q)), the coefficient functions a,b,e;,i = 1,2 € W**(Q), and a > ay > 0, b > by > 0,
e; > eg > 0,i = 1,2, then there exist positive constants C;,i = 1,2, p, H, and t independent, such that,
for H € A, the spatial discretization error ey ,(t) = Rup(t) — pu(t), where py(t) is defined by (2.8),
(2.9), satisfies the following

t
ek » ()17 +/O etz () IFds + Vi, » (1) 1

< Y (diamA)“(”p”;p o+ ||p”§{3(H2)> t€[0,Ty).
AE:?H

Proof. It is easy to show that the spatial discretization error ey ,(t) is solution of the discrete varia-
tional equation

(anely ,(t),wn)n + (buey ,(t),wn)n = —((EuVuen p(t), Vuwn))u

+T (p(l),WH) + Tz(p(t),wH), te (0, Tf], VYwy € WH70, (2.28)
where
Ti(p(t),wr) = (EaVu(Rup(t)),Vawn))u — (—(V-(EVp(t))),wrH)u

and
Ta(p(t),wr) = (Ru(ap” (1) +bp'(t)) — (ap” (t) + bp' (1)), wa ) -

In the definition of Tj(p(¢),wy) and Ta(p(t),wn), (g(¢))n for g(t) = ap”(¢t) +bp'(t),8(t) =V -
(EVp(t)), is given by (2.7) with f3(¢) replaced by g(7).
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Lemma 5.1 of [14] allows us to conclude the following estimate

(v Rup(). 0wy~ (= (35 (1 550)) ) o)
(cxnD (Rap) D)y, ~ (= (5 (ex3000)) ) o)

71 (p(1),wn)| <

+
H H

. 4 5 1/2

<c( X (iamd) p) ) IVl (2.29)

AE?H
for wy € Wy o, where C is a positive constant p, H and t independent.
Moreover, Lemma 5.7 of [14] leads to
| B2(p(1),wr)| < |((ap” (1)1 — Ru(ap” (t)), wa)u| + | (6P ()1 — Res (bP' (1)), wh ) |

_ 1/2

< X (diamd)* (117 (0) )+ 10" Ol ) IVawnllys  (2:30)

Ae Ty

for wy € Wy o, and where C denotes a positive constant p, H and ¢ independent which is not necessarily
the one that arises in (2.29).

If we take in (2.28) wy = 61‘1, ,(t) then we obtain

(arer p(t)eh p(0)n + (buey (1), , (1)1 = —(EnVhen p(t), Viey p(1)n
+Ti(p(1), €l (1) + Ta(p(1), €y (1)). (2.31)

As we have

d Ti(p(t),enp(t)) = T:(p'(t),en p(t)),i= 1,2,

E(p(t)7e}1,p(l)) = E i

from (2.31), we deduce

d d d
EH\/aHe;-Lp(I)HIZ-I+2H\/bHe}-1,p(t)H%I+EHVEHVH8H7[’( )i = 2- - Ti(p(t), enp(1))

d

25T (pl0), (1) — 21 (P (1), e, (1)) — 2T3(p 1), e 1))

That leads to
d t
= (H\/aHE’H,p(t) 17 + 2/0 IV/brey ,()|5ds + IVERVien » (1)l

t
—2T1(p(t),en (1)) = 2T2(p(1), e, (t)) + 2/0 Ti(p'(s);erp()) + T2 (P'(S),eHm(S))dS) =0.
From the last identity we easily obtain

t
ol (O +2b0 [ lleh () s+ eol Virers (1)

< 2T (p(0), 11 (0)+ 2150, 1)) =2 [ Ti(0(5),e11(5)) + T (5 (),
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because we are assuming that ez ,(0) = ey ,(0) = 0. Taking into account the upper bounds (2.29)
and (2.30) in the last inequality, we get

t
aolley (01260 [ e (5) s+ (o= 4&7) [ Vrern 1)

c :
<5z X (diamd)*([lp(0)]l3n s +Zup O Bege))
gl A€ Ty
t
2 dlamA) / <||P ||Hz +Z||p HHZ(A)d
52 Ac Ty

+488 [[1Vmen, () s

where &;,i = 1,2, are non-zero constants and C a positive constant, p, H and ¢ independent. Fixing &;
such that ey — 4512 > 0, we conclude the existence of two positive constants C;,7 = 1,2, such that

t
He’H,p(I)H?fr/O by () 17rds + | Varer » ()

<cr Y, (diamd)* (1B s + 121
AE?H

t
+Co [ 1Vuen(s) s

Finally, applying Gronwall’s Lemma, we obtain the desired result. 0

We point out that Lemmas 5.1 and 5.7 of [14] were considered to obtain (2.29) and (2.30). We
remark that the Bramble-Hilbert Lemma is the main tool used in the proofs of those lemmas.

Corollary 2.1. Under the assumptions of Theorem 2.3, we conclude that there exists a positive
constant C, H, and t independent, such that

||eH7P( >H1H<C max > re [Oan}, HEA (232)
Proof. We remark that (2.32) follows immediately from Theorem 2.3 and (2.3). ]

As Theorem 2.2, Theorem 2.3 and Corollary 2.1 can also be seen as supra-superconvergence
results. These last results were established under weaker smoothness assumption on p than those
considered in Theorem 2.2.

In what follows, we study the boundness of the sequences (|| pg (7)||«)rea and (||Vapa(t)||e) mens

where
P ()|l = max [pu(x,y1)l, (2.33)
(x,y)EQH
IVepu (). = max |D_xpr(xi,yj,1)| + max \D_ypr(xi,yj,1)|. (234)

i=1,...N,j=1,...M—1 i=1,..N—1,j=1,..M

As we will see later, these boundnesses have an important role in the error analysis for the numerical
approximation for the concentration ¢ (defined by (1.3) or (1.14)) that we will introduce in the next
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chapters. To guarantee this property for py(t) and its gradient Vypgy(t) we need to consider a
condition on the spatial grids Qp for H € A. We assume that for H € A, Hy,ax small enough, there
exists a positive constant C,, such that

i

~

a.

Hmin
where Hpyin, = min{h;,kj;i=1,...,N;j=1,...,M}.
To show that (2.33) and (2.34) are bounded we start by noting that

< Cn, (2.35)

1
lpr(0)]2 < ZHTHeH,p(t)HIZ-I +2[|Rerp(1)]|2.

min
Then, from Corollary 2.1, we get
2 Hy 2
lpa ()]l < €25 +2[p(1) ||, H € A,
min

and we derive the boundness of (2.33) by the fact that p(t) € C(Q) when p(t) € H*(Q) NH} (Q).

To prove the boundness of (2.34), we observe that we have successively

1
IVipuON% < 22— Vien p ()| + 20 ViRup()lI
min
Hliax 2
< C—5= +2|[VaRup(@)|
min
H4
< 2B L2 Vp() 2,
min
where C denotes a positive constant, p, H and ¢t independent. The boundness of (2.34) follows from
the fact that p(t) € C'(Q) when p(t) € H*(Q) N H(Q).

Corollary 2.2. Under the assumptions of Theorem 2.3, if the sequence of step-sizes A satisfies (2.35)
then, there exists a positive constant C, H and t independent, such that

lpr (@)l <C and  ||Vapu(t)|e <C, 1 € 0,1y,

for H € A with Hy,x small enough.

2.5 Fully Discrete Approximation in Time and Space

In this section, we consider fully discrete approximations in time and space for our acoustic pressure
problem (1.1), (1.4), (1.7), considering the discretization in space presented before. For that, we
introduce in [0, 7y] the uniforme time grid {#, = nAt,n =0,...,M,} with ty;, = Ty and where Az is the
time step.

We present two different methods with different convergence orders: order one in Section 2.5.1
and order two in Section 2.5.2.
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2.5.1 First Order Scheme

Let D, be the second order centered finite difference operator in time and let D_; be the backward
finite difference operator in time. The fully discrete in time and space approximation for the solution
of the IBVP (1.1), (1.4), (1.7) is defined by

(auDa Pl wi)u + (buD— p ™ wi)uw = —(EuVapy™, Vewn))u
+(f3,H(tn+1),wH)H,n:1,...,M,—1, (2.36)

for wy € Wy o, with the initial conditions

(D_ipy,wi)u = (Rupvo,wi)u, — Ywh € Wi, (237)
(P qu)s = (Rupo,qn)H, Vau € Wh o,
and the boundary condition
P =00n0dQy,n=1,....M,. (2.38)
Equivalently, equation (2.36) can be written as
agDa i ply+buD i pf = Vi (EuVapi) + fru(ten) in Qu,n=1,... .M, — 1, (2.39)
and (2.37) replaced by
D_p; =R
0 tPH HpV,07 (240)
P = Rupo.

The main theorem of this section is stated next.

Theorem 2.4. If the solution p of the IBVP (1.1), (1.4), (1.7) is in H'(0,T,H3(Q) N H(Q)) N
H3(0,T7,H*(Q)) N C3([0,T],C(Q)) N C*([0,T¢],C"(Q)) N CL([0,T7],C*(Q)), a, b, e;, i =1,2 €
W2=(Q), and a > ag >0, b > by >0, e; > eg > 0, i = 1,2, then, for H € A, there exists a posi-
tive constant C, p, H and At independent, such that for the error ef; , = Ry p(t,) — p;, where p}, is
defined by (2.36), (2.37), (2.38), n = 1,...,M;, holds the following

n .
ID—sely |7+ At Y [1D—sety 17+ 1Vireis 1
j=1

< (A2 (Ipli2s(c) + A2 1P 1o cry + At 1Pl ) + Hi P12 )

+ X (diam)* (112, + 1Py + 121y + 1Py ) ) 24D
AGyH

Proof. It can be shown that the error ey, , satisfies the following equation

(aHDz,zé’nH,p,D—tefi]f,})H + (buD—_e, 7D—t€;l1+pl)H ((EHVHeH P VHD—te?-1+I}))H

+Zn (ta1),Ds€f),  (242)
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where

Ti(p(ta+1)swn) = (EuVi (Rup(tat1)), Vewn))n + (V- (EVP(tat1))) 1, WH) H,

To(p(tns1),wr) = (Re(ap” (tns1) + 0P (tns1)) — ((@p” (tas1) + 6P (tas1) ) 1), Wi )

and
T3(p(tns1),wr) = (ag(D2,Rup(tn) — R p" (tn+1)) + br(D—iRup(tas1) — Rup'(tas1)), wr )a,

for wy € WH,O-

As we have successively

+1
(eLHD erp,D D tean> o

=N (H\/el HDfxe?;_[}H <\/€1HD erp;\/elHD erp> )
1 n+1 n+1
- (v oo i i,

> 5 (Ivemn-aid [, - Ivermo-eal;)

and a similar result holds for the term (ez HD,yeH s ,D D_ ,e"H+l,l) , then we deduce
H

2y

2
((EuVuert ) vup-eit))) = o (Hﬁ He’;_;Lle _H\ﬁEHvHe"HWHH). (2.43)

We also have successively

(agDsyey ,,D— ,e”HH = vagD_ ,e;‘fl — | vauD_,€} ,,\/agD— te;’fl
P ») P P P)y

K
1 n+1 n+1
25 HMD—%H - arD-ly, [ VarD-eiii],
1
> o <H\/@D tenH+[;H —||VauD-sely |, ) (2.44)
and
Ty(p(tws1),D— zeHJ;) D Ty(p(tns1), er) U(D,,p(tnﬂ),e;;’p),g: 1,2. (2.45)

Taking in (2.42) the estimates (2.43), (2.44) and (2.45), we get

1 2
o ([va-aiid][, = Iamn-iei, I, ) + oo [p-etis]
g (Vi WSl ) it i
2

1
+ ZD,tTg l‘n+1 enHer Z D_p tn+1 elr'l-l,p)’
(=1 =
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which gives

Iv/anD_ie ) I +28tbo || D_sel ) |17 — 227;, (), ) + IVERVuet I

< H\/aHD—ler‘|H+HV VHerHH 2ZTE er)
—2Ar Z Ty(D-1p(tnt1), €l ) + 20 T3 (p(tai1), D)), (2.46)
=1

forn=1,...,M, — 1. Inequality (2.46) leads to
n+1

Hw/aHD—ze"“HH‘i‘ZAbeZHD—zey,,HH ZZU (tas1), er)‘i'H /7VHen+1HH
Jj=1 =1

2
< IVanD—sey p|If +2Atbo[|D—eyy , 17+ IIVERVier 5 =2 Y, Te(p(t) epy )
=1

—2NZ <ZTF ~p(tj+1) er)+T3( (tjr1),D- zeﬁr;)) (2.47)
forn=1,...,M;,—1.

The terms Ty(p(tnt1), €} p) ¢ = 1,2 satisfy (2.29) and (2.30), respectively, with wy = e”,f;, and
for TZ(thp(thrl)venHJ))v l= 1727 we get

1 _ 1/2
[Ty (D=1p(tns1),€f1 )| < C\/T—t( % (dlamA)4HPH%{I(;n,tM,HS(A))) IVael ,lla (2.48)
Ae Ty
and
n 1 . 4 2 1/2 n
I T2(D—ip(tnt1), €t )| SC\/E< Y. (diamA) HPHH3(I,”l‘n+17H2(A))) IVaer plla- (2.49)
AE?H

Since, in Q, we have

D2 Rup(tn) = Rup” (tn11)| < CAL[|pll e3¢

where C is a positive constant, p, H and At independent, then for 73(p(t,+1),D— ,eH+p1) we get
| T5(p(tn+1),D- tegr,l)‘ SCNHPH@(C)”D ten+]||H (2.50)

Considering now in (2.47) the upper bounds (2.29), (2.30) for |Ty(p(ty+1), e”HJ’; )|, ¢ =1,2, and (2.48),
(2.49) for |Ty(D—;p(tut1) €fy )|, € = 1,2, and (2.50) for |T3 (p(t,,+1),D_ter)] we establish
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n+1

aOHD zenH+[1 ||H —|—2Al(b0 — 632) Z HD*’e;-I,pHIZ-I + (60—4512) HVH l’l-H ||1-1
Jj=1

2
< |VauD—rey ||y +2Atbo| | D—reyy ||y + [IVERV ey |7 —2 ) Te(p(t1), ep )
=1

n .
+ArY 48| Vel |5+ Tt (p)
j=1

forn=1,...,M,—1, and

1 :
Tnmp)—c(zghg (diam)* (||p(tas) 3 +ZHp () o)
€
4 2 2
+Z (252 Aé (diam)* (1P, 1,y + 1P ) ) (2.51)

222Ar IPI)))

with &;,i = 1,2,3, non-zero constants, and C, a p, H and At independent positive constant. Fixing &;
and &; such that eg —4&2 > 0, by — £7 > 0, we conclude that there exist positive constants Cy,Ca, p,
H and At independent, such that

n+1

P2 1
ID—ret N3 +Ar Y ID—seyy 7+ Vel I
j=1
12 TR o 1 - P2
Ci{ ID—cen pllzs + Ve pllii + Y | Te(p(tr) e )|+ Ts1 (p) | +C2A1 Y | Vuey |l
=1 j=1

Applying the discrete Gronwall’s Lemma (Lemma 2 of [23]) we obtain the next upper inequality

n+1 .
1D el i+ A Y 1Dy I+ Vel
j=1
(I1D-ety ol + Vel ol + Yo 1 Te(plan) )|+ _max T(p)) (14 77

,,,,,

(2.52)

forn=1,...,M,—1.
Finally, to obtain the final error estimate we need to compute upper bounds for ||D_ej}; pH%{,
Ve |l and [Ty(p(t1), e}y )|, £ =1,2. From the first relation of (2.40) we easily get

the}{,p =D _Rup(t1) —Rup'(10),

that leads to .
ID-1ehy % < 3872 pli2s ) (2.53)
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To obtain an upper bound for ||Vye), » |2, we start by remarking that in what concerns VHD,,e},‘, »
we have

VHthe}'—]’p = VHD,IRHp(l‘l) — VHRHp,(t()),
and consequently, in Qg,
VHD—le}-Lp — (VHD_,RHp(ll) —RHVp/(to)) ‘ < CHmaxHP”cl (C2)-

Moreover, in Q, we also have

[ViuD—Ryp(tr) = Ru V¥ (10)| < € (HuaIPllcr o) + At [Pllcxen) )

Leading to
((VHD—feIILI,wVHe}-I,p))H = ((Tr(p(tl))7VH€}-I,p))H7
with
T(p(e)| < C(Arllpllerier) + HmasllPllcres) )

The previous estimates allow us to write

IVaey |l = M ((T(p(1)), Vuel ,))u + (Vued ,, Vaey ,))u

a2

1 1
< 3 IVl + 5 1Vl + g T )y €21 Ve

where £ # 0 is an arbitrary constant. Consequently,

At?

(1-28)IVhen Il < IVaeh i+ @\\Tr(p(ﬁ))!!%,

and as e?,’ » = 0, then, there exists a positive constant C, p, H and At independent, such that
1Vnely i < CAP (AR pI2s o) + i 1P 2 ). (2.54)

Furthermore, from (2.29) and (2.30),

1
o)y )| <C F (ians)* 1p(e) s+ 5 Vi (2.55)
A€ Ty

and

/ /! 1
Ba(p(n).ely )| <C Y, (diama)* (|90 [3gn) + 170 [)) + 5 1 Vreh - 256)

Ae <7H

Combining (2.51), (2.53), (2.54), (2.55) and (2.56) with (2.52) we conclude (2.41).
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From (2.3), Theorem 2.4 allows us to conclude the following corollary that establishes that the
numerical scheme (2.36), (2.37), (2.38) or (2.39), (2.40), (2.38) has first order of convergence in time,
and second order of convergence in space.

Corollary 2.3. Under the assumptions of Theorem 2.4 we conclude that there exists a positive constant
C, H and At independent, such that

ID_iefy Iz + Nlefr N7 < C(AP + Hipoy ),

forHe Aandn=1,...,M,.

2.5.2 Second Order Scheme

The first order in time upper bound (2.41) arises due to the use of the backward operator to discretize
the first order terms in time in the wave equation, as well as, in its initial velocity. To increase the
order of the term defined by the stepsize in time in the mentioned upper bound, we need to invest in
the time discretization of the two previous first order terms. We rewrite the IBVP (1.1), (1.4) and (1.7),
in the equivalent form

agf =w—>bp

aw

W:V(EV;})—{—fg, in Q x (0, Ty,

with the initial conditions

w(x,y,O) = an,O(xa)’) +bp0(x7y)
p(X,y,O)Zpo(X,y), (xay) G.Q.,

and the boundary conditions

w(x,y,1) =0
p(xvyat):07 (X,I)EaQX(O,Tf].
In this section, to simplify, we assume that a, b, e;,i = 1,2 are positive constant functions.
To get a second order approximation for p and w we use a standard procedure used in first

order time derivative problems: we consider the Crank-Nicolson approach. Let p%, and w}, be the

corresponding approximations defined by the finite difference scheme

) 2 2 (2.57)
n+1 n :
+ t + t

forn=0,...,M,—1,

wY = aRppyo+bRupo (2.58)

p?—I:RHp()a in QH7
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and
wh =0
H (2.59)
Ph =0, on dQy x{1,...,M,}.
We observe that from (2.57) we easily get
n+1 n n+1 n
(aD_plif v, = (w’m> _ <pr+pH,vH>
2 H 2 H
n+1 n
t 1,
(D—ngHH,VH)H = - <<EVH (piH 2+ P > ) VHVH>> + <f3’H( ntl )2+ f3’H( n) ,VH> ,
H H
for all vy € Wy 0. We remark that we also have,
n+1 n
((aED - Vup',Vava)), = ((EVH (M), VHvH>> (2.60)
H

. <<bEVH (”?’H;”g) : VHVH>> ,

for all vy € WH70.

For the error ¢}, = Rup(ty,) — p}, and €7, = Ryw(t,) — w}, we obtain

n+1 eg-H +e;l7 n
(D€, i) =—| | EVH 5 s VHVH + (75 (P) Ve )1, (2.61)
H

for all viy € Wy o, where

(1o)== (5 000+ (00) ) ~D-Riwlor)on)

(7 (e (), o), (o (B s o))

To get an estimate for 7", (p) we observe that we have ‘ (Tl'fH(p), VH)H’ < |17+ |17, ], with

1ty = (5 0/ +0) ) =D Rstoo)om

H

and

o (B ) 1)) (o () )

Note that, for 77";, we have

(Ml ) g (Wl 0) )

+ <RH <WI(t"H)2+ Wl(tn)) _DtRHW(thrl)aVH)

H
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An estimate for the first term of 77", is obtained considering Lemma 5.7 of [14]. In fact, from this
lemma, there exists a positive constant C, p, w, H and At independent, such that

W (1) + W (1) W (trs1) + W (1)
() (M) )
§C<Z(diamA)4<\|w'<rn+l>HHz 2+||w )3 ) )) —_—

Ae Ty

1/2
SC( Y (diamA)“\\p\\%z(Hz)) IVavallg -

AEPQH

For the second term of 7|";, we also guarantee the existence of a positive constant C, p, w, H and Az
independent, such that, in Q,

Ry (w’(th) +w (1)

) ) —D_[RHW(Z',H_])

< CAP |[Wl|es ey

< CA?|pllesc)

Therefore
W (tar1) +W(t
’ (RH ( (HH)Z (n)> _DtRHW([n+1)7VH> < CA? 1Pllcscy Vel -
H
Finally,
1/2
7 <C ( g (diamA)“leléz(Hz)) IV arvenll g + A [|pll sy Vel | - (2.62)
Ae Ty

An estimate for 77", is easily obtained considering (2.29). In fact, there exists a positive constant C, p,
H and Ar independent, such that

1/2 1/2
T, <C ( )y (diamA)4Hp(tn+l)H12’-I3(A)> +< ) (diamA)“llp(tn)Hia(A)) IVavelly -

AETy AETy
(2.63)

Then, from (2.62) and (2.63), there exists a positive constant C, p, w, H and At independent, such that

c At2||p”C4(C) Vel

}(Tln,H(p)aVH)H‘ <

1/2
+< Y (diama)* <”p’%‘2(H2)+”p’%‘(H3))> HVHVHHH]- (2.64)

AE?H
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Taking vy = €571 + € in (2.61), we obtain

n+1
+e
lewt 17 = llep |7 — Ar ((EVH (2”> V(e +e$))> + M (T (p), el + el
H

(2.65)
From (2.60), it can be shown the next equality,

n+1
((EVH (;e) VHVH>> = ((aED_tVHeerl,VHVH))H
H
n+1
(fm(F2) ),
H

+((I2'u (), Vave))u,

for vy € Wy o, with

(o) Vo) = <<EVH <RHW(tn+1)2+ RHW(tn)> ’VHVH>>H

—((@aED_Vy(Ryp(tas1)),Vuvu))u

B <<bEVH <RHp(tn+1)2+ RHp(tn)) ,VHvH> )H.

We observe that we have the following equivalent representations

((aED_,VHe;H,VH(eZ“—i—e H\/aEVHe"HH - — ‘\/aEVHeZ

H At‘

and

2
’

Rup(t +Ryp(t 1
<<bEVH ( up{ "“)2 ata ")> Vi(ent! +e;))>H = 5 |[VPEVu (e +ep)

Consequently, from (2.65), we have

At 2
e I+ IVaE ey [ = el + IVaEVuey | — 5 |VEEVa(e, +ep)| @67

+8r(T1y (p), e +en)n — M (T (), V(e ™ + )

In order to find an upper bound to ((73'y(p), Vuve))u, observe that

(T3 (p) Vv = ((aEVH |:RH(pl(fn+l))2+RH(p,(tn)) _D—IRHp(tn+l):| 7VHVH)>H

and, fori=1,....N,j=1,... M—1,n=0,... M, — 1,
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1/0 0
D—x<§(ail;(-xiayjatn-‘rl)+7€(xi7yj7tn)) _D—tp(-xi7yj7tl’l+l)>
I 9p 2p ap
(axat(s yj7tn+1) a ot (S ijtn)) _D—ta(sayj)tn-l-l) ds.

- h71 Xi—1
With,
’p ’p ap dap
—(8,yi,1p) ) —D_i=—(5,y:,t < CAP? || =2 < CA? .
| <a o1 (S Vi, n+1) Oxot (SJJ, n)) tax (s Yj n+l) = ox &) = HPHC3(C|)
Then
(5 (p), Vavi)u| < CAP|plicsicry | VaEVava| . (2.68)
where C is a positive constant, p, w, H and At independent.
Using, in (2.67), (2.64) and (2.68), for € # 0,
2
(12680 (e + | VaEvaes )
2
< (1+2€%Ar) (||efv\|f,+H\/aEvHe; H>+82AIHVH (et 4 en) HH (2.69)
+ S (8t (Ipl2ey + Pl ) + X (diama)* (11p]2gn + P12 )) )
4e2 Plicsc) T IPllc3 ety Plic2(m2y T IPllcmsy ) )-

A€ <71-1

In order to find an upper bound for |V (%! +e?) ||, (2.66) leads to

1
Sminfer, e} |[Vi(er™ +e);

H
/max{ey,er}(2a+ bAr) ( 1
< VaEVyet |y + |IVaEVye” > V(e 4 e
= 2\/%Al ” HE€p HH H H p”H H H( w W)HH

+CAP | pllesicn Ve (™ + €)1,

with C a positive constant, p, w, H and Ar independent. Therefore we have

At HVH(er+1 +eé)

2(2a+ Atb
e i (LA W A
H aAt(min{ey,e;})?

+2088 |pliE e

)

(2a+ Ath)? max{ey,ep }

Considering r =
onsidering r aAt(min{e;,es})?

, from (2.69), we achieve to
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H ™~ 1—2e2Ar—2¢e2r
CAt
4€2(1 —2€%Ar —

+ X (diama)* (11pRegre, + 12120 ) )
AG:?H

2 2 1428 At 4-2€%r
e[+ |[VaEvae; || < <||efv|12,1 + || VaEVue,

2
)+
H

4 4
- ey (4 (8 DlIplEs e + Pl )

CTf 462n(At+r) 4 4 2
< 1-2e2M-2e2r | At ( 8e 1
= 4e2(1—2e2A1 — 267r) ¢ < (8" + Dllplles cr)

el )+ X (diama)* (Ipl2sgre) + 112 )
AETy

where € # 0 such that 1 —2&>Ar —2¢%r > 0, and ), = ) = 0.

Finally, using (2.3), we conclude the following result.

Theorem 2.5. If the solution of the IBVP (1.1), (1.4), (1.7) is in
CH([0,77],c(Q)NC*([0,T7],C () NC*([0, T¢], H*(2)) NC([0, Ty}, H () N Hy (),

and a, b, e;,i = 1,2 are positive constants, then, for H € A, there exists a positive constant C,
independent of p, w, H and At, such that for the errors ej, = Rup(t,) — py and ey, = Ryw(t,) —wy,
where p};, wi are defined by (2.57), (2.58), (2.59), n =0,...,M, — 1, holds the following

bt 7 + 11V el Iz + ey ™ 17

< (A (Il + I1Pls)) + X (diamd)* (e + 1P120m)) )-
AGE,%-[

From Theorem 2.5, we finally conclude the second order of convergence of our fully discrete
scheme (2.57), (2.58), (2.59). This result is presented in the following corollary.

Corollary 2.4. Under the assumptions of Theorem 2.5, we conclude that there exists a positive
constant C, H and At independent, such that

el + llepl i < C(Ar* + Hiy ),
forHe Aandn=1,... ,M,.

We remark that to obtain the last result an increase in the smoothness of the solution p was

required. We were not able to prove the same result for lower smooth solutions.

2.6 Numerical Results

In this section we present some numerical experiments which illustrate the results of this chapter.
In the Examples 2.1 and 2.2, we consider the fully discrete in time and space numerical scheme
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given by (2.39), (2.40), (2.38), with Ty = 0.05 and Ar = 107>, Moreover, we consider a(x,y) = x2,
b(x,y) = 1 +x+4y, e1(x,y) =2+y? es(x,y) = 1 +x. We observe that the coefficient function a does
not satisfy the condition a(x,y) > ag > 0, for (x,y) € Q. However, our numerical results are the
expected, despite that.

Example 2.1. To illustrate the result of Theorem 2.2, we consider the problem (1.1), (1.4), (1.7) with
initial conditions and f3, such that, its exact solution is given by

p(x,y,t) =€ (1 —x)(1 —cos(4my))sin(xy).

Note that p € C'([0,T¢],C*(Q)) NC*([0,T¢],C(Q)), and f; € C'([0,Ty],C*(Q)).

Example 2.2. In this example, we intend to illustrate the sharpness of the smoothness conditions
imposed in Theorem 2.3. We expect to lose the convergence order obtained in this result for lower
smoothness solutions. We define f3 and the initial conditions of the problem (1.1), (1.4), (1.7) such
that

p(x,y,1) = e'sin(xy)(2x —2)(y — D)2y — 1]"* o € R,

is the exact solution of our IBVP (1.1), (1.4), (1.7). Note that, for oo = 2.1, p is under the conditions
of Theorem 2.3 (but not under the conditions of Theorem 2.2). Otherwise, for o« = 1.1, we have

p(t) € HX(Q), but p(1) ¢ H(Q).

To obtain the numerical approximations for the IBVPs defined in Examples 2.1 and 2.2, we
consider a sequence of grids Hy, k =1,...,6, of increasing size. H; is a nonuniform mesh defined
randomly with N =6 and M =8. H, k=2...,6, are constructed inserting grid points at the midpoints
of Hy_;. To obtain the numerical rate of convergence we define the error

By = max [D-ich |, + Vel

The time step At is fixed small enough satisfying Ar < CH?

max*

Example 2.1 Example 2.2 (¢ =2.1) Example 2.2 (¢ =1.1)

Hmax EH7p Hmax EH7p Hmax EH7p
3.404e-1 7.128e-1 2.007e-1  2.111e-2  1.763e-1  4.676e-2
1.702e-1  1.899e-1 1.003e-1  5.658e-3  8.814e-2  2.052e-2
8.510e-2 4.45le-2 5.017e-2  1.372e-3  4.407e-2  9.533e-3
4.255e-2  1.112e-2 2.508e-2  3.594e-4  2.204e-2  4.470e-3
2.128e-2  2.775e-3 1.254e-2  8.965e-5 1.102e-2  2.091e-3
1.064e-2 6.931e-4 6.271e-3  2.232e-5 5.509e-3  9.741e-4

Table 2.1 The errors Ey , on successively refined meshes: Example 2.1 and 2.2.

Using the data from Table 2.1, we plot in Figures 2.2 and 2.3 the log(Ep ) versus log(Hmax) for

the Examples 2.1 and 2.2, respectively. Assuming that the errors Ey ;, are proportional to H,, for

ax?
some r € R, the slope of the best fitting least square line illustrates the convergence rate.
For Example 2.1 the obtained estimated value is 2.0094, which illustrates the theoretical second

order of convergence obtained in the Theorem 2.2. The obtained data for the Example 2.2, with
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o = 2.1 verifies the second order convergence rate of the smooth case, as expected by Theorem
2.3. However, considering the second example with o = 1.1 (p(t) € H*(Q)), the obtained numerical
rate of convergence is approximately one. This fact suggests that the assumption p(t) € H*(Q) in

Theorem 2.3 is optimal in Sobolev spaces. As illustration, we present in Figure 2.4 the numerical

solution and the square of the error eAH/If > attime Ty, for each of the considered examples. We remark
that, using the results established in [14] and following the steps of Theorem 2.3, it can be proved that
the rate of convergence is in fact one when p(t) € H*(Q).

Iog(EHyp)

o Exactvaue

y = 2.0094x + 1.8517‘

-4 -3
10g(H, )

-2 -1 0

Fig. 2.2 Log-log plot of Ey , versus Hpy,x for Example 2.1. In the solid line is shown the best fitting
least square line.

-12

o Exact value

y = 1.9799x - 0.65304

log(H

max

)

o Exact value
y = 1.1115x - 1.1642

-5 -4
log(H

-3 -2 -1
)

max

Fig. 2.3 From left to right: Log-log plot of Ey , versus Hpy,x for Example 2.2 with o = 2.1 and
o = 1.1. In the solid line is shown the best fitting least square line.
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Fig. 2.4 From left to right: numerical solution pAH/I’ (first row) and square of the error e%: , (second row)
on the grid Hg; for Example 2.1 and Example 2.2 with &« = 2.1 and o = 1.1.

Example 2.3. In order to study the time convergence of the presented numerical schemes in the
Sections 2.5.1 and 2.5.2, consider the IBVP (1.1), (1.4), (1.7) with coefficient functions a(x,y) =
5(14x), b(x,y) = xy, e1(x,y) = 1 +x, and ez(x,y) =y, whose solution is given by

p(x,y,t) =€ (x—1)sin(zmx)(y — 1)sin(wy),

with initial conditions and f3 defined properly.

To examinate the rate of convergence in time, we use Example 2.3. For that, we consider
successively smaller time stepsizes using a fixed spatial grid with Hy,x = 3.913e — 3, and Ty = 3.

In Table 2.2 we present the numerical results considering the error term Ey , defined before to
study the behavior of the first order scheme (2.39), (2.40), (2.38), and
+lepl,

Enp = n:f{lf.”(Mt lewllz + HVHeZHH

to study the behavior of the second order scheme (2.57), (2.58), (2.59).

In Figure 2.5 we plot the log(Ey, ) and log(Ep 2) versus log(At), for Example 2.3, considering the
first and second order schemes, respectively. The best fitting least square lines are also presented. In
this figure it is illustrated the convergence rate established in Corollary 2.3, as well as the convergence
rate equal to 2 established in Corollary 2.4 for the scheme (2.57), (2.58), (2.59).

Note that, in this example, the coefficient functions are not constants, as we assume in the proof
of Theorem 2.5. However this fact can be used to infer that this result remains true for non constant
coefficient functions. We need to revisit the proof of this result in order to extend it for non constant
coefficient functions. In the Figure 2.6 we present some illustrative images.



40 Acoustic Pressure Propagation

Example 2.3 (2nd order scheme) Example 2.3 (1st order scheme)

At EH72 At EHJ,
5.000e-1 3.950e-1 5.000e-1 24.89¢-1
2.500e-1 9.949¢-2 2.500e-1 13.78e-1
1.250e-1 2.486e-2 1.250e-1 7.285¢e-1
6.250e-2 6.151e-3 6.250e-2 3.754e-1
3.125e-2 1.478e-3 3.125e-2 1.907e-1

Table 2.2 The errors Ey » and Ep j, for successively smaller time stepsizes: Example 2.3.

0 i 2 .
O Exact value o Exact value
y = 2.014x + 0.4801 0 y = 0.92885x + 1.5873
2 1t
W -4 W o
D D
e} O
= y: =)
6 ) 1
4
8- ‘ ‘ ‘ -2t ‘ ‘ ‘ .
-4 -3 2 -1 0 -4 -3 2 -1 0

IogiA t) Iog&A t)

Fig. 2.5 From left to right: Log-log plots of Ey , and Ey » versus At for Example 2.3 with the first

order and second order schemes, respectively. In the solid line is shown the best fitting least square
line.

0.6 )
..
08 02 4

0.8

Fig. 2.6 From left to right: numerical solution p%’ obtained with the second order in time scheme and
square of the error elﬂ,”’ for the second order in time scheme and the first order in time scheme; results
for Example 2.3 using Ar = 0.0625.

2.7 Conclusions

In this chapter, we consider a hyperbolic IBVP arising in the context of acoustic pressure propagation.
Our main goal was to establish conditions that allow us to obtain second order approximations, in
space and time, with respect to a discrete H'- norm.

The main results in this chapter are Theorems 2.2 and 2.3. In these theorems convergence
proprieties of the semi-discrete solution defined by the fully discrete in space piecewise linear finite
element method (2.8), (2.9), which is equivalent to the finite difference method (2.10), (2.11), (2.12),
were analyzed, considering smooth and non-smooth assumptions for the solution of the correspondent
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continuous IBVP. For each case, two complete different techniques of analysis were followed to derive
second order approximations in respect to a discrete H'- norm. Theorem 2.2 corresponds to the smooth
case and Theorem 2.3 to the non-smooth case. The discretization in time was studied in Section 2.5.
We present two fully discrete in space and time schemes, proving first order of convergence in time of
the first scheme, and second order when we consider Crank-Nicolson approach.

Numerical experiments illustrating the obtained theoretical results were also included. In particular,
Example 2.2 with v = 1.1, illustrates that the convergence rate established in Theorem 2.3 is optimal
in the sense that if p(¢) € H*(Q) then the rate of convergence is only one.






Chapter 3

Coupling: Acoustic Pressure
Propagation and Drug Transport

3.1 Introduction

In this chapter, we consider the system defined by the telegraph equation (1.1) coupled with the
convection-diffusion-reaction equation (1.14) in Q x (0,7y]. This system is complemented with
homogeneous Dirichlet boundary conditions (1.7) and (1.9), and the initial conditions (1.4) and (1.6).
As previously mentioned, the system of differential equations (1.1), (1.14) can be used to describe the
drug transport enhanced by ultrasound when the heat effects are not explicitly considered. This means
that this chapter is an intermediate stage between Chapter 2 and Chapter 4. In fact, in Chapter 2 only
the telegraph equation is studied, while in Chapter 4 we analyze the differential system (1.1)-(1.3)
where ultrasound, thermal effects and drug transport are taken into account.

As well as previously, we assume Q = (0,1)? and p, ¢: Q x [0,Tf] — R. The assumptions imposed
over the telegraph model in the previous chapter, are also going to be considered here. In addition, in
equation (1.14), D(p) is a second order diagonal matrix with entries d; : R — R, i = 1,2, with a positive
lower bound dj in R. We assume that v : R> — R? that arises in the convective velocity of (1.14) is
such that its components v; : R — R, i = 1,2, are given by v(x,y,z) = (vi(x,y),v2(x,2)),x,y,z € R.

In this chapter, we propose a fully discrete piecewise linear finite element method, that can be
seen as a finite difference method, to approximate p and c, that leads to second order approximations
with respect to a discrete H'- norm and L?- norm, respectively.

Section 3.2 is devoted to the design of the semi-discrete scheme, and the convergence analysis of
the proposed method is given in Section 3.3. The results obtained in previous chapter have a crucial
role in what follows. In the main results, Theorem 3.1 and Corollary 3.1, we establish the second
order of convergence. In Section 3.4, we present some numerical experiments illustrating the last
convergence results. In this section we also include an illustrative example in the scope of the drug
transport enhanced by ultrasound, where the efficacy of the use of ultrasound is showed. Lastly, we
present some conclusions for this chapter.

Before continuing, we present a small remark about the existence and uniqueness of solution of
the IBVP (1.1), (1.14), (1.4), (1.6), (1.7) and (1.9). Following Chapter 7 of [11], the section about
parabolic equations, it is possible to define weak solution of this problem and prove an existence and

43
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uniqueness result. However, we need to consider p € L*(0,T,L™(Q)), Vp € L=(0,Tr, [L~(Q)]?),
since the convective term of (1.14) depends on p, V p, and the diffusion is p dependent. To obtain such
regularity for the weak solution of the hyperbolic problem, we can adapt to our case the Theorems 2,
5 and 6 of Section 7.1.2 of [11]. It is clear that in this case, it is mandatory to increase the smoothness

of f3, po and pyp.

3.2 Semi-Discrete Numerical Scheme

Our aim in this section is to construct a fully discrete in space finite element method for the presented
coupled hyperbolic-parabolic problem (1.1), (1.14), (1.4), (1.6), (1.7) and (1.9).
We start by introducing the following variational problem: find (p(t),c(t)) € [H3(€)]? such that

i) pYU(r) € L*(Q), j=1,2,1 € (0,Ty], and (2.1) holds for w € H} (Q), coupled with (2.2);

(i) '(t) € L*(Q),t € (0,Ty], and

(' (), w) = ((v(p(t),Vp(1))e(t), VW) + (D(p(1)) Ve(t), Vw)) = (fi(1),w), t € (0,T],

for w € H} (Q), and
(c(0),9) = (co,q), Vq€L*(Q).

For the acoustic pressure, it is considered the fully discrete FEM constructed in Section 2.3:

(i) find py(t) € Wy o such that (2.8) holds for t € (0, 7|, wy € Wy o, with initial conditions given
by (2.9).

Note that, as referred in Section 2.3, this fully discrete FEM can be seen as the following finite
difference problem: find py (1) € Wy o such that (2.10), (2.11), (2.12) hold.

Now, we intend to construct a fully discrete in space finite element scheme for the convection-
diffusion equation (1.14). With that goal, we start by introducing the following piecewise linear finite

element approximation for the concentration: find ¢y (t) € Wy o such that

(PHc;] (l),PHWH) —((PHCH (t)v(PHpH(t) , VPHpH(l‘)), VPHWH>) (31)
= —((D(Pupu(t))VPucy(t),VPawn)) + (f1(2), Puwn),

fort € (0, Tf}, wy € WH70, and
(PHCH(O),PH(]H) = (PHRHC(),PHqH), qu S WH7(). 3.2)

Following the approach introduced in Section 2.3, fori =0,...,N,j=0,...,M, consider [; ; =
Ut (0,NnQ) illustrated in Figure 2.1. In what follows, we intend to construct a fully discrete in
space piecewise linear finite element approximation for the concentration. For that, we need to use
adequate quadrature rules, which will be presented in what follows.

We consider

(PHc},(t),PHWH) ~ (c}l(t),wH)H )
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(f1(@),Pawn) = (fLa(t),wh)y

and
(PHCH(O),PHWH) =~ (RHCOaWH)Ha

using the quadrature rule presented in (2.6), where f; g is given by (2.7) with f3(¢) replaced by fi(z).

Now, let Dy, be the finite difference operator Dj;wy = (DZWH,D;WH), wy € Wy, with

hiD _ywy (Xit1,Y;) +hiciD—xwr (xi,Y;)
hi+hiy

DZWH(X,',yj)Z 7i=1,...,N—1,

Dywy(xn,y;) = D_wi (xn,y;), Dpwr(x0,y;) = D_xwy (x1,Y;),

for j=1,...,M — 1, being D;wy defined analogously. My represents the average operator given by

1
My (wi,w2) = (Myw1,Miwa),  Mu(wi(x;,y;)) = E(Wl(xifla)’j) +wi(xi,55)),

being M; defined analogously and (wy,wy) € [Wy ]2

For (x;,y;) € Qu, we introduce the following quadrature rutes

Pycy(t)vi <PHPH(f)a ;x (PHPH(f))) ;x (Pgwr) dxdy ~

~ |0 Mp(cu (xit1,y),t)v1(Pr (Xiv1,Y),1), Dyppr (Xiv1,¥),1)) )D—xwh (Xiy1,y;), [ = 1,4,

0

and

d d

Pycu(t)n <PHPH(I)7 e (PHPH(f))> == (Pawn) dxdy ~

0, x ox

= |Dl|Mh(CH(xia)’jJ)Vl (pH(xiayjat)7D]>;pH(xivyj7t)))DfoH(xiayj)v l= 273a
with similar definitions for the term associated with the derivatives with respect to y. Then we obtain
((Pacu(t)v(Pupr (1), VPupn(t)), VPawn)) = (Mu(cu(t)vu (1)), Vawn)) g »
with vy (t) = (vi(pu (t), Dy pu (1)), v2(pu (1), Dipu(t)))-
We also consider

(D(Pupu(t))VPuch(t),VPuwn)) = ((Du(t)Vuen(t),Vawn))y ,

where Dy (1) is the 2 x 2 diagonal matrix with diagonal elements d g (t) = d\ (Mypp (1)) and dr 5 () =
d>(Mpu(t)). To obtain this approximation, for (x;,y;) € Qu, we set

[ r(Pupi @) 2 (Buen (1)) 2 (P ey =
o, X X

~ |O;|di (Mypr (Xic1,Y),t))D—xcr (Xiv1,¥),t)Dowh (xiy1,y5), 1 = 1,4,
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and

2 9
[ A (Pupn (1)) 3 (Puen(0)) 5 (P ddy >
~ |O;|dy (Mppr (xi,j5t) )D—xcu (xi,yj,t)D—xwr (xi,y7), 1 = 2,3,

considering similar approximations for the term related to the y variable. Then, the initial value
problem (3.1), (3.2) is replaced by the following fully discrete in space finite element problem: find
cr(t) € Wi o such that

(cu(0),wr)m — (Mp(cu(t)vu(t)), Vawn))g = —((Du(t)Vacu (1), Vawn) )u
+ (flﬁH(l),WH)H, (3.3)

fort € (0, Tf}, wy € WH70, and

(cu(0),qu)u = (Ruco.qu)n, Yqu € Wh . (3.4)

This finite element problem can be seen as a finite difference method, given by

C}I(I) +V¢»7H . (CH(Z)VH(Z‘)) = V}k{ . (DH(Z)VHCH(I)) —i—f]’H(l‘) inQy,t € (O,Tf], 3.5

with the initial condition
CH (O) = RHC() in QH, (36)

and the boundary condition
CH(Z) =0on 8QH (3.7

Here V. y denotes a finite difference operator defined by

wi(xir1,Y)) —wi(xi-1,¥;))
hi + hiy

9

Vc,H : (W17W2) = Dc,le +Dc,yw27 and Dc,xwl (xiayj) =

where (wy,w2) € [Wy o]?, being D,., defined analogously.

In what concerns the existence and uniqueness of the semi-discrete approximation cg (), we
remark that (3.5) can be written in the following equivalent form

cy(t)+B(t)en(t) = fiu(t), t € (0,T7], (3.8)

where the entries of the matrix B(r) depend on vy (¢) and Dy (t), this means that it also depends
on the solution py () of (2.13), (2.12). As it is well known, establishing conditions to guarantee
the continuity of B(¢) and fi y(t) is enough to assure the existence and uniqueness of a solution
cu(t) € C'((0,T¢]) NC([0,Ty]) for the initial value problem (3.8), (3.6) ([7]).
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3.3 Convergence Analysis

The fully discrete in space piecewise linear FEM proposed for the coupled IBVP (1.1), (1.14), (1.4),
(1.6), (1.7), (1.9), is obtained coupling:

(1) (2.8), (2.9) to compute an approximation for the acoustic pressure;
(1) (3.3), (3.4) to compute an approximation for the concentration.

As explained in Section 2.4, for the fully discrete in space approximation of p, it was expected
1R p(t) = pu ()l + IV (Rup(t) — pr ()| g < CHiax.-
For the concentration, it is also well known that the continuous version of the IBVP (3.3), (3.4) leads
le(t) = Paen (1)l < CHga, lle(t) = Pacr (1)1 < CHinax,

with c(t) € H*(Q) ﬂH& (Q) ([19], [42], [45]). As the convective velocity for the concentration depends
on Vp, then the coupled piecewise linear FEM should lead to a first order approximation for the
concentration with respect to the L?- norm. Should be expected that this result also holds for the
fully discrete coupled method proposed. However, we have that the fully discrete acoustic pressure
approximation py (t) is second order convergent with respect to the discrete version of the H'- norm
considered in this work (Corollary 2.1), which means that its discrete gradient is a second order
approximation to Vp(t) with respect to a discrete version of the L?- norm. These facts allow us to
prove that cy(¢) is also a second order approximation for ¢(¢), with respect to the discrete version of
the norm L2 (|| - || ), assuming p(),c(t) € H>(Q) N H} (). The uniform boundness of the numerical
approximation py (¢) for the acoustic pressure p(z), and of its discrete gradient V py (1) established
in Corollary 2.2 is a main tool in the proof of such result.

We observe that the coupled method (2.8), (2.9), (3.3), (3.4) is equivalent to the finite difference
coupling

(i) (2.10), (2.11), (2.12) for the acoustic pressure p(t),
(ii) (3.5), (3.6), (3.7) for the concentration cy ().

Each finite difference IBVP is defined in a nonuniform rectangular grid Qy. If we assume that
p(t), c(t) € C3(Q), then it can be shown that the truncation errors of each subproblem is only first
order, with respect to the norm || - || (for pg(¢) this fact is proved in Section 2.4.1). Based on stability
and consistency we can expect that the global semi-discrete error for ¢y () will be only of first order.
Attending the equivalence between the two coupled problems described before: the fully discrete
FEM IBVPs (2.8), (2.9) and (3.3), (3.4), and the finite difference IBVPs (2.10), (2.11), (2.12) and
(3.5), (3.6), (3.7), we conclude that the finite difference approximation py (t), ¢y (f) have exactly the
convergence properties of the correspondent fully discrete piecewise linear FE approximations.

In what follows, it is obtained an estimate for the spatial discretization error ey ((t) = Rpc(t) —
cy (1) induced by the spatial discretization introduced for the concentration. To obtain the desired
upper bound, we do not follow the split introduced by Wheeler in [45] and largely followed in the
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finite element and finite differences communities, and considered before for Py py (), solution of the
FEM given by (2.4), (2.5), in Section 2.4.2. Our approach is based on the direct analysis of the error
equation for ep (7).

We start by remarking that e .(f) € Wy o and it satisfies the following

(ep o (t);wr ) = —((Du(t)Vuen o (t), Vawn))n
+ ((Du(t) — Dy (1)) VuRuc(t), Vawn))u
+((Mu(va(t)eno(t)), Vawn))u
— ((My (v (1) = vy (1)) Ruc(t)), Vawn))u
+tp(wy) + 7 (wy) + Te(Wa), (3.9)

fort € (0,T¢], wg € Wy o, where Dy, (¢) is defined as Dy (r) with py replaced by Ry p, and vj,(t) is
defined as vy (1) with py replaced by Ry p. In (3.9), Tp(wr), T,(wy) and 7. (wy) are defined by

tp(wr) = (D (t)VuRuc(t), Vawn))u + (V- (D(p())Ve(t)))u, wh)n, (3.10)
T(wi) = —((Mu (v (1)Ruc(t)),Vawn))u — (V- (v(p(2),Vp(t))c(t))) nsWH ) s (3.11)

and
TC(WH) = (RHC,(I),WH)H — ((C’(Z))H,WH)H. (3.12)

Note that (V- (¢(t)v(?)))u, (V- (D(¢)Ve(t)))n and (¢'(t))n are defined by (2.7) with f3(r) replaced
by V- (c(t)v(r)), V- (D(t)Ve(t)) and ¢'(1), respectively. To establish an estimate for |leg . (¢)|[,; we
study the functionals 7,(wg ), To(wx) and 7.(wy ) when wy € Wi .

Proposition 3.1. Let us suppose that v;, i = 1,2, are L,- Lipschitz functions and p(t) € H>(Q) N
2

1 2 1 ’p P 2(0)]2
Hy(Q), c(t) € H*(Q)NHy(Q), 9y (1) = 8y8x(t) in Q and v(t)c(t) € [H*(Q)]*. Then for the

functional T, : Wy o — R, defined by (3.11), there exists a positive constant C, H, t, p and c independent,
such that

w(wi)| <C( Y (diama)* (Iv(0)e(o) [y o

Ae Ty
2 2 2 172
+L2e(t) 2wy POy ) ) IVl (3.13)
fO}’ wy € WH"()7 H e A.
Proof. We start by observing that 7,(wy ) admits the representation
% (war) = 2" (wir) + 17 (wi),

where
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and

o) (wir) = (Mg (R (v(0)e(0))), Viewe) )it — (M (v} ()R c(2)), Virwes) ) 1.

Using Lemma 5.5 of [14], we can state the following estimate for ‘cv(l)

1/2
T‘S])(WH)‘ < C( < L (diamA)4||V1(t)C(t)|‘%{2(A))

AE-_?H

1/2
+ ( Y <diamA>4uvz<r>c<t>||%,2(A>> )ananH

A€ 71-1

1/2
SC( %(diamA)4||v(t)c(t)||[2H2(A)]z) |Vawa |, (3.14)
ATy

where C denotes a positive constant, H, ¢, p and ¢ independent.

To get an estimate for Tv(z)

We have

(wr) we introduce the notation g1 (x;,y;,t) = g—;’ (xi,vj,t) =Dy p(xi,y;j,1).

Yj+1/2
\kjv1/281(xi,y),1)] :/ lg1(xi,yj,1)|dy
Yj-1/2

Vj+1/2 Yj+1/2 [V
S/ Igl(xi,y,t)!dwr/ /
Yj-1/2 Yj-1/2 VY

Yj+1/2 d
< [ (k| St )|+ Laa (i) ) . (3.15)
Yi-1/2 y

@(Xi,s,t)

dsd
dy ¢y

Following [30], we consider

’gl(xhy:t”

w () — (uz(W(l) () + - () — W(O))> ‘ 2wl

B hi + hiy 1 M2 - hi + hiy 1
h; h; 31
for w(&) = p(xi—1 + & (hi+ hig1),y,1), E €10,1], uy = , U = and A : W>»1(0,1) = R
hi +hiy hit1

with

Ag) =g/ (m) <uz(g(1) gl + o (e(a) —g<o>>) Lgew3(0,1).

Since A(g) =0 for g =1,&,£2, and A is bounded in W31 (0, 1), by Bramble-Hilbert Lemma, we get

M@I<c [ Ig"(©)ag gew o),

which, under the smoothness assumption for p, allows us to conclude the estimate

Yj+1/2 Vit1/2  [Xitl
[ i vnlay < Cnen) [0
Yj-1/2 Yj-1/2 YXi-1

2°p
3

e (x,v,1)| dxdy.
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Analogously, by Bramble-Hilbert Lemma, we obtain

/y/+1/2 dv < C y,/+1/2/xy+1
y=
Yj-1/2

Yj-1/2
for a positive constant C, H, ¢ and p independent, leading to

dg1

ay (xzaya ) dxdy,

x28 (x,3,1)

*p

aza (xyv)

d°p
ﬁ(x’yvt)

Vit1/2 Xt
kjv1281(xi,y)51)| <C J+1/2/ / dxdy (3.16)

Yj-1/2 v Xi—

Vj+1/2  [Xit+1
+ (hi+hi+1)/ /

Yj-172 /X1

dxdy) .

For g (xi,yj,1) = g—i(xl-,yj,t) — D p(xi,yj,t) we can establish an estimate analogous to (3.16).

Finally, using the Lipschitz assumption for v, we have

o (wn)| < L,

N—1M—-1 ) ) 1/2
ID_ownlla| Y, Y hisiyokjiialgr(xi,yj,t) Ple(xi,y), )]
=1 j=1

i=1 j=

N—-1M-1 5 5 1/2
+[|D—yw |1 Z Z ki1 2hiz1 2182 (xi,y,0) e (xi,y),t)] :

i=1 j=1

and from (3.16) we conclude

12
o um)] < €L X, (diama) o) 2o POy ) Vvl BT
Ae Ty

for a positive constant C, H, t, p and c independent. Considering (3.17) and (3.14) we get (3.13). [

Proposition 3.2. Ifd;, i = 1,2, are Lp- Lipschitz functions, p(t) € H*(Q), c(t) € H*(Q), di(p(t)) €
L=(Q),i= 1,2, and D(t)Vc(t) € [H*(Q)]? then, for the functional Tp : Wy o — R defined by (3.10),
there exists a positive constant C, H, t, p and c independent, such that

e (win)| < (X (diama) (L 1p(0) e 0 o) 2o
AE?H

D) oo 10 sy + 1D o) Bonaye) ) IVl

Jorwy € Wy o, H € A, where |[D(p(t))||eo,1=(a) = maxi=1 2 [|di(p(2)) |1 (a)
Proof. We start observing that the functional (3.10) admits the representation

T (wi)s s € Wiro, (3.18)

M

Il
_

D (WH) =

with
1) (wir) = (D3 (1) = Dy () Vs Rege (1), Viewe)
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where the diagonal entries of Dy (1) at (x;,y;) are given by d1(p(x,_12,y;j,1)), d2(p(xi,yj—1/2,1)), and
o (wir) = (Da (1) VirRuse(t). Virwnr) s + ((V - (D(p(0) Ve(t) s wir )
We start by noting that rl()l) (wg ) can be written in the following equivalent form

15 (wir) = (i (MyRy p(1)) DRy c(t), D—ywiz) gy — (dy (p(Mi(£)))D—Rpze(t), D—cwi )
+ (da (MR p(1)) Dy Rigc(t), D—ywiz) ., — (da(p(Mi(0)))DyRige(t), D—ywit )z

= T(wn) + 7 (wh).

First, we estimate T,(wg ). Let us introduce

(P(M—leJ)+P(xi7)’j7f))_P(xi—1/2aJ’jal‘)7

N =

g1(xi,yj,t) =

satisfying (as in (3.15))

Yi+12 | dgy

Ty(xivy7t) dy.

Vit1)2
kj1/21g1(xi,y5,1)] S/ ’gl(xi7)’7t)|dy+kj+1/2/
Yj-1/2 Yj-1/2

Note that g; can be written as follows
w(0)+w(1 1
ety = O (1) ),
2 2
where w(&) = p(x;_1 +h&,y,t), E €[0,1],and A : W21(0,1) — R with

Alg)=""—5""-¢ (;) ,gew>(0,1).

Then, an estimate for g is obtained estimating A (w). The functional 2 is bounded in W2!(0,1) and
vanishes for g = 1,&. By Bramble-Hilbert Lemma, there exists a positive constant C, such that

M@= [ g )lag, €W 0,1),

Consequently,

Xi azp
g1 (xi,y,0)[ = [A(w)| < Ch; 552 (woyt) | dx.
X1 | OX
Analogously, we get
981 (4 1) <c/xi 82p( 1)\ dxd
Xis Y, = XY, xay,
dy isy o, | 9xay y y

with C a positive constant. Then we obtain
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Vit1/2 Vit1/2 9g1
kji1/281(xi,5,1)] S/ |81 (xiy)’7t)|dy+kj+l/2/ 5 (xi,y,1) | dy (3.19)
Yj-1/2 Yj-1/2 y
Vit [Xitl 3217 Vjt1/2
SC(h,-/ / I == (6, ),1) dxdy—l—kj+1/2/ / Ixdy (x V,t) dxdy).
Yj-1/2 Y Xi-1 Yj-1/2 Y Xi-1 X

Since we are assuming that d;, i = 1,2, are Lp-Lipschitz functions,

ki12|di (My(Rup(xi,y;,1))) — di (p(My(xi,y;,1)))|
< Lpkji1/2]g1(xi,y),1)],

and taking into account the estimates (3.19), we establish

N M—1 Yjt+1/2 Yj+1/2
[Te(wa)| <Lp Y. ) < </ |gl(xiaya[>|dy+kj+l/2/

i=1 j=1 Yi-172 Yj-1/2

dg
ay (Xl,y, )

.

x \D_xcoc,-,yj,r)HD_xwmyj)!)

1/2
SCLD( Y (diamA)4|!C(t)Hé(A)Hp(I)Héz(A)> 1D —xw ||,

AE:?H

for C a positive constant, H, ¢, p and ¢ independent. Adapting the followed procedures, an estimate

for 7,(wg ) can be easily deduced, and we obtain

1/2

1 .

7 (war)| scw( y <dmmA>4uc<r>réwupu)H%ﬁ(A)) IV erwr (3.20)
AETy

To estimate Tl()z) (wg ), directly from the proof of Lemma 5.1 of [14], we get

25wl < (X (diam)* (ID(p(0) 2 1) () s )

AE-_?H

1/2
D)V e ) ) IV, (321)

where C is a positive constant, H, t, p and ¢ independent.
To conclude the proof, it is enough to consider (3.20) and (3.21) in (3.18). ]

Proposition 3.3. If ¢/ (t) € H*(Q) then, for the functional T. : Wy o — R defined by (3.12), there exists

a positive constant C, H, t, p and c independent, such that

) 1/2
lwi)l <C( Y (diamd) e/ (O)em)) " IVawalla,
AE,?H

forwy € Wy o, H €A

Proof. This result follows directly from Lemma 5.7 of [14]. O
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With the previous three propositions we have the conditions to state the main result of this chapter,
Theorem 3.1, where an upper bound for ||eg (¢)|| i is established. Here and in what follows, in what

concerns the time regularity of p and/or T we implicitly assume the needed smoothness for the results.
Theorem 3.1. Let us suppose the following:

(i) the sequence of grids Qy, H € A, satisfies (2.35) for Huyax small enough;

(ii) p(t) € H*(Q)NH}(Q), where p is solution of the IBVP (1.1), (1.4), (1.7);

(iii) the solution ¢ of the IBVP (1.14), (1.6), (1.9) belongs to LZ(O,Tf,H3(Q) ﬁHé(Q))ﬁ
HI(O,Tf, HZ(Q.)) and Ryc € Cl((O,Tf],WH’()),'

(iv) the solution cy of the initial value problem (3.3), (3.4) belongs to C]((O,Tf],WH,O)ﬂ
C([O)TfLWH,O);

(v) v; satisfies |vi(z1,22)| < Co(|z1 ) Vzi,z2 €R i=1,2;

(vi) di>dy>0inR, i=1,2;
(vii) the assumptions of Propositions 3.1 and 3.2 hold.

Then, there exist a positive constant C, H, t, p and c independent, such that for the spatial error
e c(t) = Ruc(t) — cu(t) the following holds

Jewc(0)f + 206 [ [oton0yc s o OO
v [ / S BV iRc(s) s
v 58 [ oot 8 e 61+ 26 Ve ) R s
N /0 / snlpm@ldu o)

fort €[0,Ty], H € A and Hpyyx small enough. In (3.22), € # 0 is an arbitrary constant,

wnl®) =53 L (diam)* (11D, 1=y le(O) s ) + 1D V) B ae + 1000 Bz e
€Iy

e ) 120 ) + 16 ) By ) (3.23)
and

gn(pn() = SC(Ipn@) |2+ [Vapu(0)]2).

Proof. Note that, since d;, i = 1,2, are Lp- Lipschitz functions, then

|((Du(t) = Dy (t))VuRuc(t), Vawn) ) ul
<V2Lpllen p(0) 1| VaRaC ()| VW | 11 (3.24)
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Also,
\DypE (xi,yj,1)| < ||D_xpr(t)]e

and, of course, | D} pr(xi,yj,t)| < ||D—ypu(t)||. Considering that v satisfies
vi(z1,22)| < Co(lz1] +|z2]), V21,22 € R, i = 1,2,
we have
|(Mp (v (1)er (1)), Virwn ) < V2Clen.c ()| (1pa () oo+ IV rpa (1) ) IV Ewr |11 (3.25)

To estimate | — (Mu (v (t) — v (t))Ruc(t)), Vawn ) )u|, we assume that the condition (2.35) holds
for the sequence of grids Qy, H € A. For H € A, with Hpgyy small enough, fori=1,....N—1,

j=1,...,M—1, we have

<

R Rhin Cn hiiy
2

Cn
h; = < hi1 and h; = < 7
2 iy + )2 2k (hisr + i) = ! 2+ )2 T 2

h;.
Taking also into account that v;, i = 1,2, are L,- Lipschitz functions, we obtain

|~ (M (1 (6) = Vis () Ruc(0)), Viwnr) | (3.26)
< 2L, [Ruc(t) e (llew (1) 11+ V2Cm|[Viren o (0) 1) [Vl

for wy € Wy o, H € A with Hy,ax small enough.

Taking in (3.9), wy = ep (t), considering (3.24), (3.25), (3.26) we have

1d
5 Nlew ()7 +dol|Virer . (0)llfy < V2Lollers p ()|l ViR (1) ol Virers o (1) |11

2 dt
+V2C,(lpu (t) oo + I Varpr () | llew . () || Verer o () |
2L, (llewp ()l + /2l Ve p ()l ) 1R (O) e [Virer ()l (3:27)

+1to(en ()| + |7 (emc ()| + [ Te(en o (1))-

From (3.27), considering Propositions 3.1-3.3, we obtain

d 1
o7 lenc()llf +2(do — 6€%) [[Vuen (1) 17 < zLpllen p()l|7 | ViRue(®)]2

+ gch(llpH(t)lliJr IVepn (0)I12) ler (1) |7

4
o+ 513 (llenp 1)+ 2Cul Vien p (1) ) IR )2 + 7o (r), (328)

with 7. g (¢) given by (3.23) and € # 0 an arbitrary constant.
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Multiplying everything by e Jogn(pi(s)ds, inequality (3.28) leads to

— tH g (s))ds r — ' 1 (PH d
Z(e /og (Pra(s)) |]eH7C(t)H%{+2(do—6£2)/oe /og (P (1)) H \Vaen o(5)|ds

! —/ gu(pu (U
b [ e ™ et 9 I Rnc(s) s
4 ! —/ gu(pu(W))dp
—SL e (e ()1 +2Cul| Virer (5) ) Ruc(s) s

! —/ gu(pu (U
/ TC7H(S)dS <0,te (O,Tf],

that allows us to obtain

[ 1 (py(s))ds - S H\PH d
oSS |e oD

/ gu(pu(p
St [ e ™ et ) V(o) s

r — d
4 /e /OgH(pH(u)) ”(HeH,,,(s)II?J+2Cm||VH€H,p(S)||%1) |Ryc(s)||2ds

Ter(8)ds < |le(0) |17, 1 € [0, Ty).
Finally, from the last inequality we easily get (3.22). O

In Theorem 3.1, we fix £ # 0 such that dy — 6& > 0. Note that Corollary 2.2 gives us the uniform
boundness of gy (py(t)), for H € A, for Hy,x small enough. Also, from Theorem 2.3, we have an
upper bound for |ley,,(t)||a, ||Vren,p(t)||n. From these observations together with Theorem 3.1 we

conclude the following result:

Corollary 3.1. Under the assumptions of Theorems 2.3 and 3.1, there exists a positive constant C, H
and t independent, such that

lenelt)y+ [ 1¥mer(s) s < CHi, 1 € 0.7,

for H € A and Hp,.x small enough.

3.4 Numerical Results

3.4.1 An Implicit Scheme

In this section, we include some numerical experiments. We start presenting a time discretization
method for the coupled wave-concentration problem (2.10), (2.11), (2.12), (3.5), (3.6), (3.7). Remark-
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ing that in this section we are focused on the spatial discretization, the wave equation (1.1) is solved
by the implicit first-order method studied in the Section 2.5.1. For the concentration equation (1.14),
note that all the coefficient functions are independent on the concentration, so our parabolic problem
(dependent on the wave IBVP) can also be solved by a first-order implicit method. For the temporal
domain [0,Ty|, we define the uniform time grid {t, = nAt,n=0,...,M;}, with t;, = Ty, where At
is the time step. Let us denote by p}, and ¢}, the numerical approximations for py(t,) and cx(t,),
respectively, defined by the following implicit method

n+1_2 noy n—1 n+l __ n
P AIZIZ-I Pn +prH = PH _ V;J'(EHVHPnHH)—i-f;# in Q. (3.29)
forn=1,.... M, —1,
Cn+l — 1 1 1 1 1
HTtl‘f+VC,H.(cz+ VD) = Vi - (D Vg it )+f1n;l in Q. (3:30)
forn=0,...,M; — 1, and with the initial conditions
pl _po 0 .
% :RHpv,Ova:RHPO7CH:RHCQ in QH: (331)

and boundary conditions
g =0,p=00n9dQy,n=0,....M,.

Note that the acoustic pressure approximation in (3.30), in vy and Dpy, is evaluated at time level
t,+1. This strategy allows us to solve the coupled problem in a sequential way. From time level ¢, to
time level ¢, | we first solve equation (3.29) (or we use (3.31) if n = 0) to obtain p}’;’l and then we
solve equation (3.30) to obtain c}‘{“. Let us now define the errors

erp=Rup(ta) —py and e}y . =Ruc(ty) — .

In the next section we present a numerical experiment that intends to illustrate the theorical space
convergence rate established in Theorems 2.3 and 3.1, and Corollaries 2.1 and 3.1. To finish this
chapter, in the Section 3.4.3 we present a toy model for the drug transport enhanced by ultrasound ob-
tained by simplifying the system of partial differential equations studied here. Numerical experiments
illustrating the effects of the parameters of the model are also included.

3.4.2 Convergence Rate Tests

In what follows, we consider an example of the coupled problem (1.1), (1.4), (1.7), (1.14), (1.6),
(1.9). We fix the following coefficient functions for the wave equation a(x,y) = y%, b(x,y) = x +,
e1(x,y) =xy, and e5(x,y) = x, while for the parabolic equation we set v(p, Vp) = (1+p+ %, 2p+ %’,),
d\(p) =5+ p, and da(p) = 10+ p. In addition, the initial conditions of the coupled problem and the
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functions f3 and fj are defined such that the exact solution of the coupled system is given by

p(x,y,t) =€ sin(2my) (1 — cos(27x)),
c(x,y,t) = €' sin(w(2x — 1)) sin(7w(2y — 1)).

Note that the smoothness conditions imposed in Theorem 3.1 hold, however the assumption that
the coefficients functions a, b and e;, i = 1,2, have a positive lower bound in Q is not verified.
Nevertheless, we observe numerically that the obtained convergence rate is two.

We take Ty = 0.1 and the time step Az =1e-05. This time step is small enough so that the influence
of the time discretization on the numerical error is negligible. To measure the numerical rate of
convergence we define the error

Euryp = max D+ Vel

which is associated with the discretization of the wave equation (1.1), and the error
Ene= max ey |lu+[Vaey |lu,
n=1,....M; / ’

which is associated with the discretization of the parabolic equation (1.14). For the simulation the
domain Q is first divided into N x M nonuniform intervals. Then, we subdivide each interval by
considering the midpoint of each interval to obtain two intervals.

In Table 3.1 we present the errors Ey , and Ep . for several mesh sizes, from N x M =12 x 14 to
N XM =192 x 224,

Hmax EH,p EH,C

9.921e-02 2.012e-01 1.255e-01

4.960e-02 5.061e-02 3.182e-02

2.480e-02 1.266e-02 7.983e-03

1.240e-02 3.166e-03 1.998e-03

6.201e-03  7.927e-04 4.996e-04
Table 3.1 The errors Ey , and Ep . on successively refined meshes for the coupled wave-parabolic
problem.

Using the data from Table 3.1, we plot in Figure 3.1 the log(Ey ) and log(Ep ) versus log(Hpyax)-

Assuming that the errors Ey , and Ep . are proportional to Hy ., for some r € R, the convergence rate

ax?
can be estimated by the slope of the best fitting least square line. The obtained estimated values are
1.9974 for Ey , and 1.9938 for E} . that confirm the theoretical convergence rates. Plots illustrating

the numerical solutions and the numerical errors are given in Figure 3.2.
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Fig. 3.1 From left to right: Log-log plots of Ey ;, and Ey . versus Hy,x. The best fitting least square
line is shown as a solid line.
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Fig. 3.2 From left to right: Numerical approximation and square error of p%, (first row) and c; (second
row) at the final simulation time 7y = 0.1 and at the finer mesh.

3.4.3 Application to Ultrasound Enhanced Drug Transport

To finish this chapter we present some numerical results that intend to illustrate the use of the
mathematical problem studied within this chapter in the mathematical modeling of the drug transport
enhanced by ultrasound. To simplify we assume that we have a target tissue with constant density
where we have an initial drug distribution. If we neglect the attenuation effects, then the acoustic
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pressure p is defined by the wave equation

&2
a—tf — A2Ap, (3.32)

considered here to model the ultrasound propagation. Our aim is to observe the drug distribution in
time and space when the transport is enhanced by the acoustic pressure. The drug concentration c is
defined by the convection-diffusion equation

dc

5 +V-(v¢)=V-(DyVc), (3.33)

where D,, is the diffusion coefficient, and v is the convective field generated by the ultrasound wave.
Note that both D,, and v depend on the acoustic pressure p. This dependence will be specified later.
The physical situation that we are interested in is described in Figure 3.3 (on the left), where we
represent a tumor in a healthy tissue, the initial distribution of the drug and the localization of the
ultrasound source. In the Figure 3.3 (on the right) we present the time profile of the intensity of the
acoustic pressure source with expression 100e~(1-%=3)sin(107¢), with 7 € [0,5].

1 10
0.8
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()
g
r 10.6 °
c
3 0
%]
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L 104 =}
_50,
0.2
104, 1 2 3 4 5
0 Time

Fig. 3.3 On the left: Initial drug concentration and simulation scenario. The tumor tissue is represented
by the black circle on the right and the ultrasound source is represented by the black circle on the left.
On the right: time profile of the ultrasound source wave.

Note that the system (3.32), (3.33) can be seen a particular case of the coupled problem studied
in this chapter. To finish its description, we explain how the convective velocity and the diffusion
coefficient depend on the ultrasound wave. We consider that the convective velocity field is radial
around the wave source origin (xo,yo) and has magnitude proportional to the acoustic pressure
intensity, i.e,

oy t) = Cr (v 1) (x —xo) (y —0) wi
ot) = Cupot) (\/(X—xo)er(y—yo)Z’\/(x—xo)2+(y—yo)2>7 e =0

Moreover, to model the effects of ultrasound waves on cell membrane permeabilization, we consider
that the drug molecular diffusion in the tumor tissue, denoted by D,, 1, (T, represents the tumor
domain), is a scalar that depends on the pressure wave intensity trough the following relation for
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(x,y) € T,
Dy if max (p(x,3,1)?) <G
_ ' (xy)€eT,
Dm’TM(X,y,Z)— . 2
Dyp if max (p(x,y,1)7) >C
(x.y)€T,

with C; a positive constant (D, , > Dy, ). This means that the drug diffusion coefficient increases
when the acoustic pressure intensity is greater than a certain threshold. The diffusion and acoustic
parameters used in the following simulation were: ¢, = 2, D, = 1e-03, D,, , = 1e-04, D,, . = 1e-06,
Cy = 2e-04, and C; = 20. We remark that for simplicity units are omitted.
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3 <
0 : 0
0 1 2 3 4 5 0 1 2 3 4 5
Time Time

Fig. 3.4 Time evolution of the average concentration of drug in the tumor tissue. On the left: Passive
diffusion (dash line) and ultrasound enhanced (solid line). On the right: Ultrasound enhanced with
maximum wave amplitude equal 100 (solid line) and equal 50 (dash line).

In Figure 3.4, we present some results of our computational experiments. On the left we consider
two simulation scenarios: drug transport under the influence of the ultrasound wave, and drug transport
only by passive diffusion, i.e., without the application of the ultrasound wave. As can be observed
when ultrasound is applied the average concentration of drug inside the tumor tissue at the final time
is considerably higher than the one obtained only with passive diffusion. We can also observe that the
higher flux of drug to the tumor tissue can be related with the ultrasound profile, once can be observed
that between time equal 2 and time equal to 3.5 the flux of drug is larger, and it coincides with the
higher intensity of the generated ultrasound wave (see Figure 3.3). The sensitivity analysis of the
model to the ultrasound wave is shown in the right plot of Figure 3.4. In particular, we consider the
same parameters as before but where the maximum wave amplitude is reduced from 100 to 50. As
expected the final average concentration of drug in the tumor tissue is lower. The lower ultrasound
amplitude also explains why the high flux of drug occurs during a shorter period of time. In Figure 3.5,
we show snapshots of drug concentration in our domain at different values of time. We present
the case of passive diffusion (right column) and passive diffusion plus ultrasound (left column), in
order to observe the influence of the ultrasound wave. The effect of the convective transport on the
concentration plume is clear on the images in the left column. We remark that in the tumor domain
it is represented the average concentration, allowing a better visualization. Lastly, in Figure 3.6 the
pressure wave and the velocity field are shown. We refer that a time step equal 1e-02 and a uniform
mesh with Hp,x = 3.125e-03 were used. To minimize boundary effects the domain was enlarged.



3.4 Numerical Results 61

We remark that this is a simple illustration, since the main aim of this chapter is the analysis of the
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convergence of the numerical coupled method.
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Fig. 3.5 From top to bottom: Drug concentration at time equal 1, 3, and final time 5. From left to right:
Transport by diffusion and ultrasound, and transport by diffusion only.
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Fig. 3.6 Ultrasound intensity p? (first row) and velocity components x and y (second row) at time
level equal 3.

3.5 Conclusions

In this chapter, we proposed a numerical method for a hyperbolic-parabolic IBVP that can be used,
for example, to describe drug transport enhanced by ultrasound. This model is a simplification of our
main problem. The devised numerical scheme is based on piecewise linear finite element spaces, and
it can also be seen as a finite difference method defined on nonuniform rectangular partitions of the
spatial domain.

The main results of this chapter are Theorem 3.1 and Corollary 3.1, where we proved that the
considered numerical approximation of the solution of the parabolic IBVP (1.14), (1.6), (1.9) is second-
order accurate with respect to a discrete L?- norm. The proof of this theorem depends on Theorem
2.3 where we established that the numerical approximation for the acoustic pressure is second-order
accurate with respect to a H'- norm. These results were obtained assuming that p(t), c(t) € H*(Q).
It should be highlighted that our results were obtained imposing weaker smoothness conditions on
the solution of the coupled IBVP (1.1), (1.14), (1.4), (1.6), (1.7), (1.9) than those usually considered
in the convergence analysis of finite difference schemes. It should be pointed out that the uniform
boundness of py(7) and Vy py () established in Corollary 2.2 has an important role in the convergence
study for the semi-discrete approximation for the solution of the diffusion equation. We remark that
these quadratic orders of convergence are unexpected results, meaning that we are under super-
supraconvergence results.

Numerical experiments illustrating the established theoretical results are included. An application
illustrating the increase of drug concentration in the target tissue when ultrasound are applied is also
presented.



Chapter 4

Coupling: Acoustic Pressure
Propagation, Heat and Drug Transport

4.1 Introduction

In this chapter, we consider the system of partial differential equations (1.1)-(1.9) in Q x (0,7y],
with Q = (0,1)? and p,T,c: Q x [0,Tf] — R. As mentioned before, this system can be used to
mathematically describe the drug transport enhanced by ultrasound when heat effects are taken into
account. As the differential system (1.1), (1.14), (1.4), (1.6), (1.7), (1.9), where the heat effects were
neglected, was studied in the Chapter 3, this chapter can be seen as a generalization of the last one.

Here, we have a coupling of a hyperbolic equation - a telegraph equation (1.1), with two parabolic
equations - a nonlinear diffusion-reaction equation (1.2) and a convection-diffusion-reaction equation
(1.3). In this system of partial differential equations, the reaction term of the diffusion-reaction
equation (1.2) depends on the solution of the wave equation (1.1), the convective velocity of the
second diffusion equation depends on the solution of the hyperbolic equation (1.1) and its gradient,
and the diffusion coefficient depends on the temperature 7 and on the acoustic pressure p.

The considered assumptions over the telegraph IBVP (1.1), (1.4), (1.7), in Chapter 2, will again
be considered. Furthermore, in equation (1.2), Dr is a 2 x 2 diagonal matrix with positive entries
dr;:R — R, i=1,2, with a positive lower bound f in R, and k represents a constant. Finally, in
equation (1.3), we consider D.(p, T) a second order diagonal matrix with entries d,.; : R? >R, i=1,2,
that have positive lower bound f3; in R. As introduced in Chapter 3, the convective velocity of (1.3) is
v:R3 — R? such that v(x,y,z) = (vi(x,y),v2(x,2)), x,y,z € R,and v; : R? = R, i = 1,2.

Our main aim in this chapter is the central objective of this thesis, the construction of an efficient
numerical method for the system (1.1)-(1.9). We propose a fully discrete in space piecewise linear
finite element method, that can also be seen as a finite difference method, to approximate p, T, and ¢
that leads to a second order approximation with respect to a discrete H'- norm for p, as we have seen
in Chapter 2, and a second order approximation with respect to a discrete L>- norm for 7 and c. These
convergence results can be seen as super-supraconvergence results. The main ideas for this chapter
are the ones presented in the previous chapter, however here we have more dependences to study, we

need to carefully study some terms.

63
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This chapter is organized as follows. In Section 4.2, we present a fully discrete piecewise linear
finite element semi-discrete approximation for the solution (p(¢),7T(¢),c(t)) of the IBVP (1.1)-(1.9).
Note that the approximation considered for the wave equation is the one presented in Chapter 2,
and for the concentration equation, we use the idea presented in the previous chapter, considering
the adequate modification related with the temperature. Section 4.3 is focused on the convergence
analysis of the semi-discrete approximation for the solution of the coupled problem (1.1)-(1.9). In
Section 4.3.1, the convergence result for the numerical approximation for the temperature defined by
the diffusion-reaction equation (1.2) is presented. In this result, Corollary 2.1 has an important role
because the reaction term of (1.2), depends on the solution of (1.1). The main results for the numerical
approximation for the temperature are Theorem 4.1 and Corollary 4.1. Finally, in the Section 4.3.2 we
prove our main result, Corollary 4.3, where the second order of convergence is established for the
numerical approximation for the concentration defined by equation (1.3). This result is consequence of
Theorems 2.3, 4.1 and 4.2. We also include some numerical results illustrating the main conclusions
of this work in Section 4.4. We end the chapter with some conclusions.

Before starting the construction of the numerical scheme, we observe that the existence and
uniqueness of solution of (1.1)-(1.9) can be studied. For that, it is necessary to prove the existence
of solution of (1.2). Note that this parabolic equation is nonlinear, so the approach can not be the
same mentioned in the previous chapter. Some results can be found in Chapter 6 of [25]. Note that we
need to impose smoothness conditions on the data of our problem, namely on f>, Ty, dr;, i = 1,2, and
remark that the reaction term of (1.2) depends on the solution of the hyperbolic problem (1.1), (1.4),
(1.7). As we saw before, increasing the smoothness of the data of the wave problem (1.1), (1.4), (1.7)
we can improve the regularity of p, and finally prove the existence and uniqueness of 7 in a certain
sense. Finally to prove the existence and uniqueness of solution of (1.1)-(1.9), we can follow [11],
taking into account that in this case the diffusion term also depends on 7'.

4.2 Semi-Discrete Numerical Scheme

In this section, we intend to introduce a fully discrete piecewise linear finite element semi-discrete
approximation for the solution (p(),T(),c(t)) of the IBVP (1.1)-(1.9). For that purpose, we start
defining a weak solution of the last problem. We say (p(t),T(t),c(t)) € [HL(Q)]? is a weak solution
of the IBVP (1.1)-(1.9) if

(i) pU)(t) € L*(Q),i= 1,2, € (0,Ty], and (2.1) holds for w € H} (), coupled with (2.2);

(i) T'(t) € L*(Q),t € (0,Ty], and
(T'(t),w) = =(Dr(T())VT (t),Vw)) + k(T (1), w) + (f2(p(1)),w), 1 € (0, T¢],  (4.1)

forw € H} (Q), and
(T(0),9) = (To,q), Vg€ L*Q); (4.2)
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(iii) /(1) € L*(Q), 1 € (0,Ty], and

(c'(t),w) = (((p(2),Vp(1)e(t),Yw)) + (De(p(1), T (1)) Ve(t), Yw)) = (fi(r),w), t € (0,T¢],
4.3)
for w € H} (Q), and

(c(0),9) = (co,q), Vg€ L*(Q). (4.4)

Now, from the previous variational problem, we construct a piecewise linear finite element
approximation for the coupling IBVP (1.1)-(1.9).
For the acoustic pressure we consider the fully discrete in space FEM constructed in Section 2.3

(i) find py(t) € Wy o such that (2.8) holds for ¢ € (0, 7|, wy € Wy o, with initial conditions given
by (2.9).

Again, we remark that this fully discrete FEM can be seen as the following finite difference problem:
find py(t) € Wi o verifying (2.10), (2.11), (2.12).

For the temperature defined by (4.1), (4.2) we introduce the piecewise linear FEM: find Ty (¢) €
Wh o such that

(PHTIZI(I),PHWH) = —((DT(PHTH(Z‘))VPHTH(I), VPHWH)) + k(P[-[TH (l),PHWH) (45)

+ (f2(Pupu(t)), Pawn ),

forwy € WH70, te (0, Tf], and

(PuTu(0),Puqr) = (PuRuTy, Puqn), Yqu € Wh . (4.6)

In order to consider a discrete in space finite element problem, we need to establish adequate quadrature
rules for the integral terms in (4.5), (4.6). Following the idea presented in Sections 2.3 and 3.2, we
consider:

() (PaTy(t), Pawn) ~ (T (1), wa )
(i) (PuTu(t),Pawn) =~ (Tu(t),wn)n;
(i) (f2(Pupu(t)),Pawn) = (f2(pu(t)), wh)n:
(iv) (PuTu(0),Pawr) = (T (0), wn)u;
V) (PuRuTo,Puwn) ~ (RuTo,wh)H;
i) (Dr(PuTu(t))VPuTu(t),VPawn)) = (Dru()VaTu(t),Vawn))u;

where D7 () is a 2 x 2 diagonal matrix with entries dr (M, Ty (t)) and dr(MiTy(t)). Then, the
piecewise linear FEM (4.5), (4.6) is replaced by the following discrete in space FEM: find Ty (t) € Wy o
such that

(T (1), wr) y = —((Dru(O)VaTu(t),Vawn)) g +k(Ta(t),wi)g + (f2(pu(t),wa)u,  (47)
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for wg € Wy o, t € (0,Ty], and

(Tt (0),90)0 = (RuTo,qu)H, Yqu € Wh . (4.8)

The fully discrete in space finite element problem (4.7), (4.8) can also be rewritten as the following
finite difference problem:

Ty (t) = Vi - (Dra(t)VaTu(t)) +kTu(t) + f2(pa(t)) in Qq,t € (0,Ty], (4.9)

with the initial condition
Ty(0) = Ry Ty, (4.10)

and the boundary condition
Ty (1) =0 on dQy. 4.11)

Note that (4.9) can be written as a matrix ordinary differential equation of the form

T} (t) = C(Ty () Ty (t) + fo(pu (1)), (4.12)

where pp(t) is the solution of (2.13), (2.12). Since this system of ODEs is nonlinear, in order to
prove existence and uniqueness of the solution of (4.12), (4.10), we need to impose conditions on
C. Asdr;(t),i=1,2, depend on Ty (t), we can guarantee that C(7y(t))Tx(t) is a Lipschitz function
imposing regularity on dr;. Moreover, as py(t) is continuous, f>(pg(t)) is also continuous provided
that f> is a continuous function. Under such conditions, we can establish the existence and uniqueness
of the solution Ty of the initial value problem (4.12), (4.10) with Ty € C([0,T¢]) NC*((0,T¢]) ([7]).

To complete our fully discrete piecewise linear FEM for our coupled IBVP, we need to consider
the initial value problem (4.3), (4.4). The semi-discrete approximation for this problem is defined
following the approach used in Section 3.2 for the concentration equation (1.14). We consider the
following piecewise linear FEM: find cy (1) € Wy o such that

(Prcy(t),Pawr)—((Pacu (t)v(Papu(t),VPupu(t)), VPawh))
= —((De(Pupu(t),PaTu(t))VPucy(t),VPywh)) + (fi(t), Pawr),

for wy € Wy o, t € (0,T7], and
(Prcr(0),Puqr) = (PuRuco, Puqn), Yqu € Wh .
We take
((De(Pupr(t),PuTy(t))VPuch(t),VPuwg)) ~ (Do (t)Vaen(t),Vawn))u,

with D,y (¢) a2 x 2 diagonal matrix with diagonal elements d,. | (M;,pr (1), MyTy (1)) and de > (Mypr(t),
M Ty (1)), where pg(t) is defined by (2.8), (2.9), and Ty (¢) by (4.7), (4.8).
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Then, the last finite element problem for the concentration is replaced by the following fully
discrete in space FEM: find ¢y (t) € Wy o such that

(cu(@),wr)w — (Mu(ca(t)va (1)), Vawn)) g = —((De ) Ve (t), Vawe))u + (fiun (), wr)n,
4.13)
for wy € WH70, te (O,Tf], and

(cu(0),91)n = (Ruco,qu)u, Yqu € Wy . (4.14)

In (4.13), vy (¢) is given by (vi(pu(t),D;pu(t)),v2(pu(t),Dipu(t))) where py(t) is defined by (2.8),
(2.9).

To complete this section, we remark that the introduced fully discrete FEM for the concentration
(4.13), (4.14) can be seen as the following finite difference scheme

C}_I(l‘) +VC,H . (CH(Z‘)VH(I)) = VI*-I . (DC7H(Z‘)VHCH(I)) —‘y-f17H(l) in Qpy,t € (0, Tf}, (4.15)

with
CH (0) = RHC() in .QH, (416)
cy(t) =0o0n dQy. (4.17)

Note that this FDM is, in fact, a system of ordinary differential equation, which can be written in
the matrix form

ey () +M(t)cn(t) = fiu(t), t € (0,Ty]. (4.18)

However, in this case, the entries of the matrix M(¢) depend on D y(t) and vy (), D, g (t) depends on
Ty and py that are solutions of (4.12), (4.10) and (2.13), (2.12), respectively, and vy (#) depends only
on pp () defined as before. Assuming smoothness conditions on d.;, i = 1,2 and v;,i = 1,2, we can
guarantee the continuity of M(r). Moreover, the continuity of f; () is a natural consequence of the
continuity of f1. Then we can establish a set of conditions on the diffusion tensor, on the convective
velocity v and on f; that lead to the existence and uniqueness of the solution cy of the initial value
problem (4.18), (4.16) with cy € C([0,T7]) NC'((0,T¢]) ([7]).

4.3 Convergence Analysis

From last section, we have completed the construction of our fully discrete piecewise linear FEM for
the coupled IBVP (1.1)-(1.9). Such method is obtained by the coupling of:

(1) (2.8), (2.9) to compute an approximation for the acoustic pressure;
(ii) (4.7), (4.8) to compute an approximation for the temperature;
(iii) (4.13), (4.14) to compute an approximation for the concentration.

Once again, we point out that the continuous versions of these fully discrete in space FEMs lead
to a second order approximation, with respect to the L?- norm, and to a first order approximation
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with respect to the H - norm, since such methods are based on piecewise linear elements ([19], [42],
[45]). As the convective velocity for the concentration depends on V p, then the coupled continuous
piecewise linear FEM should lead to a first order approximation for the concentration with respect to
the L?- norm. Moreover, it is expected that these results are maintained for the space discrete coupled
method proposed. In Chapter 2, we have shown that the fully discrete in space acoustic pressure
approximation pg (t) is second order convergent with respect to a discrete version of the H'- norm. In
this chapter, we prove that Ty (¢) is a second order approximation for the temperature and, following
the approach used in Chapter 3, we prove a result that is analogous to Theorem 3.1.

The coupled method (2.8), (2.9), (4.7), (4.8), (4.13), (4.14) is equivalent to the finite difference

coupling:
(i) (2.10), (2.11), (2.12) for the acoustic pressure py(t);
(ii) (4.9), (4.10), (4.11) for the temperature Ty (z);
(iii) (4.15), (4.16), (4.17) for the concentration c(?).

These finite difference problems are defined in a nonuniform rectangular grid Qg. The truncation
error associated with the spatial discretizations that lead to each subproblem is only of first order
with respect to the maximum norm || - || (this analysis is presented for the hyperbolic equation in
the Section 2.4.1), provided that p(t), T(t), c(t) € C3(Q). Based on stability and consistency we
are expecting that the semi-discrete errors for py (), Ty (t) and cy(t) are only of first order. Since
each of the FEM with quadrature is equivalent to the correspondent FDM, we conclude that the finite
difference approximations pg(t), Ty (¢) and cp(r) have exactly the convergence properties of the
correspondent fully discrete piecewise linear FE approximations. We believe that these convergence
properties can be improved if we assume that p(t), T (t),c(t) € C*(Q) using the approach presented
in Section 2.4.2. In what follows, we obtain the same convergence results assuming lower smoothness

assumptions.

4.3.1 Heat Transport

In this section, we intend to establish an estimate for the spatial discretization error ep (1) =
RyT(t) — Ty (t) induced by the spatial discretization for the temperature (4.7), (4.8). To obtain such
estimate, our technique, based on the direct analysis of the error equation for ey 7 (), allows us to
reduce the regularity assumptions on the solution 7'(¢). Note that this result should depend on pg (7).

We start establishing the following identity to ex 7(7)

(€7 (0)wh)n = —((Dru(t)Vuenr(t), Vawn))n

(Dr,u(t) = D7 (1))VuRuT (1), Vawn))u

+ (Rufa(p(t)) = fo(pu(t)),wr)u

+ (kRyT (t) — kTy (t),wn)u

+1p, (Wa) + w(wr) + 75 (Wa) + Ta(WH), (4.19)

—+
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where 7 € (0,Tf|, wy € W o, and D7 (¢) is defined as Dr 4 (t) with Ty (¢) replaced by Ry T (t), and

o, (wi) = (D7 g (O)VuRET (t),Vawn))u + (V- (Dr(T(0)VT (1)), Wr)n (4.20)
w(wr) = (KT (t))u,wn)u — (kRuT(t),wr)H, 4.21)
T, (wi) = ((2(p()r, wH)u — (f2(Rup(t)), W) H, (4.22)
ta(wn) = (RuT'(t) — (T (1)), wi)n, (4.23)

with (V- (Dr(T(t))VT (t)))u, (KT (t))u, (f2(p(t)))n and (T'(t))n given by (2.7) with f3(¢) replaced
by V- (D7(T(¢))VT(z)), kT (¢), f>(p(t)) and T'(z), respectively.

We start our convergence analysis establishing adequate estimates for the functionals tp, (wg ),
T(Wh), Tp,(wr) and 14(wp ), for wy € Wy . The estimates presented in Propositions 4.1, 4.2, 4.3
follows directly from Lemma 5.7 of [14], being the Bramble-Hilbert Lemma the main tool used.

Proposition 4.1. If T(t) € H*(Q), for the functional 7 : Wi — R defined by (4.21) holds the
following

1/2
| (wa)| éC( )y (diamA)“llT(f)HZZ(A)) IVawa g
AE-_%L]

for wy € Wy o, H € A, where C denotes a positive constant, T, H and t independent.

Proposition 4.2. If T'(t) € H*(Q), for the functional T, : Wy — R defined by (4.23) holds the
following

1/2

. 2

’Td(WH)’ < C< Z (dlamA)4 HT’(I>HH2(A)> ||VHWH||H7
A€ Ty

forwy € Wy o, H € A, where C denotes a positive constant, T, H and t independent.

Proposition 4.3. If f» is such that f>(p(t)) € H*(Q) then, for the functional Ty, : Wy o — R defined
by (4.22), there exists a positive constant C, p, H and t independent, such that

1/2

17 (wh)| SC( )y (diamA)4\\f2(P(l))!%12(@) IVawr||a,
Ae Ty

for WH € WH70, H e A.

Proposition 4.4. Ifdr;, i = 1,2, are Lp, - Lipschitz functions, T (t) € H>(Q), dr;(T(t)) € L*(Q),i =
1,2, and Dy (t)VT(t) € [H*(Q)]?, then for the functional Tp, : Wy o — R defined by (4.20) we have

|TD, (Wh )| §C< Z (diamA)* (L%)T||T(t)H?jl(A)HT(I)”IZLI?(A)
AETy
FNDr (T2 1) 1T O3

1/2
+||DT<z>vr<z>|sz<Mz)> IVawally,

Jorwyg € Wy o, H € A, where C denotes a positive constant, T, H and t independent.
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Proof. We start by noting that Tp, can be written as

(7 (WH) = (dTJ (MhRHT(Z))D_xRHT(I),D_xWH)H_’x + ( (ax <dT’1 (t)aai(t)) )H 7WH>H
+ (dr o (MyRuT (t))D_yRuT (t),D_yWh )y + ((aa (dTVZ(t)g(tO)H ,WH>H
= t(wry) + 7 (wn).
We also split 7, as T,(wy) = T1(wy) + T2(wg) with

Tl (WH) = (dT71(MhRHT(l))D,xRHT(l‘),D,XWH)HM; — (dTJ(T(Mh(l)))D,xRHT(l),D,XWH)HJ,

o) = i (P 0)D- T 0D+ (( 5 (i@ GE0) ) )

Following the proof of Proposition 3.2, it is now simple to prove that there exists a positive

.

constant C, T, H and ¢ independent, such that

N M-l YVj+1/2 YVj+1/2
[T (wh )| SLDTZ (hi (/ ‘O'(Xiv}’at)\d)"i‘kj+1/2/

i=1 j=1 Yj-1/2 Yj-1/2

Jdo
a*y(xnyvf)

x ’D—xT(xiJjJ)HD—XWH(xiayj)|>

1/2
< CLp, < % (diamA)4\\T(t)|!él(A)!T(t)H?qz(A)> 1D o,
AeTy

T (x;— A T iVt
where (x;,y,1) = (51, );_ (xi,y )_T(xi—l/byat)'

From the proof of Lemma 5.1 of [14], we easily obtain the following estimate for 7, (wg )

2 1/2
)) IVawn ||#,

)| < (X (diama)* (1 a0 o IT0) oy + () 20

AE?H

H?(A)

and therefore

T(wr)] < c( Y, (diama)* (L%)THT(r)uél(A)\T(r)H%,Z(A) 1 (6) ) 1T (0)

AeTy
1/2
oT |1
)) IVawnl|a-
H%(A)

+ dm(t)g(t)
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Proceeding analogously, we can obtain a similar result for 7,(wg ), and finally get the inequality

2 (W) sc( Y (diama)* (L3, 170) 2y 170 By
AE?H

1/2
+gg§»§udT,i(r)Hiw(A)||T<r>H%,3(A>+||DT<r>VT<z>||sz<AHz)> IVarwlla,

where C denotes a positive constant, 7, H and ¢ independent. O
From the previous propositions, we can now derive the main result of this section, an upper bound
for [leq,7(1)]| -
Theorem 4.1. Assuming the following:
(i) the solution T of the IBVP (1.2), (1.5), (1.8) satisfies RyT € Cl((O,Tf],WHp) and T €
L*(0,Ty, H* (@) NHy (Q)) N H'(0,T7, H*(Q));
(ii) the solution Ty of the initial value problem (4.7), (4.8) belongs to C'((0,Tf],Wr )N
C([0, 7], W 0):

(iii) f> is a Ly,- Lipschitz function with f>(p(t)) € H*(Q), where p is solution of the IBVP (1.1),
(1.4), (1.7);

(iv) dr; > Bo>0,i=1,2,inR,
(v) the assumptions of Proposition 4.4 hold.

Then, there exists a positive constant C, p, T, H and t independent, such that, for the spatial error
e, (t) =RuT(t) — Ty(t) holds the following

' t T d
Jernr ()] +2(Bs—5¢%) | T
z T(s))ds ' t T d
_ o) lenr O+ L2 /O/ T

e / (T o
0

fort €[0,Ty], H € A, where

1
gu(T(1)) = gL%T IVERET (1) |12+ 1+ 2,

C

1= 50

X (diam)* (L, IT Ol s+ 1Pr (T )+ D)IT Ol
Ae Ty

1T By + 107 OV (1) By + 1P By ) (4.25)

and € # 0 is an arbitrary constant.
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Proof. Since dr;, i = 1,2, are Lp,- Lipschitz functions, then

|(((Dr,u(t) = D1 (t))VuRuT (t), Vawn) )|
<V2Lp, |lenr ()|l VaRET (1) || Virwn |11 (4.26)

As f> is a Ly, - Lipschitz function then

|(Ruf2(p(1)) = f2(pu(t)),wr)u| < Ly llen p(0) |a w5 (4.27)
Taking in (4.19) wy = ey r(t), considering (4.26) and (4.27), we have

1d

EEHeH,T(I)H)ZL[ +BollVienr(t)|17 < V2Lp, |VuRuT (1) |ollerr () ||| Vrer,r () |1

+Lpllerp(t) | ullen.r ()| m + kllew,r (0|5 + 1T, (en1 (1) + |T(en,r (1))]
+ 175 (enr (1) + | Ta(en,r(1))]-

For the first term of the upper bound of the last inequality we easily get

V2Lp, |VuRuT (0)|<llen.r ()] Vienr (1)|n

1
< &||Vuenr (1)l + TezL’%f VR T (1) 12 llenr (1) 7,
where € # 0 is an arbitrary constant. Then taking into account Propositions 4.1 - 4.4, we get
d 2 9B —5e) |V 2 g2 2 2 49
g llen ()l +2(Bo = 5€%) [Vienr ()i < Lillerp (1)l + 81 (T () llen.r ()l + 7 (1), (4.28)

where 7 (¢) is given by (4.25). Multiplying everything by e Josn(T()ds inequality (4.28) leads to

/' T(s))ds r— ' T d
af, | en(Ts) Jor 05 20505 [ ) H e r(o)ds

dt

-1 /0_/0 s~ | T ()ds) <0

Consequently,

_ t T(s))ds r- S T d
TS 256 | oo TNy

r — ' (T d t — ' u(T d
L [ e o T s e S

that finally allows us to establish (4.24). ]

Note that, since we are assuming 7 (¢) € H>(Q), then T (¢) € C'(Q), which gives us the uniform
boundness of gi(T(¢)), for H € A. Fixing, in Theorem 4.1, € # 0 such that By — 52 > 0, and taking
into account the Corollary 2.1, we conclude the following result:
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Corollary 4.1. Under the assumptions of Theorems 2.3 and 4.1 we conclude that there exists a
positive constant C, H and t independent, such that

t
lewa @)+ [ IVaen.r(s) s < Chjye, 1€ 0.T7), H € A,

The Corollary 4.1 gives us the second order of convergence of our fully discrete in space FEM (2.8),
(2.9), (4.7), (4.8) that defines an approximation for the solution of the system of partial differential
equations (1.1), (1.4), (1.7), (1.2), (1.5), (1.8), with respect to the discrete norm || - ||. This is a
supraconvergence result, since from the classical analysis for the correspondent FDM we only expect
first order of convergence in relation to || - ||. In the language of FEM, this result can be seen as a
superconvergence result.

In what follows, we present a result that gives us the boundness of the sequences (|7 (¢)]|«)Hea

t
and </ HVHTH(S)Hoods) , where
0 HeA

1T (1)l = max [Tp(x,y,1)],
(x.y)€Qn

IViTia(t)]l.. = N M1 DT (xi235,1)] +i:174..,Nn_li)j(':17...,M 1Dy Tig 5y 1)
Corollary 4.2. Under the conditions of Theorems 2.3 and 4.1, if the sequence of step-sizes A satisfies
(2.35), we conclude that there exists a positive constant C, H and t independent, such that

t
1T5(1) | gc,/o Ve Ty (5)||wds < C, t €[0,T7], H € A,

Hpax small enough.

Proof. Taking into account Corollary 4.1, we have

1 H
1T ()12 < 25— llenr (0|7 +2(RuT (1) |2 < C5= +2/IT(1)]12,
Hmin Hmin

for H € A. The boundeness of ||T'(¢)]|. results from the fact that T (t) € C(Q) when T(t) € H*(Q)N
Hy (Q).
We also have,

1 1 t t
L I9aTa2ds <22 [ [Vaenr(s)3ds+2 [ [VaRaT(5)|2ds

min

Hrzr‘la Tf 2
X
<o +2/0 VT (5)|2ds,

min

for C a positive constant. The result follows from the fact that 7'(¢) € C'(Q). O

4.3.2 Drug Transport

The aim of this subsection is to conclude the convergence analysis of the FE scheme: (2.8), (2.9)
for the acoustic pressure, (4.7), (4.8) for the temperature, (4.13), (4.14) for the concentration, or
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equivalently, of the FD scheme (2.10), (2.11), (2.12) for the acoustic pressure pg (), (4.9), (4.10),
(4.11) for the temperature Ty (t), (4.15), (4.16), (4.17) for the concentration cy (). The main result
of this section, Theorem 4.2, is in fact the central theorem of this thesis. In the proof of this result,
Corollaries 2.1, 2.2 and 4.1 have a crucial role. Note that the approach in this section is similar to the
one followed in Section 3.3.

Let ey (t) = Ruc(t) — cu(t) be the spatial discretization error induced by the coupled scheme.
From (4.13), we obtain

(et () wr)n = —((Deu () Ve (1), Vawn))n

((Dei(t) = DZ (1)) VuRuC(t), Vawn) )

(M (va(t )eHc( )):Vawn))n

— ((My((vu (1) = vy (1)) Ruc(t)),Veawn))u

+ o, (Wi) + T(wa) + Te(wn), (4.29)

+ +

fort € (0,T¢], wu € Wy o, where D ;;(t) is defined as D (t) with py and Ty replaced by Ry p and
RyT, respectively, and v} (¢) is defined as vy (¢) with py replaced by Ry p. In (4.29), 7p, (Wh ), T(Wr)
and 7.(wp ) are defined by

™ (Wi) = ((Dey()VuRuC(t),Vawn))u + (V- (De(p(t), T (t))Ve(t))) s Wa)H, (4.30)
T(wi) = —((Mu (v (O)Ruc(t)),Vawn))u — (V- (v(p(t),Vp(2))c(t))) s WH ) 1, (4.31)

and
TC(WH) = (RHC,(Z),WH)H — ((C’(l’))H,WH)H. (432)

We start establishing upper bounds for 7p, (wg) and 7.(wg ), for wg € Wy o. Proposition 3.1 gives
us an upper bound for 7,(wg), wy € Wy o, define by (4.31).

Proposition 4.5. Ifd.;, i = 1,2, are Lp,- Lipschitz functions, p(t),T(t) € H*(Q), c(t) € H}(Q),
d.i(p(t), T(t)) € L*(Q),i = 1,2, and D.(t)Vc(t) € [H*(A))? then, for the functional Tp, : Wy o — R
defined by (4.30), there exists a positive constant C, H, t, p,T and c independent, such that

!TDC(WH)!SC(Z;}(diamA)‘*( (T @2y + 12O 120 leOlE a)
ATy

IDe(p(e) T2 1) O s
1/2
PP, TV R pgaye))  IVmwnlla
forwy € Wy o, H € A.

Proof. This proof is similar to the proof of Proposition 3.2. Note that, the functional (4.30) admits the
representation

2
o, (wa) = Y G(wa), wr € Wa o, (4.33)
i=1



4.3 Convergence Analysis 75

with
T (wi) = (Df g (t) = Deu(t))VuRuc(t), Vawn) ) u,

where the diagonal entries of D,z (t) at (x;,y;) are given by d_ | (p(xi—12,¥)51), T (Xi—1/2,¥},t)) and
deo(p(xi,yj-1/2,1), T (xi,¥j-1/2,1)), and

T (wi) = (Dea(t)VuRuc(t),Vawn))u + (V- (De(p(6), T (1))Ve(t)) W )a-

Following the steps of the proof of Proposition 3.2, it is now a simple task to prove that there
exists a positive constant C, H, ¢, p, T and c independent, such that

) 1/2
71 (W) SC( )y (dlamA>4Ll%)c(HT(I)H%{Z(A)+|’p(t>H1%IZ(A))HC<I)”%1(A)> IVawnlla. (4.34)
Ae Ty

Moreover, considering again the proof of Lemma 5.1 of [14], we get the following estimate for 7 (wg )

o) < ¥ (dians)* (1. p(e): T 1) (4.35)
AETy

0P TV Bya) ) Vil

where C is a positive constant, H, t, p, T and ¢ independent, and we finish the proof using (4.34) and
(4.35) in (4.33).
]

The following proposition gives an estimate for 7. (wg ).

Proposition 4.6. If ¢'(t) € H*(Q), for the functional . : Wy o — R defined by (4.32) we have

1/2

|[Te(wr)| < C ( )y (diamA)4Hcl(t)H%12(A)) IVawr||a,
AeﬂH

forwy € W o, H € A, where C is a positive constant, H, t and c independent.

Proof. The inequality follows immediately from Lemma 5.7 of [14]. O

Finally, we are in condition to establish an estimate for the error ey .(¢). Note that, assuming that
(2.35) holds, for H € A, with Hy,,x small enough, then we establish (3.26). Also, if v satisfies

vi(z1,22)| < Co(Jz1] +1z2]), V21,22 € R, i = 1,2,

we have (3.25). Moreover, considering d,.;, i = 1,2, Lp_- Lipschitz functions, we obtain the following
upper bound,

|((De,u(t) =Dy (1)) VEREC(t), Viwn ) )|
<2Lp, (ller.p ()l + ller.r (0)||) [ VaRE (1) || [VErWr | 11 (4.36)

Now, it follows the main result of this work.
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Theorem 4.2. Let us assume that:
(i) the sequence of grids Qg ,H € A, satisfies (2.35) for Hyax small enough;
(ii) p(t) € H*(Q)NH}(Q), where p is solution of the IBVP (1.1), (1.4), (1.7);
(iii) T(t) € H*(Q)NH(Q), where T is solution of the IBVP (1.2), (1.5), (1.8);

(iv) the solution ¢ of the IBVP (1.3), (1.6), (1.9) satisfies ¢ € LZ(O,Tf,H3(Q) ﬂHé(Q))ﬁ
H'(0,Ty, H*(Q)) and Ryc € C'((0,T7], Wi o) ;

(v) the solution cy of the initial value problem (4.13), (4.14) belongs to Cl((O,Tf],WH,O) N
C([O’TfLWH,O);

) V1 RV €R, i=1,2;

(vi) v satisfies |vi(z1,22)| < €,
(vii) de; > B1 >0, i=1,2,in R%
(viii) the assumptions of Propositions 3.1 and 4.5 hold.

Then, there exists a positive constant C, H, t, p, T and c independent, such that for the spatial error
en o(t) = Ruc(t) — cu(t) the following holds

/t gu(pu(p))du

f d
e (1)1 -+2(8: — 66 / / e (5 s < e e (O) 1y

/8H pu (U

+ 515 [ e e )1y + e )1 Vet s
4 /gH pr(1))du

+ 50 [ (et ()1 +2Cll Varenp(5) ) | Rc(s) |2

4 / / an(prlu)dp , oo 437)

fort €[0,Tf], H € A and Hax small enough. In (4.37),

(o)) = SC (IO + [Vnpu(0)]2)

<
2¢e2

) =5z X (diamV (T (0) By () By + 1Pe0) g ) By

AETy
+IDe() Ve[ + MO a2

1)1 4y 1) By + 1) Brngy )

where € # 0 is an arbitrary constant.
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Proof. From (4.29), with wy = ep (1), taking into account (3.25), (3.26) and (4.36), using d.; > B
inR%, i =1,2, we have

1d

5 7 lene @i+ BillVaen (Ol < 2Lo.(len p(@)ller + lenr Ol ViRae(®) || Viren o (0) |1

V28, (I ()l + V20 (1) =) et (1) 1tV e 1) 1
2Ly (Jlewp (Ol + /2G| Viren p (0 ) R (t) | Virersc (1)1

+ o, (e ()| + 17 (em (1)) + |Te(enc ()]

Considering Propositions 3.1, 4.5 and 4.6, we get

d 4
EHeH,c(t)H%H(ﬁl —6€%)||Vien ()7 < ngz)c(HeH,p(t)H?ﬁ llew,r () IF) IV REc(0) |1
2
+g05(HpH(t)Hi+IIVHpH(t)IIi)IIeH,c(t)H%
iL2 2 42C,||IV 2 ) (IR 24t
+alky llewp () |z +2Cnl|Vren »(@)|l7 ) [[Rrc(t)||e+ (1),

)ds

with € #£ 0. Finally, multiplying the last inequality by e Jogn(Pn(9)ds \we obtain

[ H(pH(S))ds r = 5 H\PH d
af, | gutpa(s) o0 2056 [ | sutput) B e o) s

dt
/gH pu (M
-5t e *len o)+ lenr(5)13) 1 VisRue(s) s
I T
—ali e (e (5) 5 +-2Cull Ve 5) ) | Rie(s) | s
€ 0

e JO Tj(s)ds) <0,

which gives us (4.37). ]

Finally, we achieve the second order of convergence of our fully discrete in space FEM to
approximate the solution of the coupled problem (1.1)-(1.9). In Theorem 4.2 we consider € # 0, such
that B; — 6& > 0. Corollary 2.2 guarantees the uniform boundness of gy (pg(t)), H € A, for Hyax
small enough, and by Corollaries 2.1, 4.1, we conclude the following result:

Corollary 4.3. Under the assumptions of Theorems 2.3, 4.1 and 4.2, there exists a positive constant
C, H and t independent, such that

lenelt)y+ [ 1¥mer(s) s < Cb, 1 € 0.7

for H € A and Hpax small enough.
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4.4 Numerical Results

In this section we illustrate the theoretical convergence rates. For the spatial discretization we consider
the FDMs introduce before:

(i) (2.10), (2.11), (2.12) for the acoustic pressure py(t);
(ii) (4.9), (4.10), (4.11) for the temperature Ty (2);
(iii) (4.15), (4.16), (4.17) for the concentration cp(?).

We start by defining the numerical strategy used for the time discretization of the previous FD methods.
We define a uniform time mesh for [0, 7], given by 1, = nAt, forn =0,...,M;, with 1y, = Ty and At
the time step. By p},, T};, and c}; we denote the numerical approximations for py(t,), Ty (t,), and
cy (), respectively. We consider an implicit approach, except in the diffusion term of the equation
for the temperature, where we consider an explicit term. To compute py;, T, and cf;, we use the
following numerical methods

n+l n+1

—2p+ ! Pl o ]
AL H g by ? Ar B =V (EyVupi) + £ inQu,
forn=1,....M,—1,
Ty -1y

A — V;I' ( %HVHTI-TFI) Tn+1 f ( n+1) gn+1 in QH7

forn=0,...,M,— 1,

Cn+1 —
H " H +VCH ( ;l_l+l n+l) VH (DZ;IIVHC;TI) _|_fn+1 in QH;
forn=0,...,M, — 1, complemented with the initial conditions

ph— Y

At :RHpV,()? pg] :RHP(L TI-(I) :RHT07 and C(ZI :RHCOa in QH7

and the boundary conditions
py =0, Tf=0, and c§ =0, ondQy,n=0,...,M,.
We define the numerical errors associated with this fully discrete approximation by
e p=Rup(ts) — Py, epr =RuT(ty) =Ty, and ep .= Rpuc(ty) —ch.

In the following, we introduce two examples that will be used to illustrate the theoretical results
established in the previous section.

Example 4.1. Regarding the coefficient functions of system (1.1) — (1.9) we set

a('xay): 1+X, b(xvy):2Xy7 el(X,y):x+y, and 62(x7y):y
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in the acoustic pressure equation (1.1),
dT71(T):1+2T7 dT,Z(T): 1+T7 k: 17 and f2(p):p
in the temperature equation (1.2), and

I»

dy

> ) dey(p,T)=1+p+T, and d.o(p,T)=2+p*+T?

d
v(p,Vp) = <p+p p+

in the concentration equation (1.3). In order to obtain a problem with known solution, the initial
conditions (1.4) — (1.6) and the functions fi, g2, and f3 are defined such that the solution of the
coupled system (1.1) — (1.9) is given by

px,y1) = exy(1 —x)(1—cos(2my)), T(x,y,1) = exsin(2my)(x—1)(y—1)
and c(x,y,t) = ' xysin(2rx—7)(1 —y),

for (x,y) € [0,1)%, t € [0,Tf] with Ty = 0.1.

Note that in Example 4.1, b, e; and e; do not verify the assumption b > by > 0, e; > ¢g > 0,
i =1,2,in Q. However, the numerical results presented in what follows illustrate the convergence
orders established in Corollaries 2.1, 4.1 and 4.3.

To estimate the rate of convergence we use the quantities

Enp= max |D_ey llu+I[Vuey ,ln,
n=1,...M, ’

&
N]
I

max |lep |l +[Vaey rlla,
n=1,...,.M,

) t

Eye.= max |ley |lu+[|Vuey |n,
n=1,....M, ’ ’

=Ly My

for acoustic pressure, temperature and concentration variables, respectively.

Just like in the previous chapters, for the numerical calculations, we consider an initial random
mesh H; defined by a vector of size N x M. The size of this mesh is successively increased (by two
in each direction) by adding to the new mesh the midpoints of the current mesh. On each mesh H;,

J € N, we measure the errors Ey , j, Ep 7, and Ep . ;. The time step is given by Az = Hr%ﬁn i which is

small enough to ensure that the error of the time discretization is negligible.

N M Hiax En ) Enr Ey .
6 7 2.056e-01 4.083e-02 5.774e-02 6.299¢-02
12 14 1.028e-01 1.384e-02 1.432e-02 1.635e-02
24 28 5.141e-02 3.641e-03 3.572e-03 4.121e-03
48 56 2.570e-02 8.999e-04 8.926e-04 1.032e-03
96 112 1.285e-02 2.253e-04 2.231e-04 2.582e-04
192 224 6.426e-03 5.664e-05 5.578e-05 6.455e-05
Table 4.1 The errors Ey ,,, Ey 7 and Ep . on successively refined meshes for the coupled problem, for
the Example 4.1.
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In Table 4.1 the data and the obtained errors for each mesh are presented. Using the information of
Table 4.1, we plot in Figure 4.1 the log(Ex ), log(En 1) and log(Ep ) versus log(Hmax ). Assuming
Ey p, Ep 7 and Ey . are proportional to Hy .., for some r € R, the slope of the best fitting least square
line estimates the convergence rate. The obtained estimated values are 1.9231 for Ey ,, 2.0026 for
En 1 and 1.9887 for E .. These values confirm the convergence rate equal to 2 proved in Corollaries

2.1, 4.1 and 4.3. Plots of the numerical solutions, considering the finest mesh with 7y = 0.1 are shown

in Figure 4.2.
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Fig. 4.1 Log-log plots of Ey ,, E 7 (first row - from left to right) and Ey . (second row) versus Hyax,
for the Example 4.1. The best fitting least square line is shown as a solid line.
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Fig. 4.2 From left to right: numerical approximations p%’, le " and c%’ with N =192 and M = 224,
for the Example 4.1.

Example 4.2. In this second example, we test the sharpness of the smoothness condition imposed

to p(t), T(t) and c(t) on the convergence results: Theorems 2.3, 4.1 and 4.2. Namely, we set our
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problem (1.1)-(1.9) such that the solution of the concentration equation (1.3) is given by

c(x,y,1) =2e'x*y(x—1)(y— 1)y —0.5*1.

This solution function belongs only to H*(Q) and does not satisfy the conditions of Theorem 4.2, which
requires solutions with higher regularity, at least H>(Q). Thus, a decrease in the convergence rate for

the variable c may occur. All the other parameters are the same as the ones used in Example 4.1.

N M Hiax En ) Enr Ey .

6 8 2.046e-01 4.185e-02 5.830e-02 2.910e-03
12 16 1.023e-01 1.454e-02 1.434e-02 1.560e-03
24 32 5.116e-02 3.864e-03 3.570e-03 8.128e-04
48 64 2.558e-02 9.484e-04 8.916e-04 3.814e-04
96 128 1.279e-02 2.370e-04 2.229e-04 1.833e-04

192 256 6.395e-03 5.914e-05 5.571e-05 8.639¢-05

Table 4.2 The errors Ey ,,, Eg,r and Ep . on successively refined meshes for the coupled problem, for
the Example 4.2.
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Fig. 4.3 Log-log plots of Ey ,,, Ey 7 (first row - from left to right) and Ey . (second row) versus Hyax,
for the Example 4.2. The best fitting least square line is shown as a solid line.

In Table 4.2, the results of Ey ,, Ey 7 and Ey . for each mesh, considering the Example 4.2,
are given. In Figure 4.3, it is present the log-log plots of Ey ,,, Ep 1 and Ey . versus Hyax, and the
best fitting least square line for each case, where the slope illustrates the convergence rate. These
results show that the convergence rate for the concentration variable c¢ is only one, while for the other
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variables we still get second convergence rate. These results suggest that the regularity conditions
imposed on the solutions of (1.1)-(1.9) are sharp, in the sense that if these restrictions do not hold,
then a loss in convergence rate may appear. This behavior is in line with the findings of [14].

4.5 Conclusions

In this chapter we propose a numerical method for the coupling of the wave equation with two
parabolic equations: the IBVP (1.1)-(1.9). The proposed semi-discrete method is defined by (2.8),
2.9), (4.7), (4.8), and (4.13), (4.14), and it can be seen as a piecewise linear finite element method
with quadrature. This method can also be seen as the finite difference method (2.10), (2.11), (2.12),
(4.9), (4.10), (4.11), and (4.15), (4.16), (4.17) defined on nonuniform rectangular mesh for the spatial
domain.

The main results of this chapter give us the second order of convergence of the approximation
for the temperature and concentration related to a discrete L2- norm: Corollary 4.1, for the numerical
approximation for the temperature which is obtained from Theorem 4.1 and Corollary 2.1; Corollary
4.3 which arises from Theorem 4.2 and Corollaries 2.1, 2.2 and 4.1, where the second order of
convergence of ¢y (t) is stated. Corollary 4.3 is a supra-superconvergence result in the sense that it
can be seen simultaneously in the finite difference and finite element contexts, and it was established
assuming that p(¢), T(t), c(t) € H*(Q).

A set of numerical experiments were included to illustrate the main results of this chapter, Corol-
laries 4.1 and 4.3, as well as the sharpness of the imposed smoothness assumptions, p(¢),T(t),c(t) €
H3(Q). If for instance ¢(¢) € H*(Q), then only first convergence rate is observed.



Chapter 5

Conclusions and Future Work

In drug delivery systems, the use of enhancers like ultrasound, light, electric and magnetic fields
is becoming a common approach. Such enhancers can have three main roles: breaking biological
barriers, increasing drug transport, and controlling drug release (avoiding side effects and maintaining
a desired therapeutic level). To optimize the enhancer protocols, the study in silico of the drug
transport through the target tissue, under the effect of the enhancer, is an important part of the puzzle.
In this thesis, we consider a system of partial differential equations that can be used to mathematically
describe the drug transport through a target tissue enhanced by ultrasound. The system takes into
account all variables of interest: acoustic pressure, temperature, and concentration.

At the best of our knowledge, the differential problem has no explicit solution then, in order to
study qualitatively and quantitatively the coupled IBVP, it is crucial to have a numerical method that
allows an accurate computation of numerical approximations for the acoustic pressure, temperature,
and drug concentration. This work intends to contribute to the solution of this problem - to introduce
a numerical method and to develop the theoretical support that allows its safe use. Note that the
main challenge is the dependence of the drug concentration equation on the gradient of the acoustic
pressure, as well as on the temperature.

In Chapter 2, it is considered the wave problem (1.1), (1.4), (1.7). We construct the fully discrete
in space piecewise linear finite element method (2.8), (2.9) to approximate the continuous solution,
which can also be seen as the finite difference method in nonuniform meshes (2.10), (2.11), (2.12).
We prove Theorem 2.3 and Corollary 2.1 that state the second order of convergence of the proposed
semi-discrete method with respect to a discrete H'- norm. This is a supra-superconvergence result
because, as a FDM, the spatial discretization truncation error presents first order with respect to the
norm || - ||. If we consider the piecewise linear FEM correspondent to our fully discrete in space
FEM, it is known that it leads to a second order approximation with respect to the L?- norm and first
order approximation with respect to the usual H'- norm. In this chapter, we also state the uniform
boundness of the sequence of acoustic pressure approximations.

In Chapter 3, we consider the previously studied wave problem, coupled with the parabolic system
(1.14), (1.6), (1.9). This is a simplified version of the system that we study in Chapter 4. We construct
the fully discrete in space piecewise linear FEM (2.8), (2.9), (3.3), (3.4) to approximate the solution
of this coupled system, which can also be seen as the finite difference method (2.10), (2.11), (2.12),
(3.5), (3.6), (3.7). Since the convective term of (1.14) depends on V p, the results of Chapter 2 have
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a crucial role in the convergence analysis presented here. We prove that the approximation for the
concentration has second order of convergence with respect to a discrete L>- norm - Theorem 3.1 and
Corollary 3.1.

Finally, in Chapter 4, we consider the complete coupled problem (1.1)-(1.9). We propose the
semi-discrete method (2.8), (2.9), (4.7), (4.8), (4.13), (4.14) to compute an approximation for the
solution of this problem. In Theorem 4.1 and Corollary 4.1, it is established that the proposed method
leads to a second order approximation for the temperature with respect to a L>- norm. Lastly, Theorem
4.2 and Corollary 4.3 present the main result of this work: the coupled method leads to a second order
approximation for the concentration with respect to a discrete L2- norm. Note that this result depends
on the results for py(¢) and Ty (¢).

The convergence results were proved assuming that the solutions of the correspondent differential
problems belong to H3(Q). The Bramble-Hilbert Lemma is the main tool used in the proofs of the
convergence results that allows the reduction of the smoothness usually imposed in the convergence
analysis of this kind of methods.

Finally, we would like to point out some questions related to the research developed in this work
that will be studied in the near future. The drug transport through skin enhanced by ultrasound, and the
correspondent validation, will be studied. Moreover, the acoustic pressure propagation was described
in this work by a linear wave equation. However, to study the effects of the ultrasound, for example,
in the skull, another approach should be followed. One idea is to model the particle displacement
using the viscoelastic wave equation of solids (1.13), as in [34].

The accuracy of the semi-discrete approximations for the solutions of different problems were
studied and error estimates were established. The convergence of the fully discrete in space and time
approximations for the solutions of the coupled problems was not studied. We remark that results
for the fully discrete approximations can be obtained considering the semi-discretization error and
the error of the time integration of the semi-discrete approximation. However, estimates for the last
error depend on the time derivatives of the semi-discrete approximations. To avoid such dependence,
the accuracy of the fully discrete approximation should be studied considering the correspondent
error equation. This task is particularly difficult for the fully discrete methods introduced here for the
nonlinear coupled problems. This question will be addressed in the near future.

The convergence results for the semi-discrete approximation of different coupled problems were
established analyzing carefully the error equation. However, the stability of such approximations is an
important property that needs to be studied. As we were dealing with nonlinear problems, the stability
analysis is not a simple task. In fact, it requires the uniform boundness of the semi-discrete solutions
and it will be object of analysis.

In this work, we studied systems of partial differential equations that can be used to describe
physical problems, coupling different phenomena occurring in the same spatial domain. However, in
drug delivery enhanced by ultrasound, the drug can be transported by a nanocarrier that will be in
contact with the target tissue. Then a set of phenomena that need to be considered take place in the
nanocarrier. In this case, we have a set of phenomena that occur in different domains. Mathematically,
these physical processes are described by systems of partial differential equations defined in different
spatial domains. The construction of numerical methods for this kind of differential systems as well
as their theoretical support needs to be studied.
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